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1. INTRODUCTION

Let G be a commutative semigroup with the identity element 0 and W be a linear
space. Let us recall that a function f : G™ — W is called multi-additive if it is
additive (satisfies Cauchy’s functional equation) in each variable. Some basic facts
on such mappings can be found for instance in [11], where their application to the
representation of polynomial functions is also presented. K. Cieplinski in [7] reduced
the system of n equations defining the multi-additive mapping to obtain a single
functional equation, namely he has proved (see [7] Theorem 2) that f: G™ — W is a
multi-additive mapping if and only if

f(@+ 212,00, Tnt + Tn2) = Z f@1iys s Tniy ), (1.1)
i1,.8n €{1,2}

for all (x14,...,2n;) € G™, i € {1,2}, and has shown the generalized Hyers-Ulam
stability both of this system and this equation, using the direct (Hyers) method.

In this paper, using the fixed point approach and the above reduction, we prove
the generalized Hyers-Ulam stability of the equation (1.1). Moreover, we show that
for some natural particular forms of 8 : VZ" — Ry := [0, +0c), where V is a linear
space and Vj := V'\ {0}, the functional equation (1.1) is §-hyperstable in the class of
functions f: V" — W, where W is a normed space, i.e. each f: V" — W satisfying
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the inequality

||f(1'11+$12,...,$n1 +xn2)_ Z f(xlila"'axnin)n < o(xlla'~'a$n1;x127~--7xn2)a
i1,..,0n€{1,2}

for all z11,...,xn1, T12, ..., Tna € Vg, must fulfil the equation (1.1).

Our results are significant supplements and/or generalizations of some classical
outcomes from [1, 13, 14, 15, 3, 4, 7, 8, 9, 10].

Speaking of the stability of a functional equation we follow the question raised
in 1940 by S. M. Ulam: "when is it true that the solution of an equation differing
slightly from a given one, must of necessity be close to the solution of the given
equation?”. The first partial answer to Ulam’s question was given by D. H. Hyers
(see [10]). After his result a lot of mathematicians have generalized Ulam’s problem
and Hyers’s theorem in various directions and to other functional equations (as the
words ”differing slightly” and ”be close” may have various meanings, different kinds
of stability can be dealt with).

The term hyperstability has been used for the first time in [12], however it seems
that the first hyperstability result was published in [2] and concerned the ring homo-
morphisms. For more information and numerous references on hyperstability we refer
to, e.g., [4, 6].

Let us recall that a commutative semigroup G is called uniquely divisible by 2
provided for every x € G there exists a unique y € G (which is denoted by § or %x)
such that x = 2y.

In the sequel, we assume that V, W are linear spaces over the rationals and

a' + 2% = (211 + T12, ooy Tt + Tn2),
qr = (q$17~-~7q$n,)
where x:= (71, ..., 2,), 2" := (214, ..., Tpi) € V", i € {1,2}, ¢ € Q.
2. AUXILIARY RESULT

In this section, we present some characterization of multi-additive mappings, which
will be needed in our next considerations.

Lemma 2.1. A function f : V" — W satisfies the equation (1.1) for all z;; € Vp,
je{l,...,n},i € {1,2} if and only if [ is a multi-additive mapping.

Proof. Assume that f satisfies (1.1) for all z;; € Vo, j € {1,...,n},i € {1,2}.
Notice that f behaves the same way for each variable, so to prove that f is a multi-
additive mapping it is enough to show that

f(O, ,O) =0 and f(O, ~-~7O7Ij+17 ...,a:n) =0, Tjtly--y Ty € Vo,
and f satisfies the equation
f(x11+0,...,xj1+0,xj+11 +1'j+12,...,xn1 +5L'n2) = Z f(xul,...,xm-n), (21)
i],A..,ine{l,Q}

for x11, ..., Tn1, Tj 12,000 T2 € Vo, T12 = - - =250 =0, j € {1,...,n — 1}.
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Obviously,

FO,.500 = > fluig,nvi,)=2" > f(%vil,...évin):2"f(0,...70),

i1,..,in €{1,2} 1,00 €{1,2}

where v1 = v, vy = —v with v € V), which means that f(0,...,0) = 0.
Now, we show

f(o,...,O,ZL’j+11+f£j+12,...,In1+xn2) = Qj Z f(O,...,O,xj+1i_7.+1,...,CEnin), (22)
G100 €{1,2}

for Tjg1ly ooy Tnly Lj412y oy Tn2 € Vb, J € {1, ey — 1}, n > 2.
Clearly, forn > 2, j € {1,....,n =1}, zj11, ...,z € V)

f(oa"'3072xj+17"'72xn) :2n7j Z f(vilw",vijaxj—O—la"'axn)v (23)
i1,i;€{1,2}

where v; = v, vy = —v with v € V.
From (2.3) and (1.1) we have for j € {1,....,n — 1}, Zj41,....,xn € V

f(07"'70a2xj+17"',2xn) = 2n_] Z f(Uil,.--,Uz‘j,xj-l,-l,.-.,xn)
i1,...,1;€{1,2}
. 1 11 1
= 2772 Z f(gviw”'?ivij’§xj+17"’7§$n>
i1,i;€{1,2}
= 2nf(0,...,O,l‘j+1,...,l‘n),

hence
f(O, ceey O, 2xj+1, ceey 2337,) = 2nf(0, ceey O7 Ljgly ey J,‘n) (24)

Using (1.1),(2.3) and (2.4) forn > 2, j € {1,...,n — 1}, Zjq11, ..oy Tn1, £j412, oo, Tn2 €
Vo, we get

£(0,..,0, 2411 + Zj412, -, Tn1 + Tn2)

= Z f(Ui17...7Uij71‘j+1ij+1,...,Jinin)

i1 ein€{1,2}

1
= Ff(o, ...,07 2‘Tj+1ij+17 ceny 2{)37”‘")

= 2‘7 E f(O,...,O,a:j_,_lij“,...,xm»n),
Gj41,in €{1,2}
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which completes the proof of (2.2).
Appling (2.2), for n > 2, j € {1,...,n — 1} and zj41, ...,z € Vo, we have

_ 1 1
0,0, 3551,y n) = 27 1[f(0,...,07§xj+1,...,5%)
1 1
+f(07"'707§$j+17'“7§xn>]a
_ 3 1 1
f(o,...,0,$j+17...,$n) = 27L 1[f(0,...707§l‘j+17§xj+27...7§$n)
1 1 1
+f(07 -0, _ixj-ﬁ-h §'Tj+27 ) §xn)]a

and adding the above equality we obtain

2£(0,..,0, 41, s ) = f(0,...,0,22 41, Tj42, o, Tn) + F(0, ..., 0, Z42, ..., Tp).

In the analogous way for every 41, ...,z € Vy and each k € {j +1,...,n} we obtain
2£(0,..,0, 241, .y n) = f(0,...,0,a511,...,an) + f(0,...,0,b;41, ..., bp), (2.5)

where ay = 2y, by = 0 and a; = b; = x; for all i # k.
Using (2.4) and (2.5) for n > 2 and z,, € V;; we obtain

2" £(0, ...,0,25,) = f(0,...,0,2z,) = f(0, ...,0,2x,) + f(0,...,0) = 2£(0, ...,0, z,),
which means that
f(0,...,0,2,) =0,

and consequently f(xz) = 0 for any = € V" with exactly one component which is
different from zero.

From (2.4), (2.5) and the above for n > 3 and z,,—1,x, € Vi we have

2" f(0,...,0,zp—1,2,) = f(0,...,0,22,_1,22,)
f(0,...,0,2x,_1,22,) + f(0,...,0,2z,)
2£(0,...,0, 251, 22,,)
= 2[f(0,...,0,xp_1,22,) + £(0,...,0,2,-1,0)]
= 22£(0,...,0, 21, 2,),

which means that
f@0,..,0,2p—1,2,) = 0.
We continue in this fashion obtaining
£(0,..,0,Zj41,...,2n) =0

for all z41,...,2, € Vp and j € {1,...,n — 1}, and consequently f(x) = 0 for any
x € V™ with at least one component which is equal to zero.

Obviously, in the analogous way like in the prove of the condition (2.5), using (1.1)
instead of (2.2), we obtain that for each k € {1,...,n} and every z1,...,2, € Vj

2f(z1,...,xn) = fla, ...,an) + f(b1,....bn) = f(a1, ..., an), (2.6)

where ay = 2z, by =0 and a; = b; = x; for all i # k.
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Finally, fix [ € {1,..,n — 1}, 211, ..., Tn1, Tig12, -, Tn2 € V', and put x93 = -+ =
x;2 = 0. Then using (1.1), (2.6) and the fact that f(z) = 0 if at least one z; = 0, we
have

f(x11+0, ..,z + 0, 21411 + Tig12, ., Tn1 + Tn2)

: 1 1
= Z f(ixll""’i‘rl17ml+1il+17"'7xnin)

il+17~--,ine{112}

> F(@11, e T, Ttigy s oo Tnay)

G415t €{1,2}

_ Z f(xh'l’...,xm‘n),

11,0000 €{1,2}

which finishes the proof that f is a multi-additive mapping. The rest of the proof is
clear. (]

3. STABILITY OF THE EQUATION (1.1)

In this section, we prove the generalized (in the spirit of D. G. Bourgin and
P. Gavruta) Hyers-Ulam stability of the equation (1.1). The proof is based on a
fixed point result that can be derived from [5, Theorem 1].

Write for f: V" - W

((I)f)(x17x2) = f(l'l + xz) - Z f(xlip "'axnin)a xl’xz € Vn
1,00 €{1,2}

Theorem 3.1. Let W be a Banach space and D € {V,Vy}. Assume that f : V"™ — W,
0: D> — R, are the mappings satisfying an estimation

||(<I>f)(x1,x2)|| < H(xl,xQ), b a2 e D" (3.1)
and two conditions
* 1 — 1 \J sj+ 352 sj+5E n
) ::m;(%n) (2577 2,297 77 ) < o0, xeD" (3.2
i (2 ) 6at 290?) =0, ol € D" (3.3)
Jim 5an x,2%2%) =0, T, , .

with some s€{—1,1}. Then there exists a unique multi-additive mapping F: V" — W,
such that

If(z) = F(z)|| <e™(z), xeD™ (3.4)
Proof. If s = 1 putting in (3.1) 2! = 2% = x € D" we get
£ (22) — 2" f(2)|| < O(x, z),

hence
1

27}”(295) — f(x)H < 2%9(1‘,17), (3.5)
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If s = —1 setting in (3.1) 2! = 2% = J2 € D" we obtain
1 1 1
_ong(Z <O(Zp =
Hf(x) 2 f(f)” b 9(255’ 2:”)’

hence

2”f<%a:) - f(:I:)H < 9(%95, %x) (3.6)

Let s € {1,—1}. Write

TEé(x) = 22,1 (25x), Vs Waxeln

Q%G(x,x) if s =1,
e(x) =
0(3z,1z) ifs=-1,
for x € D™, then (3.5) if s =1, (3.6) if s = —1 takes the form
17 f(x) - f(z)| <e(z), xeD™

Define

1
An(z) := 2m17(25x), n: D" — Ry, x € D™

The operators 7 and A satisfy the assumptions of Theorem 1 in [5], because for every
Su: V=W, zeVn

ITe(w) - Tl = | ge2e) - g
< Qin 1€(2°x) — p(2°2)|,
and it is easy to check by induction that for every € D™ and j € NU {0}
Ne(z) = (;n)ja@%)
- W%?(Qin)je(zsﬁ%wsﬂ%w)

Applying this version of the fixed point theorem we obtain that there exists a unique
solution F*: D" — W
1
F*(z) = 2WF*(Q%), xeD"

such that (3.4) holds. Moreover,
F*(z) := kli_)n(f)lo(’fkf)(x), x e D"
We define the funtion F': V™ — W in the following way
F(z) := klijgo(’]'kf)(x), zeVn,
obviously F(z) = F*(x) for x € D™.

Now, we show that

2712 < (5

25"1

1
) 0(25' 250 %), zt x? e D" (3.7
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for every I € NU {0}. If [ = 0, then (3.7) is just (3.1). Assume that (3.7) holds for
some | € NU{0}. Then

1@(TH (2!, 22|
[T f (2! + 27) — Z T f(@1iys oo T, ) |

i1,...,in€{1,2}

1 1 sl 2 1 l s s
1,000 €{1,2}
1 S S
< g leT e 2]
1\ I+l
< (28n) f(2: (D) g1 93041 ,2).

Letting [ — oo in (3.7) and using (3.3) we obtain that

OF(x',2%) =0, zl z? e D",
which means that F satisfying the equation (1.1) for all z',2? € D". In the case
when D = V), we need to use Lemma 2.1 and finally, we get that F' is a multi-
additive mapping.
Now, we assume that F’ : V" — W is another function satisfying the equation (1.1)

for all 2!, 22 € V™ and the inequality (3.4). Then using (1.1) and (3.4), we have for
reD" leN

IF(@) ~ F(@)] = || g F(@"'0) — o ' (27%) |
< o (IP@2) — @)+ |F/(2) ~ F2a)])
< zfnls*(QSlx)
= Y () e ey,

j=l
whence letting [ — oo and using (3.2) we obtain F(x) = F'(z) for € D™, which
with the fact that F, F” are the multi-additive mappings finishes the proof. O

After analysing the proof of Theorem 3.1 we obtain that the following theorems
are valid.

Theorem 3.2. (see [7], Theorem 3) Let G be a commutative semigroup with the
identity element 0 and W be a Banach space. Assume that f : G* — W, 0 : G** — R,
are mappings satisfying estimation

If@t +2%) = > @, e we,)| <027, 2t a?eG", (3.8)

e*(x) := i (—)j+19(2jx,2jx) < o0, zeG", (3.9)
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1
lim —6(2'z,2'2?) = 0, zt z? e G (3.10)
=00 21
Then there exists a unique multi-additive mapping F : G — W, such that
If(z) - F(z)| <e*(x), zeG", (3.11)

and
F(x):= lim —f(27 ), xeG".

J—M)O 277‘-7
We notice that in the above Theorem 3.2 the assumptions are weaker than in
Theorem 3 in [7] (compare the conditions (3.9), (3.10) and condition (7) from [7]).

Theorem 3.3. Let G be a commutative semigroup uniquely divisible by 2 with the
identity element 0 and W be a Banach space. Assume that f : G* — W, 0 : G** — R,
are mappings satisfying the estimation (3.8) and the conditions

* 1 n
e*(x) = 22"19( gy 2j+1m) < 00, zreG",

7=0
lim 2"149(i lx2) =0 ' 2% e Gn.
l—o0 2! "ol ’ ’
Then there exists a unique multi-additive mapping F : G — W, such that (3.11)
holds and

F(z) := lim 2’”f<2%x> zeG".

j—o0
Applying Theorem 3.1 for specific functions 6 yields the following stability results.
Corollary 3.4. Let W be a Banach space. If f : V™ — W satisfies an estimation

I@f) @t @)l <Y ColllalP* + [linlP), (3.12)

i=1
for 2% € D™, C; € (0,+00) and p; € R such that c; := p; — n fulfill a condition

Vier1,..,n3¢i <0 or Vieq,. . nyci > 0. (3.13)
Then there exists a unique multi-additive mapping F : V™ — W such that
n 2 .
1) = F@)l < 30 g gelesl?s a e D"

Proof. Put

pi), xl 2% e D"

Ot 2) =Y Cillwa | + i
=1

From (3.13) we get that ¢; < 0 for all 4 € {1,...,n} or ¢; > 0 for all 4 € {1,...,n}.
Then there exists s € {1, —1} such that 2°¢ <1 (s =11if¢; <0, s=—1if ¢; > 0),
and for each i € {1,...,n}
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Using Theorem 3.1, because

=3 P ifs=1,
e*(x) ==
. 9P . .
Z?:l 216222ch x| P if s =-1,
and
- l
lim Zci(QSCi) (lza ||P* + ||zi2]|P*) = 0,
l—o0 P
we obtain the thesis. 0

Corollary 3.5. Let W be a Banach space. If f : V™ — W satisfies an estimation

(@) (=" a?)|| < T |zl
i=1
for z*, 2% € D™ with some C € (0,+00) and p;,q; € R such that

n

d:=) (pi+aq)—n#0. (3.15)

i=1

%, (3.14)

T2

Then there exists a unique multi-additive mapping F : V™" — W such that

C i o n
Proof. Put
n
O(zt, 2?) :=C |_| |z 1P |2z %, zt, x? e D™

i=1
From (3.15) we get that d < 0 or d > 0. Then there exists s € {1,—1} such that
2d <1 (s=1ifd<0,s=—1if d>0) and

oo

. 1
sd _
2(2 )J T 1 —9sd’

j=0
Using Theorem 3.1, because

pitaif g =1,

Wclgd)ﬂ?:l (2

e*(x) ==
7d . . .
S T lzillpete if s =1,

and

l n

lim O(QSd) |_| |z [P || 42| = 0,

=1

we obtain the thesis. .

Putting p; = ¢; = 0 for all 4 € {1,...,n} in Corollary 3.4 or Corollary 3.5 we obtain
the following well known result.
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Corollary 3.6. Let W be a Banach space and ¢ > 0. If f : V™ — W satisfies
inequality
[(@f)(=! 2z <e,  ala®eVn,

then there exists a unique multi-additive mapping F : V™ — W such that

If@) - F@)l < 5=, @eV™

4. O-HYPERSTABILITY OF THE EQUATION (1.1)

In this section, we show that the functional equation (1.1) is #-hyperstable in the
class of functions g: V"™ — W, where

0(zt, z? ZC’ lzi1 |77 + ||2iz][P?), ot 2 e Vi,
=1
with Cq,...,Cp >0, p1,...,pn < 0 or
n
6(z', 2% =C |_| |41 [P zt 2? eV,
i=1

with C > O7Z(pi +q;) #n and p; + ¢ < 0 for some k € {1,...,n}.
i=1
Using Corollary 3.4 we can obtain the following hyperstability result.

Corollary 4.1. Let W be a normed space and p1,....,pn < 0, C1,...,Cp, > 0. If
f: V™ — W satisfies the condition (3.12) for ', 2% € V@ then f is a multi-additive
mapping.

Proof. First we notice that without loss of generality we can assume that W is a
Banach space, because otherwise we can replace it by its completion. According to
the Corollary 3.4, there exists a unique multi-additive mapping F' : V™" — W such
that

[f(z) = F(z)| <elx),  zelf,
n
2C;

where ¢(x) = Z m”azz

Observe that for every x € V' and m € N

1/ (z) = F(z)]]
= H(I)f((m—’—l)xv —mx)—i— Z (f_F)(almxlynwanmxn)”
Almy -+ Anm € {m + 1a _m}
ZCZ m + )P + mP]||x;||P + Z O(A1mE1y ey Arm X))
=1

Almys vy Qnm € {m +1, _m}
Letting m — oo in the above inequality and using the fact that

lim @(a1mx1, ..., Gpm@n) = 0, A1y ooy Gm € {m + 1, —m},
m— 00
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we conclude that f = F' on V'. Using Lemma 2.1 we obtain that f is a multi-additive
mapping. O

We observe that putting n = 1 in the above Corollary 4.1 we obtain result from

[4] with X =V and p = p;.
Using Corollary 3.5 we can get the following hyperstability result.

Corollary 4.2. Let W be a normed space and C > 0 and p;,q; € R, i € {1,...,n}
be such that (3.15) holds and py, + qr < 0 for some k € {1,...,n}. If f: V" - W
satisfies the condition (3.14) for x', 2% € V@, then f is a multi-additive mapping.

Proof. According to the Corollary 3.5, there exists a unique multi-additive mapping
F: V™ — W such that
[f(z) = F(z)| <o), zelf,
C
eIl
Since pi+¢qx < 0 with some k € {1, ...,n}, then at least one of py, ¢; must be negative.

Without loss of generality we can assume that pg < 0.
We put for each z € Vi and m € N

where ¢(x) :

n
||(Ei||pi+lh.
=1

22 = (25, ..., 2%,,) such that 2%, = (m+ 1)z), and 22, = Ja; for i # k, and
we = (w%,,...,w%,) such that w?, = —mazy and w?,; = tz; for i # k.
Then we obtain for every x € Vj* and m € N
1f(z) = F()]

= ®f (e, wi) + 2" (f = F) () + (f = F)(wi)]|

1\ D, (Pita) — e
< Clm+ 1)rm (5)Z T T o 27 () + ()
i=1

Letting m — oo in the above inequality and using the fact that
lim (z5) = lim_p(ws) =0,

we obtain that f = F on V{'. Finally, from Lemma 2.1 we have that f is a multi-
additive mapping. O
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