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1. INTRODUCTION

The study of finding a common fixed point of a pair of commuting mappings
seems to be of vital interest in view of a historically significant and negatively
settled problem that a pair of commuting continuous self mappings on the unit
interval [0,1] need not have a common fixed point [4, 8]. Since then, there have
been several attempts to find weaker forms of commutativity that may ensure
the existence of a common fixed point for a pair of self maps on a metric
space. In this context, the notion of compatible mappings, introduced by

285



286 A.K. KALINDE*, S.N. MISHRA** AND H.K. PATHAK***

Jungck [9 | (see also Sessa [23 ]) has been of significant interest and has proven
useful for generalizing results in metric fixed point theory for single-valued and
multivalued mappings [7, 9-22,24-25]. Recall that self mappings S and T of a
metric space (X, d) are compatible if lim,,d(STzy, T Sx,) = 0, whenever {x,,}
is a sequence in X such that lim, Sz, = lim, Tz, = z for some z € X. It
is well known that two commuting mappings are compatible but the reverse
implication need not be true in general [10, Example, page 285]. Further to
this, the notion of weakly compatible mappings was recently introduced and
studied by Jungck and Rhoades [14] which has been found more general than
many of it’s counterparts, including the compatible mappings . Self mappings
S and T of a metric space (X,d) are called weakly compatible if Sx = Tx
implies that STx = T'Sx for all x € X

Notice that two mappings may fail to be weakly compatible only if they
possess a coincidence point at which they do not commute. This means that
weak compatibility is the minimal condition for mappings to have a common
fixed point as a common fixed point is also a point of coincidence. Also, it
is interesting to note that compatible mappings are again weakly compatible
but not conversely (see [14, Example 5.1]). The same observation applies to
several other forms of compatibility, such as compatibility of type A, B or C
etc. [13, 18,19] (see for example, [7, Example 3]).

On the other hand ¢ — contractions were used earlier by Bhakta and Mitra
[3] to obtain some existence theorems for functional equations that arise in
certain type of continuous multistage decision process (related to dynamic
programming). Subsequent results in this direction appear, among others, in
[1,6,15, 17, 25].

Motivated by the above results, we prove some common fixed point theorems
for a quadruple of self mappings of a complete metric space satisfying weak
compatibility condition and a rational inequality. Subsequently, we utilize our
main theorem (Theorem 2.1) to obtain common solutions of certain functional
equations arising in dynamic programming. The results obtained here in
extend and improve some results in [1,3,6,10, 13,15,17,26] and others.
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2. COMMON FIXED POINT THEOREMS

Now onward, we denote by ® the collection of all functions ¢ : [0,00) —
[0,00) which are upper semi-continuous from the right, non-decreasing and

satisfy
Slirgrsupgo (s) <t,p(t)<tforall ¢>0

Throughout, unless stated otherwise, X will denote a metric space (X, d). The
set of natural numbers will be denoted by N.

First we have the following lemmas.

Lemma 2.1 If ¢; € &, ¢ € I, where [ is some finite indexing set, then
there exists a ¢ € ® such that max {p; (t) : i € I} < () for all t > 0.

The proof of the above lemma can easily be constructed.

Lemma 2.2 [5, Lemma 2] Let ¢ € ® and let {7,,} be a sequence of non-
negative real numbers. If 7,11 < ¢ (7,) for n € N,then the sequence {7,}

converges to 0.
Now, let A, B, S and T' be self-mappings of a metric space (X, d) such that

A(X) € T(X) and B(X) C S(X), (2.1)

pmax {d(Az, Sz)d(By, Ty), d(Az, Ty)d(By, Sz)}

d(Ax, By) <
(Az, By) < 1+ pd(Sxz,Ty)

1
1+ pd(Sz,Ty)

eald(By, Ty), a(3[d(Az, Ty) + d(By, 52)]) (22)

max{y1(d(Sz,Ty)), p2(d(Az, Sz)),

forall z,y € X, p; € ®(i =1,2,3,4) and p > 0.

Next, we construct a sequence {x,} in X as follows. Pick z, € X. By
(2.1), since A(X) C T(X) we can choose a point 21 € X such that Az = Tz;.
Again, since B(X) C S(X) for 1 € X, we can choose a point x2 € X such
that Bzq = Szy. Continuing in this way, we can choose a sequence {x,} in X
such that

Yon—1 = Txop_1 = Axon_o and ya, = Sxa, = Bxa,—1 (n € N) (2.3)
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For the sake of brevity, let d,, = d(yn,yn—1), n € N.  Then we have the
following;:

Lemma 2.3. lim,_,,,d, = 0.

Proof. By setting x = x9, and y = 2,1 in (2.2) and using (2.3) along with
the brevity notation d,, = d(yn,yn—1), n € N and a fairly standard calculation,

we obtain

[1 + den]d2n+l S p max{d2n+1d2na d(yZn—i-l ,y2n—1)d(y2na y2n)}

+ max{¢1(dan), p2(dan+1), p3(dan),

1

Pa(5ld(yan+1, y2n—1) + d(yon, y2n)))}-

Since d(Y2n+1, Y2n—1) < d(Y2n41, Y2n) + d(Y2n, Y2n—1), the above inequality
reduces to

[1 + pdap]dant1 <
1
pdant1dan + max{i(dan), p2(dan+1), ¢3(dan), 904(5[d2n+1 + dan))}

and we obtain

1
don+1 < max{p1(dan), 2(dont1), 3(dan), <P4(5[d2n+1 + dan])} (2.4)

Similarly, by setting x = z9,—2 and y = x9,—1 in (2.2) and using similar

arguments as above, we obtain

dan < max{pi(dan—1), 2(dan—1), p3(dan), 904(%[d2n +don—1])} (2.5)

1
If doy,, < dopy1 for some n € N, then §[d2n+1 + don] < dopy1. By Lemma
2.1, there exists a ¢ € ® so that from (2.4) we have

dont1 < max{p1(dan+1), p2(dant1), ¥3(dont1), pa(dont1)}

< @(dony1) < donsr,
a contradiction. Consequently, we have don4+1 < doy, for all n € N. This fact

together with (2.4) and Lemma 2.1 imply that
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don+1 < @(day,) for all n € N and some ¢ € P. (2.6)

A similar argument applied to (2.5) will result in

don, < go(dzn_l) for all n € N, (27)

where ¢ € ® is assumed to be the same as in the previous case. Therefore
dp+1 < @(dy) for all n € N, and by Lemma 2.2 we have lim,,_,, d,, = 0.0J

Lemma 2.4 The sequence {y,} defined in (2.3) is a Cauchy sequence in
X.

Proof. In view of Lemma 2.3, it suffices to show that a subsequence {y2, }
of {y,} is a Cauchy sequence in X. Suppose {y2,} is not Cauchy. Then there
exists an ¢y > 0 such that for each even integer 2k there exist even integers
2m(k),2n(k) € N with 2m(k) > 2n(k) > 2k such that

A(Yan(k)s Yam(k)) = €0 and d(Yon (k) Yam(k)—2) < €0 (2.8)
that is, 2m(k) is the least positive even integer so that 2m(k) > 2n(k) and

d(Yan(k)s Y2m(k)) = €0

Hence for each even integer 2k, we have

€0 < d(an(k)v y2m(k))
< d(Y2n (k) Yomk)—2) + dY2mk) -2, Yomk)—1) + AY2m k)1, Yom(k))
< €0+ dom(k)—1 + dom(k)-

Hence by Lemma 2.3 and (2.8) it follows that

im d(Yan(k)s Yom(k)) = €0 (2.9)

k—oo

By making use of the triangle inequalities

d(Yon(k)> Yom(k)—1) < A(Yon(k)> Y2m(k)) T A Y2m(k) Y2m(k)—1)s
A(Yan(k)> Yom(k)) < d(Yan(k)> Yom(k)—1) + AY2m(k)—1> Y2m(k))

we obtain
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| d(Y2n (k) Yom)—1) — AW2n(k)> YVame))| < AW2m)> Yomk)—1) = dom@ey  (2.10)

Similarly we have
| d(Wan(k)+1> Y2mk)—1) — AYan(ky: Yom()) |

< d(Wam (k) Yamk)—1) T AY2n (k) +1 Yon(k))
= dom(k) + don(k)+1 (2.11)
By Lemma 2.2 and inequalities (2.10) and (2.11) we obtain

Jim d(yn () Yamr-1) = €0 = W0 d(Yon (k) 415 Yam(k)-1) (2.12)

Now using (2.2) with & = 29,y and y = Tg,, )1 along with (2.3) and a
rearrangement we obtain
[1 +p d(y2n(k)7 y2m(k)—1)]d(y2n(k)+17 y2m(k))
< pmax{d(Yon(k)+1> Y2n(k)) A Y2m(k)> Y2m(k)—1)5
A(Yon(k)+15 Y2m(k)—1) A Y2m (k) Yon(k)) }

+ maX{@l(d(?JQn(k), y2m(k)—1))v 902(d(y2n(k)+1, y2n(k)))a
1

903(d(y2m(k)a y2m(k)—1))7 904(5 [d(an(k)—i-lv y2m(k)—1)

+ d(Yom(k)> Yon(x))) }-

Letting k& — oo and using Lemma 2.2, (2.9) and (2.12) and the fact that
pi € P(i=1,2,3,4) we have

g0 + peg < peg + max{p1(20) , 92 (0), 3 (0) , pa (0)}
< ped + max{p1 (o), p2(€0), ¥3(€0), paleo)}-

Hence by Lemma 2.1 with ¢ € ® we have

g0 < max{pi(co), p2(€0); p3(€0), pa(eo) } < p(eo) < eo,

a contradiction. Hence {ya,} is a Cauchy sequence in X. This proves that
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{yn} is Cauchy in X.0OJ

The following result is our main theorem of this section.

Theorem 2.1. Let A, B,S and T' be self mappings of a complete metric
space X satisfying (2.1) and (2.2). If the pairs {A, S} and {B, T} are weakly
compatible and that 7'(X) or S(X) is closed, then A, B,S and T' have a
unique common fixed point in X.

Proof. Since X is complete, it follows from Lemma 2.4 that the se-
quence {y,} converges to a point z in X. Consequently, the subsequences
{Azon} , {Bxon—1},{Szon} and {T'zoy+1} of {y,} also converge to the same
limit z.

Now suppose that T'(X) is closed. Then since {Tzon+1} C T(X), there
exists a point u € X such that z = T'u. Then by using (2.2) with = x9, and

Yy = u we get

d(Azay, Bu)

pmax {d(Axap, Swaop)d(Bu, Tw), d(Azay, Tu)d(Bu, Sta,)}
< +
- 1+ pd(Szay, Tu)

1
1 + pd(Szoy,, Tu)

(max{p1(d(Swan, Tw)), p2(d(AT2n, ST22)),

s (d(Bu, Tu)), @4(% (d( Ao, Ttt) + d( Bu, Saan)])-

Letting n — oo and using the properties of the functions ¢; € ®(i =
1,2,3,4) and the fact that z = T'u we get

d(z, Bu)
< max{p1(0), £2(0), ea(d(Bu, Tw), oa(5d(Bu, 2))}
< max{pr(d(z, Bu)), pa(d(z, Bu)), @5(d(Bu, 2), pa(5(Bu, 2))}
< ¢(d(z, Bu)),.
where ¢ € ® is ensured by Lemma 2.1. This implies that z = Bu, otherwise
d(z, Bu) < ¢(d(z, Bu)) < d(z, Bu),

a contradiction. Therefore Tu = z = Bu. Hence by the weak compatibility of
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the pair {B, T} it immediately follows that BTw = T Bu, that is, Bz = T'z.
Next, we shall show that z is a common fixed point of B and 7. By setting
x = x9y and y = z in (2.2) we have
d(Axay,, B2)
pmax {d(Axay,, Sxo,)d(Bz,Tz),d(Axan, Tz)d(Bz, Sxa,)}
< +
- 1+ pd(Szap, T2)

max{1(d(Szan, Tz)), p2(d(Axapn, Sxan)),

1
1+ pd(Sxan, Tz)

v3(d(Bz,Tz)), @4(% [d(Axon, Tz) + d(Bz, Szap)]) }-

Letting n — oo and noting that lim Azg, = z = lim S x93, and Bz = Tz,we
n—oo

get e
pd(z,Tz)d(z, Bz)
d(z Bz) < 1+ pd(z,Tz)
| max{pr(d(z, T2), ¢2(0), ¢3(0), pa(3ld(z,Tz) + d(Bz, 2)])}
1+ pd(z,T%2)
pd(z, Bz)d(z, Bz)
1+ pd(z, Bz)
+ maX{Sﬁl (d(zv BZ)), QOQ(d(Z? BZ))? 903(d(zv BZ)), 904(d(27 BZ)))}
1+ pd(z, Bz)

Since by Lemma 2.1, there exists a ¢ € ® such that

max{p1(d(z, Bz)), p2(d(z, B2)), p3(d(z, T2)), pa(d(2,T2)))} < ¢(d(z, Bz)),
the above inequality reduces to

< pd(z, Bz)d(z, Bz) N p(d(z,Bz))

d(z, B
(2 Bz2) < 1+ pd(z, Bz) 1+ pd(z, Bz)

If d(z, Bz) # 0,then by the properties of ¢, we have ¢(d(z, Bz)) < d(z, Bz)
and hence from the above inequality we have

pd(z, Bz)d(z, Bz) d(z,Bz)

d(z,B
(2, Bz) < 1 + pd(z, Bz) 1+ pd(z, Bz)

=d(z,Bz)
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a contradiction. Therefore d(z, Bz) = 0 = d(2,T2) ,i.e. z = Bz = Tz and
thus z is a common fixed point of B and T.

Further, z = Bz implies that z € B(X) C S(X), by (2.1). Therefore there
exists a point v € X such that z = Sv. We now show that Av = Sv. Indeed, by
setting x = v and y = 2,1 in (2.2), making n — oo and using the properties
of the functions ¢; € ®(i = 1,2,3,4) and Lemma 2.1 and following similar
arguments as in the case of mappings B and T', we can find a ¢ € & with

d(Av, z) < p(d(Av, z) < d(Av, z)

which by contradiction implies that Av = z. Hence Av = z = Sv. Then by
the weak compatibility of the pair {4, S} we immediately have SAv = Sz =
ASv = Az. Hence Az = Sz.

Now, by setting z = z and y = x9,—1in (2.2) and following the earlier
arguments, it can easily be verified that z is a common fixed point of A and
S as well. Hence z is a common fixed point of A, B, S and T.

The uniqueness of z as a common fixed point of A, B, S and T can easily
be verified. In fact, if w # z is another common fixed point of the given
mappings, then by setting z = z and y = w in (2.2) we get

- pld(z, w))?
d(z7w) = d(Az,Bw) < 1 —|—pd(SZ,Tw)

| max{e(d(z,w)), ¢2(0), 3(0), pa(5ld(z,w)) +d(w, 2)])}
1+ pd(Sz,Tw)

pld(z, w)]?

~ 1+ pd(z,w)
. max{p1 (d(z,w)), pa(d(z, w)), p3(d(z, w)), pald(z, w))}
1+ pd(z,w) ’

Since by Lemma 2.1, there exists a ¢ € ® such that

max{p; (d(z,w)), pa(d(z, w)), p3(d(z, w)), pald(z, w)) } < p(d(z, w)) < d(z,w),

the above inequality reduces to

pld(z, w)]? d(z,w) _ d(z,w)[l +pd(z,w)] _
d(z,w) < 1+ pd(z,w) * 1+pd(z,w) 1+ pd(z,w) = dlz,w),
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a contradiction. Therefore w = z, proving the uniqueness of z as a common

fixed point of A, B, S and T.0J

Remark 2.1. The above theorem remains valid if one assumes S(X) to be
closed instead of T(X). The same thing applies if A(X) or B(X) is assumed
to be closed.

Now we have the following corollary in respect of compatible mappings of
type (P) [16]. Recall that self mappings S and T of a metric space X are
compatible of type (P) if

lim d(SSxy, TTx,) =0

n—oo

whenever {z,} is a sequence in X such that lim Sz, = lim Tz, = z for some
n—oo n—oo

z € X. A glance into [16] in conjunction with the examples in [7] will quickly

reveal that compatible mappings of type (P) are weakly compatible but not

conversely.

Corollary 2.1. Let A, B,S and T be self mappings of a complete metric
space X satisfying conditions (2.1) and (2.2). If the pairs {A, S} and {B, T}
are compatible of type (P) and that T(X) or S(X) is closed, then A, B, S and
T have a unique common fixed point in X.

Remark 2.2. The advantage of the assumption that 7'(X) or S(X) is
closed in Theorem 2.1 (and Corollary 2.1) is that the mappings A, B, S or
T need not be continuous. However, if we assume one of the mappings to be
continuous, then the requirement that 7'(X) or S(X) is closed can be dispensed
with for the above results still to hold.

Corollary 2.2 Let A and B be self-mappings of a complete metric X space
satisfying

pmax{d(z, Az)d(y, By),d(l‘,By)d(y,Aﬂb‘)}Jr
1+ pd(z,y)

max{@l(d(xv y))’ 302((1(%7 Ax))? 903(d(y’ By))’

d(Az, By) <

o
1+ pd(z,y)
pa(51d(z, By) + dly, Ar)))

for all z,y € X and p > 0, where ¢; € ® (i =1,2,3,4). Then A and B have
a unique common fixed point in X.
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Proof. By setting S = T' = I, the identity mapping, it is not difficult to
see that the conditions of Theorem 2.1 are satisfied.lJ

Theorem 2.2. Let S, T and A, (n € N) be self-mapping of a complete
metric space X. Suppose further that for any n € N, the pairs {Ag,—1, S}
and {Agy,, T} are weakly compatible and that

Agn_l(X) (- T(X), Agn(X) C S(X)

If S(X) or T(X) is closed and that for any ¢ € N, the following condition is
satisfied for all z,y € X and p >0

d(A,ac, Ai+1y)
- pmax(d(Sx, Ajx)d(Tx, Aiv1y),d(Sz, Aiv1y)d(Ty, Aix)} n
- 1+ pd(Sx,Ty)

1
1+ pd(Sz, Ty)

1
3(d(Ty, Ait1y)), pa(51d(Sz, Ai1y) + d(Ty, Aiw)])}
where ¢; € ® (i = 1,2,3,4), then S, T and A, (n € N) have a unique

common fixed point in X.

Remark 2.3. If we drop the condition that S(X) or T(X) is closed in
Theorem 2.2 and replace the weak compatibility by compatibility of type (P)

max {1 (d(Sz, Ty)), p2(d(Sz, Aix)),

and assume one of the mappings S or 7" to be continuous, the theorem will still
remain valid. Under that form we get an extension of the results of Pathak
et al. [17, Theorem 3.3] and Jungck [10, Theorem 3.1] which in turn include
several known results, for example, the main results of Chang [5] and Singh
and Singh [26].

3. APPLICATIONS

Throughout this section, we assume that X and Y are Banach spaces, S C
X is the state space and D C Y is the decision space. Let R = (—o00, 00) and
denote by B(.S) the set of all bounded real valued functions on S.

Following Bellman and Lee [2], the basic form of the functional equation of

dynamic programming is given by

f(l') = OptyH(xa Y, f(T(l',y))),
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where x and y represent the state and decision vectors respectively, 1" repre-
sents the transformation of the process and f(x) represents the optimal return

with initial state = (where opt denotes max or min).

In this section, we study the existence and uniqueness of a common solution
of the following functional equations arising in dynamic programming.

fi(z) = SugHi($aya fi(T'(x,y))), = €S, (3.1)
ye
gi(z) = sggFi(x, Yy, 9i(T(x,y))),x €S, (3.2)

where T': SxD — S and H; F;: SXxDxR—-R,i=1,2.
Suppose the mappings A; and T; (¢ = 1,2) are defined by
Aih(z) = supH;(z,y, (T (z,y))), for all z € S,h € B(S),i =1, 2.
D

ye

Tik(x) = supFi(z,y,k(T(x,y))), for all x € S|k € B(S),i=1,2
yeD
(3.3)

Theorem 3.1 Suppose that the following conditions are satisfied:
(i) H; and F; are bounded for i = 1,2

< M~ (pmax{|T1A(t) — Aih(t)] . |Tak(t) — Ask(t)]
|Tih(t) — Agk(t)| . |Tak(t) — Arh(t)|}
+max {1 ([T1h(t) — Tok(t)]), p2(|T1h(t) — Arh(t)]),
e3(|Tok(t) — Ask(t)]), a(z[l Tih(t) — Ak(t) |
+ I Tok() — Aih(t) D))
for all (x,y) € S x D, h, k€ B(S), t€ S, p> 0,where
M=]1 —i—psuIS) |T1h(t) — Tok(t)]],
te
and p; € (i =1,2,3,4) and the mappings A; and T; (i = 1,2) are as defined
in (3.3).
(7it) For any sequence {k,} C B(S) and k € B(S) with
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lim sup |ky(x) — k(z)| =0,

=00 gcs

there exist h; € B(S) such that k = T;h; for i =1 or i = 2.
(iv) For any h € B(S), there exist ki, ko € B(S) such that
A1h(z) = Toki(z), Ash(z) = Tika(z),z € S.
(v) For any h € B(S) with A;h = T;h (i = 1,2) we have T;A;h = A;T;h.

Then the system of functional equations (3.1) and (3.2) have a unique com-
mon solution in B(S).

Proof. It is well known that B(S) endowed with the metric

d(h, k) = sup|h(x) — k(x)| for any h, k € B(S)

z€eSs

is a complete metric space. Moreover, by condition (i), A; and 7T; are self

mappings of B(S) and by condition (iv) it is clear that

Also, by condition (v), the pairs {A;, T;} are weakly compatible for i = 1, 2.
Moreover, by (3.3) and (i) we have that for any n > 0 there exist y1, yo € D
such that

where x; = T'(z,y;),i = 1,2 Also,
Arhi(z) = Hi(z, 92, hi(x2)), (3.5)
AQhQ(CL’) } Hg(x,yl,hg(l‘l)). (36)

Then from (3.4), (3.5), (3.6) and (ii), we have
Alhl(x) — AQhQ(I)
Hy(x,y1,h1(x1)) — Ha(x,y1, ha(z1)) +1

<
< [Hi(z,y1, b)) — Ha(w, y1he(21))| + 1
< Mﬁl(pmaxﬂTlhl(a;l) — Alhl(.%'l)‘ . ’Tghg(l'l) — Aghg(afl)’ ,
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[T hy(x1) — Agha(z1)| - |Toha(z1) — Arhi(x1)|}+
maz{p1(|Tihi(z1) — Tohe(z1)|), p2([Tih1(z1) — Arha(z1)]),
@3([Taha(z1) — Agha(z1)]), 904(%[|T1h1($1) — Asha(21)]
+ [Taho(z1) — Avha(z1)[])}) + 1
< MY (pmax{d(Tih1, A1h1)d(Toha, Ashs), d(T1h1, Asha)d(Tohg, Aihy)}
+ max{y1 (d (T1h1,Toh2)) , p2(d(T1h1, A1h1)), @3(d(Tahe, Ashs)),
@4(%[d(T1h1,Azh2) + p(Toha, A1h1)]}) + 1. (3.7)
From (3.4), (3.5) and (ii), we have
Aihy(z) — Asho(z)
> — M (pmax{d(T1h1, A1h1)d(Tohg, Ashs), d(T1hy, Asho)d(Toha, A1hy)}
+ max{p1d(T1h1, Toh2)), p2(d(T1h1, A1h1)), p3(d(Taha, A2hs)),
804(%[d(T1h1, Ashg) + d(Taha, Atha)])}) —n. (3.8)
Using (3.7) and (3.8), we obtain
|Arhi(z) — Asha(z)|
< M~ Y(pmax{d(Tih1, Aih1)d(Taha, Ashs), d(Tihy, Ashs)d(Toha, Arhy)}
+ max{p1(d(T1h1, Tah2))p2(d(Tihi, Arh)), 3(d(Tzhe, Az2hs)),
@4(%[d(T1h1, Asha) + d(Toha, Avhi)])}) + 1. (3.9)

Since (3.9) is true for any = € S and n > 0 is arbitrary, by taking supremum
over all x € S we have,

d(A1hy, Aghg)

< p
= 1 + pd(Tlhl, Tghg)

max{d(T1 hl, Alhl)d(Tghg, Aghg),

d(Tyhy, Asho)d(Toha, A1hy)}

1
T: T: T: A
+1—i—pd(T1h1,T2h2) max{p1(d(T1h1, Toh2))p2(d(T1h1, A1h),

@3(d(T2h2, AQhQ)), @4(%[d(T1h1, Aghg) + d(TQhQ, Alhl)])}
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Therefore condition (2.2) is satisfied by mappings Aj, Ao, 71 and T and
hence by Theorem 2.1, they have a unique common fixed point h* € B(S5),
i.e.,, h*(x) is a unique common solution of the functional equations (3.1) and
(3.2).0

As an immediate consequence of Theorem 3.1 and Corollary 2.2 we have
the following.

Theorem 3.2 Suppose that the following conditions are satisfied.
(i) H;is bounded for i = 1,2,

< L7 (pmax{|h(t) — Ath(t)] [k(t) — A2k(2)|, |h(t) — A2k(t)] [k(t) — Arh(t)]}
+max{p: (| h(t) — k(@) |), p2(] h(t) = Arh(t) |, pa([k(t) — A2k(1)]),

@4(%[%@) — A2k(t)[ + |k(t) — Arh()[])}),
for all (x,y) € S x D, h, k€ B(S), t€ S, p> 0,where

L=/1{1 —I—pfgg |h(t) — k(t)|}

and ¢; € ¢ (1 =1,2,3,4) and A; (i =1,2) are is defined in (3.3)

Then the functional equations (3.1) and (3.2) have a unique common solu-
tion in B(S).

Remark.3.1 In view of Remark 2.3, we may drop condition (v) of weak
compatibility and replace it by the compatibility of type (P) under the fol-

lowing form

(v)* For any sequence {k,} C B(S), if there exists an h € B(S) such that

lim sup|A;k,(z) — h(z)| = lim sup|Tik,(xz) — h(z)| =0 for i = 1,2,

n—0 ges N ges
then
lim sup|T;Tik,(x) — AiAi(z)| =0 for i =1,2.

n—=00 4c s

Moreover, if we dispense with condition (#7¢) in Theorem 3.1 which requires
that T1(B(S)) or T»(B(5)) is closed, then we will have to impose a continuity
condition on the mappings T; (i = 1,2) that may be stated as follows:
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(797)* For any sequence {k,} C B(S) and any k € B(S5),

lim sup|k,(x) — k(z)| = 0= lim sup|Tik,(z) — Tik(z)| =0

n—00 pe s "0 zes

fori=1ori=2.

Under this form Theorem 3.1 still remains valid and extends the results
of Pathak and Fisher [15, Theorem 3] and Pathak et al. [17, Theorem 5.1].
Moreover, Theorem 3.2 extends the results of Baskaran and Subrahmanyam
[1, Theorem 2.1], Bhakta and Mitra [3, Theorem 2.1], Pathak and Fisher [15,
Theorem 4] and Pathak et al. [17, Theorem 5.2].
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