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1. INTRODUCTION

Fractional order semilinear equations are abstract formulations for many problems
arising in diffusion process, electrical science, electrochemistry, viscoelasticity, control
science, electro magnetic theory and several more. On the other hand, the nonlinear
fractional differential equations have been proved to be valuable tools in the modeling
of many phenomena in various fields of engineering, physics, medical and economics.
It draws a great application in nonlinear oscillations of earthquakes, many physical
phenomena such as seepage flow in porous media and in fluid dynamic traffic models.
Actually, fractional differential equations are considered as an alternative model to
integer differential equations. Some works have done on the qualitative properties
of solutions for these equations; see the monographs [7, 30, 29, 35, 39], the papers
[2, 3, 49] and the references therein.

Control theory is an area of application-oriented mathematics which deals with the
analysis and design of control systems. In particular, the concept of controllability
plays an important role in various areas of science and engineering. More precisely, the
problem of controllability deals with the existence of a control function, which steers
the solution of the system from its initial state to a final state, where the initial and
final states may vary over the entire space. Existence and control problems for various
types of differential systems and fractional differential systems have been studied by
many authors in [1, 4, 5, 6, 8, 9, 10, 16, 17, 18, 19, 21, 27, 25, 34, 37, 40, 41, 42, 43,
44, 45, 46, 48, 47, 51, 52, 53, 57, 58].

Recently, Chang [19] proved the controllability of semilinear mixed Volterra-
Fredholm type integro-differential inclusions in Banach spaces by using Bohnenblust-
Karlin’s fixed point theorem. In [6], Balachandran et al. studied the controllability
of fractional integrodifferential systems in Banach spaces by using fractional calcu-
lus, semigroup theory and the contraction mapping principle. In [21], Debbouche
et al. established the controllability result of a class of fractional evolution nonlocal
impulsive quasilinear delay integro-differential systems in a Banach space by using
the theory of fractional calculus and the contraction mapping principle. In [57], Yan
proved the controllability of fractional-order partial neutral functional integrodiffer-
ential inclusions with infinite delay in Banach spaces by using analytic semigroups
and fractional powers of closed operators and nonlinear alternative of Leray-Schauder
type for multivalued maps due to D. O’Regan. In [49], Wang et al. established the
existence and controllability results for fractional semilinear differential inclusions
by using fractional calculation, operator semigroups and Bohnenblust-Karlin’s fixed
point theorem. Very recently in [41], Ravichandran et al. established the controllabil-
ity problem for a class of mixed type impulsive fractional integro-differential equations
in Banach spaces by using Banach contraction theorem combined with the fractional
calculus theory and solution operator under some weak conditions.

Inspired by the above mentioned works, this paper establishes a set of sufficient
conditions for the controllability of fractional order functional differential inclusions
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with infinite delay in Banach spaces of the form

CDIx(t) — g(t,zy)] € Ax(t)+ F(t,z) + Bu(t), teJ=10,0 (1.1)
9 = ¢€Bp, te(—00,0], (1.2)

where © D{ is the Caputo fractional derivative of order 0 < ¢ < 1, A is the infinitesimal
generator of a strongly continuous semigroup {T'(¢),t > 0} in X, g: J x B, — X
is an appropriate function, F : J x Bj, — 25" is a nonempty, bounded, closed and
convex multivalued map, where By, is a phase space defined in section 2. The histories
xy 1 (—00,0] = X, defined by x¢(s) = z(t + s), s < 0, belongs to some abstract phase
space Bj,. The control function u(-) € L?(.J,U), a Banach space of admissible control
functions. Further, B is a bounded linear operator from U to X.

This paper is organized as follows. In Section 3, we establish a set of sufficient
conditions for the controllability for fractional order functional differential inclusions
in Banach spaces. In Section 4, we establish a set of sufficient conditions for the
controllability for fractional order functional differential inclusions with nonlocal con-
ditions. An example is presented in Section 5 to illustrate the theory of the obtained
results.

2. PRELIMINARIES

In this section, we mention some notations, definitions, lemmas and preliminary
facts needed to establish our main results. Throughout this paper, we denote by X
a Banach space with the norm || - ||. Let Y be another Banach space, let Ly(X,Y)
denote the space of bounded linear operators from X to Y. We also use || f||zr(sr+)
norm of f whenever f € LP(J,R™") for some p with 1 < p < co. Let LP(J, X) denote
the Banach space of functions f : J — X which are Bochner integrable normed by
Ilfllrcs,x)- Let C(J,X), be the Banach space of continuous functions from .J into X
with the usual supremum norm ||z||¢c := sup,c; [|z(t)]], for € C.

In this paper, we assume that A : D(A) C X — X is the infinitesimal generator of
a strongly continuous semigroup 7'(+), then there exist a constant M > 1 such that
IT@)| < M for every t € J. Let 0 € p(A) is the resolvent set of A. Then it is
possible to define the fractional power A“ for 0 < a < 1, as a closed linear operator
on its domain D(A®) with inverse A~ (see [38, Chapter 2]). The following are basic
properties of A“.

(i) D(A®) is a Banach space with the norm ||z||, = ||A%z|| for x € D(A®).
(i) T(t) : X — X, for t > 0.

)
(iii) A*T(t)x = T(t)A%x for each € D(A*) and ¢ > 0.
(iv) For every t > 0, A*T'(t) is bounded on X and there exist M, > 0 such that
o M,
4T (o)) < e

(v) A=* is a bounded linear operator for 0 < o <1 in X.
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Now we define the abstract phase space By, which has been used in [56, 41, 25].
Assume that h : (—00,0] — (0,400) is a continuous function with

0
zz/ h(t)dt < +o0.

For any a > 0, we define
B ={¢:[—a,0] - X such that ¢(¢) is bounded and measurable},
and equip the space B with the norm

[¢/l(~a,0p = sup ]\Iw(S)II, v eB.

s€[—a,0
Let us define
By = {¢ : (—00,0] — X such that for any ¢ > 0,%[_cq € B
and

0
| Holeds < +oo}

— 00

If B}, is endowed with the norm

0
[, = / W(s) [l jsyds, ¥ 4 € B,

then it is clear that (B, || - ||s,) is a Banach space.
Now we consider the space

n={z:(—00,b] = X such that z|; € C(J,X), o = ¢ € Br}.
Set || - ||» be a seminorm in Bj, defined by
[l = lIélls, +sup{|lz(s)l| : s € [0,0]}, @ € By,
Lemma 2.1. (See[56]) Assume x € B}, then fort € J, x, € By. Moreover,

Uz@)] < llzells, < |9lls, +1 sup [z(s)],
s€0,t]

where | = ffoo h(t)dt < +o0.

Let us recall the following known definitions. For more details see [39, Chapter 1],
[35, Chapter 3] and [29, Chapter 2].

Definition 2.2. The fractional integral of order a with the lower limit zero for a
function f is defined as

orpy_ L[ fe) .
If(t)_l“(a)/o (t—s)l—ad’ t>0, >0,

provided the right hand-side is point-wise defined on [0, 00), where I'(+) is the gamma
function, which is defined by I'(a) = [~ t* e~ dt.
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Definition 2.3. The Riemann-Liouville fractional derivative of order a > 0, n—1 <
a<n, n€ N,is defined as

(R=D)pg, f(t) = ﬁ (i) /Ot(t — 5" f(s)ds,

where the function f(¢) has absolutely continuous derivative up to order (n — 1).

Definition 2.4. The Caputo derivative of order « for a function f : [0,00) — R can
be written as

n—1
Daf(t):Do‘<f(t)—zgjf(k)(0)>, t>0, n—1<a<n.
k|

=0
Remark 2.5. (i) If f(t) € C™[0,00), then
(s

1 ! f(n) )
CDOt / e (n) -1 .
f(t) = T —a) J, (t—s)aH*ndS M), t>0,n—-1<a<n

(ii) The Caputo derivative of a constant is equal to zero.
(iii) If f is an abstract function with values in X, then integrals which appear in
Definition 2.1 and 2.2 are taken in Bochner’s sense.

We also introduce some basic definitions and results of multivalued maps. For more
details on multivalued maps, see the books of Deimling [22] and Hu and Papageorgiou
[28].

A multivalued map G : X — 2% \ {{)} is convex (closed) valued if G(z) is convex
(closed) for all 2 € X. G is bounded on bounded sets if G(C) = U,co G(2) is

bounded in X for any bounded set C' of X, i.e., sup,c¢ { sup{|ly|| : y € G(x)}} < 0.
Definition 2.6. G is called upper semicontinuous (u.s.c. for short) on X if for each

xo € X, the set G(x¢) is a nonempty closed subset of X, and if for each open set C of
X containing G(xo), there exists an open neighborhood V' of zy such that G(V) C C.

Definition 2.7. G is called completely continuous if G(C) is relatively compact for
every bounded subset C' of X.

If the multivalued map G is completely continuous with nonempty values, then G
is u.s.c., if and only if G has a closed graph, i.e., T, = Tx, Yn — Y%, Yn € Gz, imply
Y« € Gx,. G has a fixed point if there is a ¢ € X such that € G(x). In the following,
BCC(X) denotes the set of all nonempty, bounded, closed and convex subset of X.

Definition 2.8. A multi-valued map G : J — BCC(X) is said to be measurable if,
for each x € X, the function v : J — R, defined by

o(t) = d(w, G()) = inf{Jx — 2| : = € G(B)},
belongs to L!(J,R).

Definition 2.9. The multi-valued map F : J x X — BCC(X) is said to be L!-
Caratheodory if
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(i) t — F(t,u) is measurable for each u € X
(ii) w — F(t,u) is upper semi continuous for almost all ¢ € J,
(iii) for each r > 0, there exists [, € L'(J,R) such that

[E(t,u)ll = sup{|f] : £(t) € F(t,u)} <1n(t)
for almost all ¢t € J and all ||u|| € B, <.

Lemma 2.10. [31, Lasota and Opial] Let J be a compact real interval, BCC(X)
be the set of all nonempty, bounded, closed and convex subset of X and F be a L'-
Caratheodory multivalued map with Sp . # 0, where

Sra = {f € LNIX): (1) € Ft,2), for a.c.te J )

is nonempty. Let F be a linear continuous from L'(J, X) to C, then the operator
FoSp:C— BCCIC), x = (F oSr)(x) = (Spx),

is a closed graph operator in C x C.

Definition 2.11. A continuous function z : (—oo, ] — X is said to be a mild solution
of (1.1) — (1.2) if g = ¢ € B}, on (—o0,0]; the restriction of z(-) to the interval [0, b]
is continuous, for s € [0,t), the function (t —s)7 1A% (t — s)g(s, ;) is integrable such
that

z(t) = 7 ()[6(0) — 9(0,9(0))] + g(t, ) + /0 (t— )T AL (t — 5)g(s, x5)ds

+/0 (t—8)T 1 L (t —5)f(s)ds + /0 (t — )1 1.F(t — s)Bu(s)ds, t € J,

where 7 (-) and .(+) are called characteristic solution operators and given by

T = /gq T(t%9)d y_q/ 0¢,(0)T(t760)do

and for 6 € (0, 00)

1 1 1
§q(9)=§9 w07 7) > 0,

— sin(nmq).
n!

:1

l i n 19—nq—1r(nq + 1)

Here, &, is a probability density function defined on (0, 00), that is
&(0) >0, 6€(0,00) and / & (0)do = 1.
0

Definition 2.12. The system (1.1)-(1.2) is said to be controllable on the interval
J if, for every continuous initial function ¢ € Bp, z1 € X, there exists a control
u € L%(J,U) such that a mild solution x(t) of (1.1)-(1.2) satisfies x(b) = 1.

The following results of .7 () and .#(-) will be used throughout this paper.
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Remark 2.13. (See[51]) It is not difficult to verify that for v € [0, 1].

/ 6v¢,(0 do_/ 6 q”wq(e)dezm.

Lemma 2.14. (See[58, 51]) The operators J and . have the following properties:

(i) For any fired t > 0,  and . are linear and bounded operators, that is for
any x € X,
M
17 @l < Ma] and |70l < 37 el
(5) {7(t),t >0} and {L(t),t > 0} are strongly continuous.

(t3i) For t € J and any bounded subsets D C X, t — {J(t)x : x € D} and
t = {S(t)x : x € D} are equicontinuous if | T(t3(0))x — T(t1(0))z| — 0 with
respect to x € D as ta — t1 for each fized 0 € [0, c0].

(iv) For anyz € X, a, 8 € (0,1), we have

AT,()x = AYPT, () APz, te

M T(2—a) _
—— 0 7 0<t<hb.
(1 +q(1 —a)) =

Lemma 2.15. [11, Bohnenblust and Karlin]. Let D be a nonempty subset of X,
which is bounded, closed, and convex. Suppose G : D — 2%\ {}} is u.s.c. with closed,
convez values, and such that G(D) C D and G(D) is compact. Then G has a fized
point.

[ AT, (8)] <

3. CONTROLLABILITY RESULTS

In this section, first we establish a set of sufficient conditions for the controllability
of fractional order neutral functional differential inclusions in Banach spaces by using
Bohnenblust-Karlin’s fixed point theorem. In order to establish the result, we need
the following hypotheses:

H; (i) The strongly continuous semigroup of bounded linear operators T'(t) gen-
erated by A is compact when ¢ > 0 and there exists a constant M > 1
such that sup,; |[|T(t)|| < M.
(i7) For all bounded subsets D C X and z € D, ||T(td0)x — T'(t10)z| — 0 as
to — t1 for each fixed 6 € (0, c0).
H; The function g : J x By, is continuous and there exists a constant H; > 0,
0 < a < 1 such that g is X, valued and

||Aﬁg(t7x) - Aﬁg(t7y)|| < Hle - yHBh,7 T,y € Bh7
1A%g(t, )|l < Hi(1+ |12]5,)-

Hj3 The multivalued map F : J x B, — BCC(X) is an L!-Caratheodory function
which satisfies the following condition
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For each ¢ € J, the function F'(t,-) is u.s.c; and for each = € By, the function
F(-,z) is measurable. And for each fixed x € By, the set

Spa = {f € L'(J,X) : f(t) € F(t,z;), for ace. t € J}
is nonempty.

H, For each positive number r and « € C with ||z|¢ < r, there exists a positive
function [, : J — R such that

sup {11 f(t) € F(t.) } <1,(0),

for a.e. t € J.
Hs The function s — (t — s)9711,.(s) € L*(J,RT) and there exists a v > 0 such
that
t -1
t—s)"1,.(s)d
lim Jolt = 2) (8)ds =y < +o00.
r—00 'S

Hg The linear operator B : L?(J,U) — L'(J, X) is bounded, W : L3(J,U) — X
defined by

b
= — g2t — s)Bu(s)ds
Wu—/O (b )L (b— s)Bu(s)d

has an inverse operator W~! which takes values in L?(J,U)/kerW, where
the kernel space of W is defined by kerW = {x € L?>(J,U) : Wz = 0} and
there exist two positive constants My, M3 > 0 such that || Bz, w,x) < M2
and [|[WH 1, (x, 20,0 /kerw) < M.
Let us now explain and prove the following theorem about the controllability for
(1.1)-(1.2).

Theorem 3.1. Suppose that the hypotheses Hy-Hg are satisfied. Then (1.1)-(1.2) is
controllable on J provided that

pas qM

-B e 4
)[(Mgm I+ K@ B)My 5 )1+ 5

M My Msb?
14 2787 < 1. 3.1
( +q (3.1)

I'(1+q)

Proof. Using the assumption Hg for an arbitrary function z(-) define the control
b
u(t)y=w=! lxb — 7 ()[¢(0) — 9(0,(0))]+4(b, mb)+/ (b—5)"" A (b—s)g(s, x5)ds
0

b
- /0 (b—5)1"17(b— s)f(s)ds} (t).
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For any € > 0, we consider the operator ®° : B} — 281 defined by ®¢x the set of
z € Bj, such that

¢(t)’ te (—O0,0],
Z(0)[6(0) = 9(0,6(0)] + g(t, @) + [o (t = )AL (t = 5)g(s, 2, )ds

+ Jy(t = )L (¢ — ) BW ! [wb — 7 (0)9(0,9(0)) — g(b, z)

— Jo (b =) AL (b — n)g(n,zy)ds — [ (b—m)T L (b—1)f(n)dn | (s)ds

+ fg(t —8)17LF(t — s)F(s,x5)ds, t € J,

where f € Sg,. We shall show that the operator ®° has fixed points, which are then
a solution of (1.1)-(1.2). Clearly, 1 = x(b) € (®°z)(b), which means that (1.1)-(1.2)
is controllable.

For ¢ € By, we define QAS by

~ - Jot), te (—o0,0]
¢(t)_{§(t)¢(0)7 ted

then ¢ € Bj,. Let z(t) = y(t) + a(t), —oo0 < t < b. It is easy to see that x satisfies
definition 2.11 if and only if y satisfies yo = 0 and

y(t) = =T ()g(0,$(0)) + glt, ye + 1) + /0 (t— )1 P AL (t — 8)g(s,ys + bs)ds

" / (t = )77 71— )BW [ — T(0)[6(0) — 9(0.6(0))] ~ by + &)
b R b
- / (b— )T AS (b — 1)g(1, 4y + Bu)dn— / (b—n)TL (b—n) f (1)dn] (s)ds

t
+/ (t—38)TLF(t —s)f(s)ds, t € J.
0
Let B) ={y € B}, : yo =0 € B,,}. For any y € B}/,

1ylls = llyolls, +sup{lly(s)[l : 0 < s < b}
= sup{[ly(s)[| : 0 <5 < b},

thus (By, | - |l») is a Banach space. Set B, = {y € By : |ly|ls < r} for some r > 0,
then B, C By is uniformly bounded, and for y € B,, from Lemma 2.1, we have

||yt + d/;tHBh < HytHBh + ||<£t||8h
<U(r+ Mi|g(0)]) + | ¢lls, =" (3.2)
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Define the multivalued map ¥ : Bj — B}/ defined by Uy the set of Z € Bj such that

07 ( OO’O]’
2000000 + o0+ ) [0~ A~ Jo+ B i
=] I o B i 7 [60)-(0.60)] - g0+ B

— [ o—n)1" A (b—0)g(11. Y+ Gn)dn— [ (b—1)1" S (b—n) f(1)dn|(s)ds
+f0 (t—s)1" LS (t — s)f(s)ds, t € J.

Obviously, the operator ®° has a fixed point if and only if ¥ has a fixed point. So,
our aim is to show that ¥ has a fixed point. For the sake of convenience, we subdivide
the proof into in several steps.

Step 1. U is convex for each = € B,. In fact, if p1, w2 belong to ¥(x), then there
exist fi, fo € Spz such that for each t € J, we have

(pi(t) = _y(t)g(oa (;5(0)) + g(t>yt + Q/gt) + /0 (t - S)q_lAy(t - S)g(s7ys + (Zs)ds

+ [ =t = B a1 = ZB16(0) - 90.0(0)] - 9003+ )
b

b ~
= [ =t A gl B = [ 6=y ) fa)an] ()

t
+ / (t—38)T L7 (t —5)fi(s)ds, i=1,2.
0
Let A € [0,1]. Then for each ¢t € J, we get
(A1 + (1= Np2)(t) = =T (£)9(0,6(0)) + g(t, y: + 1)

)
+ / (t— )T AL (t — 5)g(s, ys + Bs)ds
0

+ / (t— )T (t — $)BW " & — T (5)[(0) — 9(0, 6(0))]

—~ b o~
—g(b,yp + b)) — /0 (b—n) T AL (b —n)g(n, yy + dn)dn

b
- / (b— )T (b — M (n) + (1 — A falm)dn | (s)ds

+ / (t—8)T L7t — s)[Afi(s) + (1 — \) fo(s)]ds
0

It is easy to see that Sg, is convex since F' has convex values.
So, Afi + (1 = A) f2 € Spz. Thus,

Ap1 + (1= Ny € U(x).
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Step 2. We show that there exists some r > 0 such that U(B,) C B,. If it is not
true, then there exists € > 0 such that for every positive number r and t € J, there
exists a function x, € B,., but ¥(z,) ¢ B,, that is,

() (O] = supfllerlls : or € U(2r)} =7,

For such € > 0, an elementary inequality can show that

r < [[(Ty")(@)l

<1l = 7000000 + latt; + 3l + | [ (=97 470 = s)g(s.57 + D) |
] [ 9t 9w o~ 70060 - 90.00))
b
g(b,yy + dw) — /O (b= )T AL (b — n)g(n, ¥l + by)dn

—/Ob(b—n)q—ly(b 0 dn dsHJrH/ )=l fT(s)dsH
— L4 L+ L+ L+ I

Let us estimate each term above I;,7 = 1,--- ,5. By Lemma 2.1 and assumptions
H,-H-, we have

I M| AT|[|A%9(0, @)l < MM[|ATP||(1 + [|]5,),
L <[ APt g7 + o)l < Ml AP+ llyp + Gells,) < M APII(L+7),

By a standard calculation involving Lemma 2.14, assumption Ha, Eq. (3.2) and the
Holder inequality, we can deduce that

t
I3S/
0

aM1-5I'(A + 5) t _5)0L(p — )~ (1=B)a| 48 S
< BT BT [ sy o) 0D A g (5,07 + 50 s

t o~
< K(q,5) / (t— )P My(1 + 4] + Bells, s

(t — )1 LAY P2 (t — 5) AP g(s, 45 + &) ||ds

K(q, B)Mg—=(1 +17)

b
Y4B

M;_gT(1+
where K(CLB) = %{m
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A similar argument involves Lemma 2.14 and assumptions Hg and Hy; we obtain

qM

I < s [ e = 9 B o+ 7(00000.00) + att.07 + 50

i t
+/ (t—s)TTAL(t — s)g(s,y" + $S)ds _|_/ (t—s) Lot — S)fr(s)ds] ds
0 0
M My Msb4 /
= ﬁ 1] + MM[| AP+ [[6]l5,) + Mg A7 (1 + 1)

bqﬁ / qM ¢ —s a—1 s)ds

On the other hand,
t
I < / (t— 82 Z(t - )17 (s)]ds
0

qM ¢ a—1
< m/o (t—8)*""1.(s)ds

Combining I;-I5 yields

M My M;be ol + L MM, Mshe
q)

"=y T(1+q)

) lMMgIIA_BH(l + 168,

qB t
FMATPIL 1)+ Kg )My o (147 >+F(‘jﬂfq)/o<t—s>alzr<s>ds]
(3.3)

Dividing both sides of (3.3) by r and taking r — oo, we obtain that

M My Mbe y b8 M
<1 + W) [(MgHA | + K(%ﬂ)Mg%)l + m’Y

which is a contradiction to our assumption. Thus for ¢ > 0, for some positive number
r and some f € Sp,, U(B,) C B,.

Step 3. ¥(B,) is equicontinuous. Indeed, let € > 0 be small, 0 < ¢; < to < b. For
each y € B, and Z belong to ¥y, there exists f € Sg, such that for each t € J, we
have

IZ(t2) = Z(t)]l = || = (F(t2) = T (£1))g(0, )| + [|9(t2, e + b12) — 9(t1, yes + S0,

+H /tz (ty — 8)1 AL (ty — 5)g(s,ys + $s)dsH

+H/t (ta — 8)1™ 1A[:§”(t2*8)f<5”(t1 —s)]g(s,ySJras)dsH

+H /t1 (ts — 8)77 1 — (ty — 8)T AL (81 — 8)g(s, ys + Ps dSH
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+H /Otl_a(tg —8)1TYA[S (ty — 5) — L (t1 — 8)|g(s,ys + $s)dsH

|

[t 0 A = o+ 50|
</ (t2 = )7t = ) BW " [a1 = 7 (5)[6(0) — 9(0,6(0))]
~9(b.y + &) — /0 =) A b= n)glo vy + B )
-/ (6= )76 — ) o) (5)das|
+ [ ltle(tz =8 (2 = ) = St = ) BW 21 = T (B)[6(0) — 9(0, 6(0))
~g(b.y + &) — /0 6= ) A b= n)alon sy + B )

- /Ob(b —n)* (b~ n)f(n)dn] (S)d9d8H

+

| = = (=)0 = 9 BW a1 = T (B[(0) ~ 5(0.6(0)
o~ b o~
—g(b, yp + dp) — /O (b= AZ (b —n)g(n, yn + dn)dn
b
= == f)an] (o |

+‘ /0 1_6(132 — S)q—l[y(h —8)—.SL(t1 — S)]BVV_1 [371 — 7 (b)[6(0) — 9(0,¢(0))]

b ~
—g(b,yp + b) — /O (b—n) " AL (b —m)g(n,yy + ¢y)dn
b
= b= =) fl)n] ()0 |

H [ =97 = - 91 - B o1 - T@0(0) - 9(0.6(0)

b o~
(b, o+ B) - / (b— M AL (b — n)g(, 4 + By)iln

b
- [o= o= ) (v

—l—H/ (ta — )17 A (ta — 3) ()dsH

_|_

[ o0 - 20 - s

t1—e
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ty
A / [(t2 — )71 — (81 — )72 (11 — 5) f(s)ds
t1—6

H [ - 9 - 20 - s

t1—e
[ 1= 9 = - 9 = ) )]
0
Applying Lemma 2.14 and the Holder’s inequality, we obtain
1Z(t2) — 2(t)|| = 1(Z (t2) — T @) 1900, &) | + lg(t2, yea + B1,) — gt Yo, + b1,

K00 [ (t2 — 5)7 1| APg(s, 5, + B l1ds
+f (t — A [ (1 — ) — F (= AP g(5, g, + Bo)ds
FRG ) [l = 0= Ao+ B
+f " e — AP (12— 5) — S (1 — AP, + o) s
K00 [ Lt = 97— (11— 51 A% (s, s + B s

DIV, [ 1y g
F(l + q) t1

|21 = Z®)[6(0) — 9(0,6(0))
~ b —~
—9(b,yp + ¢p) — /0 (b= m*™ AL (b = 0)g(n, yn + ¢n)dn

b
- [(e=nr 0= ] as

*Mz/t (tz = )11 |.A(t2 = 5) = Z (1 = 5)][|| |21 = Z(B)6(0) — (0, 6(0))]

o~ b o~
—g(b,yp + dp) — /O (b—n) T AL (b—n)g(n,yn + dy)dn

b
- [(e=nr 0= s

qM My
I'(l+q)

i [ 1= = 0= 9 a1 = 70)[6(0) — 9(0.6(0)]

b
(b, + Bo) / (b— M AL (b — g,y + By)iln

b
- [(e=nr 0= ]
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+M2/O s — ) St — 5) — F (1 — 8]

|21 = Z(®)[6(0) — 9(0,6(0))
~ b o~
~g(0n+30) = [ 6= 0" AL G = n)g(n.v, + )

- /Ob(b )L (b~ n)f(n)dn] ds

gMMy  [917° a1 g—1
+m/@ [(t2 = 8)T" = (t1 —8)"7]

(21 = Z®)[6(0) ~ 9(0,6(0))
o~ b o~
—9(b,yp + ¢p) — /0 (b—m*= AL (b —0)g(n, yn + ¢n)dn

b
- [(e=nr 0= ] as

qM /t2 -1
F I, — )T (s)d
F(l +q) " ( 2 S) (5) S

—I—/t 1_ (ty — 8)T | A (ty — 8) — L (t1 — 5)||1,.(s)ds

qM

_ " —s5) — )T 11,.(s)ds
Rl ML G S CEE RO

[ - 9 =0 - - 9l
0

gM  [he . N
+m/o [(ta = )7 = (tr — 8) ]I (s)ds.

Therefore, for e sufficiently small, we can verify that the right-hand side of the above
inequality tends to zero as to — t;. On the other hand, the compactness of . (t) for
t > 0 implies the continuity in the uniform operator topology. Thus ¥ maps B, into
an equicontinuous family of functions.

Step 4. The set V(t) = {(V1y)(t) : y € B,} is pre-compact in X. Obviously, V(¢) is
pre-compact in B for ¢t = 0. Let 0 < ¢t < b be fixed and ¢ be a real number satisfying
0<e<t For§>0andy € B,, define an operator ¥5° on B, by W% € B the
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set of such that

== [T G OTW 00,6048 + ot ~ ez + 5
tq / 114 / 06, (O)T (¢ — 5)76)d6 ) g(s. ys + 5. )ds
| - /5 0t — 5" & (O (1 — 5))BW [e1 — Z()[6(0) — 9(0,6(0))]
— g(b,yy + bp) — /Ob(b — T AL (b= n)g(n, yy + by )dn
- [0 wrt o mrwm] s
‘e / | =i or (e - syorss)asds
T(c16) / £ (O)T(190 — £95)g(0, 6(0))d0 + gt — &, yo- + <)
T(£96) /t / O(t — 5)17 1€, (O) AT((t — 5)70 — £98)g(s, ys + bs)dOds

+T(e%5) / / Ot — 5)T 1€, (O)T((t — )90 — <8)BW | 2
— 7 ()[6(0) — g(0,6(0))] — (b, y + d)

b
—/O (b—n)qflAy(b—n)g(van+$n)d77

b
/ (b= )17 (b = m)f (n)d| (s)dods

t—e
+ T(99) / / Ot — s)T 1, (O)T((t — 5)10 — £98) f(s)dbds
f €8s, Since T'(e6), (¢76 > 0), is a compact operator, then the set
VOt = {(¥7°y)(1) 1y € By}

is pre-compact in X for every ¢, 0 < ¢ < t and for all § > 0. Moreover, for every
y € B,., we have

#0201 < || [ &a0)7(¢10)9(0. 600))d8] + e, 1+ ) -t =, 310

; /0 ot — s)q_lgq(G)AT((t —9)10)g(s,ys + (Zs)deds

q /tfs/(; ot — s)qflgq(Q)AT((t — 5)90)g(s, ys + bs)dOds
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8
0t — 5)" & (O)T((t — 5)10)BW ™ [171 — 7(b)[$(0) — 9(0,¢(0))]

o~ b o~
g,y + o) / (b— )T AL (b — n)g(, g + Bu)d

b
- /0 (b= s~ ﬁ)f(n)dn] (s)dfds

ST — )7t — )9 -
ol [ o= 9 on (e - 0mw e o - 700

o~ b o~
—3(0,6(0))] — g(b,y» + dp) — /0 (b—n) T AL (b — n)g(n, yn + dn)dn

b
- /0 (b= s~ ﬁ)f(n)dn] (s)dfds

5
ot — s)qflfq(H)T((t —5)90) f(s)dfds

q /tfg/a 9(t — s)q7 fq(H)T((t — 3)q9)f(s)d9ds

=Nh+Lh+Is+Jdi+Jds+ Js+ Jr + Js.

A similar argument as before can show that

T < M4 4%(0,0)] ( /sq )d6) < MIA|My (1 + |6]s,) /sq )d6)

J2 S ||A_,8H||Aﬁg(t7yt + (bt) g(t — & Yt—¢ + (btfs)”
< ATB|My (2 + 1w — ye—2) + (D¢ — Dr—c)lls,)

J3<q/ / 16( — )97, (0) AT PT((t — 5)90) AP g(s, ys + bs)||dds
(qﬁ)/(t—s)q My (1+71) ds/ Oeq(6)do

T <q/ / 16(t — 5)77 &, (O) A PT((t — 5)70) APg(s, ys + ¢s)||dOds
t—e

K(g,B) /t, (t—s)qﬁlMg(1+r’)ds/§oo 6z, (0)d6
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t [e’e)
Js < gM / / B(t — 5)1 6, (O)T((t — )70)BW " [21 — 7 (B)[6(0) — 9(0, 6(0))]
0 )
b o~
—g(b,yp + dp) — /0 (b—n)" AL (b —n)g(n,y, + ¢n)dn
b
- [ o=t = @an] s)dpas

< qMM2M3/O (t—s)"" lxl — 7 (B)[6(0) — 9(0,6(0))] — (b, o + o)

b o~
- /0 (b= AZ (b —n)g(n,yn + by)dn
/b(b nIts (b —n)f dn} ds/ e, (0
sesa [ [ oGO~ 0B 1~ T0160) - 90.60))
— g(b,yp + ) — /0 (b= )T AL (b —1)g(n, yy + by)dn
b
= [ o= 20— s wpan] )0
< qM Mo Ms /t_ (t—s)*" [501 — Z(5)[(0) — g(0,6(0))] — g(b, yo + bv)
b
- [ o=t Ao = mgtm v, +&dn
b oo
-/ (bn)qu(bn)f(n)dn] ds [ oey(6)d0
0 4
Jr < q/t/éﬁ t—s)T L (O)T((t — 5)10) f(s)dOds
< qM/ )T L( /Equ(Q)dH
Jg < q/t / O(t — 5)17 1 (O)T((t — 5)10) f(s)dOds
< qM (t— $)17,.( ds/ Oeq(0)d0,
From J; to Jg, one can see that for each y € B,.,

IZ(t) —Z59(t)]| - 0 as & — 0%, 6 — 0%,
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Therefore, there are pre-compact sets arbitrary close to the set V(t), t > 0. Hence,
the set V(¢), t > 0 is also pre-compact in X.
Step 5. ¥ has a closed graph.

Let y, — y« as n — oo, Z, € Yy, for each y,, € B, and Z,, = Z, as n — 0o0. We
will show that z, € Wy,. Since z,, € Py, there exists a f, € Sy, such that

Za(t) = T (1)g(0,6(0)) + g(t, (yn)s + é1) + /O (t —s)T"YAL(t — 8)g(s, (yn)s + bs)ds
+ /0 (t—s)" S (t—s)BW! [xb — 7(b)[¢(0) — g(0,$(0))]
b
— (b, (yn)s + db) — /0 (b—mI AL (b~ 0)g(n, () + &n)dn

b t
- [o-nrize- n)fn(n)dn] ()ds-+ [ (¢ =91t = )fu(5)ds, 1€ T
0 0
We must prove that there exists f. € Sy, such that
t
=7 (t)9(0,0(0)) + g(t, (y«)¢ + &) + /0 (t = )17 AL (t — 5)g(s, (ys)s + ¢s)ds

+ / (t— )7 2t — )BW |2, — TB)[H(0) — 90, H(0))]

o~ b o~
—glb (g )+ D) — / (b— )T AL (b — n)g(, (3 )0 + B)dn
b
- / (b— ) F(b— n)f*(n)dn] (s)ds

_|_/O (t—8)T7 L (t — s)fu(s)ds, t € J.

Now, for every t € J, since g is continuous, and from the definition of u® we get

H (zn(t) +7()g(0,6(0)) — g(t, (yn): + 1) — /0 (t— )1 TAS (t— 8)g(s, (yn)s + s )ds
*/0 (t—s) A (t—s)BW [xb — Z(b)[#(0) — g(0,3(0))] — g(b, (yn)s + bv)
b ~
- /0 (b= AL (b —n)g(n, (yn)n + (bn)d’?] (8)d8>

- (Z*(t) + 7 (1)9(0, $(0)) = g(t, (y.)e + &) — /O (t=9)T AL (t=5)g(s, () + Bs)ds
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*/0 (t—s)"" 'S (t—s)BW™! [xb — 7 (B)[6(0) = 9(0,6(0))] — g(b, (y-)o + Bv)

~

b
_/0 (b—n) " AL (b —n)g(n, (y)y + (ﬁn)dn] (S)ds) H — 0 asn — oo.

Consider the linear continuous operator © : L*(J, X) — C(J, X),
t
@11 = [ (t= 5717t - 9)1()ds
0

- /Ot(t _ st - S)Bw—l(/ob(b )L (b ) (7)) ds.

From Lemma 2.10, it follows that © o S is a closed graph operator. Also, from the
definition of ©, we have that

~

(Zn(t) +7(£)9(0,6(0)) — g(t, (yn)e + 1) — /0 (t=s)TT AL (t = 5)g(s, (yn)s + s)ds

o~

—/0 (t—s)"" S (t—s)BW™! [xb = 7(0)[9(0) = 9(0,¢(0))] = g(b, (yn)s + ¢b)

b
—/ (b—m)T AL (b —1)g(n, (yn)y + cbn)dn] (8)d8> € O(Sry,)-
0
Since y, — yx, for some y, € Sg,,, it follows from 2.10 that

o~

<Z* (t) + 7 (£)9(0,6(0)) = g(t, (y.): + 1) - /0 (t =) AL (t = 5)g(s, (ys)s + ds)ds
—/O (t—s) "' (t—s)BW™! [xb — 7 (1)[$(0) — g(0,¢(0))] — g(b, (4.)s + o)

b
_/ (b—n)T AL (b —n)g(n, () + (gn)dn] (3)d5> € O(Sry.)

0

therefore ¥ has a closed graph.

As a consequence of Step 1 to Step 5 together with the Arzela-Ascoli theorem,
we conclude that ¥ is a compact multivalued map, u.s.c. with convex closed values.
As a consequence of Lemma 2.15, we can deduce that ¥ has a fixed point x which is
a mild solution of (1.1)-(1.2). Therefore, (1.1)-(1.2) is controllable on J. O
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4. FRACTIONAL DIFFERENTIAL INCLUSIONS WITH NONLOCAL CONDITIONS

The study on nonlocal conditions are motivated by physical problems. For exam-
ple, it is used to determine the unknown physical parameters in some inverse heat
conduction problems [15]. The result concerning the existence and uniqueness of mild
solutions to abstract Cauchy problems with nonlocal initial conditions was first formu-
lated and proved by Byszewski, see [12]. Since the appearance of this paper, several
papers have addressed the issue of existence and uniqueness results for various types
of nonlinear differential equations [13, 14, 20, 36, 23, 33, 55]. Control problems for
various types of differential systems and fractional differential systems with nonlocal
initial conditions have been studied in [9, 26, 32, 33, 24, 45, 51].

Recently in [51], Wang et al. proved sufficient conditions for nonlocal controllabil-
ity for fractional evolution systems by using Monch fixed point theorem and in [54]
discussed the existence and controllability results for nonlocal fractional impulsive dif-
ferential inclusions in Banach spaces by using theorem for contraction multivalued is
proved by Covitz and Nadler. In [45] Vijayakumar et al. established the nonlocal con-
trollability of mixed Volterra-Fredholm type fractional semilinear integro-differential
inclusions in Banach spaces by using Bohnenblust-Karlin’s fixed point theorem

Inspired by this consideration, we establishes a set of sufficient conditions for the
controllability of fractional order functional neutral differential inclusions with infinite
delay in Banach spaces with nonlocal condition of the form

CDI(x(t) + f(t,zy) € Ax(t)+g(t,z), te(0,b] (4.1)
Ty € ¢+Q(xtlaxtzaxtav"' ’xtn,) € Bh7 (42)

where 0 < t; <ty <t3 <---<t, <b,q: B — By is a given function which satisfies
the following condition:

H; ¢: B" — B is continuous and exist positive constants L;(¢q) such that

||Q<1/J17¢2a¢37 e 7’(/}71) - Q((ph ©2,P3, " 7S0n)|| S Z LZ(Q)Hw’L - (107;||35
i=1

for every 1, ¢; € By, and assume

Nq = SUP{”CI@/&J/JQawt_g; e 7¢tn)H : 1/11 € Bh}

Definition 4.1. A continuous function z : (—o0,b] — X is said to be a mild solution
of (4.1) — (4.2) if z9 = ¢ € By, on (—o0, 0]; the restriction of z(-) to the interval [0, b]
is continuous, for s € [0,¢), the function (t —s)? 'A% (t — s)g(s, z5) is integrable such
that

z(t) = 7 (1)[¢(0) — 9(0,6(0)) + (s, Teys Tea - -+ 5 21, )(0)] + g(t, 24)
+ /0 (t—38)1""AL(t — s)g(s,xs5)ds + /0 (t—s)I7 " (t—s)f(s)ds

+/O (t—s5)1""7(t — s)Bu(s)ds, t € J,
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where .7 (-) and .(+) are defined in Definition 2.11.

Theorem 4.2. Suppose that the hypotheses Hy-Hy are satisfied. Then (4.1)-(4.2) is
controllable on J provided that

M M Msbe y pa’ M
(1 + IW) l<M9|A | + K(Q»ﬂ)Mg%)l + mv

Proof. The proof is similar to the proof of Theorem 3.1. We can omit the proof. [

<1.  (43)

5. AN EXAMPLE
Consider a control system governed by the fractional order neutral functional dif-
ferential inclusion of the form

2

0
¢ pg lz(t,n)—&— / b(ﬁ,n)z(t,ﬁ)del e (%Qz(tm)—i-ﬁ(t,n)

bult [ mls=0x6mas), ne ol te o, G)
z(t,0) =z(t,m) =0, t >0, (5.2)
Z(t777) :Wta 77)7 0<n<m te (—OO, 0]7 (53)

where ¢ D{ is a Caputo fractional partial derivative of order 0 < q < 1, 9(¢,n), p and
1 are continuous.

To rewrite this system into the abstract form (1.1)-(1.2), Let X = L?(0,7) and
let A: X — X be defined by Ay = ¢, y € D(A), where D(A) = {y € X : y,¢/
are absolutely continuous, y(0) = y(1) = 0}. Then A is the infinitesimal generator
of an analytic semigroup {T'(t),t > 0} in X. Furthermore, A has a discrete spec-
trum with eigenvalues of the form —n2?, n =0,1,2,--- and corresponding normalized

eigenfunctions are given by z,(n) = \/g sin(nm). We also use the following properties:

(i) If y € D(A), then Ay = Z n2(y, 2n) Zn.

n=1
(oo}
1
(ii) For each y € X, A=Y/2y = Z ~ (Y, 2n)2n. In particular, ||A~/2| = 1.
n
n=1
(iii) The operator A'/2 is given by AY/?y = Z n{y, zn)zn on the space
n=1

D(AY?) = {y(.) € X, Zn(y,zn>zn € X}
n=1

Now, we present a special phase space By,. Let h(s) = €2, s < 0. Then

l:/o h(s)ds:%

— 00
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Let

0
lells, :/ h(s) sup ([le(0)])2ds.
— 5<6<0
Then (B}, || - |, ) is a Banach space.

For (t,¢) € [0,b] x By, where ¢(0)(n) = ¢¥(0,n) € (—00,0] x [0, 7], let z(t) = z(¢,-),
that is z(¢)(n) = z(t, n).

Define an infinite-dimensional space U by

U= {u|u = iunvn, with iUE < oo}
n=2 n=2

for each v € X. The norm in U is defined by

oo
lul =" Un.
n=2

Now, define a continuous linear mapping B from X into X as

Bu = ugvq + Z Un Uy, for Z Unp Uy € U.
n=2 n=2
Define the bounded linear operator B : U — X by (Bu)(t)(n) = f(t,n), 0 <n <,
uweU,g:JxBy,— L?([0,7]) and F : J x B, — L(L?([0, 7]), L*([0, 71])) by

0
ot 0)(m) = / b(6)0(6) (n)dn,

— 00

¢
ft.o) =t [ m)o(o)d0).

On the other hand, the linear system corresponding to (5.1)-(5.3) is controllable.

Thus, with the above choices, (5.1)-(5.3) can be written in the abstract form of (1.1)-

(1.2) and all the conditions of Theorem 3.5 are satisfied. Further, we can impose

some suitable conditions on the above-defined functions to verify the assumptions on

Theorem 3.5, we can conclude that (5.1)-(5.3) is controllable on [0, b].

Acknowledgements. The authors are deeply grateful to the anonymous referees for
the careful reading of this paper and helpful comments, which have been very useful
for improving the quality of this paper.
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