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Abstract. A fuzzy metric is a function of the form X x X 3 (p,q) =7 Fpq € AT, where AT
is the set of all distance distribution functions, and in many cases F generates a metrizable
uniformity. Starting from this fundamental property, we present several metric-like functions
determined by fuzzy metrics and we emphasize their role in getting and proving fixed point
theorems for different types of contractions. There are identified large classes of t-norms
and general formulae of (extended) metrics, which are seen to generalize the distances of M.
Fréchet, P. Lévy and Ky Fan.
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1. PRELIMINARIES ON TRIANGULAR NORMS AND FUZZY METRICS

The concept of a triangular norm has been introduced in [71] by slightly
modifying the Menger’s axioms [36]. A mapping T": [0,1]x[0,1] — [0,1] =T is
called a triangular norm (shortly a t-norm) if (tnl) T'(a,1) = a, (V)a € I,
(tn2) T is symmetric, (tn3) T is nondecreasing in each variable and (tn4)
T is associative. We will make use of three basic t-norms, namely the min-
imum operator Ty, the algebraic product Tp, and the Lukasiewicz t-norm
Ty, defined by: Th(z,y) = Min(z,y) = min{z,y}, Tp(x,y) = Prod(x,y) =
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xy, Tr(x,y) = W(z,y) = max(0,z +y — 1). These t-norms are ranked as:
T, <Tp < Tyy; in fact, Ty is the strongest t-norm.

A continuous t-norm T is Archimedean iff there exists a continuous
strictly decreasing mapping g : [0,1] — [0,00] such that g(1) = 0,
g(0) € {1,000} and we have the representation

T(a,b) = T,(a,b) := gV (g(a) + g(b)), ¥ u,v € [0,1], (1.1.1)

where [0,00] 3 2 — ¢V (x) = g~ (Min {x,g(0)}) defines the pseudo-inverse
of the additive generator g. The powers of a t-norm T are defined by the

following formulae:
TO(t1) = t1, T™(t1, ooy ting1) = T(T™ Ht1, oo tin) s g1, (V) m > 1.

Let T),,(t) := T™(t,t,...,t),Vt € [0,1]. We say that T is of Hadzié¢ type ( of
h-type or an h-t-norm) if the family {7}, };men is equicontinuous at ¢t = 1.
More details can be found in the monographs [72], [31] and [18].

The set of all left-continuous on R and nondecreasing functions F :
[—00,4+00] — [0,1], for which F(0) = 0 and F(4+00) = 1, is denoted by
AT while its subset of all F' with lim, ;. F(z) = 1 is denoted by D*. For
every a > 0, g, is the unique element of A™ for which e,(t) = 0 if t < a and
ga(t) = 1if t > a. Let X be a nonempty set and suppose we are given a
mapping F : X x X — A*. Its values F(z,y) are usually denoted by F,,.
(X, F) is called a fuzzy semimetric space (shortly FSM-space) if and only
if, for all z,y,z € X,

F.y = €0 if and only if x =y, (FSM1)
Fuy = Fya. (FSM?2)

If at least the following implication holds, then we use the generic term fuzzy
metric space (FM-space):

[Foy(t) =1,Fy.(s) = 1] = Fp(t+5) = 1. (FM3gsgs)
If there exists a t-norm 7" such that
ny(t+5) ZT(FxZ(t)’Fzy(S))v (FM3yr)

then we say that (X, F,T) is a fuzzy Menger space, or a generalized Menger
space ([32], [27]). A more general form of triangle inequality, defining fuzzy S-
metric spaces and fuzzy S-Menger spaces, respectively, can be formulated
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by replacing the addition (t,s) — ¢t 4+ s with some operations (¢,s) — S(t, s)
on [0,00]. For example, if S = max we have fuzzy ultrametric spaces (
or nonArchimedean fuzzy metric spaces). We can also use some operations
7 on At (Serstnev-functions) and the following triangle inequality for fuzzy
Serstnev spaces:

quzT(FpraFrq)avp,queX' (FM3S)

Generally, the mapping F is called a fuzzy (semi) metric. If it happens
that Fy, € D7 for every z,y € X, then F is called a probabilistic (semi)
metric and (X, F,T) is a Menger space ( (X, F,7) is a Serstnev space).
Notice that our definition includes properly the fuzzy metric spaces considered
in [6] or [10], for which we shall use the term strong fuzzy metric spaces.

For every FSM-space (X, F) we can consider the sets

Ucr={(p,q) € X x X, Fpg(e) >1 =X}, ¢>0,1€(0,1),

which generate a semiuniformity Ur and a topology 7, called the F—topology
or the strong topology. U is also generated by the family of the sets Vs := Us s
and the following result ([72], see also [73]) holds: If sup,., T'(a,a) = 1, then
Ur is a uniformity, and it is metrizable. As shown by B. Morrel & J.
Nagata [44] and U. Hohle [25], the above condition is the weakest one ensuring
the existence of the F—uniformity Ur. A sequence in (X,F) is a Cauchy
sequence (or F-Cauchy) iff Ve > 0,VA € (0,1),3ng : Fp,z, () > 1—=A,Vn >
ng,Vk > 0, and (X, F) is said to be complete if every Cauchy sequence is
F-convergent. Notice that, by definition,

P Do p iff Ve > 0,VA € (0,1),3ng such that F, , (g) > 1 — X, Vn > nq.

In [76] and [9] one can find details on the completion of Menger spaces and
strong fuzzy metric spaces, respectively. The notions not given here, as well as
other contributions and developments in the domain of nonlinear probabilistic
analysis can be found in [72, 14, 5, 60, 17, 3, 18, 64, 66].
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1.1. Fundamental examples I. Example 1.1.1. We obtain a complete
fuzzy semimetric space on X = [0, oo] if

omin(z,y) ¢
ot -y

Fpy(t) : Fyz(t),Vt € (0,00),Vz,y € [0,00], 2 # y'.

Example 1.1.2. Let (X,d) be an (extended) metric space.

a. If we set F = &£y, that is Fyyy = €4(5,), then (X, F,T) is a (fuzzy) Menger
space for every t-norm 7. The F -uniformity is exactly Uy.

b. One can define Fyy(t) = W,W € (0,00). Obviously we obtain a
fuzzy metric space ( under any triangular norm ) whose F-uniformity is Uj.

c.The same result is obtained if I, € AT and

t
By t) = @) 0<t<d(z,y)
1 t>d(z,y)

In all cases (X, F) is complete iff (X, d) is complete.

Example 1.1.3. Let Fy, 1= g and Fyy(t) := g:j(gg)),w € (0,00),Vz,y >
0,z #y.

a. Xo=(0,00) is a complete strict fuzzy metric space under the Archime-

dean triangular norm 7'p, for a sequence (z,) is Cauchy if and only if there
exists > 0 such that |z, —z| - 0in R .

b. X =[0,00) is a complete fuzzy Menger space under the triangular norm
Tp.

1
c.t— (%)i , for x,y > 0,2 # y, defines a fuzzy Menger space on
[0,00) and a Menger space on (0, 00), under Tp.

All these spaces are nonArchimedean.

Example 1.1.4. Let X = X(Q,/, P) be the space of all classes of real
random variables on a probability measure space (2, IC,P). If we define, for
p,g e X

Fpq(t) = P{w € Q, d(p(w), q(w)) < t},
that is the distribution function of d(p, q) = |p — q|, then (X, (p, q) — Fpq, T1L)
is a Menger space whose strong topology is the topology of the convergence in
probability. If the random variables take their values in a separable extended
metric space, then we obtain a fuzzy Menger space under T7,.

lWe automatically assume that F,, = o as well as F(t) = 0,V¢ < 0 and F(o0) = 1, for
every F € AT
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2. EXTENDED METRICS AND HICKS-TYPE CONTRACTIONS

2.1. Fuzzy metric spaces of type M and fixed points for ® — M con-
tractions. The proof of the following simple result is easy to reproduce:

Proposition 2.1.1. Let (X, F) be a FSM-space and K(x,y) :=sup{t | t <
1 — Fyy(t)}. Then

K(z,y) <0 & Fpy(6) > 1 -0 V5 > 0. (2.1.1)

Therefore K generates the topology Tr and the semi-uniformity Ur, so that K
is a [0, 1]—valued semi-metric on X.

Example 2.1.2. (i) If d is an extended semi-metric on X and we set
Fry i= €4z then (X, g4, ) is an FSM-space and K(z,y) = min(d(z,y), 1).
(i) If X = X (2, K, P) and F(z,y) is the distribution function of d(z,y) ( see
Example 1.1.4), then K is the Ky Fan metric for the convergence in probability.

Generally, K need not to be a metric. Notice that in order to ensure
the triangle inequality for K, T. L. Hicks identified the following condition?

for a probabilistic metric space (X, F):
[Fuy(t) >1—t, Fya(s) >1—s] = Fu(t+s) >1—(t+s) (I11%)

and observed that ITI' holds for every Menger space (X, F,T) with T > T},
(see [22]). Actually, one has the following

Proposition 2.1.3. Let T be a t-norm such that the property (IIT') holds
for every fuzzy Menger space (X, F,T). Then T > Ty.
The proof follows from the next example: Let X = {x,y, 2}, Foy = Fyo, Fy, =

0 t<0 0 t<0
Fzy,Fzzzex,whereny(t)z{ " t;O Fya(t) = ) t;O s Foa(t) =
0 t<0 and Fy, = Fy = F,, = ¢o. Then (X, F,T) is a Menger
T(a,b) £>0 ) zx — Lyy — L'zz — <0- I g

2Recall that in [23] was proposed the following triangle inequality for a probabilistic

metric (structure):
Ve>030>0s. t. [Foy(0) >1—6,Fy.(0) >1—0] = Fra(e) >1—¢; (11t
and we generalized it by using additive generators ( see, e.g., [55], [59], [60]):
Ve > 035 >0 such that [f o Fuy(8) < 8, fo Fy.(8) < 8] = foFus(e) <e. (I117)
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space and K(z,y) =1—a, K(y,z) =1—1b, while K(z,2z) =1—T(a,b). Thus
we see that K(z, z) < K(z,y) + K(y,2) © T'(a,b) > a+b—1.

Remark 2.1.4. Let (X, F,T) be as in the above example and suppose that
T(a,b) < a+b—1. Therefore 0 < a,b < 1 and there exists p > 1 such that
(1—a)r +(1—b)7)? > 1 —T(a,b). Thus (1 —a)? + (1—b)7 > (1—T(a, b))
and we see that K, given by K, (u,v) = sup{t | t? <1 — F,,(t)}, is verifying
the triangle inequality. This shows that the more general formulae proposed

in [55, 59] can give metrics in many situations:

Let us consider the family M of all functions p : [0, 00] — [0, oo] with the
properties (Mp) pu(t) =0 <t =0, (M1) p is continuous and (Ms) p(t + s) >
p(t) + p(s), Vt,s > 0. Notice that for each p € M there exists t, > 0 such

that p: [0,¢,) — [0, 00) is strictly increasing and invertible. If we set
Ki(o,y) = suplt | £2 0, u(t) < 1 Fuy (1), (1)
then K" is a semi-metric, and
K¥(z,y) <6 & Fpy(6) > 1 — p(6), (M)

so that K* generates 7p and Up. This motivates the following slight general-
ization of (I11%).

Definition 2.1.5. A FSM-space (X, F) is called an FM-space of type
M if and only if

[Fay(t) > 1 —p(t), Fya(s) > 1 —p(s)] = Fpa(t+5) >1—p(t+s).  (I1IM)

Remark 2.1.6. The triangle inequality (/II*) can be useful and ap-
propriate in many cases. For example, if (X,F) verifies (III') - that is
(III*) for p(t) = t - then F, defined by Fyy o p, is a fuzzy semi-metric
and Foy(6) > 1 — pu(d) & Fuy(u(d)) > 1 — pu(6). The formula (1#) leads
to K¥(z,y) = p ' (K(z,y)). For spaces of random variables (see Example
2.1.2 (ii) ), Fuy(t) = P(|z —y| < p(t)) = P(u~ ' (lz —y|) <t) and p~ ' o K is a
metric for the convergence in probability. Generally, one has

Theorem 2.1.7. Let (X, F) be a FM-space of type M, for which the trian-
gle inequality (II11") holds. Then K", defined by (1*), is a metric on X which

generates Tr and Ug.
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Corollary 2.1.8. Let T be a t-norm such that T'(a,b) > T"(a,b) :=
max{1l — pu[p~ (1 —a) + p= (1 — b)],0}. Then K" is a metric for every fuzzy
Menger space (X, F,T).

Remark 2.1.9. Since p is super-additive, then p(u=(a)+p=1(B8)) > a+3
and T"(a,b) < max(a+b—1,0) = Tr(a,b). Therefore our results are slightly
more general than their counterparts from [22].

T. L. Hicks introduced in [21] the following contraction condition on PM-

spaces,
t>0,F,q(t) >1—t= Fapag(Lt) >1— Lt [L € (0,1)] Q)

and proved that every such an A on a complete Menger space (X, F, Min)
has a unique fixed point. In [55, 58] we proved the above result for every
t-norm for which sup,.; T(a,a) = 1 and the proof was given directly by
the method of successive approximations. We also observed in [55, 58] that
the idea of Hicks can be applied for a larger class of t-norms, namely for
T > T, = Max(Sum — 1,0). This idea was used in [4] for ¢-probabilistic
contractions:

t>0,Fpg(t) > 1 =1 = Fapag(¢(t)) > 1 - o(t) (Cy)

where ¢ € ®, the family of all functions ¢ : [0,00) — [0, 00) for which (®g) ¢
is strictly increasing, (®1) ¢ is right continuous and (®3) llm ¢"(t) =0Vt >0.
By using the idea from [48], we can extend all these resﬁlt;oto FSM-spaces:

Definition 2.1.10. Let (X,F) be a FSM-space. We say that A: X — X
is a ® — M contraction if there exist ¢ € ® and p € M such that

Fuy(t) > 1 = p(t) = Fazay(o(t)) > 1= poo(t) (¢n—C)

For a concrete pair (¢, 1) we use the term ¢ — 1 contraction.

Example 2.1.11. Let A be a contraction of Hicks type, consider the fuzzy
semi-metric F defined by ﬁxy = Iy o p and suppose that ¢, = oo. Then
5 =plopopuc ®and A verifies (qAS/u —¢) for every pu.

By using K*, one can prove the following two fixed point theorems, slightly
extending results from [48] and [22].

Theorem 2.1.12. Let (X, F) be a complete FM-space of type M, for which
the triangle inequality (I11*) holds. Then every ¢—p contraction has a unique
fixed point which can be obtained by successive approximations.
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Theorem 2.1.13. Let (X,F,T) be a complete Menger space, for which
T >TH. Then every ¢ — pu contraction on X has a unique fixed point.
Remark 2.1.14. Notice that 7% (a,b) < max(a+b—1,0) = T1(a,b).
If we set f(s) =1—s, then (C,) can be slightly generalized as

FoFpg(t) <t = foFapag(e(t)) < e(t) (ch)

and we can extend our result from [59]:

Theorem 2.1.15. Let (X, F,T) be a complete (fuzzy) Menger space such
thatT > Ty (and f(0) < o0). Then every mapping A : X — X which satisfies,
for some m € M and ¢ € ®, the following condition

f o Fpglt) < m(t) = f o Fapag(p(t)) < m(e(t)), (Chm)

has a unique fized point which is the limit of successive approximations.
The proof uses the fact that

d(p,q) = K (p, q) := sup{t,m(t) < f o Fyy(t)},

gives a complete metric on X ( see Theorem 4.2.A below). Moreover,
d(Ap, Aq) < ¢(d(p,q)), that is A is a (classical) ¢-contraction.

We can also extend to fuzzy Menger spaces an idea from [20] and [64]. Let
(X, F) be a given FSM-space and A : X — X a fixed mapping.

Definition 2.1.16. A is called a generalized C-contraction of Kras-
noselski type if for each pair of real numbers (a,b), with 0 < a < b, there
exists Lqp € (0,1) such that the following implication holds:

a<1—Fyla) & 1 —Fpg(b+) <b & Fuy(t) > 1=t = Fapay(Lapt) > 1 — Lyt
(Cap)
Theorem 2.1.17. FEvery generalized C-contraction on a complete fuzzy
Menger space (X,F,T), where T > T7,, has a unique fized point, which is
globally attractive.
Proof. As in [20], one shows that A is a Krasnoselski contraction [33] in the
complete metric space (X, K):

K(Ap, Aq) < LapyK(p, q), if K(p, q) € [a,b].
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2.2. Applications to weak Hicks C-contractions. We will emphasize two
recent results of D. Mihet, also relaxing the contraction condition of Hicks type,
whose proofs can be obtained by using the Ky Fan type (semi)metric.

Definition 2.2.1. Let (X, F) be a FSM-space. A self-mapping A of X
is called a weak Hicks-contraction iff there exists L € (0,1) such that for all
p,q € X the following implication holds

(w—H) te(0,1), Fpylt)>1—t= Fapag(Lt) >1— Lt;

Theorem 2.2.2([40]). Let (X,F,T) be a complete fuzzy Menger space
with T > Ty, and let us suppose that A : X — X is a weak Hicks-contraction
with the property that Fyaq.(t) > 0 for some ¢ € X and some t € (0,1). Then
A has a fixed point.

Theorem 2.2.3. ([42]). Let T be a t-norm with supg<1T(a,a) = 1
and A : X — X be a weak Hicks-contraction in a complete fuzzy Menger
space (X, F,T). Then A has a fized point iff there exists x € X such that
Do(awm(1) >0
The proof follows easily by using the semimetric of Ky Fan. Firstly, as we
know,

a) K(p,q) <n < Fy(n) >1-n,Vn <1

Moreover,

b) K(Ap, Aq) < K(p,q) < 1,Vp,q € X, and A is uniformly continuous;

¢) K(p,q) <1 = K(Ap, Aq) < LK(p,q).

We have to emphasize that K does not necessarily satisfy the triangle inequal-
ity, so that it is a semimetric only. But we can see that

DO(A,ac)(l) >0=3d) < 17DO(A,x)(5) >1-0= K(p, q) < 0,Vp,q € O(A,x)
Therefore A is K-strictly contractive on the bounded set O(A,x). Ac-
tually, as it is easily seen,

K(A™(x), A" (x)) < L"K(x, A%(z)) < L™S.

Therefore ( see the equivalence a) above ) (A™(z))n>0 is an F—Cauchy se-
quence, so convergent etc.

Example 2.2.4. Let us consider the discrete Menger space X under Tjy
determined by the mapping (z,y) — £1,Vz # y on a set containing at least
two elements. Clearly, any mapping A : X — X is a weak Hicks-contraction
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and the constant mappings are (the only) Hicks C-contractions. One can
construct different kinds (having in mind the fixed point set) of weak Hicks-
contraction mappings ( It is clear that only the eventually constant sequences
are Cauchy /convergent).

3. EXTENDED METRICS AND SEHGAL-TYPE CONTRACTIONS

V. M. Sehgal introduced a natural class of probabilistic B-contractions on
Menger spaces, as mappings A for which there exists L € (0, 1) such that

FApAq(Lt) 2 qu(t)7 vpv Q7t) (BCL)

and proved a partial analogue of the contraction principle ( see [74]). H.
Sherwood proved that a B-contraction on a given Menger space either has
a globally attractive fixed point or has no fixed points, and constructed fized
point free probabilistic B-contractions on complete Menger spaces ( see [76]
or Theorem 3.2.2.1 below). In the case of fuzzy Menger spaces the situation

is much more complex.

3.1. Fundamental examples II. As we have seen, X = [0, c0) is a complete
fuzzy Menger space under the Archimedean triangular norm Tp, if one sets
Fpp i= €0 and Fpy(t) := min(z,y) ,Vt € (0,00),Va,y >0,z # y.

max(z,y)

1. If Az := z'%9"* then A is a B-contraction with two fixed points.
Clearly A"0 — 0 = A0, and A"z — 1 = Al, for each x > 0.

2. The mapping © — Ax := Lz, where L € (0, 1), is a B-contraction with
the unique fixed point 0 and A"z — 0 only for x = 0.

3. Xop = (0,00) is also a complete fuzzy Menger space under the t-norm Tp.
Clearly + — Az := Lz, where L € (0, 1), is a B-contraction and has no fixed
point. It is worth noting that Fpa,(t) = L, Vt > 0, Vp € Xy, K(z,y) =
m'{i{?gjy) and K (Ax, Ay) = K(z,y),Vx,y € (0,00). Thus the probabilistic
B-contraction x — Lz is a K-isometry and has no fixed point.

3.2. Methods of type Maia.

3.2.1. A proof for the theorem of Hadzié-Istratescu. Let F : X x X — AT be
a fuzzy metric, such that (S, F,Tys) is a fuzzy Menger space, and consider an
arbitrary fixed element F of DT,
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Lemma 3.2.1.1. The function dr, defined on X x X by
dr(p,q) =inf{a >0, Fy(at) > F(t) , Vt € R},

is an extended metric on X ( as usually, inf() = +o00). Moreover, the
dp-topology is stronger than the F-topology and every dp-Cauchy sequence

is an F-Cauchy sequence.

Lemma 3.2.1.2. If A: X — X is a B-contraction on the fuzzy Menger
space (X, F,Tar), then A is a strict contraction on (X,dr).

Theorem 3.2.1.3. Let (X, F,Ty) be a complete fuzzy Menger space and
suppose that A : X — X is a probabilistic B-contraction. Then A has a fized
point iff there exists some p € X such that Fpa, € DT.

Proof. Choose F = Fj4, € D and apply the above lemmas.

Example 3.2.1.4. For the mapping from Example 3.1.1,

dp(A™p, A" p) = 00,V¥p € Xo,VF € DT

Remark 3.2.1.5. One can prove that the above result remains true in fuzzy
Menger spaces under t-norms of Hadzié type® and generalized B-contractions
of type Krasnoselski (see Theorem 2.9 from [20], for the case of Menger spaces).

3.2.2. Other types of B-contractions in fuzzy Menger spaces. The family of
h-t-norms is the largest class of continuous t-norms with the property that
the contraction principle holds for any complete Menger space (X, F,T) and
any Sehgal B-contraction ( [51, 52, 58, 61, 64, 66]). Consequently, for other
t-norms one has to impose additional conditions either on the probabilistic
contraction, or on the probabilistic metric (space). Results in this direction
are largely presented in [18], Chapter 3.

3For example, in the continuous case, using a sequence b,, which is strictly increasing to 1
and such that T'(by,bn) = by, it easy to verify that r,(z,y) := inf{t, Fpy(t) > by} defines a
countable family of ecarts which generates the F-uniformity. If we suppose that r,(z,y) < ¢,
then Fgy(e) > b, and, by the contraction condition (BCy), we see that Fazay(Le) > by,
which says that r,(Az, Ay) < Le. Therefore r,(Az, Ay) < Lr,(z,y),Vz,y € X,Vn. From
the hypothesis Fpa, € DT we can easily see that for each n there exists ¢, < oo such that
rn(z, Az) < cn. Now we can apply either Monna’s theorem ([43], Théoréme 1) or the direct

method as in [2] and obtain the existence of a fixed point.
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In [63], we introduced the notion of B-contraction of type r ( a parameter
in [0, 1] ), by the following condition:

Fy (1)
Foy(t) + L177(1 = Fuy (1))

for some L € (0,1). Notice that for » = 1 we obtain B-contractions of type

(PCrp) Fppay(L't) >

, Vt >0, Vo,y € X,

Sehgal on Menger spaces and fuzzy Menger spaces. Since in our definition
Fpy(t) is not necessarily (0,1)-valued, the case » = 0 includes properly the
notion of fuzzy contraction on strong fuzzy metric spaces, as defined in [10]:
1 1
1< L
FAccAy(t) B (F:ch(t)

Clearly, every B-contraction of type r having the Lipschitz constant L is a

(FCpL) —1), Vz,y € X,Vt > 0.

B-contraction of type 1 with the Lipschitz constant L".

In [65] ( see also [66, 67]), we considered the class of strict B-contractions,
having the property that, for a A € (0, 1),
Fay (1)

Foy ) + A(L— Foy(0)
Actually, the following results hold.

FAwAy()\t) > Ve, y € X, Vt > 0. (PSC))

Theorem 3.2.2.1. Let A be a B-contraction of type r on a complete fuzzy
Menger space (X, F,T).
1. Suppose that sup,.; T (a,a) = 1. Then

(1i) If r € (0,1], A has a fized point iff there exists x € X such that
limy o inf,>0 Fpar, > 0.

(Lii) If r = 0, A has a fized point iff there exists x € X such that
inf,>0 Fparg(t) > 0,Vt > 0.
2. Suppose that T' > Ty,. Then a B-contraction of type r € (0,1) has a fized
point iff Fya.(t) > 0 for some z € X and some ¢ > 0.
3. Let T be of HadZié-type and r > 0. Then A has a fized point iff Fya, € DT
for some r € X.

The proofs have essentially used the following metric-like mappings K, on
a fuzzy semi-metric space (X,F): Kg(z,y) = sup{t|t < go Fyy(t)}. Since
Ky(z,y) <8< Fupy(d) > g 1(6),V6 € (0,9(0)), for every fuzzy semimetric F
and every additive generator g, then
a) Kggenerates the F-topology and the semiuniformity Ur, that is K, is an

extended semimetric;
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b) X is F—complete iff it is Ky—complete;
c) Ky is an extended metric on every fuzzy Menger space under a t-norm
T>1T,.
d) Ky(z,y) = 00 iff g(0) = 0o and Fyy(t) = 0 for every t. If g(0) =1, K, is
a [0,1] —valued semimetric.

Remark 3.2.2.2. As we have already seen ( see Fundamental examples
IT), by setting

min(z, y)

Fa:y(t): thE (0,00),Vl',yZO,I'#y,

max(z, y)
X = [0, 00) becomes a complete fuzzy Menger space under the triangular norm

Tp. Simple calculations show that

(i) K(z,y) = m;‘iﬁc},‘y} andK, (z,y) = log % give (extended) metrics.

(ii) For g1(s) = 2 — 1 we obtain K, (z,y) = mﬁ{*ﬁ\y}’

which gives only an

extended semimetric, and
K(I‘, y) S Kgp ($, y) g Kg1 (LL‘, y)

(iii) For the mapping Az := ax, where a > 0 is given, K (Az, Ay) =
K (z,y),Vz,y € (0,00). Hence x — Ax is a deterministic isometry as well
as a B-contraction of type 1 without fixed points.

(iv) For( Ax :): a + z, we have K (Az, Ay) = % <K (z,y), and
, K(Az,Ay) _
lzmy_)oowﬁ =1.

Remark 3.2.2.3. In [66], by remarking that the condition (PSC)) can be
rewritten as g1 0 Fagay(At) < Mgy o Fyy(t), where g1(s) := 1 — 1 generates the
(strict) t-norm given, for a+b > 0, by T (a,b) := #ﬁab > Tp(ab) > Tr(a,b),
we have proven the following more general fixed point result by the method
of Maia [34] applied to K, and Kj:

Theorem 3.2.2.4. Suppose the next conditions (i)-(iii) are verified for a
selfmapping A of a complete fuzzy Menger space (X, F,T) and the additive
generators g, h:

(i) g (a) > h(a) and T(a,b) > Ty(a,b),Va,b € [0,1];

(ii) A is a strict g-contraction, that is, for some fized A € (0,1),

Fazay(At) > gV o (\g) 0 Fpy(t),¥t > 0,¥z,y € X; (PSCY)

(iii) Fra2(u) > 0 for some z € X and some u > 0.
Then A has a fixed point.
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3.3. Methods of type Luxemburg-Margoliz.

3.3.1. Power-exponential weights and fized points in FM-spaces. By using the
following nonnegative functions, we can measure the distance between the
maximal element &y and the elements of A*. Let k be a (fixed) positive real
number.
Lemma 3.3.1.1. The mapping o : Ay — Ry, given by
6k(F) == sup{z"[1 — F(z)]e""}, (3.3.1.1)
>0
has the following properties:
(i) (F)=0 < F =c¢yp;
(ii) If F1 < F,, then 5k(F1) > 5k(F2);
(iii) dp(Ao F) < Ne§p(F), VA > 1;
Let 6 =K(F)=sup{t |t <1— F(t)} define the écart of Lévy-Ky Fan. Then
(iv) pFtle=" < 6,(F) < max{gF, BkFeF};
(v) 0k(F,) — 0<& F,(x) — 1, for each x > 0.
Theorem 3.3.1.2. Let (X, F) be a fuzzy metric space and
er(p,q) = Ox(Fpq) = supa’[l = Fyg(a)le™, Vp,g € X (3.3.1.2)
Then
1° ej, is a semi-metric that generates the semi-uniformity Up;
20 If (X, F,Ty) is a fuzzy Menger space, then

(p,q) — Ok(p, @) = {ex(p,q)} 7 (3.3.1.3)

gives a metric on X. Moreover, (X,F) is complete if and only if (X,0f) is
complete.

Proof. 1° follows from Lemma 3.3.1.1. and the definitions. For 2°, notice
that (X, F,Tp) is a fuzzy Menger space iff the following inequality holds:

1 — Fpy(x) <1—Fp(tz) + 1 — Fql(1 — t)z],¥p,q,r € X,V € R,Vt € [0,1].
(3.3.1.4)
Therefore, for each = > 0,

xk[l — Fpg(x)]e™ < —ex(p,r) +

> tk kek(T7Q)7Vt€ (071)
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This implies the inequality

1 1
ek:(p7 Q) < t*kek(pvr)'i_ kek(T7 Q)7Vt € (O>1)
1—1
and we easily see that

{ex(p, @)} < {ex(p, )} + {ex(r, q)} 7T

that is 0, verifies the triangle inequality. The last part follows from the in-
equality (iv) of Lemma 3.3.1.1.

Remark 3.3.1.3. The above proof shows that in the case (X,F,Ty) is
nonArchimedean, ey, itself is a metric, generating the F - uniformity.

0;. can be successfully used to prove a rather general fixed point result:

Theorem 3.3.1.4. Let (X,F,T) be a complete fuzzy Menger space such
that T > Ty. If A: X — X is a B-contraction, that is

x
Fapaq(z) 2 Fpg(7), Ve € R (3.3.1.5)

for some L € (0,1) and all pairs (p,q) € X x X, then the following are

equivalent
(3.3.1.6.1) A has a fized point
(3.3.1.6.2) There exist p € X and k € (0,00) such that

Ei(p) == su%){xk[l — Fpap(x)]} < 00 (3.3.1.6)
>
Proof. The implication (3.3.1.6.1) = (3.3.1.6.2) is obvious:
p=Ap = Fpap(zr) =1, Vo > 0= Ei(p)=0.

If Ei(p) < oo for some p € X and k € (0,00), then we see that 6;(Fpap) <
Ey(p). Using the inequality (3.3.1.5) we get

—x T —z
xk[l - FApAQp(w)]e < xk[l - FPAP(Z)]e

T T a
= TN = Fyap(F)]e ™ < LEy(p).
This shows that
k 1
6(Ap, A%p) < L¥1 (B (p) 1 (3.3.1.7)

By applying (3.3.1.7) for A", which verifies (3.3.1.5) with the Lipschitz con-

stant L™, we obtain

S 0(A"p, A p) < {3 (LFT) HE(p)} T < oo, (3.3.1.8)
n=0

n=0
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Therefore (A™p)n>0 is a Cauchy sequence in the complete metric space (X, 6),
thus it converges to some point p, € X. Since (5) implies also the continuity
of A, then p, is a fixed point.

Remark 3.3.1.5. a) Generally, A is not contractive relatively to 0y or ej.

b) The suppremum in (3.3.1.6) may be infinite for certain values of k or for
different points in X.

c) Clearly, the condition (3.3.1.6) is verified whenever F4,(t,) = 1 for some
t, > 0.

3.3.2. Metrics of mean type and a fized point principle. The concrete formulae
proposed by us in [62, 64] can also be applied to fuzzy metrics:
Lemma 3.3.2.1. 1. The function pg, defined by

1
po(p,q) = / (1= Fp(t))dt, VY (p,q) € X xX, (3.3.2.1)
0
s a semi-metric on X, which generates Ur. Moreover,
K? < pp < 2K — K2, (3.3.2.2)

2. If (X,F,T) is a fuzzy Menger space and T > Tp, then the mapping
defined by

1 2
Ro(p,q) = {/0 (1 — Fpq(t)] dt} , Vp,ge X x X (3.3.2.3)

is a metric generating the strong uniformity Ur. Moreover, K(p,q) <
Ro(p,q) < 2K(p,q), Vp,q € X so that (X, F,T) is complete iff (X, Ry)is

complete.

Now, let A be fixed in [0,1] and define

11 _ 3
Rx(p,q) :== (/0 mdg , Vp,q € X. (3.3.2.3))

Theorem 3.3.2.2. Let (X, F,T) be a fuzzy Menger space with T > Tr,.
Then

(i) Ry is a metric, for each X € [0, 1].

(i) 0 <A <pu<1= HRopg) < Rilp,q) < Ru(p.a) < Ra(p,q) <
Ro(p,q), Vp.q € X.

(iii) Ry generates the strong F-uniformity on X.

(iv) (X, F,T) is complete iff (X, Ry) is complete for some X € [0, 1].
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By using the above metric-like functions and the alternative of fixed point,
one can obtain the following fixed point result.

Theorem 3.3.2.3. Let A be a B-contraction on a complete fuzzy Menger
space (X, F,T) .

(i) For every X € [0,1],

1

i 1

1-A T 1— Fy(t) g

Ry(Ap, Aq) < L — PR gy .

(ii) If the t-norm T is stronger than Ty, then the following statements are
equivalent:

19 A has a fized point.

20 There exist p € X and X € [0,1) such that

N [T 1= Fpap(t)
EpAp = A de < Q.

Notice that, as in [62, 64], the above method can be applied to any
Archimedean t-norm 7.

4. GENERAL FORMULAE FOR DISTANCES

In the sequel, we will make use of continuous operations S on R = [0, o0
having, at least, the following properties: 1° S(z,y) = S(y,x), 2° S(z,y) <
S(z,z) if y < z and 3° S(0,0) = 0 and S(x,y) > max{z,y}. The most
important examples are the well-known operations S, : S,(a,b) = (a? —I—bp)l/ P,
for 0 < p < o0, and S (a,b) = Maz(a,b). Other examples can be obtained
using representation theorems for continuous Archimedean semigroups: There
exists a generator s : R, — R such that (a) s(0) =0, (b) s is continuous,

(c) s is strictly increasing and
S(a,b) = Su(a,b:= s (s(a) + s(b))),

where 5= (b) :=s~1[Min(b, s(c0))].

We say that A : [0,00] — [0,00] is an element of A(S) iff (A-0): A(t) =
0<t=0, (A-1): X is continuous and non-decreasing and (A-2): Ao S(a,b) <
Aa)+A(b) for all a, b € R... Notice that, for A strictly increasing, the condition
(A-2) is equivalent to the fact that S is weaker than Sy. It is clear that
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A = A(S1) is a family of sub-additive functions, a fact also true for every
S > 5.

Let M (S) denote the family of all applications p : [0, 00] — [0, 0], possess-
ing the following three properties: (M-0): p(t) =0 <t =0 ; p(oo) = oo,
(M-1): p is continuous and increasing, and (M-2): S(u(a), (b)) < po S(a,b)
for all a,b € R.y. Notice that u=! € A(S) if p € M(S) and S < S;. Clearly
M(S1) =M.

4.1. A general formula of type Fréchet. J. F. C. Kingman introduced in
[30] the first (deterministic) metric for Wald spaces. By means of so called T-
conjugate transforms, the Kingman’s formula was extended to Menger spaces
under a continuous Archimedean t-norm 7T, in terms of its multiplicative gen-
erators (see [45] or [72], p. 131). Our idea from [49, 50], to use additive
generators, can be successfully applied to fuzzy Menger spaces in a very gen-
eral setting.

Lemma 4.1.1. Let A € A(S) and p € M(S) be fizred. For any t > 0 and
F e AT, set
di(F) = X(t) + f o Fopu(t). (4.1.1)
Then
(1) di(eg) = A(t) for allt > 0;
(2) F=¢ey& %r;(f)dt(F) =0;
(3) ds(sp)(F) < ds(G) + di(H ), provided

Fo(u(s),u(t)) = Tr(G(u(s)), H(u(t)))-

Theorem 4.1.A. Let (X, F,T) be a fuzzy S-Menger space with the t-norm
stronger than Ty and consider the function p = F?’“ defined by

F?’“(w, y) = g(f){)\(t) + foFyyopu(t)},Ve,y € X. (4.1.2)

Then F?’“ is an extended metric which generates the uniformity Ur.

Proof. Using the triangle axiom with 7" > Ty and Lemma 4.1.1. we obtain
the inequalities dg( ) (Fiz) < ds(Fry) +di(Fy2) and p(z, 2) < p(z,y) + p(y, 2).
For any ¢ < f(0),

p(z,y) <6 It >0: At)+foFyou(t) <= Fyout) > f1(8) & A(t) < 6.
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Now, for any given ¢ > 0 and p € (0,1), choose J > 0 such that f~*(§) > 1—p
and § < Aou~1(g). Therefore {(z,y) : p(x,y) < 8} C {(z,y) : Fyy(e) > 1—p}.
On the other hand, by the continuity of A and f, there exist ¢ > 0 and p € (0, 1)
such that f(1 —p) + A(t) < 6. If e = u(t), then {(z,y) : Fuy(e) > 1 —p} C
{(@,y) : p(z,y) < d}.

4.1.1. Some particular cases and applications. Corollary 4.1.B. Let f be an
additive generator of Ty < T and, for a given fuzzy Menger space (X, F,T),
consider the mapping defined by

Fy(p,q) = mf{t + f o Fpy(D)},p,q € X. (4.1.3)

Then

(i) Fy is an extended metric on X. Fy(p,q) < oo if Fpq € DT or T is
nonstrict;

(ii) The uniformity generated by Fy is the F-uniformity;

(iil) If a is a positive real number, then F} defined by

F}(p,q) = inf{at + f o Fyy(t)} (4.1.3a)

has the properties (i)-(ii);
(iv) For each a € (0,1] one has

aF; < F,; < Fy (4.1.4)

and so all Fy are uniformly equivalent.

We only notice that F (p, q) = infs>o{t+ f o Fpe(t)}, that g = 1 f is also an
additive generator of T and, for a < 1, aF¢(p,q) = infiso{at +af o Fpe(t)} <
infiso{t+afoFp(t) =Fqor(p,q) < infisof{t+ foFpe(t)} = Fs(p, q); moreover,
for every additive generator g of T there exists a € (0, 1] such that g = af or
f=ag.

The case of T, with the additive generator ¢ — 1 — ¢, gives the Fréchet-
type metric:

Corollary 4.1.C. If (X, F,Ty) is a fuzzy Menger space, then the function
F defined by

Fp,q) = nf{t + 1 — Fpy(t)} (4.1.5)
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1s a metric on X. In particular, F metrizes the topology of the convergence in
probability for every E-space.
As a matter of fact, this result can be used for every Archimedean t-norm:

Corollary 4.1.D. Let (X,F,T) be a fuzzy Menger space under a contin-
uwous Archimedean t-norm T. Then there exists an increasing bijection
h:[0,1] — [0,1] such that the function Frp, is a metric on X:

Fra(p,a) = nf{t+ 1~ ho Fy(t)}. (4.1.6)

The proof is simple: To each continuous Archimedean t-norm T there cor-
responds an h as in the theorem such that T'(a,b) > h~Y(Tp(h(a), k(b)) =
Trn(a,b). Thus (X, hoF,T1) is a fuzzy Menger space and we can apply (4.1.5)
for h o F. Notice that 17 has the additive generator fr = froh=1—h.
Remark 4.1.2. On a fuzzy Menger space (X, F, Min), one obtains metrics
for every f in (4.1.3) and for every increasing bijection h in (4.1.6). Ap-
plied to an arbitrary FM-space, (4.1.5) gives a symmetric positively defined
mapping. Although it does not necessarily verify the triangle inequality, F
generates the F—uniformity on X. The same is true for F; from (4.1.3). The
above results, giving sufficient conditions for the corresponding functions to
verify the triangle inequality, are best possible in the following sense; for each
t-norm 7" weaker than the Archimedean t-norm T there exists a Menger space
(X,F,T’) such that ps given by (4.1.3) is a metric for no additive genera-
tor f of T: For X = {p, q,r} of three distinct points, choose a,b € (0, 1) such

0,t<a 0,t<b
that T'(a,b) < T(a,b) and set Fo,(t) =4 2 =% F.@) =4 '=
at T'ad) < Tla) and set Fy() = § 7150 Ry = 4 0
0,t <T'(a,b
and Fpy(t) = 't T, ) Then (X,F,T') is a Menger space and
1,t>T1(CL,b)

ps(p,r) = f(a), ps(r;q) = f(b), ps(p.q) = f(T"(a,b)).

Remark 4.1.3. Like in [50], [56], a family of extended metrics of Lévy type
on the set of distance distribution functions can be obtained: Let T" be a left-
continuous t-norm and consider the corresponding t-function 7 ([75],[72]).

Then, as in [26], there exists a mapping Fr : AT x AT — AT,

Fr(F,G) =sup{H € A", 7r(F,H) < G,7r(G,H) < F}
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such that (A1, Fp,T) is a fuzzy Menger space. Then, using (4.1.3) for T' > T,
we obtain an extended metric on AT, which is a metric if f(0) < oo:

Ly(F.G) = inf{t + [ o Fr(F,G)(1))

4.2. A general formula of type Ky Fan. We can also obtain a compre-
hensive class of extended metrics of type Ky Fan. For v € M := M(S1), p €
M(S), and f an additive generator, let us consider the following formula:

K7H(2,y) = sup{t, t >0, v(t) < fo Fpyop(t)}. (4.2.1)

Theorem 4.2.A. If (X, F,T) is a fuzzy S-Menger space, where S < S;
and T > Ty, then r = K;’“ 1s an extended metric on X and U, = Ur.
Proof. From (4.2.1) it is clear, for v(g) < f(0), that

K (2,y) < e & Fyylule)) > fH(v(e)), (4.2.2)
which also implies the last affirmation. Suppose that r(z,y) < ¢ and r(y, z) <

9. Then we have foF,,ou(e) <wv(e), foFyou(d)<wv(d).Sincev € M, €
M(S) and F verifies the triangle inequality, one can write successively

foFy,0p081(e,0) < folFy,opoS(e,d) < foly,oS(u(e),u(d)) <

< foFux(p(e)) + f o Fyz(u(9)) < v(e) +v(0) <v(Sie,9)).
Hence r(x,z) < Si(e,d) = €+ 0. Therefore r(z,2) < r(z,y) + r(y, 2).

Example 4.2.1. (1) In every (extended) metric space (X, d), considered as
a (fuzzy) Menger space (X, &4, Min), K7 (z,y) = min{u~"(d),v~'(£(0))}
gives an equivalent (extended) metric.
(2) Applied to X(Q, K, P), (4.2.2) leads to a whole family of metrics for the

convergence in probability:
K" (2, y) = sup{t : v(t) < P(|lz —y| = u(t))}-
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