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Abstract. We show that if K is a nonempty weakly compact convex subset of weakly orthogonal
N-order uniformly noncreasy Banach lattice and T': K — K satisfies condition (C) or is continuous
and satisfies condition (C)) for some A € (0, 1), then T has a fixed point. This generalizes a result
from [2].
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1. INTRODUCTION

Let X be a Banach space. By Bx we denote the closed unit ball of X. For notation
and terminology concerning Banach lattices we refer the reader to [11]. Let us recall
that if an inequality involves lattice and algebraic operations, then it is enough to
check its validity for real numbers to be sure that it holds for vectors in arbitrary
Banach lattice (see [11] p.1). In the next lemma we collect some lattice inequalities
which will be used in the sequel.

Lemma 1.1. Let X be a Banach lattice. Then
(i) for every z,y € X
|z — [z Ayl < |z —yl,
(ii) for every z,z1,...,2y € X and N >2, N € N

N
< N (el ViIe =)+ Yzl Azl (see [2]).
Given a Banach lattice X and ¢ € [0, 1], we put
Om.x(€) = mf{l —flz —yl|: 0 <y <=, [z <1, [ly] = e}
We say that X is uniformly monotone if 6,, x(¢) > 0 for all € € (0,1]. The coeflicient
€0,m(X) =sup{e € [0,1) : 6, x () = 0}
is called the characteristic of monotonicity of the lattice X.
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In [10], the modulus of order smoothness of a Banach lattice X was introduced as
follows pp, x (t) =sup{||jx Vty|| —1: 2,y € Bx, z,y > 0}, where ¢t € [0,1].

A Banach lattice X is called order uniformly smooth if lim;_.q %M = 0. The
coefficient

pm,x (1) +1=sup{llz Vy| : 2,y € Bx, 2,y > 0}
is called the Riesz angle of X and denoted by a(X) (see [4]).
Kurc [10] proved the duality formulae
Pm,x+(t) = sup (et — 6 x(€)) and §p, x(¢) = sup (et — pm, x+ (1)),
0<e<1 0<t<1
for all e,¢ € [0,1]. They show that a Banach lattice X is uniformly monotone (resp.
order uniformly smooth) if and only if the dual lattice X* is order uniformly smooth
(resp. uniformly monotone). Using the above formulae it is also easy to see that
pm,x+(1) < 1if and only if ¢, (X) < 1.

In [1] it was proved that if p, x(1) < 1 and €9, (X) < 1, then X is superreflex-
ive. In particular, if a Banach lattice X is order uniformly smooth and uniformly
monotone, then X is superreflexive.

In [2] a generalization of Riesz angle was introduced in the following way.

Definition 1.2. Let X be a Banach lattice and NV € N, N > 2. The N-dimensional
Riesz angle of X is defined as

N (@iva)
ij=1,...,N

1#]

Of course an(X) > 1. Moreover, az(X) = a(X) and ay(X) < ay-1(X) for every
N > 3. Hence an(X) < a(X). This estimate is not sharp. It was shown in [2] that,
for every Banach lattice X and every natural N > 2, we have

N
X) < ——.

The following class of Banach lattices was introduced in [2].

an(X) =sup :T1,...,xNy € Bx, r1,...,zy >0

Definition 1.3. Let r € (0,1]. A Banach lattice X is said to be r-N-order uniformly
noncreasy (r-N-OUNC) if for all ug,...,uxy € Y=L By such that |lu; — u;]| < 1 we
have either

A (sl V)| <7
ij=1,...,N
i#]
or there exist ¢ # j such that for every y € X the conditions |y| < |u; — u;l, ||yl > 7
imply ||Ju; — u;| — |yl|| < 7. A Banach lattice X is N-order uniformly noncreasy

(N-OUNC) if it is 7-N-OUNC for some r € (0,1).

For N = 2 this definition coincides with the definition of an order uniformly non-
creasy Banach lattice given in [1]. Of course, each Banach lattice X is r-N-OUNC

with r = ¥=2an(X). Therefore, if ay(X) < 725, then X is N-OUNC. It is also
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easy to see that X is 7-N-OUNC where r = max{e,1 — 0,,,x(¢)} for any € € (0,1).
It follows that if €9, (X) < 1, then X is N-OUNC. The class of all N-OUNC Ba-
nach lattices contains therefore all Banach lattices X with ay(X) < % and all
uniformly monotone lattices. In [1] and [2] we can find examples showing that this
class is essentially bigger, i.e. there exist Banach lattices which are N-OUNC, but
they are not uniformly monotone and ay(X) = % Moreover it is shown that for
different values of N the classes of N-OUNC Banach lattices are essentially different.

Let K be a nonempty subset of a Banach space X. A mapping T : K — K is
said to be nonexpansive if ||Tx — Ty|| < ||z — y||, for z,y € K. We say that a Banach
space X has the weak fixed point property if every nonexpansive mapping defined
on a nonempty weakly compact convex subset of X has a fixed point. There is a
large literature concerning fixed point theory of nonexpansive mappings and their
generalizations (see [13] and references therein). Recently, Suzuki [16] defined a class

of generalized nonexpansive mappings as follows.

Definition 1.4. A mapping T : K — K is said to satisfy condition (C) if for all
z,y € K,

1 . .
3 llz =Tz| < llz =yl implies [|T2 —Ty|| < [lz —y] -
Subsequently, the above definition has been extended in [14].

Definition 1.5. Let A € (0,1). A mapping 7' : K — K is said to satisfy condition
(Cy) if for all z,y € K,

Mz —Ta| < [l —yll implies [Tz —Ty|| < [l —yl|.

We say that X has the weak fixed point property for continuous mappings satisfying
condition (C}) if every such mapping defined on a nonempty weakly compact convex
subset of X has a fixed point.

It is not difficult to see that if Ay < Ag, then condition (C),) implies condition
(C,)- Several examples of mappings satisfying condition (C)) are given in [14, 16].
Moreover, if K is convex and T : K — K satisfies condition (C}) for some A € (0,1),
then for every v € [A, 1) the mapping T, : K — K defined by T,z =Tz + (1 — v)z
satisfies condition (Cx ).

A sequence () isﬂ/an approximate fixed point sequence for T' (in short afps) if

lim ||z, — Tx,| =0.
n—oo

2. BASIC LEMMAS

Recall that a mapping T : M — M acting on a metric space (M, d) is said to be
asymptotically regular if

lim d(T"x, T""'z) = 0, for all 2 € M.
n—oo

Lemma 2.1. [14, Theorem 4] Let K be a bounded convex subset of a Banach space X .
Assume that T : K — K satisfies condition (Cy) for some X € (0,1). For v € [\ 1)
define a sequence (x,) in K by taking x1 € K and xp41 = YTzy + (1 — ¥)x, for
n>1.
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Then (x,,) is an approzimate fived point sequence for T, that is T, is asymptotically
regqular.

In [3] the following theorem was proven which is the uniform version of the above
theorem.

Theorem 2.2. Let K be a bounded convexr subset of a Banach space X. Fixz \ €
(0,1),v € [\, 1) and let F denote the collection of all mappings which satisfy condition
(Cy). Let Ty = (L — ) +~T for T € F. Then for every € > 0, there exists a positive
integer ng such that HT;L—H.’L‘ — Tvan < ¢ for everyn >ng,x € K and T € F.

Let D be a nonempty weakly compact convex subset of a Banach space X and
T :D — D. It follows from the Kuratowski-Zorn lemma that there exists a minimal
(in the sense of inclusion) convex and weakly compact set K C D which is invariant
under 7. The lemma below is a counterpart of the Goebel-Karlovitz lemma (see [8, 9]).
It was proved by Dhompongsa and Kaewcharoen [6, Theorem 4.14] in the case of
mappings which satisfy condition (C), and from Butsan, Dhompongsa and Takahashi
result in[5, Lemma 3.2] and Lloréns Fuster and Moreno Galvez result in [12, Th. 4.7]
we have the same conclusion in the case of continuous mappings satisfying condition

(Cy) for some A € (0,1). Denote by
r(K, (zy)) = inf{limsup ||z, — z|| : z € K}
n—roo

the asymptotic radius of a sequence (z,,) relative to K.

Lemma 2.3. Let K be a nonempty convex weakly compact subset of a Banach space
X which is minimal invariant under T : K — K. If T is continuous and satisfies con-
dition (Cy) for some X € (0,1), then there exists an approximate fized point sequence
(x5,) for T such that

lim ||, — z|| = inf{r(K, (yn)) : (yn) is an afps in K}
n—oo
for every x € K. In the case A = % continuity assumption can be dropped.

Now let (z1),..., () be sequences in K. Put
N L N
Up = an—i—...—i—Nacn.
The following technical lemma deals with the behavior of sequences (T,’fvn)neN, k=
1,2,...,N.
Lemma 2.4. Let K be a convex subset of Banach lattice X and let T : K — K
satisfy condition (Cy) for some X € (0,1). Fizy € (\, 1), integers M > 1, N > 3 and
e > 0 such that (M + 3)e < % Suppose that (z}), ..., (xX) are sequences in K such
that
lim ||zf] =1, lim |2} —2/||=1 and lim |||z’]| A |zZ]]| =0
n— 00 n— 00 n—00
for every i,j = 1,...,N,i # j and the following conditions are satisfied for every
neN

(), _min (il ol — ) > 1 -
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(i) [|[T2! —2t| <e, i=1,...,N.
Let v, = %x; + .+ %:ﬂff Then there exists ng € N such that for every natural
n>ng, k=1,.... M andi=1,...,N

1

; N -1
&~ (k42 <[ Thvn — 2]l <

+(k + 1),

k . .
where T 1s the kth iterate of T, .
Proof. First, note that if IV is even then

n—oo

1 _
lim flon || < T ([[lzg] + a4+ ll2o] + el + -+ ey + e ]])

1
=57 Jim (fl, =22l + 25 — 25l + - S AR )

1 N _1_N-1
N 2 2~ N

It follows from the fact that if lim,,_, |||z | A|2d ||| = 0, then limy, o |||z | + 24| =

lim,, o |28, — 27 ||. For odd N

. 1 1 2 N—2 N—1 N
i [fonl < T (bl + 2200+ a2+ 7+ )

=< T (k= 22l 4 a2 = )+ )
1 N+1 _N-1
N T2 SN
Moreover,
lim [jv, — 24| = lim Hlx,lz—k...—l—lxg—x;
n—00 n—oo || N N
< i (k| 4+ it = b e = el e - 2l
N1

- N
There exists ng € N such that for every n > ng

-1
+e,i=1,...,N.

N — )
[[onll < +e and o, — [l <

Fix n > ng. We have

N -1 1
n > - n 21_ - - — 2e.
lon = @3, |l = Nl || = [lonll € (N +e) ~ 2
Thus
C -2 < o, gl < D+
— =2 < oy — || < E.
N -
Since for every i =1,..., N

. . 1 .
NITe, = bl < T, — bl < e < 5 — 26 < flon — |
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it follows from condition (C) that
|1 T27, = Tnll < fla7, = val
SO _ _ _ _
122, = Tyon| < AT, = Ton || + (1 =) 2, — vl < [, — val.
Now we proceed by induction on k. For k = 1, notice that

1Ty vn — xiz” <||Tvn — T“@iz” + ||T7xil - x:z”

i N-1
<jvp —zy ||+ < + 2e.
To prove the lower estimate note that for i # j
1Ty vn — @l 2Nz, — 2| = | Tyon — 3|
N-1 1
>1—¢e— <N+2s> = ~ — 3e.

Now we suppose that the lemma is true for a fixed & < M. Then by induction
assumption

A , , , , 1 , _
§||Tww% —anll S | Thar, —anll <e < 5 = (k+2)e < |z, — T on|
and hence ‘ ‘
|75, — Ty || < |[Tho, — 2.
We thus get
T3+ o, — 2y, || <ITEon = Ty, || + | Ty, — |

SHvan — 2l +e<

+ (k4 2)e.
Now we prove the lower estimate. For ¢ # j

1Ty vn = apll 2Ny, — @)l = 1Ty o, — |

21—5—(NN_1+(1@+2)5) =+ (k3

In the sequel we will need the following lemma.

Lemma 2.5. Let K be a convex weakly compact subset of a Banach lattice X. Suppose
that a mapping T : K — K satisfies condition (C) for some A € (0,1), N > 3 is a
natural number and (zL),...,(zY) are weakly null approzvimate fized point sequences
for T in K such that for everyi=1,...,N andx € K

r= lim ||z} — 2| = inf{r(K, (yn)) : (yn) is an afps in K} (2.1)
n—00
and for everyi,j=1,...,N,i# j
lim ||z, | A a3, = 0.
n—oo

Then for every € > 0 there exist subsequences of (zl),...,(zY), denoted again
(xL), ..., (x)), and a sequence (z,) in K such that
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(1) llznll > (1 —¢/2)
(i) ||zn —2b|| < P8P +e,i=1,...,N

for every n € N.
Proof. Let us first notice that if S : 2K — 1K is defined by Sy = 1T'(ay), then

1
1Sy —yll = gHT(ay) —ayl|

and S satisfies condition (Cy). It follows that if the sequences (xl),..., (x) satisfy

1 N
the assumptions of Lemma 2.5, then the sequences (xT“), ol (xr" ) satisfy these as-

sumptions with S and a = 1, i.e., (%), ceey (wTN) are weakly null afps for S : %K — %K
and _
T . 1 . .
1= lim [|[-* —y| = inf{r(=K, (2,)) : (2n) is an afps for S in K}
n—oo T r
for every y € %K . Therefore it suffices to prove the lemma for r = 1.

We claim that for every € > 0 there exists d(¢) > 0 such that if + € K and
[Tz — z|| < 6(e), then ||z|| > 1 — ¢/2. Indeed, otherwise, arguing as in [7], there
exists €g > 0 such that we can find w,, € K with [|[Tw, — w,| < 1 and [jw,| <
1 —¢go/2 for every n € N. Then the sequence (w,) is an approximate fixed point
sequence in K, but limsup,,_, . ||wn] < 1 —€0/2, which contradicts our assumption
that limsup,,_, . ||wn| > 1.

Fix e > 0 and v € (A, 1). From Theorem 2.2, there exists M > 1 such that

T+ e — T ]| < v6(e) (2.2)
for every z € K. Choose n > 0 such that (M +3)n < % and (M + 1)n < e. Put
Uy = %x}l +...+ %mnN and consider sequences (Tffvn)neN fork=1,...,M. Applying
(2.1) (with » = 1) and passing to subsequences, we can assume that the assumptions
of Lemma 2.4 are satisfied, i.e., for every i = 1,..., N lim, . ||2}] = 1 and for
=1, Ni#j

. i g — . i Il —
Jim fleh —af =1 and Tim k| Aled ] = 0

and for every n € N

0 ,_min, A1l = 2l > 1=,

(ii) Tz}, —xp]| <m,i=1,...,N.
Denote z, = TWM vy,. It follows from Lemma 2.4 that there exists ng € N such that
for every n > ngand i = 1,..., N we have

: : —1
lzn = 23|l = 1T} vn — 2]l < +(M+1)n < +e (2.3)

Furthermore, by (2.2)
1
1Tz = znl| = ;HTWM—an - TA]/MUnH < 4(e)

and consequently,
llznll > 1 —¢/2. (2.4)
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Passing again to subsequences we can assume that (2.3) and (2.4) hold for every
n € N. g

3. FIXED POINT THEOREMS
Definition 3.1. A Banach lattice X is said to be weakly orthogonal if
lim inf lim inf [ |,| A [z ]| = 0
whenever (z,,) is a sequence in X which converges weakly to 0.

This definition was given by Borwein and Sims in [4], but the reader should be
aware that also a different property is called weak orthogonality in the literature (see
[15]). It is easy to show that ¢, ¢, I, (1 < p < o) are weakly orthogonal while I
and Ly, ([0, 1]) do not have this property.

The Banach-Mazur distance of two isomorphic Banach spaces X and Y is defined
by the formula

d(X,Y) = inf || S]]~}
where the infimum is taken over all linear isomorphisms S of X onto Y. Borwein
and Sims in [4] proved that a Banach space X has the weak fixed point property
for nonexpansive mappings if there exists a weakly orthogonal Banach lattice Y such
that
d(X,Y)a(Y) < 2.

This result was generalized in [1]. It was shown that a Banach space X has the weak
fixed point property if there exists a weakly orthogonal 2-r-OUNC Banach lattice Y
such that d(X,Y)r < 1. S. Dhompongsa and A. Kaewcharoen in [6] proved the same
result for continuous mappings satisfying condition (C). Their result was generalized
for the class of N-OUNC Banach lattices in [2]. Now we are ready to prove our main
theorem which is a generalization of Theorem 3.9 from [2].

Theorem 3.2. Let (X, | - ||) be a Banach lattice. Assume that there exist a norm
I ]l1 on X and a constant d > 0 such that

e < llzl] < dl|z[lx

for every x € X and Y = (X, || - |l1) s weakly orthogonal r — N — OUNC Banach
lattice satisfying dr < 1. Then X has the weak fized point property for continuous
mappings satisfying condition (Cy) for some A € (0,1). In the case A = % continuity
assumption can be dropped.

Proof. Assume that the conclusion of the theorem is false. Then there exist a
nonempty weakly compact convex subset K of X and a mapping T : K — K satis-
fying condition (C') or continuous mapping satisfying (C)) for some A € (0,1) which
has no fixed point. We can assume that K is minimal T-invariant. By Lemma
2.3 there exists an approximate fixed point sequence (z,) for T in K such that
r = lim, o ||z, — 2| = inf{r(K, (yn)) : (yn) isan afpsin K} for every z € K.
There is no loss of generality in assuming that » = 1 and (z,,) converges weakly to 0.
In particular 0 € K.



GENERALIZED NONEXPANSIVE MAPPINGS 135

Let Y = (X, || - |l1) be a weakly orthogonal » — N — OUNC Banach lattice such
that ||z]l1 < ||z|| < d||z]]1 for every € X and let dr < 1. Choose € > 0 such that

dr < ﬁ Similarly as in [2] we find subsequences (z1),..., () of (x,) satisfying

Jim [lof —af =1 and lim [|zk| Alzhll =0
fori,j=1,...,N,i # j. From Lemma 2.5 there exist subsequences of (z}),..., (zX),
denoted again (z}),...,(zY), and a sequence (z,) such that for i = 1,..., N and
every n € N

) -1
|z — ;|| < (I4+¢)and ||zn]| > 1—¢/2.

There exists ng € N such that for every n >ngand i,5 =1,...,N,i # j
€ €

—_— < —.

2N(N —1)d ~ 2d

Fix n > ng and put v}, = (2, — ) /(1 +¢) and y¥ = (|z%| — |25 | A |24])/(1 +¢€) for

i,7=1,...,N,2 < j. Then for all 2,5 = 1,...,N,7 < 5 we have

lzs | > 1 —e/2 and [llap,| Alaf [l <

e = llzn = 2l /04 €) < 2 — 4 1/1 +€) < 2
and
Iy = Nzl = kel A Jod /1 + €) 2 (el = ] ALl /(1 +<)
> (Cllnx;n - ;d) JA+e)> (L—e)/(d(l+¢) > r
By Lemma 1.1 |y¥| < |uf, —u}| for i,j =1,...,N,i < j. Moreover,
s, = ] = 1yl =Nl = 241 = I + 1 ALl /(1 +<)
> ket =l = Il + kel A Jed /(1 + €)
=l — Ie) A Jed /(1 + €)
>l — et A L 1)/ + )
>Gllrhll = 2)/(1+<)
>(1—-¢)/(d(14¢€)) >r
and

(1=¢/2)/(1 +¢) <|lznll/(1 + ) < dl|zn[l1/(1 +¢)

N
<d | A (2=l Viza—2bD|| + D llzhl Al | /(1 +e)
”;1J ) 1;;:3_1

<dl| A (il VgD +e/@e).
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Thus
. . 1 1-¢
K2 v J .
A Vi) > g
i,j=1,..., N
i#£] 1
Hence Y = (X, | - ||1) is not r — N — OUNC. O

Corollary 3.3. FEvery weakly orthogonal N-OUNC Banach lattice has the weak fized
point property for continuous mappings satisfying condition (Cy) for some X € (0,1).
In the case A = % continuity assumption can be dropped.
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