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1. Introduction

Construction of common fixed points of nonexpansive semigroups is an important

subject in the theory of nonexpansive mappings and finds applications in a number

of applied areas [2, 3, 17, 19, 27, 28], in particular, in image recovery and signal

processing [8, 24, 25]. Iterative methods for nonexpansive mappings have recently

been applied to solve convex minimization problems. Let H be a real Hilbert space,

whose inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖, respectively. Let A be

a strongly positive bounded linear operator on H: that is, there is a constant γ̄ > 0

with the property

〈Ax, x〉 ≥ γ̄‖x‖2 for all x ∈ H. (1.1)

A typical problem is to minimize a quadratic function over the set of the fixed points

of a nonexpansive mapping on a real Hilbert space H:

min
x∈C

{
1

2
〈Ax, x〉 − 〈x, u〉

}
, (1.2)
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where C is the fixed point set of a nonexpansive mapping T on H, and u is a given

point in H.

In 2003, Xu [26] proved that the sequence {xn} defined by the iterative method

below with the initial guess x0 ∈ H choose arbitrarily

xn+1 = (I − αnA)Txn + αnu ∀n ≥ 0, (1.3)

converges strongly to the unique solution of the minimization problem (1.2), pro-

vided the sequence {αn} satisfies certain conditions.Using the viscosity approxima-

tion method, Moudafi [15] introduced the following iterative process for nonexpansive

mappings. Let f be a contraction on H. Starting with an arbitrary initial x0 ∈ H, we

define the sequence {xn} recursively by

xn+1 = σnf(xn) + (1− σn)Txn ∀n ≥ 0, (1.4)

where {σn} is a sequence in (0, 1). It is proved in [15, 25] that under certain appro-

priate conditions imposed on {σn}, the sequence {xn} generated by (1.4) strongly

converges to a unique solution x∗ of the variational inequality

〈(f − I)x∗, x− x∗〉 ≤ 0 ∀x ∈ F (T ). (1.5)

In 2006, Marino and Xu [16] combined the iterative method (1.3) with the viscosity

approximation method (1.4) considering the following general iterative process:

xn+1 = αnγf(xn) + (I − αnA)Txn ∀n ≥ 0, (1.6)

where 0 < γ < γ
α . They proved that the sequence {xn} generated by (1.6) converges

strongly to a unique solution x∗ of the variational inequality

〈(γf − I)x∗, x− x∗〉 ≤ 0 ∀x ∈ F (T ), (1.7)

which is the optimality condition for the minimization problem

min
x∈C

{
1

2
〈Ax, x〉 − h(x)

}
,

where h is a potential function for γf (i.e., h′(x) = γf(x) for x ∈ H).

On the other hand, Li et al.[13] considered the implicit and explicit viscosity iter-

ation processes for a nonexpansive semigroup S = {T (t) : t ∈ R+} in a Hilbert space

as follows:

xn = αnγf(xn) + (I − αnA)
1

tn

∫ tn

0

T (s)xnds ∀n ∈ N, (1.8)

xn+1 = αnγf(xn) + (I − αnA)
1

tn

∫ tn

0

T (s)xnds ∀n ∈ N, (1.9)

where {αn} and {tn} are two sequences satisfying certain conditions. They proved the

sequence {xn} defined by (1.8) and (1.9) converges strongly to x∗ ∈ Fix(S), which

solves the variational inequality (1.7). Recently Sunthrayuth and Kumam [20, 21]

considered the same iteration processes (1.8) and (1.9) under the different conditions



FIXED POINT SOLUTIONS OF VARIATIONAL INEQUALITIES 505

for {αn} and {tn} , proved the sequence {xn} defined by (1.8) and (1.9) converges

strongly to x∗ ∈ Fix(S).

In this manuscript, motivated by the above results, we introduce two new itera-

tive algorithms for finding a common fixed point of a semigroup of asymptotically

nonexpansive mappings which is a unique solution of some variational inequality.We

establish the strong convergence results in a uniformly convex Banach space.

2. Preliminaries

Throughout this manuscript, we denote N and R+ the set of all positive inte-

gers and all positive real numbers respectively. We write xn ⇀ x to indicate that

the sequence {xn} weakly converges to x, as usual xn → x will symbolize strong

convergence. Let X be a real Banach space, X∗ be its dual space. Let

U = {x ∈ X : ‖x‖ = 1}.

A Banach space X is said to be uniformly convex if for each ε ∈ (0, 2], there exists a

δ > 0 such that for each x, y ∈ U , ‖x− y‖ ≥ ε implies

‖x+ y‖
2

≤ 1− δ.

We know that a uniformly convex Banach space is reflexive and strictly convex [22]. A

Banach space is said to be smooth if the limit lim
t→∞

‖x+ty‖−‖x‖
t exists for each x, y ∈ U .

It is also said to be uniformly smooth if the limit is attained uniformly for x, y ∈ U.
Let J : X → 2X

∗
be normalized duality mappings by

J(x) = {f∗ ∈ X∗ : 〈x, f∗〉 = ‖x‖2 = ‖f∗‖},

whereX∗ denotes the dual space ofX, and 〈·, ·〉 denotes the generalized duality paring.

Let X be a real Banach space. A mapping T : X → X is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ ∀x, y ∈ X, (2.1)

and T is asymptotically nonexpansive if there exists a sequence {kn} of positive real

numbers with lim
n
kn = 1 such that

‖Tnx− Tny‖ ≤ kn‖x− y‖ ∀n ≥ 1 and ∀x, y ∈ X. (2.2)

We denote by Fix(T ) the set of fixed points of T . Recall that a self mapping f : X →
X is L-Lipschitzian if there exists a constant L ≥ 0 such that

‖f(x)− f(y)‖ ≤ L‖x− y‖ for all x, y ∈ X.

Definition 2.1. A one parameter family S = {T (t) : t ∈ R+} of X into itself is

said to be a strongly continuous semigroup of Lipschitzian mappings if the following

conditions are satisfied:

(i) T (0)x = x for all x ∈ X;

(ii) T (s+ t) = T (s)T (t)x for all s, t ∈ R+;

(iii) for each x ∈ X the mapping T (·)x from R+ into X is continuous;
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(iv) for each t > 0, there exists a bounded measurable function Lt : (0,∞)→ [0,∞)

such that

‖T (t)x− T (t)y‖ ≤ Lt‖x− y‖ ∀x, y ∈ X.

A strongly continuous semigroup of Lipschitzian mappings S is called strongly

continuous semigroup of nonexpansive mappings if Lt = 1 for all t > 0 and strongly

continuous semigroup of asymptotically nonexpansive mappings if lim sup
t

Lt ≤ 1.

Note that for the asymptotically nonexpansive semigroup S, we can always assume

that the Lipschitzian constant {Lt}t>0 is such that Lt ≥ 1 for each t > 0, Lt is

nonincreasing in t and lim
t
Lt = 1; otherwise, we replace Lt for each t > 0 with

L̄t = max{sup
s≥t

Ls, 1}. S is said to have a fixed point if there exists x0 ∈ C such that

T (t)x0 = x0 for all t ≥ 0. We denote by Fix(S) the set of fixed points of S, i.e.,

Fix(S) =
⋂
t≥0

F (T (t)) [10− 12].

A continuous operator of the semigroup S = {T (t) : t ∈ R+} is said to be uniformly

asymptotically regular on X if for all h ≥ 0 and any bounded subset C of X,

lim
t→∞

sup
x∈C
‖T (h)T (t)tx− T (t)x‖ = 0

(see [1] for examples of uniformly asymptotically regular semigroups).

In [23], a Banach space X which admits a duality mapping Jφ with a gauge function

φ, we say that an operator A is strongly positive if there exists a constant γ̄ > 0 with

the property

〈Ax, Jφ〉 ≥ γ̄‖x‖φ(‖x‖) ∀x ∈ F (T ) (2.3)

and

‖aI − bI‖ = sup
‖x‖≤1

|〈(aI − bA)x, Jφ〉|, a ∈ [0, 1], b ∈ [−1, 1]. (2.4)

As special cases of (2.3), we have the following results.

(1) If X is a smooth Banach space and φ(t) = t for all t ∈ X [7], then the inequality

(2.3) reduces to

〈Ax, J(x)〉 ≥ γ̄‖x‖2 ∀x ∈ F (T ). (2.5)

(2) If X = H is a real Hilbert space, then the inequality (2.3) reduces to (1.1).

Lemma 2.2. [14] Assume that a Banach space X has a weakly continuous duality

mapping Jφ with a gauge φ, the following inequality/ identity holds:

(i) For all x, y ∈ X, we have

φ(‖x+ y‖) ≤ φ(‖x‖) + 〈y, Jφ(x+ y)〉 ∀x ∈ F (T ).

(ii) Assume that a sequence {xn} in X converges weakly to a point x ∈ X. Then:

lim sup
n

φ(‖xn − y‖) = lim sup
n

φ(‖xn − x‖) + φ(‖y − x‖) ∀x, y ∈ X.
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Lemma 2.3. [23] Assume that a Banach space X admits a duality mapping Jφ with

a gauge φ. Let A be a strongly positive linear bounded operator on X with a coefficient

γ̄ > 0 and 0 < ρ ≤ φ(1)‖A‖−1. Then ‖I − ρA‖ ≤ φ(1)(1− ργ̄).

Definition 2.4. [21] Let C be a closed convex subset of a real Banach space X.

Let S = {T (t) : t ∈ R+} be a strongly continuous semigroup of asymptotically

nonexpansive mappings from C into itself such that Fix(S) 6= φ. Then S is said to

be almost uniformly asymptotically regular on C, if for all h ≥ 0,

lim
t

sup
x∈C

∥∥∥∥1

t

∫ t

0

T (s)xds− T (h)

(
1

t

∫ t

0

T (s)xds

)∥∥∥∥ = 0. (2.6)

Lemma 2.5. [29] Let C be a closed convex subset of a uniformly convex Banach space

X and S = {T (t) : t ∈ R+} be a strongly continuous semigroup of asymptotically

nonexpansive mappings from C into itself with a sequence {Lt} ⊂ [1,∞) such that

Fix(S) 6= φ. Then for each r > 0 and h ≥ 0,

lim
t

sup
x∈C∩Br

∥∥∥∥1

t

∫ t

0

T (s)xds− T (h)

(
1

t

∫ t

0

T (s)xds

)∥∥∥∥ = 0. (2.7)

Lemma 2.6. [22] Let {xn} and {vn} be bounded sequences in Banach space X, let

{βn} be a sequence in [0, 1] with 0 < lim inf
n

βn ≤ lim sup
n

βn < 1. Suppose

xn+1 = (1− βn)vn + βnxn

for all integers n ≥ 0 and lim sup
n

(‖vn+1 − vn‖ − ‖xn+1 − xn‖) ≤ 0. Then

lim
n
‖vn − xn‖ = 0.

Lemma 2.7. [26] Assume that {an} is a sequence of nonnegative real numbers such

that

an+1 ≤ (1− σn)an + δn, (2.8)

where {σn} is a sequence in (0, 1) and {δn} is a sequence in R such that

(i)

∞∑
n=0

σn =∞;

(ii) lim sup
n

δn
σn
≤ 0 or

∞∑
n=0

|δn| <∞.

Then limn an = 0.

3. Main results

Theorem 3.1. Let X be a uniformly convex Banach space with a weakly continuous

duality mapping Jφ with a gauge φ such that φ is invariant on [0, 1]. Let

S = {T (t) : t ∈ R+}

be a strongly continuous semigroup of asymptotically nonexpansive mapping from X

into itself with {Lt} ⊂ [1,∞) such that Fix(S) 6= φ. Let V : X → X be a Lipschitzian
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mapping with L ≥ 0 and A be a strongly positive linear bounded operator with constant

γ̄ ∈ (0, 1) such that 0 < γ < φ(1)γ̄
L . For given x1 ∈ X, let {xn} be a sequence defined

by

xn+1 = (1− βn)xn + βn

[
αnγV xn + (I − αnA)

(
1

tn

∫ tn

0

T (s)xnds

)]
, (3.1)

where {αn} ⊂ (0, 1) and {tn} be a real divergent sequence with

(C1) lim
n
αn = 0 and

∞∑
n=1

αn =∞, limn βn = 1,

(C2) lim
n

1

tn

∫ tn

0

Lsds− 1

αn
= 0.

Then the sequence {xn} converges strongly to x∗ ∈ Fix(S) where x∗ is the solution

of the variational inequality

〈γV x∗ −Ax∗, Jφ(u− x∗)〉 ≤ 0 ∀u ∈ Fix(S). (3.2)

Proof. Using the condition (C1), we may assume without loss of generality that

αn ≤ φ(1)‖A‖−1 for all n ∈ N.

Using Lemma 2.3, we have

‖I − ρA‖ ≤ φ(1)(1− ργ̄).

First, we prove that {xn} is bounded. Take p ∈ Fix(S) and 0 < ε < φ(1)γ̄ − γL.

Since

lim
n→∞

1

tn

∫ tn

0

Lsds− 1

αn
= 0

we have
1

tn

∫ tn

0

Lsds− 1 < αnε

for sufficiently large n ≥ 1. Then from (3.1), we have

‖xn+1 − p‖ =

∥∥∥∥(1− βn)xn + βn

[
αnγV xn + (I − αnA)

(
1

tn

∫ tn

0

T (s)xnds

)
− p
]∥∥∥∥

=

∥∥∥∥(1− βn)(xn − p) + βn

[
αn(γV xn −Ap) + (1− αnA)

(
1

tn

∫ tn

0

T (s)xnds− p
)]∥∥∥∥

≤ (1− βn)‖xn − p‖+ βn

[
αnγL‖xn − p‖+ φ(1)(1− αnγ̄)

×
(

1

tn

∫ tn

0

Lsds

)
‖xn − p‖+ αn‖γV p−Ap‖

]
=

[
1 + βn

(
1

tn

∫ tn

0

Lsds− 1

)
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−αnβn
(
γ̄

1

tn

∫ tn

0

Lsds− γL
)]
‖xn − p‖+ αnβn‖γV p−Ap‖

≤
[
1− βn

{
αn(φ(1)γ̄ − γL)−

(
1

tn

∫ tn

0

Lsds− 1

)}]
‖xn − p‖+ αnβn‖γV p−Ap‖

≤ [1− αnβn(φ(1)γ̄ − γL− ε)]‖xn − p‖+ αnβn‖γV p−Ap‖

= [1− αnβn(φ(1)γ̄ − γL− ε)]‖xn − p‖+ αnβn(φ(1)γ̄ − γL− ε) ‖γV p−Ap‖
(φ(1)γ̄ − γL− ε)

≤ max

{
‖xn − p‖,

‖γV p−Ap‖
(φ(1)γ̄ − γL− ε)

}
.

By induction, we have

‖xn − p‖ ≤ max

{
‖x1 − p‖,

‖γV p−Ap‖
(φ(1)γ̄ − γL− ε)

}
.

Hence {xn} is bounded, so are {V xn} and

{
A

(
1

tn

∫ tn

0

T (s)xnds

)}
.

Next, we shall show that ‖xn − T (h)xn‖ → 0 as n→∞. From (3.1) we have

‖xn+1 −
1

tn

∫ tn

0

T (s)xnds‖ ≤ (1− βn)‖xn −
1

tn

∫ tn

0

T (s)xnds‖

+ αnβn‖γV xn −A
1

tn

∫ tn

0

T (s)xnds‖.

From C1 and C2, we obtain

lim
n
‖xn+1 −

1

tn

∫ tn

0

T (s)xnds‖ = 0. (3.3)

Now for all h ≥ 0, we note that

‖xn+1 − T (h)xn+1‖ ≤ ‖xn+1 −
1

tn

∫ tn

0

T (s)xnds‖+ ‖ 1

tn

∫ tn

0

T (s)xnds

− T (h)
1

tn

∫ tn

0

T (s)xnds‖+ ‖T (h)
1

tn

∫ tn

0

T (s)xnds− T (h)xn+1‖

≤ ‖xn+1 −
1

tn

∫ tn

0

T (s)xnds‖+ ‖ 1

tn

∫ tn

0

T (s)xnds

− T (h)
1

tn

∫ tn

0

T (s)xnds‖+ Lh‖
1

tn

∫ tn

0

T (s)xnds− xn+1‖.

From (3.3) and by Lemma 2.5, we get

‖xn+1 − T (h)xn+1‖ → 0 as n→∞ for all h ≥ 0. (3.4)

Hence lim
n
‖xn − T (h)xn‖ = 0 for all h ≥ 0.
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Next, we prove that lim sup
n
〈γV x∗−Ax∗, Jφ(xn−x∗)〉 ≤ 0. Let {xnj} be a subsequence

of {xn} such that

lim
n
〈γV x∗ −Ax∗, Jφ(xnj − x∗)〉 = lim sup

n
〈γV x∗ −Ax∗, Jφ(xnj − x∗)〉.

By reflexivity of X and boundedness of {xn}, there exists a weakly convergent sub-

sequence {xnj} of {xn} such that xnj ⇀ u ∈ X as j → ∞. Since Jφ is weakly

continuous, we have by Lemma 2.2 that

lim sup
n

φ(‖xnj
− x‖) = lim sup

n
φ(‖xnj

− u‖) + φ(‖x− u‖), ∀x ∈ X.

Let G(x) = lim sup
j

φ(‖xnj
− x‖) for all x ∈ X. Therefore

G(x) = G(u) + φ(‖x− u‖) for all x ∈ X.

Since φ is continuous and lim
h
Lh = 1, we have

G(lim
h
T (h)u) = lim

h
G(T (h)u)

= lim
h

lim sup
j

φ(‖xnj
− T (h)u‖)

= lim
h

lim sup
j

φ(‖T (h)xnj − T (h)u‖)

≤ lim
h

lim sup
j

φ(Lh‖xnj
− u‖)

= lim sup
j

φ(‖xnj − u‖)

= G(u).

On the other hand, we have

G(lim
h
T (h)u) = lim

h
lim sup

j
φ(‖xnj − u‖) + lim

h
φ(‖T (h)u− u‖)

= lim sup
j

φ(‖xnj
− u‖) + φ(lim

h
‖T (h)u− u‖). (3.5)

Combining above, we obtain φ(lim
h
‖T (h)u− u‖) ≤ 0. The property of φ implies that

lim
h
T (h)u = u. Since T (t+ h)x = T (t)T (h)x for all x ∈ X and t ≥ 0, we have

u = lim
h
T (h)u = lim

h
T (h+ t)u = T (t) lim

h
T (h)u = T (t)u

for all t ≥ 0. Hence u ∈ Fix(S). Since Jφ is single-valued and weakly continuous, we

obtain

lim sup
n
〈γV x∗ −Ax∗, Jφ(xn − x∗)〉 = lim

n
〈γV x∗ −Ax∗, Jφ(xnj

− x∗)〉

= 〈γV x∗ −Ax∗, Jφ(u− x∗) ≤ 0.

Finally, we prove that xn → x∗ as n→∞. Now from Lemma 2.2, we have

φ(‖xn+1 − x∗‖) = φ
(∥∥∥(1− βn)(xn − x∗) + βnαnγ(V xn − V x∗)
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+βn(I − αnA)
( 1

tn

∫ tn

0

T (s)xnds− x∗
)

+ αnβn(γV x∗ −Ax∗)
∥∥∥)

≤ φ
(∥∥∥(1− βn)(xn − x∗) + βnαnγ(V xn − V x∗) + βn(I − αnA)

×
( 1

tn

∫ tn

0

T (s)xnds− x∗
)∥∥∥)+ αnβn〈γV x∗ −Ax∗, Jφ(xn+1 − x∗)〉

≤ φ
({

1− αnβn(φ(1)γ̄ − γL) + βnφ(1)(1− αnγ̄)
[ 1

tn

∫ tn

0

Lsds− 1
]
(‖xn − x∗‖)

})
+αnβn〈γV x∗ −Ax∗, Jφ(xn+1 − x∗)〉

≤ (1− αnβn(φ(1)γ̄ − γL))φ(‖xn − x∗‖) + βnφ(1)(1− αnγ̄)

×
[( 1

tn

∫ t−n

0

Lsds
)
− 1
]
φ(‖xn − x∗‖) + αnβn〈γV x∗ −Ax∗, Jφ(xn+1 − x∗)〉

≤ (1− αnβn(φ(1)γ̄ − γL))φ(‖xn − x∗‖) + βnφ(1)(1− αnγ̄)

×
[( 1

tn

∫ t−n

0

Lsds
)
− 1
]
M + αnβn〈γV x∗ −Ax∗, Jφ(xn+1 − x∗)〉,

where M = sup
n≥1

φ(‖xn − x∗‖). Put σn = αnβn(φ(1)γ̄ − γL) and

δn = βnφ(1)(1−αnγ̄)

[(
1

tn

∫ t−n

0

Lsds

)
− 1

]
M+αnβn〈γV x∗−Ax∗, Jφ(xn+1−x∗)〉.

Thus, we have

φ(‖xn+1 − x∗‖) ≤ (1− σn)φ(‖xn − x ∗ ‖) + δn.

It follows from condition C1 and C2,

∞∑
n=1

σn =∞ and

lim sup
n

δn
σn

= lim sup
n

1

φ(1)γ̄ − γL

[φ(1)(1− αnγ̄)( 1
tn

∫ tn
0
Lsds− 1)M

αn

+ 〈γV x∗ −Ax∗, Jφ(xn+1 − x∗)
]
≤ 0.

Hence by Lemma 2.3, we obtain φ(‖xn+1 − x∗‖) = 0 as n → ∞, and property of φ

implies that xn → x∗ as n → ∞. Finally, we prove the uniqueness of a solutions of

the variational inequality (3.2). Suppose x∗, x′ ∈ Fix(S) are the solutions of (3.2),

then we have

〈γV x∗ −Ax∗, Jφ(x′ − x∗)〉 ≤ 0, (3.6)

and

〈γV x′ −Ax′, Jφ(x∗ − x′)〉 ≤ 0, . (3.7)
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Adding (3.6) and (3.7), we obtain

0 ≥ 〈(γV x∗ −Ax∗)− (γV x′ −Ax′), Jφ(x′ − x∗)〉
= 〈A(x′ − x∗), Jφ(x′ − x∗)〉 − γ〈V x′ − V x∗, Jφ(x′ − x∗)〉
≥ γ̄‖x′ − x∗‖φ(‖x′ − x∗‖)− γLφ(‖x′ − x∗‖)
≥ (γ̄ − γL)φ(‖x′ − x∗‖)
≥ (φ(1)γ̄ − γL)φ(‖x′ − x∗‖),

a contradiction. Thus x′ = x∗.

Theorem 3.2. Let C be a nonempty closed and convex subset of a uniformly convex

and uniformly Banach space X such that C + C ⊂ C. Let S = {T (t) : t ∈ R+} be a

strongly continuous semigroup of asymptotically nonexpansive mappings from C into

itself with a sequence {Lt} ⊂ [1,∞) such that Fix(S) 6= φ. Let V be an L-Lipschitzian

mapping from C into itself with a constant L ≥ 0 and A be a strongly positive linear

bounded operator with a constant 0 < γ̄ < 1 such that 0 ≤ γL < γ̄. Let {xn} be a

sequence defined by

xn+1 = αnγV xn + βnxn + ((1− βn)I − αnA)yn (3.8)

yn = δnxn + (1− δn)(
1

tn

∫ tn

0

T (s)xnds) for all n ∈ N, (3.9)

where {αn}, {βn} and {δn} are sequences in (0, 1) and {tn} is a positive real divergent

sequence such that lim
n

tn
tn+1

= 1 satisfying the following conditions:

(C1) lim
n
αn = 0,

∞∑
n=1

αn = 0 and lim
n
δn = 0,

(C2) 0 < lim inf
n

βn ≤ lim sup
n

βn < 1,

(C3) lim
n

(
1
tn

∫ tn
0

Lsds−1

αn

)
= 0.

Then, the sequence {xn} converges strongly to x∗ ∈ Fix(S), where x∗ is the unique

solution of the variational inequality (3.2).

Proof. From the conditions (C1) and (C2), we may assume without loss of generality

that

αn ≤ (1− βn)‖A‖−1 ∀n ∈ N.
Since A is a strongly positive bounded linear operator on C, from (2.2) and (2.3), we

have

‖A‖ = sup{|〈Ax, J(x)〉| : x ∈ C, ‖x‖ = 1}.
Observe that

〈((1− βn)I − αnA)x, J(x)〉 = 1− βn − αn〈Ax, J(x)〉
≥ 1− βn − αn‖A‖
≥ 0.
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This means that ((1− βn)I − αnA) is positive. It follows that

‖((1− βn)I − αnA)x‖ = sup{〈((1− βn)I − αnA)x, J(x)〉 : x ∈ C, ‖x‖ = 1}
= sup{1− βn − αn〈Ax, J(x)〉 : x ∈ C, ‖x‖ = 1}
≤ 1− βn − αnγ̄.

Firstly, we prove that {xn} defined by (3.8) and (3.9) is bounded. Take q ∈ Fix(S)

and 0 < ε < γ̄ − γL. Since

lim
n

(
1
tn

∫ tn
0
Lsds− 1

αn

)
= 0

implies that

(1− βn − αnγ̄)

(
1

tn

∫ tn

0

Lsds− 1

)
< εαn

for sufficiently large n ≥ 1, we have

‖yn − q‖ =

∥∥∥∥δnxn + (1− δn)

(
1

tn

∫ tn

0

T (s)xnds

)
− q
∥∥∥∥

≤ δn‖xn − q‖+ (1− δn)

∥∥∥∥( 1

tn

∫ tn

0

Lsds− q
)∥∥∥∥

≤ δn‖xn − q‖+ (1− δn)

(
1

tn

∫ tn

0

Lsds

)
‖xn − q‖

= ‖xn − q‖+ (1− δn)

(
1

tn

∫ tn

0

Lsds− 1

)
‖xn − q‖.

‖xn+1 − q‖ = ‖αnγV xn + βnxn + ((1− βn)I − αnA)yn − q‖
≤ αn‖γV xn −Aq‖+ βn‖xn − q‖+ (1− βn − αnγ̄)‖yn − q‖
≤ αnγL‖xn − q‖+ αn‖γV q −Aq‖+ βn‖xn − q‖
+ (1− βn − αnγ̄)‖yn − q‖.

Now, we have

‖xn+1 − q‖ = ‖αnγV xn + βnxn + ((1− βn)I − αnA)yn − q‖
≤ αn‖γV xn −Aq‖+ βn‖xn − q‖+ (1− βn − αnγ̄)‖yn − q‖
≤ αnγL‖xn − q‖+ αn‖γV q −Aq‖+ βn‖xn − q‖+ (1− βn − αnγ̄)

× (‖xn − q‖+ (1− δn)

(
1

tn

∫ tn

0

Lsds− 1

)
‖xn − q‖)

≤ (1− αn(γ̄ − γL− ε))‖xn − q‖ − δnαnε‖xn − q‖+ αn‖γV q −Aq‖
≤ (1− αn(γ̄ − γL− ε))‖xn − q‖+ αn‖γV q −Aq‖

≤ max

{
‖xn − q‖,

‖γV q −Aq‖
γ̄ − γL− ε

}
for all n ≥ 1.
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By induction, we have

‖xn+1 − q‖ = max

{
‖x1 − q‖,

‖γV q −Aq‖
γ̄ − γL− ε

}
, for all n ∈ N.

Hence the sequence {xn} is bounded, so are {V xn} and

{
A

(
1

tn

∫ tn

0

T (s)xnds

)}
.

Next, we prove that ‖xn+1 − xn‖ → 0 as n→∞. Now∥∥∥∥ 1

tn+1

∫ tn+1

0

T (s)xn+1ds−
1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
=

∥∥∥∥ 1

tn+1

∫ tn+1

0

[T (s)xn+1 − T (s)xn]ds+
1

tn+1

∫ tn+1

0

T (s)xnds−
1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
=
∥∥∥ 1

tn+1

∫ tn+1

0

[T (s)xn+1 − T (s)xn]ds+

(
1

tn + 1
− 1

tn

)∫ tn

0

T (s)xnds

+
1

tn+1

∫ tn+1

0

T (s)xnds
∥∥∥.

For q ∈ Fix(S), it follows that∥∥∥∥ 1

tn+1

∫ tn+1

0

T (s)xn+1ds−
1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
=
∥∥∥ 1

tn+1

∫ tn+1

0

[T (s)xn+1 − T (s)xn]ds+

(
1

tn + 1
− 1

tn

)∫ tn

0

[T (s)xn − q]ds

+
1

tn+1

∫ tn+1

0

[T (s)xn − q]ds
∥∥∥

≤
(

1

tn+1

∫ tn+1

0

Lsds

)
‖xn+1 − xn‖+

[∣∣∣∣1− tn
tn+1

∣∣∣∣ ( 1

tn

∫ tn

0

Lsds

)
+

∣∣∣∣ 1

tn+1

∫ tn+1

0

Lsds−
(

tn
tn+1

)(
1

tn

∫ tn

0

Lsds

)∣∣∣∣]M, (3.10)

where M > 0 is a constant such that M = sup
n≥1

(‖xn − q‖). Set

ln =
xn+1 − βnxn

(1− βn)
∀n ∈ N.

Then

ln+1 − ln =
xn+2 − βn+1xn+1

(1− βn+1)
− xn+1 − βnxn

(1− βn)

=
αnγV xn+1 + ((1− βn+1)I − αn+1A)[δn+1xn+1 + (1− δn+1) 1

tn+1

∫ tn+1

0
T (s)xn+1ds]

1− βn+1

−
αnγV xn + ((1− βn)I − αnA)[δnxn + (1− δn) 1

tn

∫ tn
0
T (s)xnds]

1− βn

=
αn+1

(1− βn+1)

{
γV xn+1 −A

1

tn+1

∫ tn+1

0

T (s)xn+1ds

}
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+
αn

(1− βn)

{
A

1

tn

∫ tn

0

T (s)xnds− γV xn
}

+
αn+1δn+1

(1− βn+1)

{
A

1

tn+1

∫ tn+1

0

T (s)xn+1ds−Axn+1

}
+

αnδn
(1− βn)

{
Axn −A

1

tn

∫ tn

0

T (s)xnds

}
+δn+1

{
xn+1 −

1

tn+1

∫ tn+1

0

T (s)xn+1ds

}
+ δn

{
1

tn

∫ tn

0

T (s)xnds− xn
}

+

{
1

tn+1

∫ tn+1

0

T (s)xn+1ds−
1

tn

∫ tn

0

T (s)xnds

}
.

‖ln+1 − ln‖ =
αn+1

(1− βn+1)

∥∥∥∥γV xn+1 −A
1

tn+1

∫ tn+1

0

T (s)xn+1ds

∥∥∥∥
+

αn
(1− βn)

∥∥∥∥A 1

tn

∫ tn

0

T (s)xnds− γV xn
∥∥∥∥

+
αn+1δn+1

(1− βn+1)

∥∥∥∥A 1

tn+1

∫ tn+1

0

T (s)xn+1ds−Axn+1

∥∥∥∥
+

αnδn
(1− βn)

∥∥∥∥Axn −A 1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
+δn+1

∥∥∥∥xn+1 −
1

tn+1

∫ tn+1

0

T (s)xn+1ds

∥∥∥∥+ δn

∥∥∥∥ 1

tn

∫ tn

0

T (s)xnds− xn
∥∥∥∥

+

∥∥∥∥ 1

tn+1

∫ tn+1

0

T (s)xn+1ds−
1

tn

∫ tn

0

T (s)xnds

∥∥∥∥ .
Using (3.10), we have

‖ln+1 − ln‖ =
αn+1

(1− βn+1)

∥∥∥∥γV xn+1 −A
1

tn+1

∫ tn+1

0

T (s)xn+1ds

∥∥∥∥
+

αn
(1− βn)

∥∥∥∥A 1

tn

∫ tn

0

T (s)xnds− γV xn
∥∥∥∥

+
αn+1δn+1

(1− βn+1)

∥∥∥∥A 1

tn+1

∫ tn+1

0

T (s)xn+1ds−Axn+1

∥∥∥∥
+

αnδn
(1− βn)

∥∥∥∥Axn −A 1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
+δn+1

∥∥∥∥xn+1 −
1

tn+1

∫ tn+1

0

T (s)xn+1ds

∥∥∥∥+ δn

∥∥∥∥ 1

tn

∫ tn

0

T (s)xnds− xn
∥∥∥∥

+

(
1

tn+1

∫ tn+1

0

Lsds

)
‖xn+1 − xn‖

+

[∣∣∣∣1− tn
tn+1

∣∣∣∣ ( 1

tn

∫ tn

0

Lsds

)
+

∣∣∣∣ 1

tn+1

∫ tn+1

0

Lsds−
(

tn
tn+1

)(
1

tn

∫ tn

0

Lsds

)∣∣∣∣]M.
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Therefore,

‖ln+1 − ln‖ − ‖xn+1 − xn‖ =
αn+1

(1− βn+1)

∥∥∥∥γV xn+1 −A
1

tn+1

∫ tn+1

0

T (s)xn+1ds

∥∥∥∥
+

αn
(1− βn)

∥∥∥∥A 1

tn

∫ tn

0

T (s)xnds− γV xn
∥∥∥∥

+
αn+1δn+1

(1− βn+1)

∥∥∥∥A 1

tn+1

∫ tn+1

0

T (s)xn+1ds−Axn+1

∥∥∥∥
+

αnδn
(1− βn)

∥∥∥∥Axn −A 1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
+δn+1

∥∥∥∥xn+1 −
1

tn+1

∫ tn+1

0

T (s)xn+1ds

∥∥∥∥+ δn

∥∥∥∥ 1

tn

∫ tn

0

T (s)xnds− xn
∥∥∥∥

+

[(
1

tn+1

∫ tn+1

0

Lsds

)
− 1

]
‖xn+1 − xn‖

+

[∣∣∣∣1− tn
tn+1

∣∣∣∣ ( 1

tn

∫ tn

0

Lsds

)
+

∣∣∣∣ 1

tn+1

∫ tn+1

0

Lsds−
(

tn
tn+1

)(
1

tn

∫ tn

0

Lsds

)∣∣∣∣]M.

By the conditions (C1), (C2) and (C3), we have

lim sup
n

(‖ln+1 − ln‖ − ‖xn+1 − xn‖) ≤ 0.

From Lemma 2.6, we obtain

lim
n

(‖ln − xn‖) = 0. (3.11)

Since

xn+1 − xn = (1− βn)(ln − xn), (3.12)

we have

lim
n

(‖xn+1 − xn‖) = 0. (3.13)

Now ∥∥∥∥xn+1 −
1

tn

∫ tn

0

T (s)xnds

∥∥∥∥ ≤ αn ∥∥∥∥γV xn −A 1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
+βn

∥∥∥∥xn − 1

tn
T (s)xnds

∥∥∥∥
+δn

∥∥∥∥xn − 1

tn

∫ tn

0

T (s)xnds

∥∥∥∥+ βnδn

∥∥∥∥ 1

tn

∫
0

tnT (s)xnds− xn
∥∥∥∥

+αnδn

∥∥∥∥A 1

tn
T (s)xnds− xn

∥∥∥∥
≤ αn

1− (βn + δn)

∥∥∥∥γV xn −A 1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
+

βn + δn
1− (βn + δn)

‖xn − xn+1‖+
βnδn

1− (βn + δn)

∥∥∥∥ 1

tn

∫
0

tnT (s)xnds− xn
∥∥∥∥
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+
αnδn

1− (βn + δn)

∥∥∥∥A 1

tn
T (s)xnds− xn

∥∥∥∥ .
By the conditions (C1) and (C2) and (3.13), we get

lim
n
‖xn+1 −

1

tn

∫ tn

0

T (s)xnds‖ = 0. (3.14)

For all h ≥ 0, we note that

‖xn+1 − T (h)xn+1‖ ≤
∥∥∥∥xn+1 −

1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
+

∥∥∥∥ 1

tn

∫ tn

0

T (s)xnds− T (h)

(
1

tn

∫ tn

0

T (s)xnds

)∥∥∥∥
+

∥∥∥∥T (h)

(
1

tn

∫ tn

0

T (s)xnds

)
− T (h)xn+1

∥∥∥∥
≤
∥∥∥∥xn+1 −

1

tn

∫ tn

0

T (s)xnds

∥∥∥∥
+

∥∥∥∥ 1

tn

∫ tn

0

T (s)xnds− T (h)

(
1

tn

∫ tn

0

T (s)xnds

)∥∥∥∥
+Lh

∥∥∥∥xn+1 −
(

1

tn

∫ tn

0

T (s)xnds

)∥∥∥∥ .
By Lemma 2.5 and (3.14), we obtain

lim
n
‖xn+1 − T (h)xn+1‖ = 0,∀ h ≥ 0. (3.15)

Since

‖ 1

tm

∫ tm

0

T (s)xn+1ds− xn+1‖ ≤
1

tm

∫ tm

0

‖T (s)xn+1 − xn+1‖ds.

Thus

lim
n
‖ 1

tm

∫ tm

0

T (s)xn+1ds− xn+1‖ = 0. (3.16)

Next, we show that

lim sup
n
〈γV x∗ −AX∗, J(xn+1 − x∗) ≤ 0.

Let

zm = αmγV zm + βmzm + ((1− βm)I − αmA)
1

tm

∫ tm

0

T (s)zmds,

where {tm}, {αm} and {βm} satisfies the conditions (C1) and (C2). Then, we note

that

zm − xn+1 = αmγV zm + βmzm +
1

tm

∫ tm

0

T (s)zmds− βm
1

tm

∫ tm

0

T (s)zmds

−αmA
1

tm

∫ tm

0

T (s)zmds− xn+1
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= αm(γV zm −Azm) +

(
1

tm

∫ tm

0

T (s)zmds− xn+1

)
+αm

(
Azm −A

(
1

tm

∫ tm

0

T (s)zmds

))
+ βm

(
zm −

1

tm

∫ tm

0

T (s)zmds

)
= αm(γV zm −Azm) +

(
1

tm

∫ tm

0

T (s)zmds−
1

tm

∫
0

tmT (s)xn+1ds

)
+

(
1

tm

∫
0

tmT (s)xn+1ds− xn+1

)
+ α2

mA

(
γV zm −A

(
1

tm

∫ tm

0

T (s)zmds

))
+αmβmA

(
zm −

1

tm

∫ tm

0

T (s)zmds

)
+ βm

(
zm −

1

tm

∫ tm

0

T (s)zmds

)
.

Therefore,

‖zm − xn+1‖2 ≤ αm〈γV zm −Azm, J(zm − xn+1)〉

+

∥∥∥∥ 1

tm

∫ tm

0

T (s)xn+1ds− xn+1

∥∥∥∥ ‖zm − xn+1‖+

(
1

tm

∫ tm

0

Lsds

)
‖zm − xn+1‖2

+α2
m

∥∥∥∥A(γV zm − 1

tm

∫ tm

0

T (s)zmds

)∥∥∥∥ ‖zm − xn+1‖

+αmβmA

∥∥∥∥zm − 1

tm

∫ tm

0

T (s)zmds

∥∥∥∥ ‖zm − xn+1‖

+βm

∥∥∥∥zm − 1

tm

∫ tm

0

T (s)zmds

∥∥∥∥ ‖zm − xn+1‖.

This implies that

〈γV zm −Azm, J(xn+1 − zm)〉 ≤

(
( 1
tm

∫ tm
0

Lsds)− 1

αm

)
‖zm − xn+1‖2

+

(
‖ 1
tm

∫ tm
0

T (s)xn+1ds− xn+1‖
αm

)
‖zm − xn+1‖

+αm

∥∥∥∥A(γV zm −
1

tm

∫ tm

0

T (s)zmds)

∥∥∥∥ ‖zm − xn+1‖

+βmA

∥∥∥∥zm − 1

tm

∫ tm

0

T (s)zmds‖‖zm − xn+1

∥∥∥∥
+
βm
αm

∥∥∥∥zm − 1

tm

∫ tm

0

T (s)zmds

∥∥∥∥ ‖zm − xn+1‖.

Now, taking the upper limit as n→∞, and then m→∞, we obtain

lim sup
n
〈γV zm −Azm, J(xn+1 − zm) ≤ 0. (3.17)

On the other hand, we note that

〈γV x∗ −AX∗, J(xn+1 − x∗) = 〈γV x∗ −Ax∗, J(xn+1 − x∗)− J(xn+1 − zm)〉

+〈Azm −Ax∗, J(xn+1 − zm)〉+ 〈γV x∗ − γV zm, J(xn+1 − zm)〉
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+〈γV zm −Azm, J(xn+1 − zm)〉.
Taking limit superior as n→∞, we have

lim sup
n
〈γV x∗ −AX∗, J(xn+1 − x∗)〉 ≤ lim sup

n
〈γV x∗ −Ax∗, J(xn+1 − x∗)

−J(xn+1 − zm)〉+ ‖A‖‖zm − x∗‖ lim sup
n
‖xn+1 − zm‖

+‖γV x∗ − γV zm‖ lim sup
n
‖xn+1 − zm‖

+ lim sup
n
〈γV zm −Azm, J(xn+1 − zm)〉. (3.18)

Since X is uniformly smooth, the duality mapping J is norm-to-norm uniformly con-

tinuous on the bounded subset of C, then

lim sup
m

lim sup
n
〈γV x∗ −AX∗, J(xn+1 − x∗)− J(xn+1 − zm)〉 = 0.

Therefore, from (3.18) we have

lim sup
n
〈γV x∗ −AX∗, J(xn+1 − x∗)〉 = lim sup lim sup

m,n
〈γV x∗ −AX∗, J(xn+1 − x∗)〉

≤ lim sup lim sup
m,n

〈γV zm −Azm, J(xn+1 − zm)〉 ≤ 0.

Finally, we prove that xn → x∗ as n→∞. Now

‖xn+1 − q‖2 = αn〈γV xn −Aq, J(xn+1 − q)〉+ βn〈xn − q, J(xn+1 − q)〉

+〈((1− βn)I − αnA)yn − q, J(xn+1 − q)〉
= αnγL〈xn− q, J(xn+1− q)〉+αn〈γV q−Aq, J(xn+1− q)〉+ βn〈xn− q, J(xn+1− q)〉

+(1− βn − αnγ̄)δ〈xn − q, J(xn+1 − q)〉+ (1− βn − αnγ̄)(1− δn)

×
〈

1

tn

∫ tn

0

T (s)xnds− q, J(xn+1 − q)
〉

≤ αnγL‖xn − q‖‖xn+1 − q‖+ βn‖xn − q‖‖xn+1 − q‖
+(1− βn − αnγ̄)δn‖xn − q‖‖xn+1 − q‖

+(1− βn − αnγ̄)(1− δn)

∥∥∥∥ 1

tn

∫ tn

0

T (s)xnds− q‖‖xn+1 − q
∥∥∥∥

+αn〈γV q −Aq, J(xn+1 − q)〉

≤ αnγL
(
‖xn − q‖2 + ‖xn+1 − q‖2

2

)
+ βn

(
‖xn − q‖2 + ‖xn+1 − q‖2

2

)
+(1− βn − αnγ̄)δn

(
‖xn − q‖2 + ‖xn+1 − q‖2

2

)
+(1− βn − αnγ̄)(1− δn)

(
‖ 1
tn

∫ tn
0
T (s)xnds− q‖2 + ‖xn+1 − q‖2

2

)
+αn〈γV q −Aq, J(xn+1 − q)〉

=

[
(1− αn(γ̄ − γL)) + (1− βn − αnγ̄)(1− δn)

{(
1

tn

∫ tn

0

Lsds− 1

)2
}]
‖xn − q‖2

2



520 R.C. DIMRI AND PUSHPENDRA SEMWAL

+(1− αn(γ̄ − γL))
‖xn+1 − q‖2

2
+ αn〈γV q −Aq, J(xn+1 − q)〉.

Therefore

‖xn+1 − q‖2 ≤
(1− αn(γ̄ − γL))

(1 + αn(γ̄ − γL))
‖xn − q‖2

+
(1− βn − αnγ̄)(1− δn)

(1 + αn(γ̄ − γL))

{(
1

tn

∫ tn

0

Lsds

)2

− 1

}
‖xn − q‖2

+
2αn

(1 + αn(γ̄ − γL))
〈γV q −Aq, J(xn+1 − q)〉

≤ (1− αn(γ̄ − γL))

(1 + αn(γ̄ − γL))
‖xn − q‖2 +

(1− βn − αnγ̄)(1− δn)

(1 + αn(γ̄ − γL))

{(
1

tn

∫ tn

0

Lsds

)2

− 1

}
M

+
2αn

(1 + αn(γ̄ − γL))
〈γV q −Aq, J(xn+1 − q)〉,

where M > 0 is a constant such that

M = sup
n≥1
{‖xn − q‖2}.

Put

σn =
2(γ̄ − γL)αn

1 + (γ̄ − γL)αn

and

λn =
(1− βn − αnγ̄)(1− δn)

(1 + αn(γ̄ − γL))

{(
1

tn

∫ tn

0

Lsds

)2

− 1

}
M

+
2αn

(1 + αn(γ̄ − γL))
〈γV q −Aq, J(xn+1 − q)〉.

Thus

‖xn+1 − q‖2 ≤ (1− σn)‖xn − q‖2 + λn. (3.19)

Using conditions (C1), (C2) and (C3), we have

∞∑
n=1

σn =∞

and

lim sup
n

λn
σn

= lim sup
n

[
(1− βn − αnγ̄)(1− δn)

2(γ̄ − γL)αn

{(
1

tn

∫ tn

0

Lsds

)2

− 1

}]

+
1

(γ̄ − γL)
〈γV q −Aq, J(xn+1 − q)〉 ≤ 0.

From Lemma 2.7, we obtain that xn → 0 as n→∞.
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