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Abstract. We consider the Mann'’s iterative process to approximate the fixed points and best prox-
imity points of a relatively non-expansive mapping 7' : AUB — AU B, satisfying ||Tz—Ty|| < ||z—vy||
V x € A,y € B. These mappings need not be continuous.
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1. INTRODUCTION

It is well known that if T" is a non expansive self map of a closed bounded convex
subset of a uniformly convex Banach space and T'(A) is contained in a compact subset,
then the sequence {x, } defined by

Tpnt1 = (1 — an)xy + Ty, an € (6,1 —€), n=1,2,...

and e > 0 given, converges to a fixed point of 7. In [1], the authors have obtained a
convergence result based on the Krasnoselkii iteration
e
2

for relatively nonexpansive mappings T': AU B — A U B, satisfying

i) T(A) C Aand T(B) C B and

i) [Tz —Ty|| < |z —y| V2 € AyeB.
These results are interesting because such mappings need not be nonexpansive, in fact
they need not be even continuous. In this paper we use the Mann’s iterative process
to obtain an extended version of Theorem 2.3 of [1], where the initial point belongs
to Ag, which is contained in the boundary of the set A. We also discuss a stronger
iteration which converges to a fixed point in a Hilbert space setting. Here the initial
point is chosen arbitrarily. To prove our result, we assume the convergence of von
Neumann sequences.

Tn4+1 =
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We state some of the results proved in that paper. Before that we give some basic
notations. Define

Pa(r) ={y € A: |z —yll = d(z, A)};

dist(A, B) = inf{||lx —y| :x € A,y € B};

Ap={z € A: |z —1| = dist (A, B) for some y € B};
By={y € B: |z’ —y| =dist(A,B) for some 2’ € A}.

P4 (z) is singleton when A is a closed convex subset of a strictly convex and reflexive
space, and if A and B are closed, convex subsets of a reflexive space with one of them
being bounded, then Aj is nonempty.

Now let us see some basic concepts and known results which are related to our
work.

Let A and B be nonempty subsets of a Banach Space X.

A mapping T : AU B — AU B is relatively non expansive if

[Tz — Tyl < |lz—yl, forallz € A, y € B.
These type of mappings were studied in [1].
Example 1.1. Let X = R, A=[-2,-1], B=1,2].
Define T7 and 75 on A and B respectively by
(1— |2z —3[)

1—1|2 3
Ti(x) =2+ w and Ty(z) =« — —
Then both T and T5 are self maps on A and B. Now let x € A and y € B,
T (z) — To(y)| = v —y +1/2(2 — |2z + 3| — |2y — 3])|
S ‘-/I;_y|7

since x — y is < 0 and both |2z + 3|, |2y — 3] are < 1. Here both T7 and T3 are not
nonexpansive.

Theorem 1.2. [1] Let A and B be nonempty closed convex bounded subsets of a
uniformly convexr Banach Space. Let T : AU B — AU B satisfy

(i) T(A)C B and T (B) C A; and

(i) [Tz — Tyl < [lv —yl| forz € A, y € B.

Then there exists (x,y) € A x B such that ||z — Tx|| = ||y — Ty|| = dist (4, B).
Such a point 'z’ is called as a best proximity point.

Theorem 1.3. [1] Let A and B be nonempty closed convex bounded subsets of a
uniformly convexr Banach Space. Suppose T : AU B — AU B satisfies

(i) T(A) C A and T (B) C B; and
(i) [Tz — Tyl < [lv —y|| forz € A, y € B.
Then there exist xg € A and yo € B such that
Txo = 9, Tyo = yo, and ||z — yol| = dist (A, B).
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The following three results based on Mann’s iteration process are well known.

Theorem 1.4. [6] Let K be a nonempty bounded closed convex subset of a uniformly
convexr Banach space and suppose T : K — K 1is a non-expansive mapping. Let
xg € K and define

Tnt1 = (1 — an)xpn + Ty, an € (6,1 —€), n=1,2,...

and € > 0 given. Then
lim ||z, — Tay,|| = 0.
n

Moreover, if T (K) lies in a compact set, {x,} converges to a fixed point of T.

Theorem 1.5. [1] Let A and B be nonempty bounded closed convex subsets of a
uniformly conver Banach space and suppose T : AU B — AU B satisfies

(i) T(A)C A and T (B) C B; and
(i) [Tz = Tyl <[l -yl forz e A, y € B.

n T n
Let xg € Ag. Define xp, 41 = HTQU, n=1,2,.... Then
lim ||z, — Tx,|| = 0.

Moreover, if T (A) lies in a compact set, {x,} converges to a fized point of T.

Proposition 1.6. [4] If X is a uniformly convez space and « € (0,1) and € > 0, then
for any d > 0, if x,y € X are such that ||z|| < d, ||y|| < d, ||z — y|| > €, then there

exists 6 = 0 (2) > 0 such that

lax 4+ (1 — o)yl < (1 —26 (2) min (a, 1 — a)) d.

Suppose X is a Hilbert Space and A is a closed convex subset of X. Then for any
x € X, Ps(zx) is the unique point of A which is nearest to x. It is well known that
P4 is nonexpansive and characterized by the Kolmogorov’s criterion:
(x — Pax,Pax — z) > 0, for allz € Xand z € A.

Let A and B be two closed convex subsets of X. Suppose we define

P(z) = Ps(Pp(x)) for each z € X,

then the sequences {P"(z)} € A and {Pg(P"(z))} € B. These sequences were first

studied by von Neumann [7], who proved that both the sequences converges in norm

whenever A and B are closed subspaces. The sequences {P"(x)} and {Pp(P"(x))}

are called von Neumann sequences or alternating projection algorithm for two sets.
The norm convergence of {P"(x)} when A and B are arbitrary closed convex

subsets was an open problem before it was answered in negative by Hundal in [5].

However, one can find some positive results when the sets A or B is boundedly

compact. We summarize below some of the important facts from [3]:

(i) {P™(z)} converges weakly to some yg € Ag and {Pp(P™(x))} converges weakly

to some wqy € By.

(ii) P™(xz) — Pg(P™(x)) — yo — wo.

(iii) P"(x), Pg(P™(x)) converges in norm whenever A or B is boundedly compact.



548 A. ANTHONY ELDRED AND A. PRAVEEN
The most general result for the norm convergence was given by Bauschke and Borwein
in [3].

Definition 1.7. [3] Let A and B be nonempty closed convex subsets of a Hilbert
space X. We say that (A, B) is boundedly regular if for each bounded subset S of X
and for each € > 0 there exists § > 0 such that

max{d(z,A),d(z,B—v)} <d=d(z,B) <eVzre X,

where v = P5—5(0), the displacement vector from A to B. (v is the unique vector
satisfying ||v|| = dist(A4, B)).

Theorem 1.8. [3] If (A, B) is boundedly regular, then the von Neumann sequences
converges in norm.

Theorem 1.9. [3] If A or B is boundedly compact, then (A, B) is boundedly regular.

Lemma 1.10. [2] Let A be a nonempty closed and convex subset and B be nonempty
closed subset of a uniformly conver Banach space. Let {xy}and{z,} be sequences in
A and {y,} be a sequence in B satisfying:

(1) |zn — ynll — dist(A, B), and

(ii) ||zn — ynl| — dist(A, B). Then ||z, — z,|| converges to zero.

Proposition 1.11. [1] Let A and B be two closed and convexr subsets of a Hilbert
space X. Then Pp (A) C B, P4 (B) C A, and ||Pgx — Payl| < ||z — y|| for x € A and
y € B.

Lemma 1.12. Let A and B be two closed convex subsets of a Hilbert Space X. For
each r € X,

[P @) = 2 < [[P"(2) = 2], for cach 2 € Ag U Bo.

Proof. The lemma follows from proposition [1.11] and from the fact that P4 is non-
expansive. O

2. MAIN RESULTS

Theorem 2.1. Let A and B be nonempty bounded closed convex subsets of a uni-
formly convexr Banach space and suppose T : AU B — AU B satisfies

(i) T(A) C A and T (B) C B; and

(i) T2 — Tyl < o — yll forz € A, y € B.

Let xg € A, and define

Tnt1 = (1 —ap)zn + anTx,, o, € (6,1 —¢),
where € € (0,1/2] and n=1,2,.... Suppose d(zn,Ag) — 0, then

lim ||z, — Txy|| = 0.

Moreover, if T (A) lies in a compact set, {x,} converges to a fized point of T.
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Proof. If dist (A, B) = 0, then Ag = By = AN B and the conclusion follows from
Theorem 1.4 and the fact that T: AN B — AN B is nonexpansive. So let us assume
that dist (A, B) > 0. By Theorem 1.3 there exists y € By such that Ty = y. Since
{|lzr, — y||} is nonincreasing, there exists d > 0 such that li;bn |z — y|| = d.

Suppose there exists a subsequence {z,,} of {z,} and an ¢ > 0 such that
|Xn, — Tan, || > € >0 for all k.

Since the modulus of convexity § of X is an increasing function (and continuous) it
is possible to choose £ > 0 so small such that

(1 —cd (dif)) (d+¢) < d, where ¢ > 0.

Choose k, such that ||z, —y|| < d+ . From proposition 1.1,

ly — Trpyq [ =lly = ((1 = an)zn, +anTr,)l
= [[(1 = an)y + any — (1 — an)zp, + Tz, )|
= I(1 = an)(y — z"k) + an(y — Tx”k)“

< (1 —26 (dj—f) min{a,,1 — an}> (d+¢).
Since we can find [ > 0 such that 2 - min{a,,1 — a,} >,

(1 — 25 <di§> min{ay,, 1 — an}) (d+¢) < <1 15 <djr€>> (d+¢).

By choosing £ > 0 as small as we wish, we get

(1_Z6(dig)><d+€><d’

a contradiction. This proves that

lim ||z, — Ta,|| = lim ||z, — 2yp41]] = 0.
n n

If T (A) is compact then {z,} has a subsequence {z,,} that converges to a point
z € A.
Since lim ||z, — Tz,| =0, || T2, — y|| — d, for any y € By.

n

As d(zy, Ag) — 0, 3 a,, € A such that ||z, — ay| — 0.
. Qp, — 2z, which implies z € Ay.
Thus 3 w € By such that ||z —w| = d(A, B).
But ||z, —w| = ||z —w| =d(A,B) =d. .z, — 2.
Also, ||Tx, —w|| = d(A, B) and || Tz, — Tw| < ||z, —w|| = d(A, B), giving Tw = w.
It follows that Tz = z. U

Example 2.2. Let X = R?,
A={(z,y): —2<x<-1,-1<y<1}and
B={(z,y):1<2x<2-1<y<1}.
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) i
)

) -7l = | (452 0) - (S )|

x—a —
73 Y=y

= \/(30_?_4)2+ v —v)?

<V(x—2)2+ (y—y)? since &’ — x> 2.

Define

2~2

Z%
N)

T:B— Bby T(x,y) =

T:A— Aby T(z (

Let (z,y) € A, (2',y') € B. Then,

T (@, y) = Ty < V(e —a)? + (y —y)2

Hence T is a relatively non-expansive mapping.
Let (z,y) € A and set 1 = (1 — 1)z + oy Tx.
We have

-2
Tx:x .

Now,

r1—2  x(3—2a1) —20; —6
3 9

We have, o = (1 — ag)z — 1 + Tz

Tl‘l =

(3 —2a1)(3 — 2a2) — 221 (3 — 2a01) — 6o

To =

9
In general,
1
N { (3= 201)...(3 = 20) — 201 (3 — 2012)...(3 — 2a,) — 2.302(3 — 2ax3)
(= 2an) = — 23" 2a-1(3 — 2a,) — 2.3"—1om}

To see z,, — —1, set

Brn = 201 (3 — 2a2)...(3 — 200,) + 2.302(3 — 23)...(3 — 20v,) + 2.3%3(3 — 2014)
(3= 20) 4 ... +2.3" 20, 1(3 — 2a,) +2.3" e,
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Then
S z(3 = 201)(3 — 2a2)...(3 — 2av,) — B
n — 3n
= 3%(30(3 —201)(3 — 2a2)...(3 — 2av,)) — &

(3 —=2021)(3 — 202)...(3 — 2wy,

Now, 3" — 2.3" o, = 3" 1(3 — 2a,).
3" —23" o, — 23" %, 1(3 - 2a,,) = 3" (3 - 2a,) — 2.3" 2,1 (3 — 2av)

Since a,, > € for all n, — 0.

=3""2(3 - 20,)(3 — 20151
Inductively.,
3" — B = (3 —20,,)(3 — 20, — 1)...(3 — 2a).
3" =By (3—20,)(3 =20, — 1)...(3 — 2a11)
c 3n - 3n 5

which converges to 0.

Thus B—n — to 1.
37’L

(3 —2a1)(3 — 202)...(3 — 2a0s) P

3 3
Also, yn, = y(1 — 2a1)(1 — 2a2)...(1 — 2a,) — 0.
Hence (zn,yn) — (—1,0), which is a fixed point for T
In a similar fashion we can show that if (2’,y") € B, then (z),,y,,) — (1,0), which is
also a fixed point for T

—1.

. Tp =

Corollary 2.3. Let A and B be nonempty bounded closed convex subsets of a uni-
formly convexr Banach space and suppose T : AU B — AU B satisfies

(i) T(A) C A and T (B) C B; and
(i) Tz — Tyl < lle —yll for v € A, y € B,

Let xg € Ay, and define 11 = (1 — ap)zy + Ty, an € (6,1 —€), n=1,2,...
and € > 0 given. Then lim ||z, — Tz, || = 0. Moreover, if T (A) lies in a compact set,

{zn} converges to a fized point of T.

The following modification of Example 1.1 shows it was necessary to choose the
initial point xy in Ag. Let X=R, A =[-2,0] and B =[1,2].
Define T : AUB — AUB by

T(z)=x+ (Gl b ) |22x s 3‘)733 €[-2,-1)
T(~1) =0

T(z)=z,xz € (—1,0]

T)=z— L222=8D oy g
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Then it is easy to see that [Tz — Ty|| < |z —y[|[Vo € A,y € B. Also T is not
continuous, if zy € [-2,—1], then 2, — —1, which is not a fixed point.

In the next result, we shall give a stronger algorithm in a Hilbert Space setting, where
the initial point can be chosen arbitrarily.

Theorem 2.4. Let A and B be two nonempty bounded closed convexr subsets of a
Hilbert space such that (A, B) is boundedly regular. Suppose T : AUB — AU B
satisfies

(i) T(A) C A and T (B) C B; and

(ii) [Tz —Ty|| < ||z —y| forx € A, y € B. Let xg € A, and define

Tpnt1 =P (L —ap)zn + @ Tx,), n=1,2,..., a, € (,1 —¢).
Then lim ||z, — Tx,|| = 0. Moreover, if T (A) lies in a compact set, {x,} converges
to a fized point of T.

Proof. If dist(A,B) = 0, then A9 = B = ANBand T : ANB - ANB is
nonexpansive with z,11 = P"((1 — ap) zp + @ Tzy,) = (1 — ) zy + oy Ty, the
usual Mann’s iteration. So we assume dist (A, B) > 0. By Theorem 1.3 there exists
y € By such that Ty = y.

Now, [[znt1 =yl = [IP" (1 —an) zn + anTz,) —y|
< (A= an)zn + anTen —yl|
= [[(I—an)zn +anTr, — (1 —an)y+any) ||
= [[QA—an)azn+ Tz, — (1 —an)y +anTy) ||
= [[(1=an) (@n —y) + an (Tz, — Ty) ||
< (I—an)llzn =yl + anl| Tz, — Ty||
< o =yl

Thus, |zpt1 —yl < llon =yl

Hence {||z, — y||} is a non-increasing sequence and lim,, ||z, — y|| =d > 0.

As in the proof of Theorem 1.1, ||z, — T, || and ||, — p41| converges to 0. If T' (A)
is compact then {z,} has a subsequence {z,, } that converges to a point vy € A. Also
{Tzy, } converge to vy. Now,

[Tz, —T(Pp(vo))ll < [l&n, — Pp(vo)ll
which implies
l[vo = T(Pp(vo))ll < [lvo — Pr(vo)|-
Hence T'(Pg(vg)) = Pg(vo).
Also,
IT(P(vo)) = Pp(vo)ll = IT(P(vo)) = T(Pp(vo))| < [[P(vo) — Pr(vo)ll-
So T'(P(vg)) = P(vo).

Now,

ITPp((P(vo)) = P(vo)|| = [T Pp((P(vo)) = T(P(vo))|l < [|Pp(P(vo)) — P(vo)ll-
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Thus TPg((P(vo)) = Pg(P(vg)).
Indeed for any n, T(P™(vo)) = P™(vo) and T(Pg(P"(vo))) = P(P™(vg). By Theo-
rem 1.8, for each z € A the sequence {P"(x)} converges to some u(x) € Ay.

Now, [u(vo) = Pp(u(vo))[l < lim [T (u(vo)) — Pp(P"(vo))l
= lim [ T'(u(vo)) — T(Ps(P" (vo)))ll
n— o0
< tim_[Ju(vo) — Po(P" ()]
= l[u(vo) — Pp(u(vo))ll
So
1T (u(vo)) — Pp(u(vo))ll = [[u(ve) — Pp(u(vo))ll
Therefore T'(u(vg)) = u(vy) and similarly T'(Pg(u(vg)) = P (u(vg)).
Define g, : A — R by g,(x) = [|P™(z) — u(zx)]|-
Since |Ju(z) —u(y)|| = lm ||[P"™(x)—P"(y)|| < ||lx—yl||, w is continuous. Thus g, (x)
n—oo
is continuous and converges pointwise to zero. Since u(xz) € Ag, by lemma (1.12),
In+1 < gn. Therefore g, converges uniformly on the compact set

S=[{1 - an,) T, + an, T2y, }U{vo}].
- lim ”Pnk ((1 - ank) Ty, + ankT'rnk) —u ((1 - ank) Ty, + Txnk) H =0.
k—o0
Since u ((1 — an) Tn, + apTxy, ) = u(vg), we have x,, ., — u(vo).
i [z = Pp(u(vo)) | = lim [z, ., — Pp(u(vo))l| = d(4, B).
By Lemma 1.10 z,, — u(vg), which implies u(vg) = vg.

Therefore Tvg = Tu(vo) = u(vg) = vo.
This completes the proof. O

Suppose X is a Hilbert space and let T be as in Theorem 1.2. Consider
P,T:A— Aand PgT : B —+ B

From Proposition 1.11, ||PaT(z) — PeT(y)|| < ||z — y| for z € A and y € B, by
Theorem 2.1 and Theorem 2.4 we have the following two results on convergence of
best proximity points.

Corollary 2.5. Let A and B be nonempty, closed, bounded and convex subsets of a
Hilbert space X. Let T be as in Theorem 1.2. If T(A) is mapped into a compact subset
of B, then for any xo € Ay the sequence defined by xp+1 = (1 — o) Ty + 0, Pa (Txy,)
converges to x in Ag such that ||z — Tx| = d(A, B).

Corollary 2.6. Let A and B be nonempty, closed, bounded and convexr subsets of
a Hilbert space X. Let T be as in Theorem 1.3. If T(A) is mapped into a compact
subset of B, then for any xo € A the sequence defined by Tpi1 = P"((1 — o) oy +
an Py (Txy,)) converges to x in Ag such that ||z — Tx| = d(A, B).
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