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Abstract. In this paper, existence and uniqueness of a fixed point for non-self mappings with
nonlinear contractive condition in the sense of Fang [On ¢-contractions in probabilistic and fuzzy
metric spaces. Fuzzy Set Syst. (267) 2015, 86-99] will be proved, using the notion of strictly convex
structure introduced by Jesi¢ et al. [Jesié¢, S.N, Nikoli¢, R.M., Babatev N.A.;, A Common Fixed
Point Theorem in Strictly Convex Menger PM-spaces, Filomat (28)(4) 2014, 735-743] for Menger
PM-spaces. As a consequence of main result we will give probabilistic generalization of Assad and
Kirk’s result [Assad, N.A., Kirk, W.A., Fixed-point theorems for set-valued mappings of contractive
type. Pacific J. Math. (43) 1972, 553-562].
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1. INTRODUCTION

The Banach Contraction Mapping Principle [2] is one of the most important the-
orems in functional analysis. There are many generalizations of this theorem for
classical metric spaces. One of the most important of them is the introduction of a
nonlinear contractive principle by Boyd and Wong [3].

The notion of statistical metric spaces, as a generalization of metric spaces, with
non-deterministic distance, was introduced by Menger [18] in 1942. Schweizer and
Sklar [20, 21] studied the properties of spaces introduced by Menger and gave some
basic results on these spaces. They studied topology, convergence of sequences, con-
tinuity of mappings, defined the completeness of these spaces, etc. The first result
from the fixed point theory in probabilistic metric spaces was obtain by Sehgal and
Bharucha—Reid [22] as a generalization of the classical Banach Contraction Mapping
Principle.

Ciri¢ [4] and Jachymski [15] gave a probabilistic version of the fixed point theorem
of Boyd and Wong [3]. The main result of Jachymski [15] follows.
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Theorem 1.1 ([15]). Let (X, F,T) be a complete Menger probabilistic space with
continuous t-norm T of H-type (HadZié type), and let ¢ : (0,+00) — (0,400) be a
function satisfying conditions:

0<p(t)<t and 1Lm e"(t)=0 (1.1)

for everyt > 0. If f: X — X is a probabilistic p-contraction, then f has a unique
fized point x. € X and {f™(x0)} converges to x., for every xo € X.

Let us recall that a mapping f : X — X is called a probabilistic ¢-contraction (or
a p-contraction in probabilistic metric space) if it satisfies

Fra gy (9(t) > Fry(t)

for all z,y € X and every t > 0, where function ¢ is gauge function satisfying certain
conditions.

Recently, Fang [9] gave a more general condition for gauge ¢ function than condi-
tion (1.1). Actually, he observed two classes of functions: the class ® of all functions
¢ : (0,400) — (0,400) satisfying the condition 711;11;O ©"(t) =0, for every ¢t > 0, and
the class @y of all functions ¢ : (0, +00) — (0, 400) satisfying the condition

for every ¢ > 0 there exists r > ¢ such that lim ¢"(r) = 0. (1.2)
n—oo

Fang [9] has showed that class ® is a proper subclass of class @y (see Example 3.1 in
[9]) and by means of introducing condition (1.2) for function ¢ : (0, +00) — (0, 400)
Fang has improved and generalized the results of Ciri¢ [4], Jachymski [15], and Xiao
et al. [25].

In 1970 Takahashi [24] was defined convex and normal structures for sets in metric
spaces and generalized some important fixed point theorems previously proved for
Banach spaces. In 1987 Hadzi¢ [12] introduced the notion of convex structure for sets
in Menger probabilistic metric spaces and proved fixed point theorem for mappings in
probabilistic metric spaces with a convex structure. Jesié¢ [16] defined convex, strictly
convex and normal structure in intuitionistic fuzzy metric spaces. Recently, Jesié¢
et al. [17] have introduced convex, strictly convex and normal structure in Menger
PM-spaces.

Furthermore, in convex spaces occur cases where the involved function is not nec-
essarily a self-mapping of a closed subset. Assad and Kirk [1] first considered non-self
mappings in a metric spaces (X,d). They proved that for some non-self (single-
valued) mapping f : C — X, which satisfied Banach Contraction Mapping Principle
d(fz, fy) < Md(z,y) for all z,y € C and A € (0,1), where X is complete metrically
convex space in the sense of Menger (i.e. for every z,y € X, (x # y), there exists
z € X, such that d(x,y) = d(z,z) + d(z,y)), then the condition f(0C) C C' is suffi-
cient to guarantee the existence of fixed point for mapping f, where 0C' is boundary
of set C. In recent years many generalizations of mentioned theorem were proved (see
e.g. [5], [6], [7], [10], [11], [13], [14] and [19]).

In this paper, using the notion of strictly convex structure for Menger probabilistic
spaces the existence and uniqueness of a fixed point for non-self mappings with non-
linear contractive condition (1.2) for function ¢ : (0, 4+00) — (0, 4+00), will be proved.
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The obtained results hold for Menger probabilistic spaces with arbitrary t-continuous
T norm. In the proof of the main result topological characterization of complete
spaces with nondeterministic distances will be used. As a consequence of the main
result we will give probabilistic generalization of Assad and Kirk’s result [1].

2. PRELIMINARIES

In the standard notation, let D be the set of all distribution functions F : R —
[0, 1], such that F is a nondecreasing, left-continuous mapping, which satisfies F(0) =
0 and sup, g F'(z) = 1. The space D7 is partially ordered by the usual point-wise
ordering of functions, i.e., F < G if and only if F'(¢t) < G(t) for all ¢t € R. The maximal
element for D in this order is the distribution function given by

0, t<0,
co(t) = { 1, t>0.
Definition 2.1 ([21]). A binary operation T : [0,1] x [0,1] — [0,1] is continuous

t-norm if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(¢) T(a,1) =a for all a € [0,1];

(d) T(a,b) < T(c,d) whenever a < c and b < d, and a,b,c,d € [0,1].

Examples of t-norm are T'(a,b) = min{a, b} and T'(a,b) = ab.

The t-norms are defined recursively by T' = T and
T”(xl, N 71‘n+1) = T(Tnil(aih [N ,l‘n),l‘n_t,_l)
forn > 2 and x; € [0,1] for all i € {1,...,n+ 1}.

Definition 2.2. A Menger probabilistic metric space (briefly, Menger PM-space) is
a triple (X, F,T) where X is a nonempty set, 7" is a continuous ¢-norm, and F is a
mapping from X x X into DT such that, if F, , denotes the value of F at the pair
(z,y), the following conditions hold:

(PM1) Fp4(t) = €o(t) if and only if x = y;
(PM2) F,4(t) = Fy »(t);
(PM3) F . (t + 8) > T(Fyy(t), Fy.2(s)), for all z,y,z € X and s,¢ > 0.

Remark 2.3 ([22]). Every metric space is a PM-space. Let (X, d) be a metric space
and T'(a,b) = min{a, b} is a continuous t-norm. Define

Foy(t) =eo(t —d(z,y))

F

z,Y

(1) = 0, t—d(z,y) <0,
11, t—d(z,y) >0,

for all z,y € X and ¢ > 0. The triple (X, F,T) is a PM-space induced by the metric
d.

Definition 2.4. Let (X, F,T) be a Menger PM-space.
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(1) A sequence {z,}nen in X is said to be convergent to x in X if, for every
e >0and A € (0,1) there exists positive integer N such that F, ,(¢) >1—A
whenever n > N.

(2) A sequence {z,}nen in X is called Cauchy sequence if, for every e > 0 and
A € (0,1) there exists positive integer N such that Fy, .. () > 1—\ whenever
n,m > N.

(3) A Menger PM-space is said to be complete if every Cauchy sequence in X is
convergent to a point in X.

The (e, A)-topology (see [21]) in a Menger PM-space (X, F,T) is introduced by the
family of neighbourhoods N, of a point z € X given by

N ={Na(e,N): e>0,A€(0,1)}

where
Ny(e,N)={yeX: Fy(e)>1-A}.

The (e, A)-topology is a Hausdorff topology. In this topology the function f is
continuous in zg € X if and only if for every sequence z,, — x¢ it holds that f(z,) —
f (o).

The following Lemma is proved by Schweizer and Sklar.

Lemma 2.5 ([21]). Let (X,F,T) be a Menger PM-space. Then the function F is
lower semi-continuous for every fixred t > 0, i.e. for every fized t > 0 and every two
convergent sequences {Tp }nen, {Un}nen C X such that x,, — x,y, — y, for n — oo,
it follows that

liminf F,, o, (t) = Fy 4(t).

n—oo

Definition 2.6. Let (X, F,T) be a Menger PM-space and A C X. The closure of
the set A is the smallest closed set containing A, denoted by A.

Obviously, keeping in mind the Hausdorff topology, and the definition of converging
sequences we note that the next remark holds.

Remark 2.7. € A if and only if there exists a sequence {x,},en in A such that
x, — x, for n — oco.

The concept of probabilistic boundedness was introduced by Egbert [8]. A version
on this definition follows.

Definition 2.8. Let (X,F,T) be a Menger PM-space and A C X. The probabilistic
diameter of set A is given by
0a(t) = inf F, .
at) =sup inf Fy,(c)
The diameter of the set A is defined by
04 =supdalt).
>0

If there exists A € (0,1) such that 4 = 1 — X the set A will be called probabilistic
semi-bounded. If §4 = 1 the set A will be called probabilistic bounded.
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Lemma 2.9. Let (X, F,T) be a Menger PM-space. A set A C X is probabilistic
bounded if and only if for each X € (0,1) there exists t > 0 such that Fy ,(t) >1— X
forall x,y € A.

Proof. The proof follows from the definitions of sup A and inf A of nonempty sets. (]

Remark 2.10. It is not difficult to see that every metrically bounded set is also
probabilistic bounded if it is considered in the induced PM-space.

Sherwood has proved the following theorem.

Theorem 2.11 ([23]). Let (X,F,T) be a Menger PM-space and {F), }nen a nested
sequence of nonempty, closed subsets of X such that 0p, — €0, for n — oco. Then
there is exactly one point xo € Fy,, for every n € N.

It is easy to show that the following lemma holds.

Lemma 2.12 ([23]). Let (X, F,T) be a Menger PM-space. Let {F,}nen be a nested
sequence of nonempty, closed subsets of X. The sequence {F,,}nen has probabilistic
diameter zero i.e. for each A € (0,1) and each t > 0 there exists ng € N such that
Fpy(t) > 1=\ for all x,y € F,, if and only if 6, — €o, for n — oc.

3. CONVEX STRUCTURE AND STRICTLY CONVEX STRUCTURE
IN MENGER PM-SPACES

Takahashi [24] introduced the notion of metric spaces with a convex structure.
This class of metric spaces includes normed linear spaces and metric spaces of the
hyperbolic type.

Definition 3.1. Let (X, ) be a metric space. We say that a metric space possesses a
Takahashi’s convex structure if there exists a function W : X x X x [0,1] — X which
satisfies

6(2, W (z, y,0)) < 06(z,2) + (1 —0)d(z,y)

for all z,y,z € X and arbitrary 6 € [0,1]. A metric space (X,d) with Takahashi’s
convex structure is called convex metric space.

Hadzi¢ [12] introduced a generalization of the Takahashi’s definition to the case of
a Menger PM-space.

Definition 3.2. Let (X, F,T) be a Menger PM-space. A mapping S : X x X x[0,1] —
X, is said to be a convex structure on X if for every (z,y) € X x X holds S(z,y,0) =y,
S(z,y,1) = and for all z,y,z € X,0 € (0,1) and ¢ > 0

t t
> — P —— . .
FS(z,y,@),z(2t) >T <Fx,z <9) aFy,z (1 — 9)> (3 1)

Example 3.3. Mapping S : R x R x [0,1] — R, where R = (—00, +00), defined by
S(z,y,0) =0x+ (1 —0)y
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for all z,y € R and 6 € (0, 1) is a convex structure on Menger PM-space (R, F, Trnin)
induced by a metric d(z,y) = |x—y| on R where T},;,(a,b) = min{a, b} is a continuous
t-norm for a,b € [0, 1], and

F

z,Y

_J 0, t—d(z,y) <0,
(t)_{l, t—d(a:,?gj)>0.

for all z,y € R and t > 0.
Let us prove this assertion. Firstly, we have that S(z,y,0) =y and S(z,y,1) =«
for all 2,y € R. Now, let us prove that inequality (3.1) is satisfied. If we assume that

t t . t t
o (52 (5) 1o (755 ) = (- (5) - (755) ) =0

then inequality (8.1) is a trivially satisfied because we get Fg(, 4.9),2(2t) > 0. Now,
we will assume that F, . (§) =1 and F,, . (ﬁ) = 1. Then we have that £ > d(z, z)
and 155 > d(y, z) i.e. t > 0d(x,z) and ¢ > (1 — 0)d(y, z). Hence, we get
2t > Od(z,2) + (1 — 0)d(y,2) = Olz — 2| + (1 — 0)|y — 2|

> |6z — 0z + (1 — )y — (1 — 6)z|

=[0z+(1—-0)y—z| =d(0z+ (1-0)y,2)

= d(S(x,y,@),z),
ie. 2t — d(S(amy,O),z) > 0i.e Fg(zy.0),-(2t) = 1, i.e. inequality (8.1) holds for all
z,y,z € Rand t > 0.

Remark 3.4. It is easy to see that every metric space (X, d) with a convex structure
S can be consider as a Menger PM-space (X, F,Tynin) (the associated Menger PM-
space) with the same function S.

Definition 3.5. Let (X,F,T) be a Menger PM-space with a convex structure
S(x,y,6). A subset A C X is said to be a convex set if for every z,y € A and
0 € [0,1] it follows that S(x,y,0) € A.

Recently, the notion of strictly convex structure was introduced by Jesié et al. [17].

Definition 3.6 ([17]). A convex Menger PM-space (X, F,T) with a convex structure
S: X x X x[0,1] = X will be called strictly convex if, for arbitrary z,y € X and
6 € (0,1) the element z = S(z,vy,0) is the unique element which satisfies

t t
Fu (155) = Peatt), By (3) = Foatt) (52)
for all ¢ > 0.

Lemma 3.7 ([17]). Let (X,F,T) be a Menger PM-space with a convex structure
S(z,y,0). Suppose that for every 6 € (0,1), t >0 and z,y,z € X hold

FS(w,y,G),z(t) > min {Fz,z(t)a Fz,y(t)}' (33)
If there exists z € X such that
FS(2,.0),-(t) = min {F, ,(t), F. ,(t)} (3.4)
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is satisfied for allt > 0, then S(x,y,0) € {x,y}.
Example 3.8. Menger PM-space (R, F,Tpnin) with a convex structure
S(a,y,6) = b + (1 )y

for all z,y € Rand 0 € (0,1) from Example 3.3 is a strictly convex space in the sense
of Definition 3.6 satisfying condition (3.3).
Let us prove this assertion. For arbitrary z,y € R and 6 € (0,1) the element
z=58(x,y,0) =0z + (1 — )y is the unique element which satisfies
F, ,(t) =¢o (t — d(z, 2))
=eo(t —d(z — 0z, 2 — Ox))

=Eo< t d((l—@)&z—@x))

1-0 1-90
(515 10))
= €0 (1i9 —d(x,y))
(i)

In one of previous equalities we used that

z Ox

1-6 1-0°
which is obtained from z = fx + (1 — 0)y. In the similar way it can be proved that
the second equality in (3.2) is satisfied. Hence, we obtain that observed Menger PM-
space is strictly convex in the sense of Definition 3.6 with a given convex structure
S(z,y,0).

On the other hand, we have that

d(@x + (1 —0)y, z) < max {d(m, z),d(y, z)}
is satisfied for all § € (0,1), and it follows that
Fs(w,y.0),:(t) = €0 (t —d(S(z yﬂ)v’«“))
> eo(t — max{d(z, 2),d(y, 2)})
= min{eo(t - d(z, 2)),0(t — d(y, 2)) }
= min {F. ,(t), F- (1)}
holds i.e. condition (3.3) is satisfied.

y:

Lemma 3.9 ([17]). Let (X, F,T) be a strictly convex Menger PM-space with a convex
structure S(x,y,0). Then for arbitrary x,y € X,z # y there exists 0 € (0,1) such

that S(x,y,0) & {x,y}.
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4. MAIN RESULTS
Fang [9] has proved the following lemma.

Lemma 4.1 ([9]). Let (X,F,T) be a Menger PM-space and z,y € X. If there exists
a function ¢ € @y, such that

Fry(p(t)) = Foy(t) (4.1)
holds for every t > 0, then x = y.

Now, we can formulate and prove the main result of this paper.

Theorem 4.2. Let (X, F,T) be a strictly convex, complete Menger PM-space with
convex structure S : X x X x[0,1] = X satisfying (3.3). Let f : C' — X be a non-self
mapping satisfying

Ffac,fll (@(t)) > Fx,y(t) (4'2)
for all x,y € C and every t > 0, where ¢ : (0,400) — (0,400) satisfying condition
(1.2) and C is a nonempty, closed and probabilistic bounded subset of X. Additionally,
suppose that f has the property

fc) cc. (4.3)

Then f has a unique fized point in C'.

Proof. Let © € OC be an arbitrary point. We shall construct the sequence {z,}
as follows. Set xg = x. Since z € 9C, by (4.3) fzo € C. Set x1 = fxg. Define
yo = fay. I yo € C, set 29 = yo. If yo & C let us choose o € IC so that
x9 = S(x1,y2,0),0 € (0,1). Continuing in this manner, we obtain than sequence
{z,} satisfying
Ty = fxnflv if fxnfl € Ca
Xy = S(@p_1, frn_1,0),0 € (0,1) if fr,_1¢C.

Notice that if x,, = S(zp—_1, f2n-1,0),0 € (0,1), then obviously z,+1 = fx, and
Tp_1= frp_o,forn=234,...
Let us consider nested sequence of nonempty closed sets defined by

Gn={Tn,Tny1,...} and F,=G,, neN.

(4.4)

We shall prove that family {F, }nen has probabilistic diameter zero.
Firstly, let us prove that:

dc, (p(t) > dc, (1) (4.5)

holds for every ¢ > 0. Hence, we will observe the following three cases that are all of

the possibilities:

Case 1: Tpip = fTpip—1 and Tpt4q = fanyq-1 for arbitrary p,q € NU{0};

Case 2: Tpip = fEnip—1 and Tpyq = S(Tntq-1, [Tntq—1,0),0 € (0,1) for arbitrary
p,q € NU{0};

Case 3: Tpip = S(Tnip—1, fTnip—1,01), 61
Tn+q = S(anrqflv f$n+q71»92)7 02

), and

(0,1
0,1) for arbitrary p,q € NU {0}.

(0,

S
S
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Case 1: If zpyp = fapyp—1 and Tpyq = fZpiq—1 for arbitrary p,q € NU {0}, from
(4.2) we have

an+pvmn+q ((P(t)) = Ffrn-f—p—lvffn-%—q—l (Qﬁ(t))
> an+p717mn+q71 (t)
> 6Gn72(t>'

(4.6)

Case 2:1f xpyp = frpip—1 and Tpyq = S(Tntg—1, fTniq—1,0), 0 € (0, 1) for arbitrary
p,q € NU {0}, then from (3.3) and (4.2) we have

LI (go(t)) = Ffrn iy 1,8@nta 1 fEnta-1) ()
> min { Fa, oo (P0)s Franyyos.frnsas (9(6) }
=it { o,y fonigs (P0)s Frossyifonga (60) ) (@47)
> min {an+p_1,zﬂ,+q_2 (), Frpip1,@nias (t)}
>da, ().

Case 8: If zpyp = S(Tntp—1, [Trnip—1,61), 01 € (0,1), and

Tntq = S(anrQ*lafanFQ*l?az)’ 02 € (0,1)

for arbitrary p,q € NU {0}, then from (3.3) and (4.2) we have

Fxn,+p,$n+q ((p(t)) = Fs(wn#»pfl)fw'n.«#pfl7)\)ys($n+q717fajn+q717A) (@(t))
> min {an+p71,l’n+q71 (Sp(t)) ) F93n+p71,ffrn+qf1 (Sp(t))’

Fransprinsgs (P0): Fransyor oy (0(8) |
=it { Py apenra s (P0)s Fronsy s fonsas (#(0)),

Ffaniprifanias(PO): Frarey 1 fanea s (9(0) }
R NN ()N SO ()}

Fxn+p—17xn+q72 (t)’ Fxn+p—1 »Tndq—1 (t)}
> (an—z(t)'

Since the inequalities (4.6), (4.7) and (4.8) are of all the possibilities we have that

(4.8)

dc, (p(t)) = sup inf F, ,(e) = sup inf Fo . e..()>0a, ,(t),
(P0) = stp il Fope)= sup W Foonn(6)2 06,00
i.e. it follows that (4.5) holds for every ¢ > 0.

Now, we shall prove that family {F),},en has probabilistic diameter zero. Let
A € (0,1) and t > 0 be arbitrary. From G C K, for arbitrary k € N, it follows
that G is a probabilistic bounded set. Now, from Lemma 2.9 we have that for every
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A € (0,1) there exist tg > 0 such that

Foy(to) >1— A (4.9)
for all 2,y € Gy. Hence, for every A € (0,1) and such ¢y, we get that

8, (to) > 1=\
From condition (1.2), for such ¢y, there exists s > ¢, such that

lim ©"(s) =0.

n—o0

Hence, there exists [ € N such that ¢!(s) < t. From the previous we can conclude
that there exists an even number p, p > [, such that ©P(s) < t, i.e. ©?>™(s) <t where
m=5.

Let n = 2m+k and z,y € G,, be arbitrary. Applying induction in (4.5) we obtain

06, (¢*™(5)) = 06,2, (5)-

From the previous inequality it follows that

8c, (t) > 0c, (¢*™(5)) = 06, _4,,(5) > 06, (t) > 1= A

i.e.
oG, () >1— A

Finally, since G,, and F,, have the same probabilistic diameter, we obtain that
Op,(t) >1—A

i.e. we get that
Foyt)>1-2X

for all z,y € F,,, i.e. the family {F, },en has probabilistic diameter zero.

Applying Theorem 2.11 and Lemma 2.12 we conclude that family {F},},en has
nonempty intersection, which consists of exactly one point z i.e. z € F,, for all
n € N. Since the family {F,},en has probabilistic diameter zero, then for each
A € (0,1) and each t > 0 there exists ng € N such that for all n > ng holds

Fp,-(t)>1-A
From the last inequality it follows that
liminf Fy ,(t) >1— A

n—oo
holds for every A € (0,1).
Taking that A — 0 we get
liminf F,, ,(t) =1,

n—oo

ie. lim z, = z.
n—oo

By the construction of sequence {z,}nen it follows that there exists a subse-
quence {p, }ren such that z,, 1 = fz,,. It is obvious that lim x,,4+1 = 2, and
N —»00

lim fx,, ==z
N — 00
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From (1.2), since for arbitrary ¢ > 0, there exists r > ¢, such that lim ¢™(r) =0,
n—oo

it follows that there exists [ € N such that ¢!(r) < t. Now, from inequality (4.2) and
previous we get

Ff$7Lk:.fZ(t) > Ffwnkvfz (@l(r)) Z Fwnkvz (Sol_l(r))'

Taking lim inf in previous inequality, applying Lemma 2.5, we obtain
B inf fan, ,f(2)(t) = 1.
g —> 00

Hence, since previous inequality holds for arbitrary ¢ > 0, we get that
Fz,f(z)(t) > 1

holds for every ¢ > 0, i.e. we get that fz = z, i.e. z is the fixed point of f. Furthermore,
since set C' is closed set, we conclude that z € C.

Let us prove that z is a unique fixed point. For this purpose let us suppose that
there exists another fixed point, denoted by w. From the condition (4.2) follows

for every t > 0. Therefore we get that

F.ou(e(t) > Fou(t)

for every t > 0. Finally, applying Lemma 4.1 it follows that z = w. This completes
the proof. O

Example 4.3. Applying Theorem 4.2 we will prove that function f : R +— R, where

R = (—00, +00), defined by f(z) =2 — %, has a fixed point in set C' = [—%7 %]

Let us show that all of conditions of Theorem 4.2 are satisfied. In accordance with
Remark 2.3 we have that the triple (R, F, Ty,ir) is a Menger PM-space. From Example
3.3 and Example 3.8 we have that Menger PM-space (R, F, T)ni) is a strictly convex

Menger PM space satisfying condition (3.3) with a convex structure

S(x,y,0) = bz + (1 -0)y

for all z,y € R and 6 € (0,1). Mapping f : [-1,3] — [13, 2] is a non-self mapping
and it satisfying condition f(0C) C C because f(—3%) = f(3) = 13 € C. It is obvious
that C' is a nonempty and closed set. Furthermore, C is a metrically bounded set and

by Remark 2.10 it is a probabilistic bounded set, also.
Let us define function ¢ : (0,4+00) — (0, +00) by

t
e 0<t<1,
pt) =4 —qt+i, 1<t<g,
7 4
For function ¢ we have that
. N 1 .
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holds for every ¢t € (0,1), but it does not satisfy condition lim,, 4~ ¢™(t) = 0, for

every t > 1, because from (1) = ¢ (%) =1 we get
i - a (19
Jim e = Jin 2 (35) =140
Now, we will show that function ¢ satisfying condition (1.2) for ¢t > 1, i.e. we will
show by induction that
Tk
lim ¢" (<= ) =0 4.10
oo ¥ (12) (4.10)

holds for k = 2,3,... It is obvious that (4.10) holds for k = 2, because ¢ (%) = % €
(0,1). Let us assume that (4.10) holds for some k = I. Then, for k =1+ 1, we have

that 7(11;1) > %, and it follows ¢ (7(11;1)> = % Hence, we obtain

. AT+ w1 (LY
Jm e (M) = et (13) =0

which shows that (4.10) holds for k =1+ 1, and by induction (4.10) holds, for every
k = 2,3,... Finally, we can conclude that for every ¢ > 1, exists r = % > t for
sufficiently large kg = 2,3,..., such that (4.10) holds. Hence, function ¢ satisfied
condition (1.2).

Notice that ¢(t) > £ holds for every ¢ > 0 and |2? — y?| < |z — y| holds for every

x,y € C, because |z + y| < 1 holds for every z,y € C. Then, we get:

Friay, 500 (#(1)) = 20 (0(8) = (@), f 1)) ) = 20 (1) = | £ (@) = f()])
o610 31o” = 1) > o - 31z )
eolt = lo = yl) = co(t = d(@,9)) = Fu (),

i.e. nonlinear contractive condition (4.2) is satisfied for every z,y € C.

Since, all conditions from Theorem 4.2 are satisfied we get that function f has
=5+v/85 ¢ 0,

unique fixed point x =
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