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Abstract. In the present work, we prove a fixed point theorem for nonlinear operators acting in
Hausdorff sequentially complete uniform spaces whose uniformity is generated by a saturated family
of pseudometrics. As an application we consider nonlinear abstract Volterra type integral equations
of second kind in the case when the independent variable belongs to arbitrary completely regular
Hausdorff space. Existence and uniqueness of the solutions of these equations in nonhomogeneous
case are also proved.
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1. INTRODUCTION

A lot of results are obtained in the last few decades devoted to integral equations
and its applications (cf. [2], [3], [5], [12] and the references there in). Consumer of this
results are several applied fields, such as population dynamics, spread of epidemics,
automatic control theory, network theory and the dynamics of nuclear reactors. In
view of the applications it is important to study equations and inequalities in the
case when the domains of integration are not necessary Cartesian product of bounded
and closed intervals. Following this concept it is obviously that the first step is the
problem of the solvability of the integral equations ([6], [17]).

The paper is structured as follows:

In Section 2 we consider p—equivalence of sets with respect to nonatomic o—finite
Borel measure and prove some auxiliary assertions.
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In Section 3 we modify some results from [4] in order to apply them to integral
equations considered. We mention some basic results devoted to fixed point theory

Section 4 is devoted to apply the results obtained for the study of a Volterra type
integral equation (2.1) introduced below.

2. PRELIMINARIES

Let © be a completely regular Hausdorff topological space, Bo C 2% denotes the
o-algebra of the Borel subsets of 2 and let i : Bg — [0, 00) be a nontrivial, nonatomic
o-finite Borel measure. Let B be a real Banach space with norm .|| 5.

Definition 2.1. [10] The sets G,H € Bq will be called p-equivalent G ~* H, if
w(GAH) =0, where GAH = (G\ H)U (H \ G).

Definition 2.2. [10] The set G € Bq is called p-dense (in Bgq), if Vo € G and for
every open neighborhood O(x) of z, u(O(x)) > 0, the inequality p(GNO(x)) > 0 holds.

Following [7] we define the map M : Q — 2, which assigns to every point = €
a closed subset M (x) = M, C Q.

We say that the conditions (A) hold if for the map M : Q — 2% the following
conditions are fulfilled:
A1. For every point z € Q2 the set M, is compact.
A2. For each € > 0 and every x € €, there exists an open neighborhood O(z, €) of z,
such that for each y € O(z, €) we have that u(M;AM,) < e.
A3. For every x € (2 the inclusion M, C M, holds for each y € M,.
A4. There exists xg € Q such that u(M,,) = 0.

For every map M : Q — 2% for which the conditions (A) hold, we will denote by
M={M,:xz€Q}and KerM ={z € Q: u(M,) =0}.
Remark 2.3. In general, the conditions (A) can be fulfilled for the map M : Q—2%
but x ¢ M,. A simple example when this is true is Q = [0,00) and M, = [0, 5].
Definition 2.4. We say that the set G C 2 is M -star if for every x € G the inclusion
M, C G holds.

Remark 2.5. It is easy to see that condition A3 implies that for each x € Q) the set
M, is M-star set. Moreover, the union and the intersection of an arbitrary family

of M-star sets are M-star set. The sets KerM and Mg = |J M, are M-star sets
€N
ones.

Let Q* C Q be an arbitrary compact M-star set and denote by C(Q*, B) the
Banach space of all continuous maps ¢ : Q* — B. Introduce the linear spaces

Cu()={p: Q=B : ¢ C(Ms,B),Vs €N}
CM:{fMQ%B : f:(P|MQ7@€CM(Q>}

and consider the equations

f(z) = pla) + /M Q. v, f())duy (21)
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where the unknown function is f € Cy(Q2), with known functions p € Cjy/(€2) and
the operator Q : 2 x Q x B — B.

Remark 2.6. If the conditions (A) hold and the operator Q is continuous for every
s €Q in the set Mg x My x B, My C Q then the Bochner integral in (2.1) exists
Vo € M (see [11], Chapter 3 and [9], Chapter V).

It is well known that even for finite dimensional metric spaces €2, two sets M, and
M, can be very close (even equal) in measure sense but very different in metric sense.
The next theorem solves this problem when the sets M, are compact.

Let G € Bq be an arbitrary set and the (A4, =) be a directed index set.

Definition 2.7. The point x € Q will be called essential for the set G, if for every
open neighborhood O(z) of x, u(O(x)) > 0, we have u(G N O(zx)) > 0.

Definition 2.8. The point x € Q will be called unessential for the set G, if there
exists an open neighborhood O(z) of x, u(O(x)) > 0, such that u(G N O(z)) = 0.

For arbitrary closed subset G C ) we denote by G* the set of all points = € G,
which are essential for G and by G” the set G¥ = G\ G*.

Theorem 2.9. Let G be a compact subset of Q and pu(G) > 0.
Then the set G* is a nonempty compact set and the sets G and G* are p-equivalent.

Proof. Suppose that G* = ). Then G¥ = G and for each x € G” there exists an open
neighborhood O(z) of x, u(O(x)) > 0, such that u(O(z) N G) = 0.

Since G is a compact subset of Q and |J O(x) is an open cover of G, then there
zeCG
exist points 1, ...,z € G, and open neighborhoods O(z1),...,O(xy), such that

k
w(G) < u(U (O(x;) NG)) = 0 which is impossible. Therefore G* # (.

1=
Obviously G* includes all internal points of G. Let {za},c4 C ntG be an
arbitrary Cauchy sequence. Assume that lin}x ZTo = y and y € OG is unessen-
ac

tial. Then there exists an open neighborhood O(y) of y and oy € A such that
{Ta}as 0, NO(y) = 0, which is impossible. Therefore the set G* is a closed subset of
G and we can conclude that G* is compact.
Since every point € G” is unessential, there exists an open neighborhood O(x)
of z, such that u(G N O(z)) = 0 and G¥ € U O(x). Let V4,Va,...,V, are a
reGY
finite open cover of G*, i.e. G* C U Vi. Therefore G ¢ (U W)U ( U O(x)),
i=1 i=1 zeGv
where W; = V; \ ( U O(x)) are open subsets of . Since G is a compact set then
zeGY
there exist points x1,...,2x € G¥ and open neighborhoods O(z1),...,0(x), such
n k k
that G C (J W;) U (U O(x;)) and therefore G* C |J O(x;).
i=1 j=1 j=1

This implies that 4(G¥) =0 and G ~* GH. O

Remark 2.10. The statement of Theorem 2.9 is proved in [17] in the case when §) is
arbitrary complete metric space. Since the compact sets M, will be used as domains
of integration then without loss of generality we can assume that all M, are p-dense.
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Lemma 2.11. Let for the map M : Q — 2 the conditions (A) hold.
Then for every x € Q for which u(M,) > 0 there exists an open neighborhood O(x)
of x, such that for each s € O(z) we have that M, N Mg # 0.

Proof. Suppose that the statement of the Lemma 2.11 is not true. Denote by A the

set of all open neighborhoods a = a(x) = O(z,«) of x directed by inclusions. Then

there exists a sequence {ya},cq C € such that M, N M, = () and lirr}‘ Yo = .
) ae

Condition A2 implies that there exits ag(z) € A such that for every a = ag(z) we
have that pu(M,AM,, ) < 27'u(M,). Therefore if @ > ag(z), then we have that
u(My) > 2u(MyAM,,, ) = 2u(M, U M, ) > 2u(M,) > 0 which is impossible. O

Corollary 2.12. Let the conditions of Lemma 2.11 hold and all sets M are p-dense.
Then Yx € ) there exists an open neighborhood O(x) of x, such that for each
s € O(z) we have that p(M, N M) > 0.

Corollary 2.13. Let the conditions of Lemma 2.11 hold and all sets M, are p-dense
and connected.
Then if Q is connected, the set Mo = |J M, is connected too.
e

Proof. Assume the contrary there exist two open sets G, H C Mq,GU H = Mg and
G N H = (. Since all sets M, are connected then the sets G* = {z € Q : M, C G},
H*={y e Q: M, C H} are disjoint and obviously G* U H* = Q. Let x € G* be an
arbitrary point. From Corollary 2.12 it follows that there exists an open neighborhood
O(z) of z, such that for each s € O(z) we have that u(M, N M) > 0 and therefore
M, C G. Thus we proved that G* is open. Analogously we can prove that H* is open
too, which is impossible. O

Theorem 2.14. Let for the map M : Q — 2% the following conditions be fulfilled:
1. The conditions (A) hold.
2. Q is a connected space and 0 < () < co.
Then for every x € @ we have that p(My) < oo.

Proof. Consider the set 0y = {x € Q: u(M,) < oo} and let Oz = Q\ .

Condition A4 implies that Q; # 0. First we will prove that £, is a closed subset
of Q. Let y € 09 is arbitrary point. Then there exists a sequence {4}, 4 C int
such that iiég To =y. Let € > 0 is arbitrarily fixed.

From condition A2 it follows that there exists ag(€) € A such that for each a > ag
we have u(M,, AM,) < e.

Let 2o € {Ta}aca, @ > apo. Since pu(M,,.) < oo and (M, . AM,) < ¢, then we
have that u(M,) < u(Ms,.) + p(My, . AM,) < (M, .) + € < oo,

Therefore y € 2 and thus we proved that € is a closed subset of 2.

Let us assume that Qs # @ too. It is easy to see that for each z € 99y from
condition A2 it follows that p(M,) = +00. Then {25 is a closed set too.

Consequently we obtain = Q; U Qs and Q; N Qy = @ for the connected space 2,
which is impossible.

Then we can conclude that Qo = 0. O
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3. FIXED POINT RESULTS

Let (X,A) be a sequentially complete Hausdorff uniform space with uniformity
generated by a saturated family of pseudometrics A = {d,(x,y) : « € A}, where A is
an index set ([4]).

Denote by N the set of all positive integer numbers, Ng = NU {0},R; = [0, 00)
and I' = A x Np.

Definition 3.1. [4] The family of functions ® = {®, : Ry — Ry, a € A} is said to
be ®-contractive if satisfies the properties (P1):

®1.1. For every a € A the function ®, is monotone increasing and continuous
from the right.

®1.2. For every a € A the function ®, satisfies the inequality 0 < ®,(t) < t for
each t > 0.

Definition 3.2. The family of functions ® = {®(, ) : Ry — Ry, (a,n) € I'} is said
to be ®-almost contractive if satisfies the properties (92 ):

®2.1. For every (a,n) € I the function ®(, ;) is monotone increasing and contin-
uous from the right.

$2.2. For every a € A there exists a number n(a) € N, such that for each n > n(«)
the function ® 4 ) satisfies the inequality 0 < ®(q ) (t) <t for everyt > 0.

Remark 3.3. It is easy to see that if for every « € A we have that n(«) = 0, then
the ®-almost contractive family is ®-contractive.

The next theorem is a slight generalization of Theorem 2.2.6 from [4]. First we
introduce the class of the (®)-almost contractive operators. Denote by T° the identity
operator.

Definition 3.4. The mapping T : X — X is said to be (®)-almost contractive on X
if for every fived a € A and n € Ny there exists ®(q ) (t) € ® such that the inequality
do(T"2, T™y) < @ (0,n)(dj(a,n)(x,y)) holds for every x,y € X, where j : ' = A is a
mapping.
Theorem 3.5. Let the following conditions hold:

1. The operator T : X — X is (®)-almost contractive.

2. There exists a point xo € X such that for every a € A and n € Ny there exists
qg=q(a): A— (0,00) for which the inequal@'ty dj(a,n) (0, Tzo) < q(a) < 00 holds.

3. For every o € A we have that E @ (a,n)(q(a)) < 0.
Then the operator T : X — X has at least one fized point in X.

Proof. Let @ € A be an arbitrary fixed index. Then condition 2 implies that for
n € Ny the inequalities

3

Ao (T 20, T"0) <Y da(T™ T (Tag), T )
i=1

< @ (anti-1)(dj(anti-1)(T0, Two)) < Z Qo n+i-1)(q())
1

i=1

3

1=
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hold for each m € N. Then the sequence {T™(z¢)} -, is a Cauchy one and conse-
quently there exists z*: z* = lim T"(xo) in (X,A). The limit z* is the required
n—o0
fixed point of the operator T'.
Indeed, for any fixed oo € A there exists n(a) € Ny such that for every n > n(«)
we have

de(x*, T2™) (", xny1) + do(@Tpy1, Tx™)

< da
< do (", 2ng1) + a1y (djan) (Tn, 7))

where ®, 1) is right-continuous function and the last expression tends to 0.
The proof is complete. d

4. APPLICATIONS

Let Q* C © be an arbitrary M-star set. In our discussion below we will assume
that for the operator @ : Q x Q2 x B — B are fulfilled some of the following conditions
(where ||f||ag, = maa{||f(y)l|z : y € M. }):

S1. For every M-star set Q* C () the operator @) is continuous in the set 2* x Q* x B.
S2. For every f € Oy and each = € €, there exist numbers 6(f,2) > 0 and
L(f,r,0) > 0 such that for every function g € Cys for which |[f —g||,, < §, the
inequality ||Q(z,y, f(y)) — Q(z,y,9(W))llg < L(f,2,0)[|f(y) — 9(y)||5 holds for ev-
ery y € M,.

S3. For every xz € Q and arbitrary r > 0, there exists a constant L(xz,r) > 0 such
that for every two functions fi, fo € U(x,7) = {f € Cu| ||f|l,;, <7} the inequality
1Q(, v, £1(1) = Qw,y, L))l < Lz, 1)IIf1(y) — foy)l]; holds for every y € M,.
S4. For every z € Q) there exists a constant L(x) > 0

such that for every two functions fi, fo € C)js the inequality

1Q(z,y, f1(y)) — Qz,y, f2(y)ll g < L()[|f1(y) — fo(y)l| p holds for every y € M,.
Consider the operator K defined by

K f(z) = /M Q. y, f(y)duy (4.1)

where f € Cp(Q),z € Q. If for the operator @ the condition S1 holds, then the
integral in (4.1) does exist (see Remark 2.6).

Lemma 4.1. Let the conditions (A), S1 and S2 hold.
Then the operator K defined by (4.1) maps Cpr(S2) into itself.

Proof. Let x € Q be an arbitrary fixed point, x¢9 € M, and let {za}, 4 C M, be an
arbitrary generalized sequence such that lin}l ZTo = xo. If f € Cpy(Q) is an arbitrary
ac

fixed element then

I\Kf(%)—Kf(wo)HBS/ o 1Q(a,y, f(y) = Qxo,y, f(y))| pdiy

(4.2)
T / Q@ s F))| ity + / 10, 9, F)] 5y
Moo \Mag

Moo \M,

zq a
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Let € > 0 be an arbitrary number. Since the set B(f) = M, x M, x f(M,) is com-

pact then there exists a constant Qo(z, f) > 0,Qo(z, f) = sup  ||Q(s,y,v))||5-
(s:y,v)€B(f)

Conditions Al and S1 imply that there exists ag = ag(e) € A, such that for each

a > ag the inequalities

sup  |[|Q(za, y, f(y)) = Q0. y, ()l 5 <

arao,yeEMy, 2:“‘(M$o)
and .
My AM,) < ——
(Mo AMa) < 5320
hold. Therefore from (4.2) it follows, that for each o > o we have
(K f)(za) = QUK f)(20)l|5 < €. U

Corollary 4.2. Let the conditions (A), S1 and S2 hold.
Then the operator K defined by (4.1) maps Cyy into itself.

Definition 4.3. We say that the equation (2.1) has a local solution in some M -star
set QO C Q for some p € C(Q*, B) if there exists a point x, € Q* and a function
[ € C(M,,,B) for which u(M,,) > 0 and f satisfies the equation (2.1) for each
r € My,. If for every x € Q*: p, f € C(M,,B) and f satisfies the equation (2.1)
then we say that f is a solution of (2.1) in Q* C Q.

For each p € Cp () define the operator T : T'f(x) = p(x) + K f(z),
T = T(T™),n € N and with T° we denote the identity operator. From Lemma 4.1
it follows that T maps Cp/(Q2) into Cps(Q) and therefore T : Cpy — Chy.

Theorem 4.4. Let the following conditions be fulfilled:
1. The space Q2 is connected.
2. The conditions (A), S1 and S3 hold.
3. For each x € Q) the set M, is connected.
Then Vp € C(Mgq, B) the equation (2.1) has at most one solution f € C(Mq, B).

Proof. Suppose f1, fo € C(Mgq, B) are two solutions of the equation (2.1). Let
Zo € Mg be an arbitrary point such that fi(z¢) # fao(xg). Then there exists a point
s € 2 such that g € M, and M,, C M, (from A3).

Let v > sup ||fi(2)||z + sup ||f2(x)||z > 0 and denote by L(s,r) > 0 the con-
seEMg seM,

stant existing according to condition S3. From equation (2.1) and condition S3 it
follows that for each x € M, the inequality

1f1(x) = fa(@)l|p < L(s,7) /M 1f1(y) = f2()l Ay

holds. Using Theorem 2 and Theorem 3 from [7] we obtain || fi(z) — fa(x)||z = 0 for
each x € M, which contradicts our supposition. U

Let A = Q be the index set and introduce in the linear space C)p; uniform topology
generated by the following saturated family of pseudometrics

Gy = {de(f1, f2) = |f1 = follpg, © 1, f2 € O, v € QF.
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It is easy to see that the family of pseudometrics is separated, i.e. if for some fi, fo €
C we have that d,(f1, f2) = 0 holds for every x € Q, then by necessary f1(s) = fa(s)
for s € Mq. Thus Cj; is Hausdorff (T-separated) uniform space and obviously Cps
is sequentially complete space.

Theorem 4.5. Let the following conditions be fulfilled:
1. The space Q2 is connected.
2. The conditions (A), S1 and S4 hold.
3. For each x € ) the set M, is connected.
4. For each n € N and Vx = z¢ € Q the following inequality

/Mz (/M
holds.

Then for each p € Cp(Q) the equation (2.1) has in Mg at least one solution
feCuy.

Proof. Let x € ) be an arbitrary fixed element. For arbitrary fi, fo € Cpy and n € N
from S4 and condition 4 we have

sup [|T"(f1)(y) = T"(f2)W)l| 5
YyEM,,

= sup KT () y) — KT ()W)l

< sup [ IQ(y, 2, T H(A)(@1) = QY @1, T (f2) (21)) | pldpta
yeEM, J M,

< sup L) [ 1T () @) = T () @)l 43

Cop" T (M)

( . (/M H(Mzn)duacn) s )d,uazz)duam < (TL + 1)|

Ty Tp_1

YyEM,,

< L(x) / T Y (fa) (1) — T (o) @)l i, < -

x

0@ [ (Rl )
Cop™ (M) L™ N
< Gl W@y, o))y = el Bl

Let n(x) € N be the first number for which we have

_ Cop™ ™ (M) L") ()

() ()] <1 and Cyu(M,)L(z) < n(x).

Define the mapping j : Q x Ny — Q as follows: j(x,n) =« for n € Ny and z € Q.

Define the family ® = {®(, (1) = ¢t : t € Ry,n € Ng,z € Q}. Obviously the
family ® is ®-almost contractive.

Assume that the function fy(x) = 0 for each z € Mq,.
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Since P(z) = sup [[p(s)l|z < 0o and Qo(z) =  sup  [|Q(s,y,0)|[p < oo,
SEM (8,y)EMe X M,
then for n € Ny we have

dj(en)(fo, Tfo) = dz(fo, T fo)
= [T follps,
< P(x) + p(My)Qo(x) + 1
=gq(x) < o0

(4.4)

From (4.4) it follows that the condition 2 of Theorem 3.5 holds too. For each n > n(x)
from (4.3) it follows that the following estimation

@) _ craal@) _ p(My)L(x)
P (4n)(g(z)) cha(r) — n
holds and therefore the condition 3 of Theorem 3.5 also is fulfilled. Thus for each
p € Cy the equation f =T f has at least one fixed point f € Cyy.

From Theorem 4.4 it follows that the fixed point f is unique and it is a continuous
function in Mg, f € C(Mq, B). O

Remark 4.6. Obviously if 1 is a finite dimensional space then the condition 4 of
Theorem 4.5 is implicitly fulfilled.
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