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1. INTRODUCTION

Fractional calculus is a field of mathematical analysis, which deals with the inves-
tigation and applications of integrals and derivatives of an arbitrary order. In fact,
fractional calculus has numerous applications in various disciplines of science, engi-
neering, economy, and other fields; see for instance, the monographs of Kilbas et al.
[7], Podlubny [15], and Samko et al.[16] are commonly cited for the theory of frac-
tional derivatives and integral and applications to differential equations of fractional
order.

Recently, boundary value problems of fractional-order differential equations have
been extensively investigated and a variety of results on the topic has been established.
A great deal of work on fractional boundary value problems involves local/nonlocal
boundary conditions. Much attention has been focused on the study of the existence
and multiplicity of solutions or positive solutions for boundary value problems. For
more details, we refer the reader to [2], [3], [4], [5], [6], [12], [14] and the references
therein. However, to our knowledge, it is rare for work to be done on solutions
of fractional differential equations on the half-line (see [1], [8], [9], [10], [11], [13],
[17], [18], [19]). For example, Su and Zhang in [17] studied the following fractional
boundary value problem

Dg,u(t) = f(t,u(t), Dy tult), teJ:=[0,+00),
u(0) =0, Dgilu(JrOO) = Uso, Uoo ER,
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where 1 < a <2, f € C[J xRxR,R]|, Df, and Dg‘fl are the standard Riemann-
Liouville fractional derivatives and Dy Yu(00) := limy_, 4 o0 Dg- Lu(t).

In [8], Liang and Zhang considered the existence of three positive solutions for the
following m-point fractional boundary value problem on an infinite interval

{ Dg,u(t) +a(t)f(u(t)) =0, 0<t<4oo,
u(0) =/ (0) =0, D lu(+oo) = 3277 Biu(&),

where 2 < o < 3, D, is the standard Riemann-Liouville fractional derivative,
0<& <& <o <Epoa<+o0, ;>0 (i=1,2,....,m — 2) satisfying

m—2
0< > Bt <T(a).
=1

The method involves applications of a fixed point theorem due to Leggett-Williams.
In [11], Liu and Jia investigated the following nonlocal boundary value problem for
fractional differential equation of the form

“Dg. [p(t)u' ()] +qt) f(t,u(t)) =0, t>0,
P(O)U/(O) = 0
limy s o0 u(t fo s)ds,

where “Df, is the standard Caputo fractional derivative, 0 < « < 1 is a constant,
f, g, p and ¢ are given functions. Applying the fixed point theory and the upper
and lower solutions method, a new result on the existence of at least three distinct
nonnegative solutions under some conditions was established.

n [1], Agarwal et al. discussed the existence of solutions for the boundary value
problems (BVP for short) for fractional order differential equations of the form

D2y(t) = f(t,y(t)), foreachte J:=[0,+00), 1 <a <2,
y(0) =0, y is bounded on [0, 4+00),

where D® is the Riemann-Liouville fractional derivative, f : J xR — R is a given func-
tion. Results are based on the nonlinear alternative of Leray-Schauder type combined
with the diagonalization method.

In this paper, we are concerned with the following boundary value problem

Dg,x(t) + f(t,z(t) =0, ¢ E (0 +oo) (11)
limy o t2~%x(t) = limy_,00 DYy La(t fo s)ds, '

where 1 < a < 2, D, is the standard Riemann-Liouville fractional derivative of order
Q.

We assume that the following conditions hold:

(H1) f € C[(0,400) x [0, +0), [0,400)], f may be singular at t = 0 and f(¢,0) £ 0

on any subinterval of (0, 4+00);
(H2) g € L*([0, +o0)) and
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Our goal is to establish the existence results of unbounded (positive) solutions for
the fractional boundary value problem on the half-line. By applying the monotone
iterative technique, the existence of positive solutions under some conditions was es-
tablished and successive iterative schemes for approximating solutions were obtained.
Here, we do not require the existence of lower and upper solutions.

2. PRELIMINARIES

In this section, we give some basic definitions and lemmas which are useful for the
presentation of our main result.
Definition 2.1. [7, 15] The Riemann Liouville fractional integral of order @ € R
for a function f : (0,00) — R is defined by

o) = gy [ (=9 o),

provided that the right hand side is pointwise defined on (0, +00).
Definition 2.2. [7, 15] The Riemann-Liouville fractional derivative of order @ > 0
for a function f : (0,00) — R is defined by

P10 = () 110 = i () [y

where n is the smallest integer greater than or equal to o, provided that the right-hand
side is defined pointwise.

Lemma 2.3. [7] The equality D], I], f(t) = f(t) with v > 0 holds for f € L*(0,1).
Lemma 2.4. [7] Let o > 0. If we assume u € C(0,1) N L(0,1), then the fractional

differential equation
oru=0

has a unique solution u(t) = c1t® P + ot 24+ -+t ", ¢, €ER, i =1,...,n,
where n is the smallest integer greater than or equal to a.
Lemma 2.5. [7] Let u € C(0,1) N L(0,1) with a fractional derivative of order «
(o > 0) that belongs to C'(0,1) N L(0,1). Then

DY u(t) = u(t) +ert® 4 eat® 2 f et

for some c; € R, i =1,...,n, where n is the smallest integer greater than or equal to
Q.
Lemma 2.6. [7] Let o > 0 then

() Ifu>-1, p#Aa—iwithi=1,2,....[a]+ 1, t >0 then

Put+1l) o
M(p—a+1)
(ii) Fori=1,2,..,[a] +1, we have D, t*~" = 0.
Let C(0,400) be the set of all continuous functions on (0,+00). Choose o > —1 and

Dg+ t'u =

2—«

X ={z€C(0,400): is bounded on (0, +00)}.

1+ tot2 z(?)
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For x € X, define the norm by
2—a

(@)]-

||]| = te(s()l,lfoo) WV
It is easy to show that X is a real Banach space. Also we define the cone P C X as
follows:
P={xe X :z(t)>0,t € (0,+00)}.
For the sake of convenience, let us set

! e _ 2L +1)
L—¢F(a)(1+/0t givydt), N= =T

p=1- /OOO g(S)(f:za; + 3%2)(1&

Lemma 2.7. Suppose that h : (0,400) — R is a given function satisfying that there
exist numbers k, M > 0 and o > —1 with |h(t)| < Mt°e~*. Then x € X is a solution
of the problem

D x(t) + h(t) =0, te(0,400), (2.1)
limy 0 t27%2(t) = limy_, o0 Dg‘flx(t) = fooo g(s)x(s)ds ’
if and only if x € X and
x(t) = / G(t,s)h(s)ds.
0
Here,
G(t7 S) = GO(t7 5) + Gl(t7 5)7 (22)
where
1 tol —(t—s8)*71, 0<s <t < +oo,
Golt:s) = () { e 0<t<s< oo,
and

a—1

Cits) = [;(a) +ta—2u/ooo Go(t, 5)g(#)dt.

Obviously, G(t,s) is continuous and G(t,s) > 0 for (t,s) € (0,400) x (0,400).
Proof. We may apply Lemma 2.5 to reduce BVP (2.1) to an equivalent integral
equation

x(t) = —Ih(t) — e t* ! — ot ™2, (2.3)
where ¢; and co are arbitrary constants. Since
t 1
‘ﬁ—a/ (t— s)”‘_lh(s)ds‘ < t0+2M/ (1—7)°"l%dr >0, t >0,  (2.4)
0 0

and from (2.3), we have

2% (t) = —t*"Ih(t) — c1t — co,
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together with the given boundary condition in (2.1), we find that

r = —/Ooo 9(s)z(s)ds.

Since

oo M o0 o M
’/0 h(s)ds’ < k0+1/0 el = o+ 1), (2.5)
and
DS a(t) = —I'h(t) — e1T(«).

Then, boundary condition in (2.1) implies ¢; = o )[Ilh )+ Jo - g(s)x(s)ds].
Substituting the values of ¢; and ¢y into (2.3) gives

x(t) = —I1*h(t) + {;a(al) + tafﬂ /000 g(s)x(s)ds + ;OEO;) I'h(co), (2.6)
where
o 1 0
/ g(s)x(s)ds = = e (—/ g(s)I*h(s)ds
’ 1 _/0 9(s) [r(a) Fe s (2.7)
o0 % ()1
+/0 h(T)dT/O g(l")(a)d5>'
Substituting (2.7) into (2.6), we have
x(t) = F(la) /Ot(t —8)* 'h(s)ds + ;a(;l) /OOo h(s)ds

[;‘(a) + %7 2]1 ; h(s / g(s)%d&

where G(t,s) is defined by (2.2). It is easy to show that G(t,s) > 0 for (¢,s) €
(0, +00) % (0, +00). Now, we prove x € X. From (2.8) together with |h( )| < Mtoe H,
we know that « € C(0,4+00). Observe that

2=
1+t0+2| ‘/ 1+t0+2 Gt s)h(s)ds|.
One see that
t27a 2—« 2—«
WG(t’ 5) = WGO(ta s) + WGl(tv s).
Then
2o t 1
———Go(t,s) < < )
T2 000 S F ) < o)



98 TUGBA SENLIK CERDIK, FULYA YORUK DEREN AND NUKET AYKUT HAMAL

and
117:%2(; (t,5) < {I‘(a)(lt«ktwr?) + 1;%2}%/0 Go(t, s)g(t)dt
s pa—1 00 a1 o1
= [ﬁﬂ}i(/o ;(7)9(t)dt+/s t _F((ta_) ) ]g(t)dt>
< [ﬁ + 1} i /Ooo %g(t)dt
Consequently,
quently . 1 1 .
WG(t,s) < () + {@ + 1} @/o @g(t)dt o)
< Ml(a) (1+/Ooot°‘19(t)dt>.
So, we obtain
1 j—t‘7+2| ‘/ 14 to+2 G(t S)h(s)ds’
SQA
< %F(O’ +1).

Hence, © € X. Conversely, if z € X satisfies (2.8), then we can show easily that
x € X and satisfies (2.1). The proof is completed. O
Let us define an operator A on P by

:Amamgﬂ&a@m&

Observe that the BVP (1.1) has a solution if and only if the operator A has a fixed
point.
Lemma 2.8. Assume that (Hy) and (Hs) hold and [ satisfies that

e for each r > 0 there exist constants k, M, > 0 and o1 € (—1,0) such that

1+¢7+2 o1 —kt
0 < f(t, T R x) < M,t%e™"" for all t € (0,+00),|z| <r.
Then A : P — P is well defined and completely continuous.
Proof. We divide the proof into several steps.
Step 1. We prove that A : P — P is well defined and maps bounded sets into bounded
sets. For z € P, we find x(t) > 0 for all ¢ € (0,400) and there exists r > 0 such that

2—«
[lz]| = sup z(t)| <7

— i3l
£€(0,400) 14+ {o+2
Then there exist constants o1 € (—1,0) and M, > 0 such that

1 + t0+2 t27a
0< f(t
- f( T f2—a ] 4 tot2

) Mt Kt for all t ¢ (O,—FOO), ||$|| <
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Since f is nonnegative together with Lemma 2.7, we know that Az(t) > 0 for all
t € (0,+00). From the definition of A, we have Az € C(0,+00).
On the other hand, from (2.9)

t2—o¢ o]
Il = s | [ G fsao)is

te(0,400)

So Ax € P and A: P — P is well defined. Similarly, it is easy to show that A maps
bounded sets into bounded sets.

Step 2. Now we show that the operator A is continuous.

We consider {z,,}52; C P such that z,, — x as n — co. Then there exists r > 0 such
that max,en fo3{/|zall, |[7]|} < 7 together with

1 + ta’+2 t2fo¢

0 < f(t, e ST x) < Mpt7'e % for all t e (0,+00).

Thus,

‘ /0+00 f(s,zn(s))ds — /0+<>0 f(s,x(s))ds’ < 2M, /000 e R ds < +oo.

By the Lebesgue dominated convergence theorem, we have

+oo +oo
‘/ f(s,xn(s))ds —/ f(s,a:(s))ds‘ =0, n — +oo.
0 0
Therefore, by (2.9), we have

|I(Azy) — (Az)|
= o 1+t0+2‘/ (. 2n(s ))ds—/o G(t, s)f(s,2(s))ds

<L‘/ f(s,2n(s ds—/ f(s,z(s ds‘

— 0, n — +o0.

Hence A is a continuous operator. Recall that Q@ C X is relatively compact if
(i) it is bounded,

t27a

(ii) WQ is equicontinuous on any closed subinterval [a, b] of (0, 4+00),
2—a

(iii) WQ is equiconvergent at ¢t =0 and t = oo

Step 3. Let Q = {z € P : ||z|| < 7} be a bounded set in P. We prove that A is an
equicontinuous operator on any closed subinterval of (0, +00). For = € €2, we have
2—«

|zl = sup

——|z(t)| < r.
te(0,400) L+ 1712
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Then there exist constants o1 € (—1,0) and M, > 0 such that

1 + to'+2 t27a
12—« 1+ to+2

0 < f(t, x) < Mt e * for all t € (0,+00),|z|| <7

For [a,b] C (0,4+00), t1,ts € [a,b] with t; < ta, we can get

t2 « t27o¢
2 Ax(ts)

’7 __
2 2
14+t 147+

| g k
o1 ,—ks
<M / 1+tg+2G(t2,5)7 1+tir+2G(t1,S) s%le ds

Al’(tl)

+oo t2 « t% « A
< M, —=——Go(ta,s) — ———=Gop(t1,s)|s7 e "ds
/ 145+ olt2, 5) 14512 olt1,)

i e k
+M/ —=———G1(ta,s) — ——=5G1(t1,5)|s7 e "ds
1+to’+2 (2 ) 1+t‘f+2 1( 1 )

| e :
< Mr/ WGO(tzvs) - WGo(tl, 5)|s7te”**ds

+oo t2 « t?ia A
+M/ Go(ta,s) — ——=Go(ta, s)|s7 e " ds
145+ (t25) 14512 olt2, )

+MT—/ Go(t, s)g(t)dt
¥ Jo
ta 1 tq 1
) |(F(a)(1 ) +t§+2) - (F(a)(l ) 1+t;f+2)|

—+oo
X / s7te ks (s,
0

On the other hand

+oo t27o¢ t27a
/ ’1767 (ta,s) — —2——Go(t1,s)|s7 e *ds
0

T S BT
+oo 2 @ 2o
/ / / 1 +t‘7+2 GO(tQ,S) - ﬁGO(tl,S) Sa'lefkst
1
BT T (=) = (= 9) Y L ke
- e s7te™ " ds
0 1
[T ey
o+2
t1 1 + tl

2— -1 -1
LR Y by,
t

2
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2— —1 —1 t
< tl a(tg 7t? ) /1 Salefksds
0

14712
t1 12—« a—1 a—1
t t1 — s — (ta — s
+/ 1 |(1 ) +2(2 ) |50167ksd$
0 1+ t<17
2— -1 -1 2— —
+ tl a(tg — t(lx ) 2 o1 —ksd t2 tl a(l — S)a ! o1 —ksd
= s'te S+ o3z S € S
1+ tl t1 t1 1+ tl
2— -1 -1
B ) [P
1 _|_t0'+2 .
1 2
t2fo¢ tafl _ tocfl ty , t27a to —t a—1 ty ,
< 1 ( 2 g+21 ) / Sole—kéds + 1 ( 2 U+12) / Sale—kbds
1+ tl 0 1+ ty 0
t27a tozfl o tozfl 12 t27o¢ ta
+ 1 ( 2 U+21 ) / sole—ksds + 1 — / (1 o S)a—lsale—ksds
]_ + tl th ]. + tl t1
2— -1 -1
R N AP
oF2 s e S.
1447 to

Hence,

+oco tffa t%ia k
/o ‘WGo(tz,S) N WGO(%S) s71e”ds = 0, = 1,
1 1

and

+o0 t2fo¢ t2’a
/0 ‘27%26‘0@2’3) —L—Go(tz, s)[s7 e ds = 0, t1 — to.

1415 IR
Thus, we can get
t27a t27oz
2 1
| 1 t‘:27+2 A.’E(tQ) — T t‘17+2 Ax(t1)| — O,tl — t2.

Consequently, AS is equicontinuous on (0, +00).
Next, we show that operator A : P — P is an equiconvergent operator at infinity.
For each x € €, we have

—+o00 —+oo
/ f(s,x(s))ds < MT/ s7te M ds < oo,
0 0

and
1 tort?

T(a) 1+ to+2

1t M,
T(a) 1+ 72 koitl

1
Am(t)’ < MT/ (1—T)a_17"71d7'—|— I(o1+1)
0

t2—oz
‘1+t”+2
1 t 1 1 [ s@~b M,
— ——ds——T 1).
+(F(a)1+t"+2+l+tﬂ+2)w/o 96) Ty e Tl 1

The right-hand side of the above inequality tends to 0 uniformly as ¢ — +oco. Thus
AS) is equiconvergent at infinity.
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Finally, we prove that operator A : P — P is an equiconvergent operator at 0.

\%AM -3 / ( / ) Goft, 5)g(t)dt) f (s, a(s))ds|

= (1)13(_;1;12M/ L=7)* 7 + (1)1+ig+2ki\j[+1r(01+1)
e e il [ () Gt sis.atods

SF(l)lt;;;M/ 1—7)* 1o dr + (1)1+t0+2ki‘14+1r(01+1)
[« 1+f§0+2+1+t0+2_ ’w/ () I'(a) ko+1r(‘71+1)‘

The right-hand side of the above inequality tends to 0 uniformly as ¢ — 0. Then A
is equiconvergent at 0.
Thus, A is completely continuous. The proof is completed. O

3. MAIN RESULT

In this section, we deal with the existence of positive solutions for the problem (1.1).
Theorem 3.1. Assume that (Hy) and (Hs) hold, and there exist o1 € (—1,0) and
d > 0,k > 0 satisfying the following conditions:

(H3) f(t,uo) < f(t,u0), for any t € (0,+00), 0 < ug < Tp;
(H4) f(t Mw) < it‘”e_kt (t,ug) € (0,+00) x [0,d].
T SN » (L ) )
Then the BVP (1.1) has mazimal and minimal positive solutions w* and v* on
(0, +00), such that
0<|lw*]<d, 0<]|p*]]<d.
], vo(t) =0, t € (0,400), define the

Moreover, for initial values wy(t) = d[w

iterative sequences wy and vy, by
wy, = Awp_1 = A"wy, vy, = Av,_1 = A"y

then

lim w, = lim A"wy=w*, lim v, = lim A"vy = v*.
n—oo n— oo n—oo n—oo

Proof. By Lemma 2.8, A : P — P is completely continuous. For any x1,z9 € P
with 1 < x9, from the definition of A and (H3), we know that Az; < Axzs. Let
Py ={z € P:|lz|| <d}. Next, we show that A: P; — Py. If z € Py, then ||z|| <d.
Hence
2—a
0 < 2 (t)

By (H4), we know that
1 ta’+2
f(tv ;Uo) <

t2—o¢ 167}%7 (t7u0) € (0, +OO) X [O,d]

4
N
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By Lemma 2.7, (2.9) and (H , we have

Ax)|| = sup ‘/ G(t,s)f(s,x ds<L/ fs,x(
[|(Az)]] ot 1+tg+2 (s) s))ds
dL o1 —ks.  dLT(op+1)
N s%te ds = WW S d.
Hence, we prove that A:P;— Py Let
ta_l ta—?
wnlt) = | te 040,
then wy(t) € Py. Now, we denote a sequence {w,} by the iterative scheme
Wn+1 :Awn :AnwOa n:Oa1a2a"" (31)
Since A(Py) C Py and wy(t) € Py, we have w, € Pg,n =0,1,2,.... It follows from

the complete continuity of A that {w,}3° ,is a sequentially compact set in X, then
{wn}52; has a convergent subsequence {wy, }7° ; and there exists w* € P, such that
Wy, — W,

On the other hand,

wy (t) = Awg(t)

_ / "Gt ) (s, wols))ds

_ / " (Gl ) + G 1. 5)) F (s, wo(s)ds

< ;(a) / " (s wo(s))ds
<y T [ s [ o
<{}//

o1 [1—/ g(s)s”‘*st} +t°‘*2/ s ds
0 0 / f S wO

[(a)y
ta71 + ta72 g( - 1d8 + 1
< L/O / f s, wo
(o)
< Lt +t‘**2]/ F(s,wo(s))ds
0
< dWL[ta Lygom Z]F(U1 +1) _ d[ta_1 +ta_2] = wo(t).

k0'1+1
So, by (3.2) and (H3), we have

wa(t) = Aw(t) < Awp(t) = wi(t), 0<t < 4oo.

2
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Moreover, we get

Wpt1(t) Swy(t), 0<t<4oo, n=0,1,2....
Therefore, w, — w*. Applying the continuity of A and w,,; = Aw,, we obtain
Aw* —

Let vo(t) = 0, 0 < t < 400, then vo(t) € Py. Let v1 = Avg, then v1 € Py. We
denote
Un+1 = Avy, = A"y, n=0,1,2,....

Similar to {w, }5%,, we assert that {v,}>2, has a convergent subsequence {vy, }%2,
and there exists v* € Py such that v,, — v*. Since v; = Avy = A0 € P, we have

va(t) = (Avy)(t) > (A0)(t) = vi(t), 0<t< +oo.
By induction, it is easy to see that for n = 1,2, ....

Unt1(t) > vp(t), 0 <t < +oo.

Thus v, — v*. Applying the continuity of A and v, 1 = Av,,, we get Av* = v*.
If f(¢,0) Z 0 on any subinterval of (0,400), then the zero function is not the
solution of the BVP (1.1). Thus, v* is a positive solution of BVP (1.1) on (0, +00).
We are in a position to show that w*, v* are the maximal and minimal positive
solutions of the BVP (1.1) in (O,d[%ﬂ. Let z € (O,d[%ﬂ be any
solution of the BVP (1.1); that is, Az = . Note that A is nondecreasing and

ta—l +ta—2

then we have vy (t) = (Avg)(t) < z(t) < (Awp)(t) = wy(¢), for all t € (0, 4+00).
By induction, we have

vozogx(t)gd{

vp <x<w,, n=123,....
Since w* = limy, 4 00 Wy, v* = limy, s 4 o0 U,
< <., <. <vr<z<w <. <w, <. <w <wg.
Thus, w*, v* are the maximal and minimal positive solutions of the BVP (1.1) in
(0, d[%]] The proof is completed. O
Remark 3.2. By Theorem 3.1, we note that w*, v* are the maximal and minimal

positive solutions of the BVP (1.1) in Py, they may coincide, and then BVP (1.1) has
only one solution in Py.

4. AN EXAMPLE

Consider the following boundary-value problem with fractional integral boundary
conditions:

0+{E +f(t SL'( )) =0, tle (0,+OO), (41)
limy 0 272 (t) = limy o0 DZ, 2(t) = § [ e a(s)ds,
where a = % (s) = % . By calculation, we have

/OOO 9(s) m; + 8“‘2] ds = 0.69 < 1.
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Choose
3 tiieft
tx)=t1et 4+ — =
fit,) e
and o = f%, o1 = f%, k = 1. By direct computation, we get L =~ 5.89 and N ~ 42.7.

Take d = 120, then (¢, z) € (0,+00) x [0,d],

d

< 7Tkt Z 9 814 de
=N € e

1413 .
f(t, —_— x) —t et pt it = 2t~ Gt
(t,x) € (0,400) x [0,120].

Since all the conditions of Theorem 3.1 are satisfied, the conclusion of Theorem 3.1
holds.
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