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Abstract. An existence of stable orbits of Synge’s electromagnetic two-body problem is
proved which bases on the known qualitative results. A new proof of the existence theorem
for perturbed system is presented. The results obtained are applied to the system of equations
of motion for two charged particles. It is shown that the parameters of the first Bohr’s orbit
satisfy the conditions obtained here.

Key Words and Phrases: Electromagnetic two-body problem, stable Bohr’s orbit, fixed
point theorem

2000 Mathematics Subject Classification: 78A35, 34D08, 34D10, 47H10.

1. INTRODUCTION

In the previous paper [1] we have shown an existence of circle orbits of
Synge’s electromagnetic two-body problem [2]. On the other hand it is usually
accepted [3] that N. Bohr’s stationary states postulate does violate the classical
electrodynamics. Moreover Synge himself shows in [2] that electromagnetic
two-body problem is unstable. We have already proved in [4] that the original
heuristic method of successive approximations proposed by Synge [2] cannot
be substantiated. Moreover we have succeeded to split the equations of motion
into two incompatible groups. It turns out that the two-dimensional case of
the two-body problem is actually a Kepler problem. Therefore the result of
[1] shows that the classical electrodynamics rather implies the existence of a
stationary state than violates it. Here we show an existence not only of circle
orbits but stable orbits asymptotically near to the circle orbits as well.
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232 VASIL G. ANGELOV

Let us consider the plane equations of motion for two charged particles in
polar coordinates as they are derived from [2] in [1]:

(2)

where p(t) and ¢(t) are unknown functions, e; (i = 1,2) are the charges of
the moving particles, m; (i = 1,2) their rest masses, Q; = ce (i=1,2), c-
my;

the speed of light, A(t) = \/c2 — p2(t) — p2(t)¢2(t). The origin of the inertial
system is associated with the one of the particles, so that p(t) is the distance

between the particles at instant ¢, while ¢(t) is the polar angle with respect
to some polar axis at the same instant.

In [1] we have shown that the initial value problem for (1)-(2) has a solution
which is a circle orbit, i.e. p(t) = pp = const and ¢(t) = @ - t where ¢y =
©(0) = 0 and po = p(0) = 0. In the same paper [1] one has found also
conditions such that small perturbations in the initial velocities implies an
escaping of the particles. The three-dimensional case is considered in [5].
In the present paper we show that under some relations between the initial
conditions there exists a stable solution of (1)-(2) asymptotically tending to a
circle orbit. Finally we note that [6] contains equations of motion which have
solutions corresponding to the following cases: either collision or escaping of
the charged particles. However, it is proved, in [7] that the system from [6] is
not equivalent to the original J.L. Synge’s system from [2].

In section 2 we consider a linearization of the right hand side of (1)-(2) using
classical Taylor’s formula at the point (pg, po, v0,%0). Then in section 3 we
find solutions of the obtained linear system. In section 4 we prove an existence
theorem for a nonlinear system using the fixed point method in [8] and show a
continuous dependence of the solutions with respect to perturbations. Finally
we give relations between initial conditions implying a stability of the hydrogen
atom. The final conclusion is that Bohr’s stationary states postulate is implied
by classical electrodynamics.
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2. LINEARIZATION OF THE SYSTEM OF EQUATIONS OF MOTION

Introduce the following denominations for the right hand side of (1) and

(2), taking into account that they do not depend on ¢:

o ) Q2 (02 _ P2 /C2 _ ,0'2 _ p2¢2
Pp %) = p¢* + 5 ) 2 (3)
28], QIR
> s ) F 23 . 4
(p, ) PRy 5 (4)

The classical Taylor’s formula applied to the right-hand sides of (3) and (4)
at a neighborhood of the point (po, po, Yo) gives:

OP(po, Yo, ¢o) OP(po, po, o) , .

P(p, p,¢) = P(po, po, $o) + 8—p(P—P0) + a—p(P—ﬁo)
P (po, o, 20) .. . — S
+E020) (4 g0) + on( o= PP (5 Ao T (2= )
and
. . o . a(b ) ) 9 [ a¢ 9 ) 9 ; i o
D(p, p, ) = ®(pos po, o) + W(p — po) + W(p — o)
P P
®(po, po, 20) . . — —
+ SR P80 5 o) 4 on( (o= P 5= o+ = G0
We have

OP _ o, Quc =) P 420220 0P _ Qup =3¢ + 377 + 2p
Op c3p3 [ — 2 — p2¢2’ op A3p? /2 02 — p2p? ’
0P _, . QP p¢ 00 29 Qopp2c® — 2% — pPy
a5 T 4PP - S 9, 2 . 3’
0P 22— 2= p2p2  Op P> Ap3 2 — 2 — p2p2
0P _2p  Qup P2 —p 0B _ 2 Qup P -2
0p P c3p? /2 = 02— p2<,b2’ 0P p o Bp? /2 02— p2<,b2.
Then (1)-(2) can be written in the form
. 2, Q2(® — P/ — fy — P
p(t) = pogs + 5 i
c P
2 22V 2,52 2 -2
. ct — —2¢*+2
i |gp s 2l 50)(50%.2 — )| (5 — po)
¢ POV €~ Py — PoP0
Qapo 345 + 2p55 — 3¢

————(p — po)
i = g — 33

+
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. Qa2 (= p})povo L
+ 2[)0900 - 73 3 g VW) (()0 - SOO)
RV R
+o1(v/(p— po)2 + (p— po)2 + (¢0 — 0)?), (5)
; 2p0%0 Q2 \/ 2 — p§ — P38
P(t) = <1 + 203 0 070
Po c Po

—+

2000 |, Q2 popo(2¢” — 208 — p§ép) (p— o)
2 B3 3 /2 2 _ 2.2 p=pro
Po PoV € — Po — Po¥o

_2950 Q2 po(c®* =208 — p3d) | . .
+ )_’_7 ( 0 0 0) (p—Po)

R N L

200 | Q2 po(c® — p§ — 2p8¢0)? | . .

— S T | P %)

| PO " poV e — Py — Po%hH

+o2(v/(p—p0)2+ (p— po) + (¢ — ¢0)?). (6)

Introduce the denominations:

_l’_

P% = P(po, po,¢0),  ®° = ®(po, po, $o),
P9 = Py(popo,¢0)s Py = Ps(po. po,¢0), P2 = Ps(po, po, $0),

(I)I?) = (I)p(p07p079b0)7 Q)g = q>ﬁ(p0:p01()b0)? (pg = (I)¢(P07p07¢0)-
Then in view of the existence of circle orbits (proved in [1]) we have P? = 0,
@Y = 0. Therefore the system (5), (6) takes the form:

p(t) = PJlp(t) — po] + FRlp(t) — po] + PR[&(t) — o] + 01 (7)

(1) = @plp(t) — po] + P[(t) — po] + PE[(t) — o] + 02. (8)
As usually the second order system (7), (8) can be represented as a first
order one, by setting p = r(t), ¢ = ¥(t):

plt) = r(t)
#(t) = PP[o(t) — po] + PRI3() — o] + PAG(E) — po] + o1
B(t) = (t)

(1) = @plp(t) — po] + PP[A(t) — po] + PY[(t) — o] + 02
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Since the right hand sides of (1), (2) do not depend on ¢ we can consider a
system of three equations with respect to p, r,:

pt) = r(t)
i(t) = P)lo(t) — pol + PRI(t) — po] + PRl (t) — o] + o1 (9)

b(t) = PY[p(t) — po] + PY[p(t) — po] + PU[(¢) — o] + 03
3. TOOLS FROM THE THEORY OF PERTURBED DIFFERENTIAL EQUATIONS
Let us consider the system
tp = Fr(t,x1,29,...,2,) (k=1,2,...,n) (10)
and its perturbed one
T = Fi(t,x1,22,...,2n) + Ri(t,x1,22,...,2n) (K=1,2,...,n). (11)

We recall some known results from [9], [10]:
Let z(t) = (x1(t),z2(t),...,zn(t)) be a solution of (10) and y(t) =
(y1(t),y2(t), ..., yn(t)) be a solution of (11) for t > ¢y and

lzll = /2t + -+ af.

Proposition 1. Let Fj be Lipschitz continuous with constant L and
|Ri(t,u(t))]| < d for the solution y(t) (6 = const > 0). If the initial con-
ditions satisfy the inequality |z© — || < n then

)

() — y(t)| < nemtlt—to) 4 E[e”L(t*tO) —1] for t > to.

If we disregard the infinitely small quantities of second order in (7)-(8) we
obtain a linear system. As Proposition 1 shows, the solutions of the linear
system can be different from the solutions of the perturbed one by e"L(t—t0)
which implies a possible existence of a non-stable solution for nonlinear system

(1), (2). So we consider the following linear perturbated system:
n
Bs(t) = pei(t)r;(t) + Xt 21 (t), .., aa(t) (s=1,2,...,n)  (12)
j=1

where X can possess a polynomial nonlinearities.
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Recall that a linear system
io(t) = S by (i (t) (s =1,2,....n) (13)
j=1

is said to be regular if

s Tty ss(T)dT
Z)\i:—X<6 fos§1p ™ >

i=1
where Aq, ..., A\, are characteristic values of the system and x(-) is the charac-
teristic value of the function defined in [10]. A system is regular if for instance
it is constant or periodic one.
Recall that
B'(0) = B-(0) x --- x B.(0),

ntimes
Br(0) = {(21,...,2p) ER" 12?4+ + 22 <7}, r=const >0
Let the following conditions (P) be fulfilled:
(P1) functions pg;(t) : [0,00) — R! = (—o0,00) are continuous and
bounded;
(P2) Xs(t,z1,...,2,) : [0,00) x B*(0) — R! are continuous and
Xs(t,0,...,0) =0, and
n

|X5(t7$1>-"733n) _Xs(t7jlv--'aﬁ)| <L Z‘:Ej _jj HlaX{H:L’Hm,HT”m}
=1

where m and L are positive constants;

n
(P3) the system (t) = Zpsj(t)xj(t) (s =1,2,...,n) is regular;
j=1

(P4) among characteristic numbers of (13) there are k in number positive
denoted by Aq,..., A.

An existence of exponentially bounded solution of (14) is proved in [10].

In what follows we give a new straightforward proof of a known result by
means of the fixed point method from [8].

Proposition 2. Under conditions (P) the system (12) possesses a family
of integral curves

s = xs(t,c1,...,c) (s=1,2,...,n) (14)
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depending on k arbitrary constants ci,...,cp and satisfies the inequality

1 1

n 32 k 2
(Z m?) <b Z c? e~ A=kt (15)
=1

s=1 7

where A = min{\i,..., Az} > 0 and € > 0 can be chosen arbitrary small
(e < X) while b = b(e) is such that lin% b(e) = oo. Inequality (15) is satisfied
E—
k
for those integral curves for which Z c? < ¢ where ¢ > 0 is sufficiently small.
j=1

We recall first some known results from [9] and [10].

Let Y (¢) be a normal fundamental matrix of solutions of (13) such that its
J-th column is a solution of (13) corresponding to the characteristic value \;
(j =1,2,...,n). Then define the matrix G(¢,7) in the following way:

Y(t)G1Y (), 0<7<t

G(t, 1) = (16)
Y(t)GoY H7), 0<t<T

where

1 0 0
0 1 0 0
0 0 .. 1
Gy = g ;
0 0 0
0 0 0 0
0 0 0
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0 0 0
0 0 0 .
0 0 0
G2 = ' 1 0 ... o0 |’
. 0 -1 0
0 0 ... -1
nek

Lemma 1. The matriz G(t,7) has the properties:
,yezs(t+T)€f)\(t7T)7 t>71>0

765(t+7), ey where

1) For every 6 > 0, |G(t,7)|| < {

= 1' = M
7 =7(8) >0, lim ~(8) = oo;

2 28T - G,

T(?T
{pjk(t)}j,k:p'
3) G(t,t —0) — G(t,t + 0) = I where I is the n-dimensional unit matriz.

Lemma 2. Every solution of (12) is a solution of the following system of

0G(t, )

— = G(t,7)P(t) fort # T where P(t) =

integral equations
o0
x(t) = G(t,7)X (7, z(7))dr + G(t,t0)c1 (17)
to

where c1 is n-dimensional constant vector and vice versa: every solution of
(17) is a solution of (12).

We have to prove the following

Lemma 3. If the assumptions of Proposition 2 are satisfied then for every
vector ¢1 with ||c1]| < co for some co > 0 the system (17) has a unique contin-
wously differentiable solution for which ||z(t)|| < bl|lcy|e= A=t for t > t.

Proof. Let us consider the set of all continuous vector functions X = {z =
(z1(-), 22(-), - .., 2n(+)) such that e*~9)||z|| < oo} with a metric py(z,T) =
sup{eP |z — Z|| : t > to}. Define the operator T : X — X by the right
hand side of (17):

T(x1(t), z2(t),. .., xn(t)) == h G(t, )X (1, z1(7),...,2n(7))dT + G(t, to)cq.

to
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We show that for every € > 0 which satisfies 0 < ¢ < A there exists

m
7 > 0 and ¢ > 0 such that the operator 7'(-) maps the set M(e,v) =
{(x1,...,20) € X : ||z|| < y0e= P9t >t} into itself when [jc1|| < ¢o. Tt is
easy to check that the set M is bounded with respect to the above metric.

Indeed let us choose 79 < r (r is from condition (P2)). Then the function
X(t,x1(t), z2(t),...,xn(t)) is defined for every (xi,...,x,) € M(e,7y9) and
satisfies the inequality

X (¢, 21(8), @2(t), - 2 (D)) < Lnyg e DO g > g,
In view of Lemma 1 we obtain
1T (21(t), 22(t), - - ., 2n(t))]]

[e.9]

G(t, ") X (1, 21(7), 22(7), . . ., 20 (7))dT

to

< ] LG, to)er

< /tooHG(LT)HHX(T,wl(T)vm(T),---,xn(T)HdT

t

HIG @ to)lllleall
t oo
< ang“rl( ||G(t,T)He_(m-&-l)()\—a)TdT+/ HG(t,T)Ile_(erl)(’\‘E)Tdr)
to +
HIG(E to) lllea |
¢ o0
<Lndtly </ e~ A=) O (+T) o= (m+1)(A=)T 1 +/ 66(t+7)€—(m+1)()\—5)7—d7_>
to t
G tolllleal
Ad—(m+1)(A—¢)]r d—(m+1)(A—e)l7 o
= Ly ly (6_()‘_6)t e +o—(m+1)(A—e)] t Lot eld—(m+1)(A—¢)] ’ )

A+0—(m+1)(A—¢)lt d—(m+1)(A—¢)
+llex nyefs(t-Ho)e—/\(t—to)
e)\+67(m+1)()\75)t_e[)\+57(m+1)(/\75)]t0

< Iyt —(A=8)t _ 5t P (mAD (A=)l
= ”( Ao—(m+1)(h—e) ‘ e 6—<m+1><A—a>>

+Hcl H,yef()\fts)(tfto)emsto '

We can choose § such that 0 < § < € and
d—(m+1)A—¢)<e—(m+1DA+(m+1)e < (m+2)e—(m+1)A < -A <0

and
A+o—(m+1)A—¢e)<A+e—(m+1A+(m+1)e
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=—mA+ (m+2)e < —mA+m\ =0.

Consequently since e~ (A9t < ¢=(A=)t e obtain

IT(@1,. .., 20)]|
A+d—(m+1)(A—e)]to 1
<L m+1,_ —(A—e)t e
= e mE D=2 —r—6  (m+D(r—2) =9

+||Cl ||’)/6_(>\_5)t€(>\+6)t0

<| Loy A= (m+1)(A=e)]to 1 o] oo

Choosing co = "™ for ||| < co we have

1T (21, ... zn) |

(8+e)ro 1
< Am+l I € A+8)to | ,—(A—e)t
=% 7{" ((m+1)()\—s)—>\—5+(m+1)(>\—5)—5 e ¢
< ,_)/m+17 nL eto + 1 _|_e(m+1)()\fs)tg ef()\fs)t
=0 mA—(m+2e  (m+1)A—(m+2)e

2¢eto 1
< Al I e + (m+1)(A—e)to | ,~(A—e)t
o [n m)\—(m—|—2)€+)\ te °

Taking 9 > 0 sufficiently small we obtain ||T(x1,.

)| < qoe
which implies that 7" maps M (e, o) into itself.

It remains to show that T is contractive operator. Indeed for 0 < § < e:

”T(:L‘la s 71'71) - T(fla s 7jn)||

< tOOHG(t, DINX (7, 21 (1), 22(7), . .., 20 (7)) =X (7, ZT1(7), T2(7), . .., T (7)) || dT

= / . ”G“»ﬂHLZlfcj(ﬂ — ()| ™7 " dr
<L/ HGt T |Hx( )_x( )|\/>7m —m(A— ET’}’(T)ne_m(/\ E)Td’r

L /toonau,ﬂuna:(ﬂ () |linme O g

t
< L\/;L’Y’Y(Z)mp)\ (.T, f) / e*()\fs)Teme()\fs)Teﬁ(tJrT)e*/\(tf‘r)dT

to

+Lﬁ77§mpA(x7$)/ 6—(A—E)Te—zm()\_s)Te(g(HT)dT

t



PLANE ORBITS FOR SYNGE’S ELECTROMAGNETIC TWO-BODY PROBLEM 241

t
SL\/ﬁngpA(w’x)e(Aa)t/ o[- —2m(A—e)+ (32T .-

to

+ Ly pa(z, T) e / o[- (=) —2m(A—e)+d]r 7
t

[—(A=e)=2m(A—e)+(3+ )]t _ o[~(A—e)=2m(A—e)+(5+N)]to
—Cm+1)(AN—e)+0+ A

< L\/vagm ef()\fs)te

_ = —e)—2m(A—e)+d]t
T O )\] pa(@,T)

—2mA—¢e)+0+¢e—

o= (@m+1) (A—e)+6+A]to —(A—&)—2m(A—e)+I+ Nt

|
Cm+1)(A—e)—0—A

—

ol (@m+1) (A—e)+28]¢

Jr(2m+ DA—¢) — 5] pa(z,T).

m
+2
—2m+1)A—e)+d+A2<0, —2m+1)(A—e)+0<-A<0

Since 0 < € < A the following inequalities are fulfilled
m

and
—C2m+1)(A—e)+20<d—-A<e—A<0
we obtain
T (x1,...,2n) = T(Z1,...,Tp)||
2 1 _
Cm+1)(A—¢e)—d—A * 2m+1)(A—¢)— (5][))‘(%@'
(A—e)t

SL\/ﬁwSme‘“‘”t[

Multiplying the last inequality by e and taking the supremum we have

ox(Tx, TT)

2 1 B
2m+1)(A—e)—0—A + Cm+1)(A—e) — 5} px(z, )
2 1
2mA—2(m+ 1)e | (2m+ DA —2(m + 1

11
< Lyny™ <€ + A) px(z,T).

We can choose 7 so small that the expression to satisfy the inequality

1 1
Ly/nyyd™ L + A] <1.

< Ly/nyydm [

< Lvnyy™ [ )5] pa(@, T)
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Therefore T is contractive operator and in view of a particular case of
Theorem 2 from [8] T has a unique fixed point which is a solution of (19).

Lemma 3 is thus proved.

The proof of Proposition 2 can be completed as in [10].

In order to apply Proposition 2 to the initial value problem (1)-(2) we will

calculate the eigenvalues of the linearized system of (9). Let us put
p(t) = po=¢&(t), r(t)—ro=mn(t), ¥(t)— o =x(t)
where 79 = po, Y9 = ¢o. Then (1)-(2) can be presented in the following way:

& plt) — po) = rl1) — 70

r(t) =) = PR(p(t) — po) + PAr() — 1) + PRA(E) )

| 00(0) — o) = B (1) — po) + BAr(r) — ) + B (0(1) — o)

or

0(t) = PP&(t) + PPn(t) + Pyx(t)

[ X(8) = 2P&(t) + Pnp(t) + DYx(2).

It is known that the eigenvalues are the roots of the characteristic equation

—-A 1 0

0 0 0 —
P) PP—X P) |=0

0 0 0
o) @0 PY A

or
F(A) =N — (PY 4+ @9)\* + (P ®Y, — P)®) — P))A + P)®Y, — P)®Y = 0. (18)
It is not difficulty to find conditions for the existence of at least one positive
real root A of the above equation. We can apply Proposition 2 and according
to it
lim {(t) =0, limn(t)=0, lim x(t)=0 =
T {00

t—o0
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Jim p(t) = po,  lim $p(t) = ¢ = lim [p(t) — pot] = 0.
So we have shown that there are stable orbits different from circle ones [1].
Conclusion remark. We have obtained relations between initial data
which imply the existence of stable orbits of electromagnetic two-body problem
or the existence of stable hydrogen atom.
We give now an explicit condition for the existence of positive root of the
characteristic equation even though they can be found in every textbook in
algebra.

Indeed, if for instance F’(A) > 0 and F(0) < 0 then (18) has a unique
positive root. Since

F'(X) = 3X% = 2(P) + ®))A + (P)®), — P)®;) — P))
then inequalities

(P 4 @))% — 3(P)®), — ®),®) — P)) <0 and PP}, — P)®) <0

or
2
Q200 305 + 2p55 — 3¢ L 2o Q2 po(c® = p§ — 2p5%%)
3 2 2 _ 2 2-2 p c3 2\/m
POV €™ = Py — Po¥o 0 POV E" = Py — Po¥o
_3Q2/0 305 + 20505 — 3¢ 2p0) | Q2 po(c* = p§ — 2p5¢%)
¢ PV =i =it - \ P V@ = pf = A5G
s lapo - @2 (= pB)pogo | |20 Q2 ¢olc® — 208 — psd)
POYO = 3 S o 9 3 3 2 [ 22
Ve =Py — Pppo ] | PO POV € = Py — Po%o
o Q2 (= pB) (P8 — 2¢% + 277)
+3Q00 + 3 3 5 ) > 9 <0
¢ POV € = Py — PoPh
and

<¢2 L@ (c2—p%><p%¢%—2c2+2p%>> (2/)0 Q: po<c2—p3—2p%¢3>>
0

3 N 5 3 - 5
<P = 05— A5G PO i€ = p — P

oy Q2 (=0)podo 2p00 , Q2 poo(2¢” — 205 — p3od) | _
POYO 3 5 3 3.9 2 3 3 /02 _ 52 _ 5252
VA= 3% — 3 Po PoV € = Py — P00

imply an existence of an unique positive root and hence a stable hydrogen

atom.
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We give such conditions also for the particular case pg = 0. Then

. o Q2 pipd —2c2
P;()):Pp(p())()?@()):w(%—i_i e

3 )
Py /¢ — pioi

PY = P;(po,0, ¢0) = 0,

: Q2
P)=P,=¢p | 200 - ——
T (p v/ = Pt

and therefore
D) = D,(po, 0, ¢0) =0,

. 200 | Q2 po\/ — piod
q)g:q)ﬂ(p(]:()’SOO) = i_FTSO—QPOSOO’
PO c Po
O = Dy (p0,0,0) =0

In this case the characteristic equation takes the form:

3 : Q2¢0 2¢0 | Q2P0 — p5h .2
AT = | 2p0¢0 — —F—= — t 55 | t¥
/2 — pRod po cC Po
P
cP3 /¢ — P&
We need an existence of positive roots of the above equation. But it obvi-
ously is

B , Q260 2¢0 Q2 o/ — pgdi o Qo pipf —2c?
A=\ 2r0%0 — T 5 2 +¢p+
EV €~ Po¥o

po 3 I ey /2 — AR

provided

900 — Q20 200 Q2 Yo/ — p§s
e/ — paid Po c I
222 2
o Q2 popp — 2
T+ 5 s >0 (19)
Py /¢ — 033
Finally, we have to show that inequality (19) is fulfilled for the first Bohr

62

C
— =922.10° - - = _(1,6-
137 ) Om/saQQ m (76

e
10719)2/9.1073 = —2,84- 1078, Tt is easy to verify that inequality (19) is
satisfied for these values.

orbit pg = 5,3 - 107m, popo =
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