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Abstract. Multi-valued maps (acting in metric spaces) having arbitrary images and not necessarily
continuous (or semicontinuous) with respect to the Hausdorff distance are considered. For such maps,
conditions of existence and continuous dependence on parameters of fixed points are obtained. All
the statements are based on the idea of replacing the initial "bad” map with a map that has closed
values and is contracting in some neighborhood of a given point. The obtained results are applied
then to studying the Cauchy problem for a differential inclusion in finite-dimensional space. For the
case when the right-hand side of the inclusion is not necessarily compact-valued or continuous (upper
semicontinuous, lower semicontinuous) in the phase variable, theorems on existence of solutions and
their continuous dependence on parameters are proved.
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1. INTRODUCTION

Let Z ={... —2,-1,0,1,2,...}; Ry = [0,00); R™ be the n-dimensional real space
with the norm |- |. Let Y C R™. By C([a,b],Y) we denote the set of all continuous
functions from [a, b] into Y, by AC([a,b],Y) the set of all absolutely continuous func-
tions, by L([a, b],Y) the set of all integrable functions, and by Lw([a, b],Y) the set
of all essentially bounded functions from [a, b] into Y.

Let (X, 0,) be a metric space. Throughout the paper we use the following nota-
tion: Sy (zo,7) = {z € X : oy (x,20) = r}, B (20,7) ={x € X : 0 (2,70) <7},

By (xg,7) = {x € X : o,(x,m9) < r} are, respectively, a sphere, an open,
and a closed ball of radius » > 0 cericered at xo in the space X; S, (x0,0) =
By (20,0) = A{wo}; B (20,0) = @; M = X \ M is the complement to a set

M C X; ox(z,M) = in]{’/[ 0 (z,y) is the distance from a point = to the set M
ye

in X; d,(M;,My) = sup o, (x, M) is the excess of a set M; over a set My;
x€ My
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dist,, (M7, Mz) = max{d, (My, My);d, (M2, M)} is the Hausdorff distance between
the sets M7 and Ms. By clos(X), clbd(X), and comp(X) we denote, respectively, the
spaces of all non-empty closed, non-empty closed bounded, and non-empty compact
subsets of X.

In the papers [4, 5], generalizations of the Nadler fixed point theorem for multi-
valued maps with arbitrary images and no continuity properties were derived. Such
maps arise naturally, for example, when one works on controlled systems with non-
compact sets of admissible controls and comes to differential inclusions with ”bad”
right-hand sides. In [4, 5], the authors proposed a method of ”correction” of the
respective maps. The idea of the method is to construct a map which is ”close” to
the initial one, but has some properties that allow to study the corresponding modified
inclusion, and then to show that the results obtained remain valid for the inclusion
generated by the initial map. To implement this idea, one can operate, for example,
in the following way (see [4]).

Suppose a multi-valued map X 3> = — ®(z) € clos(X) which is not continuous
(neither upper nor lower semicontinuous) with respect to the Hausdorff metric, more-
over, we can assume that dist, (®(z1), ®(x2)) = oo for any z1,2z9 € X. Consider a
new ”improved” map d:X — clos(X) defined by the equality

&(z) = ®(z) U B2 (0,7), (1.1)

where § € X, r > 0. It is obvious that for any F,G € clos(X), 8 € X, r > 0, the
relations

dist, (FU B (6,r),GUBS(0,r)) < oo, (1.2)
dist, (FUB?(6,r),GUBS(0,r)) <dist, (F,G) (1.3)

take place, so the map ® here may possess already some continuity properties and even
be Lipschitz. If it is the case, we get an opportunity to investigate the corresponding
equations and inclusions using the known methods; if we can establish the existence
of a fixed point T of the map ® and prove that ¢ B (6,7), then we can conclude
that Z is also a fixed point of the initial ”bad” map ®.

In [5], a more general result is obtained: instead of equality (1.1), it is based on
a slightly different way of constructing the map ®. The method can be used when
the images of the initial map ® are arbitrary subsets of the space X (including an
empty set and sets that are not bounded or closed). The map ® is to be defined by
the equality

B(z) = (®(x) NA(z)) U B(z), (1.4)

where A, B are multi-valued maps acting in X and chosen in a certain manner. This
method is rather universal in the sense that for any given maps ® and ®, there exist
the maps A, B which allow to represent ® in form (1.4). In the present paper, such
a way of ”correction” of maps is applied to prove the statements about continuous
dependence of fixed points on parameters of the map ®.

Using the theorems about fixed points of the map ® based on replacing this map
with map (1.4), one can get the statements about solvability of the Cauchy problem
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for a differential inclusion of the form
z € f(t,x) (1.5)

with not necessarily compact-valued (in R™) or continuous right-hand side. The key
point here is also replacing the map f, with the help of multi-valued maps o and B,
by a map f defined for all (¢,z) € R x R™ as

f(t,2) = (f(t,x) Nt ) U 2). (1.6)
In [5], the conditions of solvability of (1.5) were derived by means of construction
(1.6) with

a(t,z) = B7, (0(t), Ro(t)), B(t,2) = S, (6(1), Ro(t)), (1.7)

here 6, Ry are some integrable functions. But such a choice of a and 8 does not allow
to study, for example, the problem

T =signz, t 20,
x(0) =0,

which obviously has solutions. In this work, the conditions of solvability of the Cauchy
problem for inclusion (1.5) are studied in a more general situation, when « and
can be chosen quite freely. The obtained result (applicable, in particular, to the
problems of type (1.8)) has allowed, in its turn, to prove the theorem about continuous
dependence of solutions to (1.5) on parameters.

(1.8)

2. EXISTENCE AND CONTINUOUS DEPENDENCE ON PARAMETERS OF FIXED POINTS
FOR A MULTI-VALUED MAP WITH NON-COMPACT IMAGES

First, recall some facts about multi-valued maps acting in metric spaces.

Let (©,0,), (X, 0,) be metric spaces. We denote by ® : Q — X a multi-valued
map 3 w — ®(w) C X. We also write & : Q@ — clos(X), ® : @ — clbd(X),
® : Q — comp(X) if for any w € Q, the set ®(w) is, respectively, non-empty closed,
non-empty bounded closed, non-empty compact.

Given ¢ > 0 and Qy C Q, a map @ : Q — X is called ¢-Lipschitz (or Lipschitz with
the constant q) on the set g, if

dist,, (®(w1), P(w2)) < qo, (w1, w2) Ywi,ws € Qo. (2.1)

In the case when Q = X and ¢ < 1, amap ® : X — X satisfying condition (2.1) is
said to be contracting or q-contracting on (g C X. In these definitions, the set Q is
usually omitted if it coincides with the space X. Given a map ® : X — X, an element
x € X such that x € ®(z) is called a fized point of the map P.

In the following theorem, the method of maps ”improvement” mentioned above
helps to establish the existence of fixed points for multi-valued maps which are not
necessarily contracting.

Theorem 2.1. [5] Let X be a complete metric space and ® : X — X. Suppose there
exist maps A: X — X, B: X —o X such that for the multi-valued map

X 3z0 ®(z) = (@) NA(z)) UB(2) C X, (2.2)
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there are xg € X, q € [0,1), and ro > 0 satisfying the following conditions:
a) the set ®(x) is not empty and closed in X for every x € BY, (xo,ro);
b) the map d is q-contracting on the ball BY, (xo,ro);

¢) (1—q)~ oy (w0, ®(20)) < ro.
If for any & € B (x9,10), the set B(x) is either empty or satisfies the inequality

Ox ($07B(x)) Z 1o, (2.3)

then for every r such that
(1 - Q)_lQX (1‘07 6(320)) <r < To, (24)

the map F' has a fived point ¥ € B, (xo,r).

As it was mentioned above, equality (2.2) defines the most general way of ”correc-
tion” of maps since for any given map ®, under an appropriate choice of A, B, this
formula gives a required map ®. In the paper [5], some recipes for defining maps A, B
were offered; they preserved the inequality

dist (P(x1), B(22)) < disty, (P(z1), P(22)) Va1, w2 (2.5)

(in this case, obviously, the map ® can be called an ”improvement” of the initial
map ).

If X is a linear normed space, then it is convenient to choose A(x) = B, (6,r),
B(z) =S,(0,r), where § € X, r > 0; the map

P:X X, Oz)= (®(x) N B, (6,7)) US,(0,7), (2.6)

will satisfy inequality (2.5). Moreover, if ®(z) € clos(X), then ®(z) € clbd(X).
In [4], there was considered an example of the map ® : R — clos(R) such that
dist, (@(xl), <I>(x2)) = oo for any x1,x9 € R, x1 # x2; still map (2.6) was contracting,
and this allowed to prove the existence of a fixed point for the map .

In the case of an arbitrary metric space X, for inequality (2.5) to be held, it is
enough to set A(xz) = X, B(x) = B = const. For example, letting B = B (0,r),
6 € X, r > 0, one can get (see [5]) the conditions of existence of a fixed point
obtained in [2].

In [5], it was shown how Theorem 2.1 can be used for studying inclusions in the
space of essentially bounded functions. Here we give an example illustrating how The-
orem 2.1 can be applied to functional inclusions in the space of continuous functions.
In this example, the existence of fixed points is established for a map which is neither
continuous no bounded and, moreover, is undefined at some points of the space of
continuous functions.

Example 2.2. Let functions h : [0,1] — [0,1], g : [0,1] — R be continuous and
~v > 0. Define the multi-valued map

©:[0,]]xR—oR, ot,z)={y: g(t)—In|cosz| <y < g(t)—In|cosz|+~}, (2.7)
and consider the inclusion

z(t) € o(t,z(h(t)), tel0,1], (2.8)
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with respect to the unknown function z € C([0,1],R) (in the case of v = 0, multi-
valued map (2.7) becomes single-valued and inclusion (2.8) becomes an equation).
Let us prove that provided the inequality

mig]‘cosg(h(t)ﬂ > /4/5, (2.9)

telo
inclusion (2.8) has a solution.
In the space C = C ([O7 1],]R) of continuous functions, assume the usual metric
= ma t) — t)|.
0 (a1.2) = max [z (1) = a0

)

Denote x = {g + 7k, k € Z} and for any continuous function zx, define the set
T\ (x) = {t: z(t) € x}. Next, split C into two classes: CY containing the functions for
which T\ () is empty, and C containing the functions with nonempty T\ (z). Define
the maps

) 0
F:C—C, Flz)= {y: ylt)cp(t.x(t) Vt}, forze C’f
a, for x € C;
Sp:C = C, (Spz)(t) ==z(h(t)); ©:C —C, &=FS,.
Now we can replace inclusion (2.8) by the equivalent inclusion x € Fz and apply
Theorem 2.1 to the latter in order to study its solvability.
Let 9 = {x € R: |cosz| < 1/4/5 }. Define the map

o(t,z) N (=00, g(t) +In\/5/4], for z ¢,

0,1 xR — R t,x) =
1;[} [a ]X COmp( )a 7/](31:) { {g(t)—l—h’l\/f)/jh fOI'.’l?E’lg,

the corresponding Nemytskii operator
U:C —clos(C), Yo={yeC:yt)ecp(ta(t),Vtel0,1]},

and the map ® : C' — clos(C), d=1Ugs, (the graph of the multi-valued map (¢, -) is
shown in Figure 1).

Figure 1. The graph of the multi-valued map = — (¢, x).

Now, we represent the map ® in form (2.2). Let Ty(z) = {t : z(t) € ¥} for any
x € C and suppose two sets of continuous functions:

Cy={reC: Ty(x)=2}, CF={zeC: Ty(x)+# o}
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Define the maps
A:C—C, Alx) {y y(t +1n\/ 5/4 Vt} for x € CY,
’ for x € CJ;
, for z € CY,
{y: yt)ev(t,z) Vt}, forxzeC).
It is easy to sce that the map ® satisfies equality (2.2) with
A,BZC—OC, A:AS}“ B:BSh.

Note that B(z) = @ for any » € C such that |cosz(h(t))| > \/4/5, t € [0,1]. If
|cosz(h(to))| < +/4/5 for some tq € [0, 1], then B(x) # @ and y(to) = g(to) +1n/5/4
for every y € B(z).

Let us show that the map d is contracting with the coefficient ¢ = 1/2. First of
all, for every x ¢ ¥, the estimate

B:C —C, Bz)=

1
= |tgz| = Veos2z —1< =

takes place, from which it follows that the map ¥(¢,-) : R — comp(R") is 1/2-
contracting for every t € [0,1]. Pick any z1,22 € C and denote 7 = g, (21, z2).
Next, let y1 € ®(x1), ie., yi(t) € ¢(t,z1(h(t))) on [0,1]. Since the map ¥(t,-) is
1/2-contracting, the set
['(t) = B, (y1(t),27'F) N(t, z2(h(t))) C R
is not empty compact and convex for every ¢ € [0, 1]; moreover, the map t — T'(¢)
is continuous. So there exists a continuous selection, say ya(-), of I" such that
0c(y1,y2) < 2717 and yo(t) € (¢ x2(h(t))) for all ¢ € [0,1]. This means that
dist,, ( (1), (I)(JZQ)) < 2717, and hence the map ® is 1/2-contracting.
Put zg = g, then

()

d In | cos z|
— 1n
dt v

(1— q)_ch (ggo,@(xo)) = 21‘111[6&); (ln’cosg t))’—1>

= 2111( max |cosg(h(t))|71> <lIn+/5/4.
te[0,1]

Following this estimate, we can take ro = In /5/4. At the same time, as it was shown

before, for a continuous function z : [0, 1] — R, the set B(z) is either empty or satisfies

the relation o (20, 8(x)) = In+/5/4, so inequality (2.3) takes place. Thus, all the

assumptions of Theorem 2.1 are verified, the solvability of inclusion (2.8) is proved:

it is shown that for every r such that

(1-¢q) "o, (xO,CID( ) <In+/5/4,
there exists a solution Z satisfying the inequality QC( ,T) <71
Now we formulate the conditions of continuous dependence of solutions on param-

eters. First, give some additional notation. Let X be a topological space and og € ¥;
denote X* = ¥\{op}. Given a map z from ¥* into a metric space X, we will write
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"x(0) = xg as 0 — 0" meaning that for every £ > 0, there exists a neighborhood
U(oo) C X of og such that o, (z(0),z0) < € for every o € U(oy), o # 0o.

Theorem 2.3. Suppose ¥ is a topological space, X is a complete metric space,
co€EX, xp X, and P: X x ¥ —o X. Let maps A: X x¥ — X, B: X x3¥ — X be
such that for the map

X XX 53 (z,0) —~ ®(z,0) = (®(z,0) N A(z,0)) UB(z,0) C X (2.10)

and for every o € X*, there exist q(o) € [0,1) and ro(c) > 0 satisfying the following
conditions:

a) the set ®(x,0) is not empty and closed in X for every x € BS (x0,70(0));

b) the map ®(-,0) : X —o X is q(o)-contracting on the ball B (wo,70(0));

¢) (1-q(0)) ™ ox (z0, B(x0,0)) < ro(0).
Suppose also that for each o € ¥* and every x € B (z9,10(0)), the set B(z,0) is
either empty or satisfies the inequality

Ox (anB(IaO—)) 27"0(0—)' (211)

Then, provided

(1-4(0)) "0 (20, B(w0, ) = O (2.12)

as o — og, the map ®(-,0), for every o € X*, has a fized point T(o) such that
Z(o) = xo as o — op.

Proof. From assumption c¢) and relation (2.12) it follows that for every o € ¥*, there
exists (o) > 0 such that

(1—q(0)) " 0x (20, B(20,0)) < r(0) < 7o(0)

and r(c) — 0 as o — 0g. According to Theorem 2.1, for every o € X*, the map
®(0,-) : X —o X has a fixed point Z(0) € B2 (xo,7(c)). Thus, Z(0) — xg as o0 — 0. 0

If ro(0) = const, then assumption c) in Theorem 2.3 is a direct consequence of
(2.12) (it is enough to consider some neighborhood Bg(og) C ¥ of the point og
instead of the whole of ). Moreover, if the contraction constant does not depend on
o, then the multiplier (1 — ¢(0)) ™" in (2.12) does not affect the convergence. So we
get the following statement which is straightforward.

Corollary 2.4. Suppose X is a topological space, X is a complete metric space,
op € X, x9g € X, and ® : X x 3 — X. Let there exist maps A : X x ¥ — X,
B: X xX — X, and numbers q € [0,1), 7o > 0 such that the multi-valued map
P:XxY X defined by (2.10), for every o € X* satisfies the following conditions:

a) the set 5(:17,0) is not empty and closed in X for any x € BS, (:1:0,7“0);

b) the map E’(-,U) : X —o X is g-contracting on the ball BS, (xo, TQ).

Suppose also that for every o € ¥* and each x € BY, (xo,ro), the set B(x, o) is either
empty or satisfies the inequality

Ox (SL‘O’B(.’E,O‘» = To- (213)
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Then given
0y (o, D (o, o)) =0 (2.14)

as 0 — og, there exists a neighborhood By (0y) of o9 € ¥ such that for every o €
B (00), 0 # o0, the map ®(o,-) has a fixred point T(o) satisfying (o) — xo as
o — 0g.

Proof. According to (2.14), there exists a neighborhood By, (0g) of the element op € &
such that for every o € By, (00), o # 00, the inequality (1—q) ™o, (o, O (0, o)) <ro
holds. Hence all the conditions of Theorem 2.3 will be fulfilled with the subspace
B, (09p) in place of the topological space X. O

Theorem 2.3 allows to draw a conclusion on how the set of fixed points of the
map P(-,0) depends on the parameter o. In order to formulate the corresponding
corollary, we recall (see, e.g., [1]) that a multi-valued map T : ¥ — X is said to
be lower semicontinuous at a point xqg € ¥ if for any open set V C X satisfying
T(op) NV # &, there exists a neighborhood X(ag) of o such that T(o) NV # & for
every o € X(op).

Corollary 2.5. Let H(o) denote the set of fixed points of the map ®(-,0), o € X. If
H(og) # @ and the assumptions of Theorem 2.3 are complied for every xg € H(op),
then the map o — H (o) is lower semicontinuous at og.

Let us illustrate how Theorem 2.3 and Corollary 2.4 can be applied to functional
inclusions.
Example 2.6. We continue to work on inclusion (2.8) from Example 2.2 and prove
the well-posedness of its solutions. The multi-valued maps considered in this example
are defined by means of the continuous functions h,g and the number . We will
get the conditions under which a solution of (2.8) depends continuously on the listed
parameters.

So, define the multi-valued map ¢ : [0,1] x R x C([0,1],R) x Ry — R,

o(t,z,9,7) ={y: g(t) —Infcosz| <y < g(t) —In|cosz| +~}
and consider the inclusion

with respect to the unknown function z € C([0, 1], R).
Suppose that for the given set of parameters ¢ = (ho, go,70), the inequality

trr{l(i)ri]|cosgo(h0(t))| > /4/5 (2.16)
€10,
takes place, and suppose that Z(og) € C’([O, 1], R) is a solution of

x(t) € o(t,z(ho(t)), go,70), t€0,1],

for which o, (g0, Z(c0)) < In/5/4 (the existence of such a solution was established
in Example 2.2). Show that there exists a 6 > 0 such that for any set of parameters
o = (h,g,7) satisfying the relations o, (h,ho) < d and o0.(g,90) < 9, inclusion (2.15)
has a solutions; moreover, if o, (h,ho) = 0, 0,(g,90) = 0, ¥ = Y0, then for every o =
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(h,g,7), there exists a solution Z(c) of inclusion (2.15) such that o, (Z(0),Z(00)) —

Put rg = 37! (1H V/5/4 = 0 (g0, :E(Uo))> and define the metric space
5= {o = (hg,7) € C(0,11,[0,1]) x O(0, 1, R) x B, -
00(9,90) < 7o, tg[l(ifll]!cosg(h(t))] > {/4/5)}

with the distance given by

92(0,6)ﬁgc(hﬁ)wc(g,g)ﬂv—ﬂ=tr€n[g§}|h(t) ()|+m[g>§|g() g+ Iy =7l

for any o = (h,g,7), & = (h,g,7) € ¥. Obviously, ¥ is not empty; moreover, we claim
that there exists a § > 0 such that for every v € Ry and any h € C([0,1],[0,1]),
g € C([0,1],R) satisfying the inequalities o (h, ho) < 8, 0 (g,90) < &, one has o =
(h,g,7) € %. Indeed, since |cos go(ho(t))| > {/4]5 for every t € [0,1], there exists
a positive g9 such that [cos¢| > /4/5 whenever |¢ — go(ho(t))| < eo. From the
uniform continuity of the function gy it follows that there is a §y > 0 such that
lgo(t2) — go(t1)| < 27teq for any t1,ty satisfying the inequality [t2 — t1| < do. So,
taking § = min{dy,2 1&g}, for all h € B, (ho,?), g € B (go,d) we have

lg(h(t)) = go(ho(t))] < [g(h(t)) — go(h(t))| + [g0(h(t)) — go(ho(t))] < €0,

and hence |cos g(h(t))| > V/4/5, 0 = (h,g,7) € %.

We use the notation from Example 2.2 to denote the sets x, C2, C, 9, CJ, Cf, and
the map Sj.

Let the map ® : C([0,1],R) x £ — C([0,1],R) be given by

_ S {y: yt) € p(t,z(h(t), g,7) V), if Sz ey,
®(z,0) = { o, if Sy e CY

Then inclusion (2.15) can be written in the form « € ®(z, o). Next, define the maps # :
[0,1] x R x C([0,1],[0,1]) x Ry — comp(R), ® : C([0,1],R) x & — clos(C ([0,1],R))
as follows:

_ w(twgv (=00, g(t) +Iny/5/4], for x ¢ 9,
vtz 9,7) = { {g(t) +1In\/5/4}, for x € ¥;
O(z,0) = {y: yl )Ew(t,w( (1), g,7) Vt}.
With the maps A,B:C([O,I], )xE—oC( )given by
{y: yt +ln«/ /4 Vt}, if Spa € CY,
Alz,0) = { if ShIGC}Z';

B( ) = ., if Spx € Cg,
DTy yt) e vt a(h(t),g,7) Vi), if Spzecy,

the map ® satisfies (2.10).
So we have (see Example 2.2):
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a) the set ®(z,0) is closed and bounded in C([0,1],R) for any z € C([0,1],R),
o€y

b) the map ®(-,o) : C([0,1],R) — cIbd(C([0,1],R)) is contracting with the coef-
ficient ¢ = 1/2 for every o € .

Next, for every x € B? (z(o
In+/5/4 for every y € B(z,0).

Oc (E(UO),B(x,J )

0);70) , if the set B(z, o) is not empty, then o (y,9) =
Therefore,

Z Oc (978(1.70-)) - Qc(gng) e (907‘%(0—0))
>1In/5/4 — 1o — 0. (90, Z(00))

- % (lnm_ 0c (go,j(go))) 9 > o,

i.e., inequality (2.13) is satisfied. Finally, if o, (h,ho) = 0, 0.(g9,90) — 0, and
Y — 7o, then dist(%(a’c(oo)m), 6(3’3(00)700)) — 0. So, taking into account the in-
clusion Z(0) € ®(Z(ay),00), we get 0. (Z(00), (i(a?(ao),a)) — 0 as 0 — o¢. Thus
relation (2.14) is satisfied; all the assumptions of Corollary 2.4 are complied.

3. THE CAUCHY PROBLEM FOR A DIFFERENTIAL INCLUSION WITH
NON-COMPACT RIGHT-HAND SIDE

Let there be given a multi-valued map ¢ : [tg, 00) X R™ — R™ and a vector xo € R™.
Consider the Cauchy problem for the differential inclusion

i€ o(t,x), t>to, (3.1)
x(to) = Xo- (32)

We say that the Cauchy problem is solvable on the interval [to, to + 7], 7 > 0, if there
exists a function « € AC([to, to +7],R™) satisfying condition (3.2) and inclusion (3.1)
a.e. on [tg,to + 7|; such a function z is called a solution of (3.1), (3.2) defined on the
interval [to,to + 7).

Problem (3.1), (3.2) is equivalent to the inclusion

t
v et [ uods). 120 (33
to
with respect to the unknown integrable function y = &. Theorem 2.1 allows to in-
vestigate the solvability of this integral inclusion in situations when the set ¢(t, z)
is defined quite freely (it may be unbounded, non-closed, or even empty). In the
work [5], ”correction” (2.6) of the multi-valued map generating the right-hand side
of inclusion (3.3) was used to study problem (3.1), (3.2). Here we offer the existence

result based on more general formula (2.2).
Given t; > to and functions Ry € L([to,tl],R+), 0e L([to,tl],R"), let

ﬁ@£m+[0@wv@ilmmmJEMm}

We are concerned with the existence of a solution to problem (3.1), (3.2), say Z, such
that z € B,, (0(t), Ro(t)) for a.e. t. We would like to avoid a trivial situation when
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the function z* is itself a solution of (3.1), (3.2), so we assume that
3E C [to, t1], p(E) >0 : 6(t) ¢ (t,z"(t)) Vi € E. (3.4)

Theorem 3.1. Let there exist maps «, 8 : [to,t1] X R™ —o R™ satisfying the following
conditions:

1) for a.e. t € [to,t1] and any x € By, (x*(t),7(t)), the set B(t,x) is either empty
or such that g, (0(t), B(t,x)) = Ro(t);

2) the map f : [to,t1] x R™ — R™ defined by

flt,x) = (ap(t, x) N a(t,x)) U B(t, x), (3.5)

has non-empty bounded images for a.e. t € [to,t1] and any x € B,,, (z*(t),v(t));
3) the map g : [to,t1] X R™ —o R™ defined by

g(t,p) = f(t, z*(t) + py(1)),

is measurable in t for every p € By, (0,1);
4) there holds the estimate

q* =1—esssup ¢ > 0; (3.6)

te(to,t1] Ro(t)

5) there exists a function k € L([to, t1], R+) such that the function v : [tg, t1] = R4

defined by the equality v(t) = k(t)/Ro(t), is essentially bounded and for a.e. t € [tg, t1],

dist,, (f(t,z1), f(t,22)) < k(t)|w1 — 22| Va1, @2 € By, (a*(2),7(t)). (3.7)

Then for any q € (0,¢*), there is a T > 0 such that problem (3.1),(3.2) has a
solution T defined on the interval [to, to + 7| and satisfying the inequality

|z(t) — 0(t)] - 1 Ozn (Q(t),f(t,a:*(t))).

ess sup ess sup
tE[to,to+T] Ro(t) 1—g¢q tE[to,to+7] Ro(t)

(3.8)

Proof. Take any q,q € (0,¢*) such that ¢ < ¢. According to the essential boundedness
of the function v and to the property of absolute continuity of the Lebesgue integral,
there exists a 7 € (0,¢1 — to] such that

ess sup (l/(t) ’y(t)) < q. (3.9)
te[to,t0+7]

Consider the functional space

t)—0(t
L=1qy:[to,to+ 7] > R" 1 esssup ly(®) = 60)) <00 . (3.10)
t€lto, to+7] Ry (t)

We stress that an integrable function y belongs to £ if and only if there is a number
A = 0 such that |y(¢) — 6(t)| < ARy(t) for a.e. t € [tg,to + 7]. From this inequality it
follows that £ C L([to, to + 7], R™). Define a metric in £ by

Qc(yaz)i ess sup M

Vy,z€ L. 3.11)
t€fto,to+T7] Ro(t) (
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The metric space £ is isometric to the space of essentially bounded functions
Lo ([to, to + 7], R™); the isometry is given by the relations

L3y« z€ Lo([to,to +7],R"), 2(t) = w, y(t) = 0(t) + z(t)Ro(t).

So the space L is complete. Moreover, it can be easily checked that the convergence
0.(yi,y) — 0 implies the convergence |y;(¢t) — y(t)] — 0 a.e. on [tg,to + 7]. We also
note that for an arbitrary function y € £, if o, (y,0) < 1, then y(t) € B°, (6(t), Ro(t))
for a.e. t € [to,to + T].

Consider the following operators: the Nemytskii operator N : C([tg, to + 7], R™) —o
L generated by the restriction of the map ¢ to the interval [to,to + 7],

Nz = {y € L:y(t) € p(t,z(t)) for a.e. t € [to, o + T]}, (3.12)

the Nemytskii operator N : C([to, to + 7], R™) — £ generated by the restriction of the
map f to the interval [tg, to + 7],

Nz = {y e L:y(t) € f(t,z(t)) for a.e. t € [to,to + T]}, (3.13)

and the integral operator I : B, (6,1) — C([to, to + 7],R™),

(Iz)(t) = xo0 + /t z(s)ds, t € [to,to + 7]

to

Now, our aim is to show that Theorem 2.1 can be applied to the map ® = NI :

B.(0,1) —o L with the superposition NI :B,(0,1) — L taken as the map ®.

We start by proving that NI is well-defined and has closed images in L. Suppose
the restriction z¥ of the function z* to the interval ¢ € [tg,to + 7]. Denote € =
{z € C([to,to+ 7], R") : x(t) € B, (x%(t),¥(t)), t € [to,to + 7]}. It is obvious that
the set € is not empty and that any function x € € can be defined by the equalities
z(to) = xo and

x(t) = 2i(t) + pt)y(¢), t € (to,to + 7], (3.14)

where p : (to,to + 7] — R™ is continuous and satisfies the estimate [p(t)| < 1 for all
t. In what follows it is convenient to extend the function p to the interval [to,to + 7]
by putting p(tg) = 0; then equality (3.14) will be true for all ¢ € [tg,to + 7] and the
function p : [to,to + 7] — R™ will be measurable.

From the definitions of the space £ and the set € it follows directly that
I(B,(6,1)) C €. Indeed, if z € B,(6,1), then x = Iz satisfies the relations

lz(t) — o |—\/ dsf/ ds /0| Ro(s)ds

[2(t) — 0(t)|
< esssup ————t Ro( )ds < Ro( )ds = ~(t)
teltosto+r]  Lo(t) to to
for all ¢ € [to, o + 7).
Next, take an arbitrary function x € € and show that the map f(-, z(-)) on the inter-
val [to, to+7] has a selection that belongs to £. From condition (3.7) and the definition
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of g it follows that, for a.e. t € [to, to+7], the map g(t,-) : B, (0,1) — clos(R™) is con-
tinuous, moreover, according to assumption 3), the map g(-, p) : [to, to+ 7] — clos(R™)
is measurable for every p € B,,(0,1). Then for the function p : [to,to + 7] — R™,
continuous on (tg,tp + 7] and satisfying equality (3.14) and the inclusion p(t) €
B, (0,1), t € [to,to + 7], there exists a measurable selection y : [tg,to + 7] — R"
of the map g(-,p()) (and, as a consequence, of the map f(-,z(-))) such that

10(t) = y()] = 0 (0(2), 9(t, p(1))) = 00 (O(2), F(t, (1)) (3.15)
for a.e. t € [to,to + 7] (see, e.g., [3]). According to (3.7), we have the estimate

esssup 2" (O(1), f(t=(1))) _ 0un (0(1), £(t, 25 (1))
t€lto.to+7] Ro(t) = teltoto+7] Ro(t)

+ esssup M
teto,to+T] Ro(t)

(3.16)

The function 7(t) is bounded on [to,to + 7] and v(t) = k(t)/Ro(t) is essentially
bounded, so taking into account (3.6), from (3.15) and (3.16) we get that

0(t) — y(t
esssup LDVl _
telto,to+7] Ro(t)

Thus, y € L, i.e., Nz #+ & for every x € €.

To prove that the set Nz is closed in £ for every x € €, consider a sequence
{y:}22, C Nz such that o, (y;,y) — 0, i — oo. Then |y;(t) — y(t)] — 0 for a.c.
t € [to,to + 7], and since the set f(t,z(t)) is closed in R™, we have y(t) € f(t,z(t)).
This means that y € N x, hence the set Nz is closed.

Our next move is to verify that the superposition NI : B,(0,1) — clos (C) is

g-contracting. Let x1,x2 € €. Pick an arbitrary y; € Nz; and consider the ball
B... (y1(t),re(t)) of radius r-(t) = k(t)|x1(t) — z2(t)| + €, where ¢ > 0. From (3.7)
is follows that for a.e. t € [to,to + 7], the set By, (y1(t),7<(t)) N f(t,x2(t)) is not
empty. The map t — B, (y1(t),7:(t)) N f(¢,x2(t)) is measurable, therefore it has a

measurable selection, say y5. So, we have y5 € Nxg and |y1(t) — y5(¢)| < re(t) for a.e.
te [to,to + T]. Then

|y () — y5(t)] re(t)
0,(y1,y5) = esssup ———— < esssup .
- ? teto,to+7] Ro(t) telto,tot+r] Fo(t)

Analoguosly, for any ys € N Z2, there exists yi € Nz such that

re(t)
0.(y7,y2) < esssup :
e N t€[to,to+7] Ro(t)

Since € > 0 has been chosen arbitrary, from these inequalities it follows that

dist . (Z\~/'x1,]\7332) < esssup k(t)|z1(t) — $2(t)|.
tefto,to+7] RO(t)

(3.17)
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Now for any z1, 22 € B,(6,1), we get the relations

. > ~ k(t ¢
dist, (N1z1, NIzp) < tee[ib:uf | Ro(()) /t (21(8) — 22(s))ds
0,l0TT 0

KO [ Jas) — ()
S SSSUD B / A

= 0,(z1,22) esssup R /Ro
t€[to,to+T7] 0

and, taking into account estimate (3.9), the inequality
dist, (NIz1, NIz) < qo, (21, 22). (3.18)

Thus, the map NI : B, (6,1) — clos(£) is contracting.
According to definitions (3.5), (3.13) of the map f and the corresponding Nemytskii
operator N, the equality

N(z) = (N(z) N A(z)) U B(z)

holds for any = € €, where A(z) = {y € L:y(t) € a(t,z(t)) for a.e. t € [to,to + T]}

and B(z) is the set of functions having the following property: for z € N (z), the
inclusion z € B(x) is true if and only if there exists a set E(z) C [to,to+ 7] of measure
1(E(z)) > 0 such that z(t) € B(t,x(t)) for a.e. t € E(z). Let us prove that for
any y € B,.(0,1), if BIy # @, then o(0, BIy) > 1. Take arbitrary y € B,.(0,1) and
z € B(x), where x = Iy, and estimate o, (6, z). From the definition of the operator B
it follows that

0.(0,2) = esssup 16(t) = ()] > esssupw.

te€[to,to+7] Ro(t) teE(z) RO(t)

Since x satisfies the inequality o,. (6(t), B(t,z(t))) > Ro(t) a.e. on [to,to + 7] (see

assumption 1)), we get the relations

oo O =20 0 G0 50) R0
tep(z)  o(t) teE(2) Ro(t) ter(z) Ro(t)

Thus, ¢, (6,BIy) > 1 for every y € B,.(0,1).

Let us verify the inequality (1 —¢) ‘o, (9, ]VIQ) < 1. The function 6(-) is mea-
surable, the function f(-,2%(-)) = g(-,0) is measurable with closed values, so there
exists a measurable function u : [tg,to + 7] — R™ such that u(t) € f(¢,2%(t)) and
0(t) —u(t)| = 0,. (0(t), f(t, % (t))) for a.e. ¢ € [to, to+7]. Considering this, inequality
(3.6), and the choice of ¢, we get that o, (0,u) < 1—q. Thus, u € ]\7;1:: = ]VI&, and
thereby

95(9’[\7]0) = inf QL(G’Z) < 95(07’”) <1l-g,
zENIO

i.e., the required inequality holds true.
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So, taken ry = 1, all the assumptions of Theorem 2.1 are satisfied. Denote v =

€ess sup [an (6(t), f(t,2*(t))) (Ro(t))fl} . According to condition (3.4), v # 0. Then,
te[t07t0+‘r]

by Theorem 2.1, for e = (¢ — ¢)((1 — ¢)(1 — q))f1 and r satisfying the relations

1 _ 1 -
'I”gl7 ﬂg£(97N19)<7‘<1—695(9’]\710)—’—57

there exists a fixed point of the map NI, say g, such that

€ess sup 7|y(t) — 9(t>| <r

3.19
tE[tU,to-‘rT] RO (t) ( )

The function & = Ig is a solution of problem (3.1), (3.2) on the interval [to,to + 7).
From estimate (3.19) and relation

~ n 0 t7 t, * t
0. (6, N10) < essoup 200 S(2"(1)
t€(to,to+7] Ro(t)

it follows that this solution satisfies the inequality

|z(t) — 0(t)] v t(g—q) v
ess sup < =+ = .
teftostorr]  Lo(t) l-qg (1-¢(1—-q) 1-g¢q

Remark 3.2. Let us point out the major differences of proved Theorem 3.1 from the
corresponding result of the paper [5]. First, it is rather free choice of the maps a and
B; in [5], these maps do not depend on x and are defined, for all (t, ), by the equalities
alt,z) = B2, (0(1), Ro(t)), B(t,x) = S;. (0(t), Ro(t)). Secondly, assumptions 1),2),5)
of Theorem 3.1 are supposed to be held for x changing in the ball By, (x*(t),~(t)) which
center and radius depend on t, moreover, ¥(t) — 0 as t — to; in [5], the analogous
assumptions should hold for x changing in the ball B,, (xo,9) of constant center and
radius, and this, obviously, gives more severe restrictions. The latter refinement is
particularly substantial; to confirm this, we consider the following example.
Example 3.3. Let the map ¢ : [0,00) x R — R be given by the equality (¢, x) =
{signz} (so ¢ can be viewed as a single-valued map). We show that Theorem 3.1 can
be applied to the Cauchy problem

O

z € {signz}, t >0,
z(0) = 0.
Take any t; € (0,In(3/2)) and put 6(t) = €', Ro(t) =27'. Then
o) =e' =1, y(t) =27, te[0,t1]
Next, for t € [0,t1], x € B, (2*(t),7(t)), define
alt,z) =R, B(t,z) = o.
Since (e! — 1) 271 > 0, t € (0,t1], we have:
flt,z) ={1}, t€(0,ts], @ € B, (27(t),7(1)),
g(t,p) = f(t,e' —1+27"pt) = {1}, t€(0,t1], p€ B,(0,1) = [-1,1].
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It is obvious that conditions 2) and 3) of Theorem 3.1 are fulfilled. Besides, for all
t €10,t1], x € B, (z*(t),7(t)), the set B(t,z) is empty, the relation

0. (0(1), f(t,z*(1))) 0. (", {1}) . 3
o — ess — 2 =2 —1)<2(=—-1) =1
sssup = esssup S0 = 2(e 1) <2(5-1)

takes place, and for all ¢ € (0,#1], z1, 2 € B, (2%(t),7(t)), the equality

dist, (f(t, 1), f(t,x2)) =0

holds true. So, conditions 1), 4), 5) of Theorem 3.1 are also satisfied.

On the other hand, if we try to use here the results of the paper [5] and consider,
instead of the ball B, (et -1, 2’175), the ball B,(0,0) of any arbitrary small radius
d > 0, then we get f(t,x) = {signz} for (¢t,z) € [0,t1] x B;(0,6), i.e., the map
x — f(t,z), for any t € [0,11], is not even continuous on B, (0, d); thus, assumption
5) does not hold.

Now we turn to the problem of continuous dependence of solutions to the Cauchy
problem on parameters. Let ¥ be a topological space, ¢ : [tg,00) x R™ X ¥ — R™,
and xg : 2 — R"™. Consider the problem

z € p(t,x,0), t=tg, (3.20)
(E(to) = X()(O'). (321)

Let the interval [to,T] C R be fixed, ¢ € X, x4 € R™ be given, and let the functions
Ry € L([to, T],Ry), 0 € L([to, T],R™), z(t) = x§, —l—f:o 0(s)ds, t € [to, T}, be defined.
We are concerned with the existence of a solution to problem (3.20), (3.21), say Z(o),
defined on the interval [to, T] and such that Z(c) — z§ in AC([to, T],R") as o — oy.
Theorem 3.4. Let there exist maps o : [tog, T] X R" XX — R™, B : [tg, T] xR" x X —o
R™ and a number 6 > 0 satisfying the following conditions:

1) for a.e. t € [to,T], any v € By, (z(t),d) and 0 € ¥* = X\{oo}, the set
B(t,x,0) is either empty or such that g, (G(t),ﬁ(t,x, 0)) > Ry(t);

2) the map f : [to,T] Xx R™ x ¥ — R™ defined by the equality

f(t,z,0) = (e(t,z,0) Na(t,z,0)) U Bt x,0),

has non-empty closed images for a.e. t € [to,T] and any x € B, (xi(t),0), o € X*;
3) the map g : [to, T] X R™ x X — R™ defined by the equality

g(t,p,0) = f(t,x5(t) + p,0),

is measurable in t for any p € B, (0,9) and o € £*;
4)

soup 2o (00, 0,330, )

— 0, o) = Xo 3.22
css sup Rolt) Xo(o) = X0 (3:22)

as o — op;
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5) there exists a function k € L([to, T],Ry.) such that the function v : [to, T] — Ry
defined as v(t) = k(t)/Ro(t), is essentially bounded, and for a.e. t € [to,T] and any
o € X*, there holds the relation

diStRn (f(t7x170)7f(t7x270)) < k(t)“rl - 2132‘ VIIZ’l,I'Q S B]R" (’I’S(t),(;) (323)

Then there exists a neighborhood of oo such that for any o # o from this neigh-
borhood, there is a solution T(o) of problem (3.20), (3.21) on the interval [to, T| such
that T(o) — xf in AC’([tO, T],R”) as o — 09, moreover,

r(t,o) — 0t
ess sup Jz(t,0) = 00)) = 0. (3.24)
teto , T Ry (t)
Proof. Without loss of generality, assume ¢ < 1; take any ¢ € (0,1), ¢* € (¢,1), and
€ > 0 satisfying the inequalities
) 1—q*
e< =, eesssup v(t) < €

3.25
t€lto, T 2 ( )

Let Q = (1 —¢) ' esssup v(¢) (note that by the second estimate in (3.25), it follows
te(to,T]

that @ < (2¢)7'). According to the essential boundedness of the function v and
to the property of absolute continuity of the Lebesgue integral, there exists a 7 €
(0,T — to] such that for any ¢ € [tg, T], the following relations take place:

ess sup (V(s)/ Ro(&) d§) <q, (3.26)
s€[t, t+7]N[to,T) t

Ro(€)d¢ <e, (3.27)
[¢, t+7]N[to, T]

T—tg

1+Q<2 7 . (3.28)
Denoted m =min{m € N: m > 77T — to) }, we split the interval [to, T] into m
parts by the points t; =tg+1i7,¢t=0,1,....m—1,¢, =T. Forany i =0,1,....m — 1,
consider the ”auxiliary” Cauchy problem
T € QD(t,.’E, O'), t e [thti—l-l]a (329)
z(t;) = x. (3.30)
We prove that there exists a neighborhood, say W (oy), of the point oy such that
for every o € W(oy), o0 # 09, and each x € B, (x§(t;),€), problem (3.29), (3.30) has
a solution defined on [t;, t;i41].
Denote z*(t) = x + fti O(s)ds, t € [t1,ti11]. First of all, for arbitrary o € ¥*,
t € [ti,tit1] and any z € By, (x*(t%ftti Ro(s)ds) , from estimates (3.25) and (3.27)
it follows that

t
m*(t)—xg(t)| < Ro(s)ds + |x — zj(t:)] < 2e =6,
t;

| — a5 (t)] < |z — 2" ()] +
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i.e., we have the inclusion

t
B, <x*(t),/ Ro(s)ds> C B,.(x5(t),0), t€ [titiz1], o€ X"
t.

i

Let W (o) be a neighborhood of o such that

0@, Ftz5t), 0 o
oo ™ (0. £t 25(0. ) 1

Vo € W(oy), 0 # 0
telto,T] Ro(t) 9 ( 0) # 0

(by (3.22), such a neighborhood does exist). Then, taking into account the Lipschitz
condition (3.23) and estimates (3.25), for any o € W (oy), o # 09, we get

0. (000). £ (1.2 (). 0)) 0. (000). £ (1. 25(1). 0))

ess sup < esssup

te[ti7ti+1] Ro (t) te[ti,ti+1] RO (t)
dist,, (f(t,xg(t), a)j(t,x*(t),a))
+ esssup
tets,tit1] Ro(t)
1—¢ k(t) | .
< + esssup Tol(ti) — X
2 tets, tig1] R()(t)| 0( ) |
1—-gq* 1—gqg*
< =1-q".
2 T ¢

So for every o € W(oy), o # o9, problem (3.29), (3.30) satisfies all the conditions
of Theorem 3.1. This guarantees the existence of a solution Z(c) to (3.29), (3.30)
defined on the interval [t;,¢;+1] of length 7 and satisfying the estimate

sy L0 0O 1 20 (000 £ 1. (9).0))

< 3.31
tE[ts tiy1] Ro(t) 1—g¢ tE[titiv1] Ro(t) ( )

Next, using again the first relation in (3.22), find a neighborhood V' (gg) C W (oy)
of og such that for any o € V(0y), 0 # 09, the inequality

X e (0001 (1350 0))
ess sup om
1—g¢q tE[to,T) RO(t) 2

holds true. Then provided |x — z{(t;)] < 27 ™e, for any o € V(op), 0 # 09, the
mentioned solution Z(o) of problem (3.29), (3.30) satisfies the relation

ess sup 2t o) — 0®)| <e. (3.32)

tets,tit1] Ry (t)
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Indeed, from the above estimates, and inequalities (3.28) and (3.31) it follows that

ess sup 2(t, ) — 6(0) < ! ess sup e (e(t)’f(t,xé(t%g))
tE[ts tit1] Ro(t) 1-gq tE[ts tit1] Ro(t)
k(t) .
+ ess sup X — Zo(t
1_Qte[t1,tL+1] RO( )| O( )|
< 27m+Q27m < 27m(1+Q) <e.

Now, we go back to the initial Cauchy problem (3.20), (3.21). Let us show that
there exists a neighborhood of oy such that for any o # o¢ from this neighborhood,
there is a solution of (3.20), (3.21) defined on the interval [to, T] and staying, for every
t, in the ball B,, (z§(t),27™¢).

Denote & = 2~ (2“‘“ e. According to relations (3.22), there exists a neighborhood
¥(o9) C V(op) of o¢ such that for any o € X(0yg), 0 # 09, the estimates

0. (000), £ (1, 25(0),0)
1=4 vepo] Ry (1)

Ixo(o) — xol <&, <& (3.33)

hold true. For every o € ¥(0p), 0 # 09, problem (3.20), (3.21) has a solution Z(o)
defined on the interval [to,t1] and satisfying inequality (3.31). Then from (3.33),
taking into account (3.25) and (3.27), we get that for a.e. t € [to, 1],

o(t,0) = 500 < halo) il + | 1i(s.0) — 006 s
t =
_ |z(s,0) — 0(s)]
<6+/ — R ds
to RO( ) 0( )
t 1 Opn (H(S)af(sﬁxa(s)aa)) k(S)
<§—|—/ ess sup + €| Ro(s)ds
tw1—¢ s€[to,t1] Ro(s) Ro(s) ol#)
1 Ozn (G(t) Fltap(t
=+ ess sup / Ro(s)ds +
1—g¢q tE[to,t1]
1 t
+é ess sup u(t)/ Ro(s)ds <E+E+EQe <28+ &= 3z.
— 4 te(to,tq] to

Since |Z(t1,0) — x{(t1)| < 38 < 27™e, the solution Z(o) can be extended on the
interval [t1,%2]. This extension, denoted again by Z(o), is a solution of the Cauchy
problem for inclusion (3.20) with the initial condition

$(t1) = f(tl, 0‘)
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and satisfies inequality (3.31) on [t1,t2]. Then for any ¢ € [t1, ta], we get:

|Z(t,0) — xo(t)] < [Z(t1,0) — 2p(t1)] + ) |z(t, o) — 0(t)| dt

<35+/tWM~RO(s)dt

Ro(s)
3_+/t ) gw(9<s>,f(s,acz;<s>,a>)+ K)o oo
< o€ €ss sup € s)ds
61— q seltr 10 Ro(s) Ro(s) 0

<3e+e+3=Te=(2"+2' +2%e

From this estimate it follows that |Z(t2, o) — z{(t2)] < 7€ < 27 ™e, hence, the solution
Z(o) can be extended on the interval [ts,t3], and the extension will satisfy, for all
t € [to,t3], the inequality

|Z(t,0) — z5(t)| < Te+ e+ 72 =156 = (20 + 2" + 2% + 2%)e.
Since |Z(t, o) —x{(t)] < 158 < 27 ™¢, the solution Z(o) can be extended on the interval
[t3, 4], etc. For any ¢ € [tym—1,tm], We get:

1Z(t,0) —z5(t)| < (2°+ 2" + 27+ .. 42" h 4 2™)e

€ €

_ +1 = +1= _ +1 _
= (2™ —1)e <2tz =2om T = g

Thus, for every o € X(0g), 0 # 09, we have a solution, the function Z(c), of
problem (3.20), (3.21) defined on the interval [tg, 7] and satisfying, for all ¢ € [to, T,
the inclusion Z(t,0) € B,, (z§(t),27™¢).

Now, let ¢ — 09, then (3.24) takes place. In fact, the solution Z(c), o € X(0y),
o # g, for every i = 0,1,...,m — 1, satisfies inequality (3.32). This means that the
estimate

ess sup ess sup
t€(to ,T) Ry (t) te(ts ,tit1] Ry (t)

holds true, so, according to the arbitrariness of €, we obtain (3.24).
From relation (3.24) it follows that Z(c) — 6 in L([to, T],R"™) as ¢ — 00, and since
Z(to,0) — xj(to)| — 0, we get that Z(o) — xf in AC([to, T],R"™) as o — 0. O

M:max{ |xL(tﬂ)9<t)|z‘:01...m—1}<6

It should be noticed that Theorem 3.4 does not guarantee the existence of solutions
for the ”limit” problem & € (¢, z,00), x(to) = X§, but, if this problem is solvable,
then we get the following statement which is a consequence of Theorem 3.4.
Corollary 3.5. Let H(o), o € X, denote the set of solutions to problem (3.20), (3.21)
defined on the interval [to,T). If H(og) # & and the assumptions of Theorem 3.4 are
complied for every x§ € H(o), then the map o — H(o) is lower semicontinuous at oy.

Note that in Theorem 3.4, conditions 1), 2), 5) should hold for all  from the ball
B., (z{(t),d) of constant radius 6 > 0. In some problems (see Example 3.7 below) these
requirements are satisfied when = changes (for every t) in the ball B, (xé, (1), 57(t)),
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where (1) = fti Ry(s)ds. For t = tg, this ball contains the only point z{(to) = Xx§-
So, if xo(0) # x§, we cannot guarantee the continuous dependence of solutions to
(3.20), (3.21) on the parameter o. But, if the initial data does not depend on o, i.e.,
Xo(0) = x&, we get the following statement about continuous dependence of solutions
to the Cauchy problem on the right-hand side of the inclusion. The proof is similar
to that of Theorem 3.4.

Corollary 3.6. Suppose the assumptions of Theorem 3.4 are fulfilled, where the map
g:[to, T] x R" x ¥ —o R" is defined by the equality g(t,p,0) = f(t,xf’)‘(t) er'y(t),a)
and the ball By, (x§(t),6) is replaced by the ball B, (x(t),6v(t)). Then there exists
a neighborhood of g such that for every o # oo from this neighborhood, the Cauchy
problem for inclusion (3.20) with the initial condition

z(to) = Xo
has a solution Z(o) defined on [to,T], moreover, the convergence T(oc) — xf in
AC([O,T],R”) and convergence (3.24) take place as o — oy.
Example 3.7. Let there be given a topological space ¥, oy € %, and a map ¢ :
[0,0) x Rx ¥ — R.

Consider the Cauchy problem
& € {signz +¢(t,z,0)}, t >0, (3.34)

z(0) = 0. (3.35)

We assume that for some § € (0,1) and T > 0, the map [0,7] > t — (¢, t+pt,0) € R

is measurable for all p € B,(0,4), o € X*.
Put zj(t) = t, t € [0,T], and show that, if

esssup |Y(t,t,0)| = 0 (3.36)
te[0,T]

as 0 — o0y, then Corollary 3.6 is applicable to problem (3.34), (3.35).
Let Ro(t) =1, t € [0,T]. Then we have:

0(t) =1, ~(t)=t, t €[0,T)].
For t € [0,T], = € B, (x(t),06v(t)) = [t —t,t+ 6], and o € £* define
alt,z,0) =R, B(t,z,0) = 2.

For every t € (0,T], the inequality ¢t — t§ > 0 takes place, therefore, for all x €
B, (x(t),0v(t)), we get signz = 1 and

ft,z,0) ={1+9(t,x,0)}, t€(0,T], 0 € E".

It is obvious that the map g(-,p, o) : (0,T] — R defined by the equality g(¢,p,o) =
flt,t + pt,o) = {1 +¢(t,t + pt,o)}, is measurable for any p € B,(0,6), o € X*.
Next, according to (3.36), we have that

0(t), f(t, 25 (1)),
ess sup Q]R( (), /(¢ 25(t)) U) = esssup QR(l,{l —&—1/)(25,7?,0)}) —0 as o — 0.
t€[to,T] Ry (1) (0,77
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In addition, for any ¢ € (0,T], z1,22 € B, (mé(t), 67(t)), and o € X*, the equality

dist,, (f(t,xl,o),f(t,xg,a)) =0
holds true.

So, all the conditions of Corollary 3.6 are complied. This means that for every o
from some neighborhood of the point og, problem (3.34), (3.35) has a solutions Z(o)
which is defined on the interval [0, 7] and satisfies the relations esssup |z(¢,0)—1| — 0

tel0,T]
and Z(c) — zf in AC([0,T],R) as o — 0.

At the same time, it is easy to check that, if initial condition (3.35) will depend on
o, then the continuous dependence of solutions on the parameter will fail. Indeed, even
for the case of ¥ = 0, if xo(c) — 0 — 0 as ¢ — ¢, then the corresponding solution
Z(t,0) = —t + xo(0), being unique, does not converge to the function z§(t) = t.
Theorem 3.4 cannot be used in this situation since the map f(¢,-,0) is not even
continuous on the ball B, (z§(t),d), and condition 5) of the theorem does not hold
(see Example 3.3).
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