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Abstract. Let A and B be maximal monotone operators defined on a real Hilbert space H, and let
Fix(];?Jf) # 0, where J;fy := (I + pA)~ly and pu is a given positive number. [H. H. Bauschke, P.
L. Combettes and S. Reich, The asymptotic behavior of the composition of two resolvents, Nonlinear
Anal. 60 (2005), no. 2, 283-301] proved that any sequence (zn) generated by the iterative method
T4l = J;;‘yn, with y, = szn converges weakly to some point in Fix(JlfJf). In this paper, we
show that the modified method of alternating resolvents introduced in [O. A. Boikanyo, A proximal
point method involving two resolvent operators, Abstr. Appl. Anal. 2012, Article ID 892980, (2012)]
produces sequences that converge strongly to some points in Fix(J;?JE) and Fix(J:L3 Jl‘f)
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1. INTRODUCTION

Iterative methods have been widely used to approximate solutions of nonlinear oper-
ator inclusions of the form 0 € Az, where A is a maximal monotone operator, see for
example [11, 14, 18, 20, 21, 4] and the references therein. The set of solutions of this
inclusion, denoted by A~1(0), is closed and convex. Other iterative methods have
been developed to approximate solutions of the inclusion 0 € (I, A;, where each A;
is maximal monotone (or m-accretive in the case of Banach space setting), refer to
[23, 9, 22] and the references therein. Of immediate interest to us is the method of
alternating projections introduced by von Neumann in the early 1930s. Given any
starting point x¢ € H, this method generates a sequence (x,,) iteratively by

xo — 21 = Pg, %0 — 22 = Pr,x1 — 3 = P, %2 — ¥4 = P03 — -+ -,

where Po : H — C' is the projection operator onto a nonempty, closed and convex
subset C. In his paper, von Neumann showed that if K; and K5 are subspaces of
H, then (z,) will converge strongly to the point in K; N Ks that is closest to the
starting point xy. For recent proofs of this classical result, we refer the reader to
[2, 12]. If K; and K- are two arbitrary nonempty, closed and convex subsets in
H with nonempty intersection, then the sequence (z,) generated from the method
of alternating projections converges weakly to a point in K; N K» [8], but strong
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convergence cannot be obtained in general [10, 13]. Since the projection operator
coincides with the resolvent of a normal cone, one can extend this iterative method
as follows: Given any starting point z¢ € H, generate a sequence (z,,) iteratively as

Toptl = J;‘.’L'Qn forn=0,1,..., (1.1)
Ton = JPwon1 forn=12,..., (1.2)

where A and B are two maximal monotone operators and p is a positive real number.
In this case, it can be shown that the above sequence converges weakly to some point
in A=1(0)NB~1(0), provided that this set is not empty, see for example [6]. Note that
strong convergence of this method fails in general, (the same counter example given
in [10] applies). Bauschke et al. [1] proved a weak convergence result of the method
of alternating resolvents (1.1), (1.2) to some point in Fix(J:}.J?), provided that the
fixed point set of the composition mapping J /‘:‘J f is nonempty. We emphasize that if
K, and K> are two nonempty, closed and convex subsets in H, then the set K1 N Ky
coincides with the set Fix(Pg, Pk,). However, the fixed point set Fix(.J, f JP) is larger
than the set A=1(0) N B~%(0), see for example [6, Remark 5].

Recently, an attempt was made in [3, 6, 5] to modify algorithm (1.1), (1.2) in order to
enforce strong convergence to some point in A~1(0) N B~1(0). One such modification
introduced in [3] defines a sequence (x,,) iteratively by

Topt1 = anu—l—(l—an)J:‘wgn—i—en forn=0,1,..., (1.3)
L2n = Jf()\nu+ (1 - )\n)xZn—l + efn) forn=1,2,..., (14)

where oy, A, € [0,1], (e,,) and (e),) are sequences of computational errors and u is a
positive real number. Our purpose in this paper is to investigate strong convergence
of the iterative method (1.3), (1.4) to some point in Fix(J/'JF). Note that the set
Fix(J;}J?) is in general larger than the set A~'(0)NB~*(0), see for example, Remark
5 [6].

2. PRELIMINARY RESULTS

Let H be a real Hilbert space endowed with the inner product (-,-) and norm || - ||.
Consider a nonlinear (and possibly set-valued) operator A : D(A) C H — H whose
graph is G(A) = {(z,y) € H x H : x € D(A),y € Ax}. The operator A is called (i)
monotone if (z —Z,y —7) > 0 for all (x,y), (Z,7) € G(A) and (ii) maximal monotone
if it is monotone and its graph is not properly contained in the graph of any other
monotone operator. Let K be a nonempty, closed and convex subset of H. The normal
cone to K at the point z, denoted by Nk (2), is the set {w € H|(w,z—v) > 0Vv € K }.
It is known that N is maximal monotone. Given any maximal monotone operator
A and a positive real number ¢, one can always define the map Jf : H — H by
2+ (I + cA)~'x, where I is the identity operator. This map is called the resolvent
operator of A. It is well known that the Yosida approximation of A, an operator
defined by A, := ¢~1(I — J#) is maximal monotone for every ¢ > 0. The weak w-limit
set of a sequence (x,,), denoted by wy((x,)), is the set

wy((zn)) ={z € H : &, — x for some subsequence (x, ) of (z,)}.
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The notation z,, — z will be used to indicate that the sequence (z,) converges
strongly to « whereas x,, — x will be used to indicate that (x,,) converges weakly to
x.

The following two lemmas will be useful in proving our main results.

Lemma 2.1 (Boikanyo and Morosanu [7]). Let (s,) be a sequence of non-negative
real numbers satisfying

Snt1 < (L —apn)(1 — Ap)sn + anby + Apep +dn, 1 >0, (2.1)

where (an), (An), (bn), (cn) and (dy,) satisfy the conditions: (i) an, A, € [0,1], with
12,1 —ay) =0, (i) limsup,,_,. b, <0, (iil) limsup,,_,,, ¢, <0, and (iv) d,, >0

for all n > 0 with 220:0 d, < o0o. Then lim, o sn, = 0.

Remark 2.2. It can be easily verified that if lim,, ., a,, = 0, then H:;;O(l —a,)=0
if and only if > °  a,, = oo.

Lemma 2.3 (Maingé [16]). Let (s,) be a sequence of real numbers that does not
decrease at infinity, in the sense that there evists a subsequence (Sy;) of (sn) such
that sn; < 8n;+1 for all j > 0. Define an integer sequence (7(n))n>n, as

7(n) =max{ng <k <mn: sg < Sgpt1}.
Then T(n) — 0o as n — oo and for all n > ng

max{s:(n),5n} < Sr(n)+1- (2.2)

3. MAIN RESULTS

Let (o) and (A,) be non-zero sequences of real numbers in (0, 1), and suppose that
vo,u € H are given. Consider the sequence (v,) generated iteratively by

Voant1 = apu+ (11— an)vagn forn=0,1,..., (3.1)
Vop = Jf(/\nqu(l—/\n)vgn_l) forn=1,2,..., (3.2)

for any g > 0, where A and B are maximal monotone operators. We investigate (in
Theorem 3.2 below) the convergence properties of the sequence (v,,) to some fixed
point of the composition mappings J:‘Jf and Jf J/f.

Let us note that if Fix(JJF) is non-empty, then so is Fix(JPZJZ). Indeed, if
Fix(JJP) # 0, then we can find p € H such that p = JJPp. Since J2 is sin-
gle valued and defined on the whole space H, it then follows that JFp = JZ (J}JPp).
Setting z = JPp, we see that z = JPJz. That is, z € Fix(JPJZ), and so
Fix(JBJ}) # 0. Similarly, it can be shown that if Fix(JFJ;!) is non-empty, then
so is Fix(J fJ 5). This note can be summarized in the following remark.

Remark 3.1. Let A and B be maximal monotone operators, and g be any positive
real number. Then Fix(J1JP) # 0 & Fix(JETL) # 0.
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Theorem 3.2. Let A : D(A) C H — 2% and B : D(B) ¢ H — 2% be mazimal
monotone operators with Fix(J;:‘Jf) =: 8 # (). For arbitrary but fized vectors vg,u €
H, let (v,) be the sequence generated by (3.1), (3.2), where an, A € (0,1) and p >
0. Assume that lim, oo, = 0, limy, o0 Ay = 0, and either ZZOZO a, = 00 or
S oA = oo. Then the subsequence (i) (vani1) of (v,) converges strongly to the

n=0 "'n
point g € S that is nearest to u, and (it) (van) of (vy) converges strongly to the point

z=JBq in Fie(J2J1).
Proof. (The proof of the following theorem makes use of some ideas of the papers
[16, 19, 7, 3]). Let p be any point in Fix(JfJf). Then from (3.1), we have
[vzns1 =l < anllu—pll+ (1 = an) || Jitvan = p||
< ay ||u—p|| +(1_O‘n) ||'02n_t]/]ipH7 (33)

where the last inequality follows from the fact that the resolvent operator .J f :H—H
is nonexpansive. But from the nonexpansive property of J f , we have from (3.2)

Jv2n = 20| < [ An(u—=p) + (1= An) (V201 = p)]|
< Anllu=pl+ 1= An) [Jlvzn—1 = pl|-
Therefore, from this inequality and (3.3), we get
[vzn1 —pll - < fom + (1 = ) An] [l = pll + (1 = an) (1 = An) [[vzn—1 — Pl
= =T =an)@ =) llu=pll+ (1= an)d = An) [lvan-1 —pl|-

By a simple induction argument, we arrive at

n

loznsr —pll < 1= [T —=ar)(@ =X) | llu = pll + llor =l TT (1 = ar) (1 = Xp).
k=1 k=1

Therefore, if either Y7 jap =00 or Y, A, = 00, then we derive the boundedness
of the subsequence (vap41) of (v,). Note that if (ve,41) is bounded, then so is (vay).
Hence the sequence (v;,) is bounded.

Now let ¢ := Psu and z := qu. Then q = J":‘qu and g = sz. Since the inequality
lz +ylI* < llyll* + 2(z, @ + )
holds true for all z,y € H, we have from (3.1)

[vant1 —al®> < (1—an) ||J;47)2n - QH2 + 200 (U — ¢, v2n4+1 — q)
< (U= an) [oan =2l = [[(1 = 1) van = (1= 1) =[]
+ 205 (u— ¢, 02041 — q)

2
(1— o) [Ilvzn — 2|” = ||von — T van — 2+ q| }
2an<u —q,V2n41 — Q>7 (34)

where the second inequality follows from the fact that the resolvent of a maximal
monotone operator A is firmly nonexpansive. If we denote w,, := A\yu+(1—\,)van—1,
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then using the firmly nonexpansive property of J, f , we have from (3.2)
2 2
e N A A
2 2
lwn = all* = (1 = J7) wn = (1 = J7)
= A% llu—all* + 270 (1 = A)(u = g, v2n-1 — q)
+ (1= lvan-1 = gl = [wn = van — g+ 2|

IN

This inequality together with (3.4) implies that
||U2n+1 - QHQ < (1 - an)(l - )‘n) ||U2n—1 - Q||2 + Anbn + ancy,
2
- (1 - O[n) <||U2n - J;?’UQTL —z+ (JH + ||wn —V2p —q+ Z||2)(35)
where by, := (1—an)[An [t — ] +2(1= ) (u—q, van—1—q)] and ¢, == 2(u—q, Va1 —

q). Note that if we denote s, := ||van—1 — Pgul|, then we can find a positive constant
M such that

2
Sn+1 — Sp + H'U2n - J;?U2n —z+ QH + ||wn —V2n —q+ 2”2 < (an + An) M. (36)

Our aim is to show that (s,) converges to zero strongly. In order to prove this, we
shall consider two possible cases on the sequence (s,,) of real numbers.

CASE I: (sp) is eventually decreasing (i.e., there exists N > 0 such that (s,) is
decreasing for all n > N). In this case, (s,) is convergent. Letting n — oo in (3.6),
we get

lim ||w, — v, +2—¢|] =0= lim Hvzn — vagn —z+ qH ) (3.7)
n—oo n—oo
On the other hand,
17 = T T2ywn]| = flwn = Titvan |

< lwn —von + 2 — ql| + [Jvzn — TS von — 2+ 4|,
which implies that
lim ||(I — J} T2 w,| = 0. (3.8)

n— oo

If (wy,) is a subsequence of (w,) converging weakly to some w € H, then it follows
from the demiclosed property of (I — Jlf.]f) that the weak limit w € FixJ,‘fJf, (see
for example [17, p. 20]). Thus wy((van+1)) = wu((wy,)) C S. Now take a subsequence
(van,+1) of (v2n41) converging weakly to some w € S such that

limsup (v — q,van+1 —¢) = lim (u—q,Ton,+1 — Q).
n—oo l—o0

Then, we have from one of the properties of projections

limsup (v — q,v2n11 —q) = (u—q, W —q) <0.

n—o0

Since A\, — 0 as n — oo, the above inequality implies that

limsup b, <O0.

n—oo
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From (3.5), we have
||U2n+1 - QHQ < (1 - an)(l - /\n) ||U2n—1 - Q||2 + Anbpn + ancy,.

Using Lemma 2.1 we get ||vap+1 — ¢]| — 0 as n — oo. That is, (s,) converges to zero
strongly.

CASE II: (s,,) is not eventually decreasing, that is, there is a subsequence (s, ) of (s,)
such that s,,; < sp;41 for all j > 0. We then define an integer sequence (7(n )n>n0
in Lemma 2.3 so that s-(,) < 87(n)41 for all n > ng. It then follows from (3.6) that

i [[var(m) = Jivaren) = 2+ af =0 = lim [lwr() = varem) =+ 2]

n—oo0
From these two limits, we derive
[wrny = Tt v2r ()| < [[wrtny = Var(my = @+ 2] + [v2r) = Jfvarm) — 2 +qf =0,
as n — o0o. In addition, we have
[v2rmy—1 = Tivara || < [varmy—1 = e[| + [[wrn) = T v2r |
= Aty v2r (-1 = ul| + [[wr ) = T var || = 0,
as n — oco. Therefore, from (3.1) we get
[v2r(y1 = Varmy—al] <y [Ju = varuya]| + (1 = @r) | T v2r () = v2r(y— |
— 0,
as n — 00. As in Case I, we derive wy((var(n)+1)) C S. As a result, we have

lim sup <u — 4, V21 (n)+1 — 11> <0.

n—oo

Note that we may write (3.5) as

||U2n+1 - CIHQ < (1- an)(l —An) ||U2n71 - Q||2 + Anzn
+  2[an + A (1 = an)|{u = q,v2n41 — q), (3.9)

where

2
bn = ||U2n71 _’U2n+1HL+)\n(1_an)[Hu_q” _2<U_Qav2n+1 _Q>]
< lvan—1 — Vonga || L+ A M/,

for some positive constants L and M’. Clearly,

lim sup ET(n) <0.

n—oo

Since 8;(,) < 87(n)+41 for all n > ng, we derive from (3.9)

Ar(mbr(n)
Ar(n) (1= Qr(n)) + Qr(m)
< 2<u — 4,V2r(n)+1 — Q> + bT(n)~

Passing to the limit as n — oo in the above inequality, we see that s;(;)41 — 0.
Hence from (2.2) it follows that s, — 0 as n — oco. That is, ve,+1 — ¢ = Psu as
n — oo. This proves the result for the case when (s,) is not eventually decreasing.

Sr(n)+1 < 2<u — 4,V2r(n)+1 — q> +
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Therefore, from Case I and Case II above, we conclude that the subsequence (vgy,t1)
of (v,) converges strongly to some point g € S that is nearest to w.

(ii) We now show that the subsequence (va,) of (v,) converges strongly to the point
z= qu in Fix(Jf J:‘). Note that we have from (3.2) and the nonexpansive property
of JB

o

|2 (At + (1= Ap)vzn—1) — J 24|
Anflu =gl + (1 = An) [lvzn-1 — ql|-

Since vap+1 — ¢ as n — oo, it follows that ||va, — z|| — 0 as n — oo. This shows
that (ve,) converges strongly to z = J f q, as desired. This completes the proof of the
theorem. 0

[van — ]|

IN

We now show that strong convergence properties of the sequence (z,,) generated by the
inexact iterative process (1.3), (1.4) can be derived from the convergence properties
of the sequence (v,,) generated by algorithm (3.1), (3.2).

Theorem 3.3. Let A : D(A) C H — 28 and B : D(B) ¢ H — 2% be mazimal
monotone operators with Fia:(JlfJf) =: S8 # (. For arbitrary but fized vectors xo,u €
H, let (z,) be the sequence generated by (1.3), (1.4), where o, A\, € (0,1) and
w > 0. Assume that lim, o an, = 0, lim, oo Ay = 0, and either ZZOZO o, = 00 or
Yool o An = 00. Suppose that any of the following conditions is satisfied

(a) Yoo llenll < oo and 5232 [lef, || < oo;
(b) oo lenll < oo and |lef, || /e — 0;
(c) 0% o llenll < 00 and |lel,||/An — 0;
(d) llenll/an — 0 and 5, [leb|| < oo;
(¢) lenll/An — 0 and 307, [lep || < oo;
(f) llenll/cm — 0 and |le,||/om — 0;

(9) llenll/om — 0 and ||e],||/An — 0;

(1) llenll/An — 0 and ||l ]| /e — O;

(i) lleall /An — 0 and [l€},[|/An — 0;

() llenll/an — 0 and |lel || /an—1 — 0;

(k) llen—1ll/An — 0 and ||e,||/cn—1 — 0;
() llen-1ll/An — 0 and ||€, ||/ n — 0;

(m) 300 llenll < 0o and |el||/an—1 — 0;
(n) llen—1ll/An = 0 and Y07, |len |l < oco.

Then the subsequence (i) (xan+1) of (xn) converges strongly to the point g € S that
is nearest to u, and (ii) (x2n) of (zn) converges strongly to the point z = J2q in
Fia JBJA).
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Proof. Clearly, the inequality
22 = vonll < (1= An) lZ2n—1 — von—1]l + llen]| (3.10)

can be derived from the equations (1.3) and (3.1), as well as the fact that the resolvent
of B is nonexpansive. Similarly, from (1.4), (3.2) and the nonexpansive property of
J;?, we derive

[22nt1 —vanpall < (1= ) [[wan — vanll + [len]l - (3.11)
Now substituting (3.10) into (3.11) yields
[22ns1 = vanall < (L= o)1 = An) lw2n—1 — van—all + llenll + llen |l -

Note that if the error sequence satisfy any of the conditions (a)-(i), then it readily
follows from Lemma 2.1 that |z2,+1 — von+1]] = 0asn — co. Since va,11 — ¢ = Psu
as n — oo, it follows that za,+1 — Psu as well. Now passing to the limit in (3.10),
we also derive ||zg, — va,|| = 0. Since vg, — z = qu as n — 0o, we conclude that
Top — 2 @S M — 00.

On the other hand, if the error sequence satisfy any of the conditions (j)-(n), then
from (3.10) and (3.11), we have

[z2n —vonll < (1= an_1)(1 = An) [z2n—2 — van—2|l + llen—1ll + lley, || -

Lemma 2.1 guarantees that |2, — v2,| — 0 as n — co. Again from the conclusion
of Theorem 3.2, we conclude that z3, — z as n — co. Passing to the limit in (3.11),
we derive ||zap+1 — vant1]] = 0 as n — co. Since va,41 — ¢ as n — oo, it follows
that xo9,11 — ¢ as n — oco. This completes the proof of the theorem. O

Remark 3.4. We conclude by noting that any point in the fixed point set Fix(J, ;j‘ J f )
is a solution of the inclusion relation 0 € Az + B,,x, where B,, is the Yosida approxi-
mation of B. Indeed,

p:Jlfpr & p—&-uApBpr & (I—Jf)p—&-uApBO & Byp+Ap>0.

Note that the sum A4 B, is maximal monotone. If the sum of two maximal monotone
operators is again maximal monotone, then one can always generate a sequence that
converges strongly to some zero of the sum of the two operators, refer to [23] for
details. It is well known that in general, the sum of two maximal monotone operators
is not maximal monotone.

The above remark leads us to the following open question.

Open Question. Can the inexact iterative process (1.3), (1.4), (or even the exact
algorithm (3.1), (3.2)), be used to approximate solutions of the inclusion relation
0 € Az + Bz, for arbitrary maximal monotone operators A and B?

It is worthy of note that for the case when one of the operators is a-inverse strongly
monotone, Lépez et. al. [15] introduced an algorithm that converges strongly to some
solution of the above inclusion relation.
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