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Abstract. In this paper we prove a generalization of Istratescu’s theorem for convex contractions.
More precisely, we introduce the concept of iterated function system consisting of convex contractions
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1. INTRODUCTION

Banach-Caccioppoli-Picard contraction principle, which is an extremely useful tool
in nonlinear analysis, says that any contraction f : (X,d) — (X,d), where (X,d) is
a complete metric space, has a unique fixed point z* and lim fI"J (z) = x* for every

n—oo

x € X. Besides its great features (the uniqueness of the fixed point and the possibility
to approximate it by the means of Picard iteration) there exists a drawback of this
result, namely that the contraction condition is too strong.

The natural question if there exist contraction-type conditions that do no imply the
contraction condition and for which the existence and uniqueness of the fixed point
are assured was answered, among others, by V. Istratescu who introduced and studied
the convex contraction condition (see [5], [6] and [7]). More precisely, a continuous
function f : (X, d) — (X, d), where (X, d) is a complete metric space, is called convex
contraction if there exist a,b € (0,1) such that a +b < 1 and

d(fP (), fP(y)) < ad(f(2)), f(y)) + bd(z,y)

for every z,y € X. Istratescu proved that any convex contraction has a unique fixed

point z* € X (and lim fl"l(z) = 2* for every 2 € X) and provided an example
n—oo

of convex contraction which is not contraction. V. Ghorbanian, S. Rezapour and

N. Shahzad [8] generalized Istratescu’s results to complete ordered metric spaces.

M. A. Miandaragh, M. Postolache and S. Rezapour [16] introduced the concept of
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generalized convex contraction and proved some theorems about approximate fixed
points of these contractions. Extending these results, A. Latif, W. Sintunavarat and
A. Ninsri [12] introduced a new concept called partial generalized convex contraction
and established some approximate fixed point results for such mappings in a-complete
metric spaces. For more results along these lines of generalization one can also see
[10].

Let us recall that an iterated function system on a complete metric space (X, d),
denoted by

S = (X, (fu)re{r.2...n})

consists of a finite family of contractions (fx)ref1,2,..,n}, Where fr : X — X. The
function Fs : K(X) — K(X) defined by

Fs(C) = kglfk(CL

for all C' € K(X) -the set of non-empty compact subsets of X-, which is called the set
function associated to S, turns out to be a contraction (with respect to the Hausdorff-
Pompeiu distance) and its unique fixed point, denoted by Ag, is called the attractor
of the system S. As iterated function systems represent one of the main tools to
generate fractals, the extending problem of the notion of iterated function system
was treated by several authors. Let us mention some contributions along these lines
of research. Given a complete metric space (X, d) and a finite family of functions
fis fay e o X — X, L. M&té [15] proved the existence of a unique A € K(X) such
that .
A= i91fi(A)

under weaker contractivity conditions (for example d( f;(z), fi(y)) < ¢(d(z,y)), where
¢ : [0,00) = [0, 00) is an upper continuous non-decreasing function with the property
that ¢(t) < t for each t > 0). K. Lesniak [13] presented a multivalued approach of
infinite iterated function systems. A. Petrusel [21] proved that each finite family of
single-valued and multi-valued operators satisfying some Meir-Keeler type conditions
has a self-similar set (see also [4]). Let (X, d) be a metric space and fi, fo, ..., fn :
X — P,(X) be set-valued mappings on X, where P, (X) designates the family of all
nonempty closed subsets of X. The system F = (fi, fa, ..., fn) is called an iterated
multifunction system and the operator F : Py(X) — Py(X) given by

F(v)= 0 f(v),
where

fiY) = Igyfi(x)
for each ¢ € {1,2,...,n}, is called the Barnsley-Hutchinson operator generated by
F. A fixed point of this operator is called a multivalued large fractal. C. Chifu
and A. Petrusgel [3] obtained existence and uniqueness results for multivalued large
fractals (see also [20]. G. Gwoézdz-Lukowska and J. Jachymski [9] developed the
Hutchinson-Barnsley theory for finite families of mappings on a metric space endowed
with a directed graph. E. Llorens-Fuster, A. Petrugel and J.-C. Yao [14] gave exis-
tence and uniqueness results for self-similar sets of a mixed iterated function system.
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M. Boriceanu, M. Bota and A. Petrusel [2] extended the Hutchinson-Barnsley theory
to the case of set-valued mappings on a b-metric space. For other related results see
[1], [11], [17], [19], [22], [23], [25] and [26].

In this paper we introduce the concept of iterated function system consisting of
convex contractions and prove the existence and uniqueness of the attractor of such
a system obtaining in this way a generalization of Istratescu’s convex contractions
fixed point theorem (see Theorem 3.2). Moreover we study the properties of the
canonical projection from the code space into the attractor of an iterated function
system consisting of convex contractions (see Theorem 3.6).

2. PRELIMINARIES

Given a function f : X — X, by f[" we mean the composition of f by itself n
times.

Given a set X and a family of functions (f;)icr, where f; : X — X, by fo,00....a,,
we mean [, © fa, ©...0 fo, and by Yy, a.....a, we understand fo,a,... ., (Y), where
Y C X and ay,a9,....,ap € 1.

Given a set X, by P*(X) we denote the family of all nonempty subsets of X. For
a metric space (X, d), by K(X) we denote the set of non-empty compact subsets of
X and by Bx(a,r) the set {x € X | d(x,a) < r}, where a € X and r > 0.

Given two sets A and B, by B* we mean the set of functions from A to B.

Given a set I, A(I) denotes I and A, (I) denotes T2}, Hence the elements
of A(I) can be written as infinite words a@ = ajasa3... and the elements of A, (I) as
finite words o = a ..., By A*(I) we denote the set of all finite words, namely

A (D= Y DU

where A is the empty word. A(I) can be seen as a metric space with the distance da
defined by du(a, 8) = 2% where n is the natural number having the property that
ap = B for k <n and a, # B if a = acqasas...anapyi... # B = $182083...0nBnt1-..
and dj (o, ) = 0. By o we understand the concatenation of the words aw € A* and
B € AUA*. For o € AUA,, and m < n, [a]p, def Q1Qo....0,. For i € I, let us consider
the function F; : A(I) — A(I) given by F;(«) =i« for all a € A(]).

Definition 2.1. For a metric space (X,d), we consider on P*(X) the generalized
Hausdorff-Pompeiu pseudometric h : P*(X) x P*(X) — [0, +o00] defined by

h(A, B) = max(d(A, B),d(B, A)) = inf{n € [0,00] | A C N, (B) and B C N,(A)}

where
d(A, B) = supd(z, B) = sup(inf d(z,y))
z€A zcA YEB
and
N, (A) = {z € X | there exists y € X such that d(z,y) < n},

for every A, B € P*(X).

Proposition 2.2. (see [23]) If H and K are two nonempty subsets of the metric
space (X,d), then o
h(H, K) = h(H,E).



692 RADU MICULESCU AND ALEXANDRU MIHAIL

Proposition 2.3. (see [23]) If (H;)ier and (K;)icr are two families of nonempty
subsets of the metric space (X,d), then

h(U H;, UK;)=h(UH;, UK;)<suph(H;, K;).
(o Y Ki) = h(U Hi, U KG) < suph(H;, K)

Theorem 2.4. (see [23]) If the metric space (X, d) is complete, then (K(X),h) is a
complete metric space.

Definition 2.5. For a metric space (X,d), we consider on P*(X) the function ¢ :
P*(X) x P*(X) — [0,40c] defined by

0(A,B) = sup d(z,y),

rcAyeB

for all A, B € P*(X).

Remark 2.6. For every A, B € P*(X) we have
h(A, B) < (A, B).

Proposition 2.7. Let (X,d) be a complete metric space, (Y )nen C K(X) and Y a
closed subset of X such that lim h(Y,,Y)=0. Then Y € K(X).
n—oo

Proof. Tt is enough to prove that Y is precompact. To this aim, let us note that for
each ¢ > 0 there exists n. € N such that h(Y,,,Y) < §, s0 Y C N¢(Y,, ). Since

Y,. € K(X) there exist x1,...,2,; € X such that Y, C ,613(5%%) and therefore
i=

Y C _I_’le(xi,s). O

Proposition 2.8. Let (X,d) be a complete metric space, (Yn)nen € K(X) and

Y € K(X) such that li_)m hY,,Y)=0. Then H “yu ( OQOY,L) € K(X).
Proof. First of all we prove that H is a closed subset of X.
Indeed, if 2 € H, then there exists a sequence (zk)ken C H such that hm T = T.

k00

If {k € N |z}, € Y} is infinite, then there exists a subsequence (zx,)pen of (Tr)ren
such that z, € Y for every p € N. Since Y € K(X) there exists a subsequence
(:ckpq )qen of (71, )pen and y € Y such that qli)noloxkpq = y. Consequently, as qlggoxkpq =
xz, we conclude that r =y €Y C H.

If there exists ng € N such that {k € N |z}, € Y,,,} is infinite, a similar argument
shows that z € H.

If none of the above described two cases is valid, then there exist an increasing
sequence (kp)pen €N, zp, € Yy, and yi, € Y such that

1
d(:ckp,ykp) < h(Ykp, Y) + ;
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Since Y € K(X) there exists (yx,, )qen a subsequence of (yx, )pen and y € Y such that
lim yp, =y As

q—o0

1
d(@r,, y) < d(@k,, > Yk, ) + DYk, y) < Yk, Y) + o T d(Yk,, )
q

and 1
lim h(Ykpq ,Y)= lim — = lim d(ykpq ,y) =0,

q—00 q—0 Py q—o0
we infer that lim x, =y. Consequently, as lim zy, =z, wegetz=y€Y C H.
q—o0 1 qg—oo P4
Now we prove that
lim h(_”gom-,H) =0.

m— o0 K2

Indeed
m mY 0o v v mY 0o v v Proposition 2.3
. — . . . <
(U Y H) = (YY) U(_U, V) UYin, (UY:)U(_U Vi) UY))

< Sup{h(Ym7 Y)a h(Yma Y’m+l), h(Ym7 Ym+2)a }
for every m € N. As lim h(Y;,,Y) =0, we conclude that lim h(&I Y:,,H)=0.
m—0o0 m—oo  1=0

Because U()Yi € K(X) for every m € N and H is closed, using Proposition 2.7, we
7=
obtain that H is compact. O

3. THE MAIN RESULTS

Definition 3.1. An iterated function system consisting of convex contractions on a
complete metric space (X, d) is given by a finite family of continuous functions (f;)cr,
fi + X — X, such that for every ¢,j € I there exist a;;, b;j,ci; € [0,00) satisfying the
following two properties:

Ot) [£%7] + bz’j + Cij déf dij and m_a;;dij déf d< 1;

2,J€

B) d((fio f3)(@), (fio f;)(y)) < aijd(z,y) + bizd(fi(x), fi(y)) + ci;d(f;(x), f;(y))
for every i,j € I and every z,y € X.

We denote such a system by

S = ((X,d), (fi)ier)-
One can associate to the system S the function Fg : K(X) — K(X) given by
Fs(B) = U fi(B)
for all B € K(X).

Theorem 3.2. Let S = ((X,d), (fi)icr) be an iterated function system consisting of
convex contractions. Then:
i) There exists a unique A € K(X) such that

; (n] _
nhm h(Fs"(B),A) =0,
for every B € K(X).
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ii) For each w € A(I) there exists a,, € X such that
nlbngoh(f[w]n (B)a {aw}) =0,

for every B € K(X).
Moreover
lim sup A(fle,(B),{au}) =0

n 0L, eA(T)
for every B € K(X).
ili) A ={ay, |w e A()}.
iv) For every (Yn)nen C K(X) and Y € K(X), the following implication is valid:
lim h(Y,,Y) = 0= lim h(Fs(Y,), Fs(Y)) = 0.
n—0o0

n—oo

v) A is the unique fized point of Fs.

Proof. 1) For fixed Y, Z € K(X) we define
xn(Y’Z) = Ssup 5(fw(Y)afw(Z))
wEA, (I)
and
yn (Y, Z) = max{z,—1 (Y, Z2), 2, (Y, Z)}

for every n € N*. For the sake of simplicity we will denote z,(Y,Z) by z, and
yn (Y, Z) by yn.

We claim that the sequence (y,,)nen+ is decreasing.

Indeed, for n € N* and w € A, 41(I) there exist i,7 € I and wy € A,—1(I) such
that w = ijwy. Then, for y € Y and z € Z, we have

d(fw(y>7 fw(z)) = d(fijwo (y)’ fijwo (Z))
< igd(fuy (V) fuo (2)) + bigd(fiwy (Y), fiwe (2)) + cigd(fiwo (U)s fiwo (2))

< ajjTp_1 + bijy + iy < ajjn_1 + (bij + ¢ij)Tn

< dzy max{xn—laxn} = dijyn < dyn < Yn,

SO
Tny1 = sup  6(fu(Y), fu(Z)) < dyn < yn. (3.1)
wEAp11 (1)
As
T < max{Tn_1,Tn} = Yn, (3.2)
we get

(3.1) and (3.2)
Ynt1 = Max{Tp, Tpi1} < Yn-

Therefore we have

1
Yn+2 = max{Tni1, Tny2} (S) max{dyn, dyn+1} = dyn
and consequently
Yan—1 < d" "l
and
Yo < d" 'y
for every n € N*.
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Thus the series > y, is convergent, so the series Y x, is convergent (see (3.2)
neN* neN*
and use the comparison test) and consequently lim z, = 0. Hence, as
n—oo

Proposition 2.3

WESY), FENZ) =h( U f(Y), U Julz) s

w€EA, (I) @ ’wEA”(I
Remark 2.6
< sup h(fw(Y)7 fw(Z)) < sup 6(fw(y)a fw(Z)) =Tn (33)
weA, (I) weA, (I)
for every n € N*, we get that
: [n] [n] _
Tlim h(EY ), FY(2)) = 0. (3.4)

In particular, for each ¥ € K(X), considering Z = Fs(Y) € K(X) and
taking into account the comparison test and (3.3), we infer that the series

> h(Fg"+1](Y),Fg"](Y)) is convergent. Thus we conclude that the sequence
neN*

(F‘[SnH] (Y))nen+ is Cauchy and, as (K(X),h) is complete (see Theorem 2.4), there
exists Ay € K(X) such that

lim hFI(Y), Ay) =0. (3.5)
In the same manner we can prove that if Z € K(X), then

im. WF(Z), Ag) = 0. (3.6)

From (3.4), (3.5) and (3.6) we obtain that Ay = Ay I A for every Y, Z € K(X).
Thus

lim h(F(B), A) =0,

n—oo
for every B € K(X).
ii) For w € A(I) and Y, Z € K(X) we have

Remark 2.6
h(f[w]” (Y)7f[w]n(Z)) < 5(f[w]n (Y)af[w]n(z)) < bll\lp(l)ts(fw(y)vfw(z)) = Tn
weAy
for every n € N*, so, as lim x, = 0, we deduce that
n—oo
Jim 6(fluy, (V) frw), (2)) = 1im h(fe, (Y), fiu),(2)) = 0. (3.7)

For Y € K(X) we have

Remark 2.6

h(f[w]n(y)7f[w]n+1(y)> < 5(f[w]n(y)ﬂ f[w]n+1 (Y))

< 0(flw1 V), fru), (Fs(Y))) < an(Y, Fs(Y))
for each n € N* hence, since -as we have seen in the proof of i)- the series
> z,(Y,Fs(Y)) is convergent, using the comparison criterion, we infer that the
neN*

series > A(fiw), (Y), flw],ia (Y)) is convergent. Thus we conclude that the sequence
neN*
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(fiw)n (Y))nen= is Cauchy and as, (K(X), k) is complete (see Theorem 2.4), there exists
A,(Y) € K(X) such that

T B(fi), (V), As(Y)) = 0. (38)

In the same manner we can prove that if Z € K(X), then there exists A,(Z) €
K(X) such that
Jim h(f), (2), Au(2)) = 0. (3.9)
From (3.7), (3.8) and (3.9) we obtain that A, (Y) = 4,(2) = A, foreach Y, Z €
K(X). Thus

lim h(fiu), (B). Au) = 0. (3.10)
for each B € K(X).
Since
lim diam(f,, (B)) =0 (3.11)
n— oo
for each B € K(X) (see (3.7) for Y = Z = B), we get that
diam(A,) = 0. (3.12)

Indeed, using (3.10) and (3.11), we infer that for each € > 0 there exists n. € N*
such that
diam(fi),. (B)) <€ and h(fl.),. (B), As) <e.

Therefore there exists 1y € (0,¢) such that
A, C Nno (f[w]ns (B))7

S0
diam(Ay) < 2no + diam(fi,),_ (B)) < 3¢.

As e was arbitrarily chosen, we conclude that diam(A,) = 0.
From (3.12) we conclude that there exists a,, € X such that A, = {a,} and, from

(3.10), we get
hm h( 1, (B),{aw}) =0,

for each B € K(X).
Note that the above limit is uniform with respect to w € A(I), i.e.

lim sup A(f.,(B),{a.})=0.

n—>oo€(

Indeed,

( w]n {aw} Zh W]k f[w k+1( ) + h(f[w]m+1(B)a {aw})
for every m,n € N, m > n. By passing to limit as m — oo, we get

h(fag, (B): {aw}) <D h(f) (B); fiug s (B))

k>n

Z (f[w ( )fw]k FS Z!L‘kBFS

k>n k>n

Remark 2.6
<
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for every w € A(I) and every n € N, so
sup h(flw), (B),{au}) < Zwk B,Fs(B
weA(I) k>n
for every n € N. As the series >z, (B, Fs(B)) is convergent, we conclude that
lim sup A(fiu), (B). {au}) = 0.
N0, eA(T)
iii) As
WES(B), o | w € A(T)})
=h U U B U wa e A(I
(e 1y ackn feeln Bl P o B Aawa [ € AUY)

< sup sup h(fw( )s {@wa}),
weA, (I)aeA(])

Proposition 2.3
<

we have
h(A, {aw | w € AD)}) < h(A, FSN(B)) + (ESN(B), {aw | w € A(I)})
< h(A, F ( )+ sup  sup A(fu,(B),{awa}) (3.13)
wEA, (IaeA(T)

for all n € N* and B € £(X).
Since
lim h(FI(B), A) =0

n—oo

(see 1)) and

lim sup sup A(f,(B),{awa}) =0
N2OueA, (IacA(I)

(see ii)), by passing to limit in (3.13), we obtain that
hA,{a, [we AMI)}) =0,
ie.
h(A,{a, |w e A(I)}) =0
(see Proposition 2.2).
Hence
A={a, |weAl)}.
iv) Let us consider (Y, )neny C K(X) and YV € K(X) such that
lim A(Y,,Y) = 0.

n— oo

Using Proposition 2.8 we conclude that
HY yu( ‘Ejoyn) € K(X).

Hence, as the functions f; are continuous, they are uniformly continuous on H, so for
each € > 0 there exists d. > 0 such that

d(fi(x), fily)) <

<&
2
for every i € I and every z,y € H such that d(z,y) <
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For each ¢ > 0 there exists n. € N such that

1)
h(Y,,Y) < 55
for every n € N, n > n..
Let us consider ¢ € I and n € N, n > n..
Since for every x € Y,, C H there exists y € Y C H such that

e
d(z,y) <d(z,Y) + 5

we get that
d(z,y) < h(Y,,Y) + % < % + % _ e,
2 2 2
SO .
d(fi(z), fi(Y)) < d(fi(z), fi(y)) < 3

Consequently

A(fi (V). Fi(Y)) < 5.
In the same manner, one can prove that

d(F(Y), filYa)) < 3,
SO

BfY), filYa) < 5
Hence

Proposition 2.3

W(Fs(Ya), Fs(Y)) = h(U fi(¥a), U Fi(Y)) <

€
< maxh(fi(Ya), i(Y)) < 5 <e.
Thus for each € > 0 there exists n. € N such that h(Fs(Y,,), Fs(Y)) < ¢ for every
n €N, n>ngie.
li_>m h(Fs(Y,), Fs(Y)) = 0.

v) Since lim h(Fén} (A),A) = 0 (see i) for B = A), using iv) for Y,, = F‘gn] (A) €
K(X)and Y = A € K(X), we obtain that

Jim. h(FI(A), Fs(A)) =0. (3.14)
Using i), for B = Fs(A), we infer that
lim h(FI(4), A) = o. (3.15)
From (3.14) and (3.15) we conclude that
Fs(A) = A.
Moreover, if for some A; € K(X) we have Fs(A;) = Aj, then Fén](Al) =4
for each n € N, so nli_)ngoh(F‘,[S"](Al),Al) = 0. Since, according to i), we have

lim h(F(Ay), A) = 0, we conclude that A = A;. O
n—oo



A GENERALIZATION OF ISTRATESCU’S FIXED POINT THEOREM 699

Let us note that, concerning the speed of convergence of the sequence (Fén] (B))nen,
where B € K(X), we have the following inequality:

dlz!
1—d

W(EP(B), A) < 2"y, (B, Fs(B)),

for every n € N.

Remark 3.3. By taking in the above Theorem a set I with one element, we get that
A has exactly one element which is the fixed point of the convex contraction that can
be approximated by means of Picard iteration. Consequently we obtain Istritescu’s
fixed point theorem for convex contractions.

Proposition 3.4. Let S = ((X,d), (fi)icr) be an iterated function system consisting
of convex contractions. Then, in the framework of Theorem 3.2, we have

nh_)rréodmm(A[w]n) =0

for every w € A(I).
Proof. Take B = A in (3.11) from the proof of Theorem 3.2. (]

Proposition 3.5. Let S = ((X,d), (fi)ic1) be an iterated function system consisting
of convex contractions. Then, in the framework of Theorem 3.2, we have

nQNA[W]n - {aw}

for every w € A(I).
Proof. From Fs(A) = A we infer that

Alnss € Al
for every n € N. Then

lim h(A[w]n, N A[w}n) =0
n—00 neN
(see Theorem 1.14 from [23]) and taking into account Theorem 3.2, ii), we conclude

h A = . O
that nQN [w]n {GW}

Using the above two Propositions, the same arguments as the ones used in the
proof of Theorem 4.1 from [18] give us the following:

Theorem 3.6. Let S = ((X,d), (fi)icr) be an iterated function system consisting of
convex contractions. Then, in the framework of Theorem 3.2, the function 7 : A(I) —
A defined by
m(w) = ag,

for every w € A(I), which is called the canonical projection from A(I) to A, has the
following properties:

1) it is continuous;

2) it is onto;

3) moly= fiom,
for every i € I.
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Proof. 1) For a fixed w € A(I) and € > 0, taking into account Propositions 3.4 and
3.5, there exists m € N such that A}, C Bx(m(w),€). Since

Proposition 3.5

B (@, 5) S{a €AD) | [alm = [} €

7 (Aw,,) € 7 (Bx(r(w),€)),
we have (B (1) (w, 375)) € Bx (m(w), ). Consequently 7 is continuous.
2) It results from 1), Theorem 3.2, iii) and the fact that A(I) is compact (I being
finite).
3) Based on Proposition 3.5, it suffices to check that f;(7(w)) € nQNA[Fi(w)]" for

every i € I, n € Nand w € A(I). This is true since fi(m(w)) € fi(A) = A; = A, ),
Proposition 3.5 i

and fi(ﬂ'(w)) € fl(A[w]n,l) = AFi([W]nfl) = A[Fz‘(w)]n for every 1 € I, n €N

and w € A(I). O
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