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Abstract. The paper is devoted to the existence of solutions of initial value problems for
nonlinear first order differential equations with nonlocal conditions. We shall rely on the
Leray—Schauder fixed point principle to prove the main result. The novelty is a growth
condition which is splitted into two parts, one for the subinterval containing the points
involved by the nonlocal condition, and an other for the rest of the interval.
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1. INTRODUCTION

In this paper we deal with the nonlocal initial value problem for first order

differential equations
2 (t) = f(t,z(t)), a.e. on [0,1]
x(0)+ > agzx () = 0.
k=1

(1.1)

Here f : [0,1] x R — R is a Carathéodory function, ¢; are given points with
0 <t <ty <..<ty <1and a; are real numbers with 1+ > ;" ax # 0. We
seek solutions z in Wh1(0,1).
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Notice the non-homogeneous nonlocal initial condition

0) + > ax (t) =m0
k=1

can always be reduced to the homogeneous one (with zy = 0) by the change
of variable y (t) = z(t) — axo, where a = (14 >_}", ap) !
Problem (1.1) is equivalent (see Boucherif [2]) to the following integral equa-

tion in C'[0, 1]

t)Z—GEGk/O f(s,:c(s))ds+/0 f(s,x(s))ds, tel0,1].

This can be viewed as a fixed point problem in C'[0,1] for the completely
continuous operator 7' : C'[0,1] — C'[0, 1], given by

t)——a;ak/o f(s,x(s))ds+/0 f(s,z(s))ds

Notice that T appears as sum of two integral operators, one, say of Fredholm

type, whose values depend only on the restrictions of functions to [0, t,,],

| —ax akf )d5++f x(s))ds if t < tp,
Tr (2) (t) = { S fg ds+f0m0 (s))ds it > tm

and the other one, a Volterra type operator,

0 ift<t

Ty (z) (t) = {ft Nds ift >t

depending on the restrictions of functions to [t,,,1]. This allows us to split
the growth condition on the nonlinear term f (¢,z) into two parts, one for
t € [0,t,,] and an other one for ¢t € [t,,, 1], in a such way that one reobtains the
classical growth condition (see Frigon [5] and O’Regan and Precup [6]) when
tm = 0, that is for the local initial condition  (0) = 0. This split of conditions
on two subintervals appears to be the novelty of the present paper compared
to previous papers on nonlocal Cauchy and boundary value problems (see
Byszewski [3], Byszewski and Lakshmikantham [4] and Boucherif [1], [2]).

In what follows the notation ||, stands for the max-norm on C'[a,b],
2| cpay = maxielap [z (1)], while [2|p(, ) is the esssup-norm on L (a,b),
Le, |2 poo(qp) = inf{c € Ryt |z (1) < c for ae. t € [a,b]}.
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2. MAIN RESULT

Here are our hypotheses:

(H1) 1437 ap #0.

(H2) f:[0,1] x R — R is such that f(.,z) is measurable for each z € R
and f (¢,.) is continuous for a.e. ¢t € [0,1].

(H3) There exists w € Caryoc ([0, ¢,] X Ry; R4) nondecreasing in its second
argument, o € L' (¢,,,1), #: R4 — Ry nondecreasing with 1/8 € L (R4),
and Ry > 0 such that

w(t,|z]) for ae. t €[0,t,]
a(t)B(Jz|) for a.e. t € [tm,1]

|/ (&, 2)| S{

for all x € R,

L [tm 1
p > Ry implies / w(t,p)dt < — (2.1)
P Jo A

and

1 © 1
/tm a(t)dt < /Rg mdp (2.2)

where A =1+ |a| 3", lax| and R = A [ w (t, Ro) dt.

Remark 2.1. If w(t,p) = ap(t)Bo(p), then from (2.1) we deduce that
Bo(p) < cp+ for all p € Ry and some constants ¢ and ¢/, i.e., By has
at most a linear growth. However, 8 may have a superlinear growth. Thus,
we may say that by (H3), the growth of f(¢,x) in x is at most linear for
t € [0,m] and can be superlinear for ¢ € [t,,, 1].

Theorem 2.1. If the assumptions (H1), (H2) and (H3) are satisfied, then the

initial problem (1.1) has at least one solution.

Proof. The result will follow from the Leray—Schauder fixed point theorem (see
Precup [7]) once we have proved the boundedness of the set of all solutions to
equations = AT (x) for A € [0,1].
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Let x be such a solution. Then for ¢t € [0,t,,], we have

A —a;ak/o f(s,x(s))ds+/0 f(s,z(s))ds

(o) [
L+a[ ) la |> [f (5,2 (s))| ds
k=1 ©)Jo
tm
< A/o w (t, ’w‘C[O,tm]> dt.

Now we take the supremum over ¢ € [0,%,,] to obtain

tm
|$’C[O,tm] S A/O w (t, |$|C[O,tm]> dt

This, according to (2.1), guarantees that

lz (8)] =

IN

%o, < Ro- (2.3)
Next we let ¢t € [ty,,1]. Then
2] = A —aiak/otkf(s,x(s))ds+/0tf(s,x(s))ds
tm t
< a[Tot st [ 1 G
0 tm
< A/Otmw@,Ro)dH/;a(s)ﬁox(smds
= :¢(t).
We have

¢ () =a®)B(z@)) <at)B(o) forae. te [tm,1].

This implies
Loy 5= stacy® [ o0

This together with (2.2) guarantees ¢ (t) < Rj for all t € [t,,, 1] and some
Ry > 0. Then |z (t)| < R; for all ¢ € [t,, 1], whence

%l o0 < B (2.4)

Let R = max{Ro, R} . Estimates (2.3) and (2.4) yield |z[c ;) < R as we
wished. 0
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Remark 2.2. In particular, when t¢,,, = 0, that is for the local initial condition
x (0) = 0, (H3) reduces to the classical condition:

(H3*) There exists a € L' (0,1) and 8 : R, — R, nondecreasing with
1/8 € LL (R4) such that

loc

If (t,2)| < a(t)B(Jz]) for a.e. t €]0,1] and all z € R

/Oloz(t)dt</oooﬁzp)dp.

3. SOME PARTICULAR CASES

and

3.1 Nonlinearities with growth at most linear

Here we show that the existence of solutions to problem (1.1) follows directly
from the Schauder fixed point theorem in case that f satisfies (H1), (H2) and
the growth condition in =

(3.1)

)| < blz| +d for a.e. t €0, ]
T clz|+d for ae. t € [y, 1]

for all x € R, provided that

bt A< 1.

In this case, (H3) holds with w (t,p) =bp+d, a(t) =1, B(p) = cp+ d and
Ry =0t A/ (1 — bty A).

In order to apply Schauder fixed point theorem we look for a nonempty,
bounded, closed and convex subset B of C'[0, 1] with T'(B) C B.

Let z be any element of C'[0,1]. For t € [0, t,,,] we have

T () ()] = ‘—akzlak/o f(s7a:(s))ds—|—/0f(s,x(s))ds

IN

tm
A/ £ (5, ()| ds < btmAlalopy + dtmA,
0

Hence

T (x)‘C[O,tm} <btmA ’x‘C[O,tm} +dtmA. (3:2)
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For t € [ty,, 1] and any 6 > 0, we have

T(x) @) =

—a;ak/o f(s,:c(s))ds—i—/o f(s,z(s))ds

t
< btpAlzley,,) T dtnA +/ (clz ()| +d)ds
tm

t

+c/ e~ 0(o—tm) |x(s)]ee(8_tm)ds
tm

¢

0

where ¢g = d (tmA + 1 = tm) and ||zflcy,, 1) = maxiep,, 1) |2 (0)] e~ 0t=tm) Di-

O(t—tm
< bth‘x’C[o,tm] +ep 4 et )HxHC[tm,l]

viding by e?(t=tm) and taking the supremum we obtain
c
1T (@)l cpty1) < btmA ] o, + 9 2]l ¢pe,,,17 + Co- (3.3)

Now we consider an equivalent norm on C'[0, 1] defined by

Jall = max { el 12l -

From (3.2) and (3.3) we have
c
IT @) < (btmA+ 2) llz] + e (3.4)

where ¢; = max {dt,A,co}. Since bt,, A < 1, we may find a # > 0 such that
btmA+ /0 < 1. Then there exists a number R > 0 with

(b tA + g) R+e <R (3.5)
Now we let B = {z € C'[0,1] : ||z]| < R}. Inequalities (3.4) and (3.5) guaran-
tee that T'(B) C B and thus the Schauder fixed point theorem can be applied.

3.2 Lipschitz nonlinearities
We deal in this subsection with problem (1.1) when f satisfies a Lipschitz
condition in x, of the form

lf (t,x) — f(t,y)| <~ (t) |z —y| forae. te[0,1] andallz,y e R (3.6)

where v € L*°(0,1). A certain upper bound is required for the Lipschitz
constant v (f) only for ¢ € [0,%y]. The existence and uniqueness result is
based on Banach contraction principle.
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Theorem 3.1. Assume (H1) and that f (.,x) is measurable for all z € R.
In addition assume that f(.,0) € L*(0,1) and there exists a function v €
L*>(0,1) such that (3.6) holds and

|7’L°°(O,tm) th < 1.

Then (1.1) has a unique solution z* € WH1(0,1) and |z, — *|cjo) — 0 as
n — 0o, where xg is any function in C'[0,1] and x,, = T (xy—1) forn =1,2, ...

Proof. Let x,y € C'[0,1]. For t € [0, t,,] we have

tm
T@O-TW O < Wlieor) A /0 2 (s) — y (s)|ds
< |'7|L<>°(0,tm) tm Al — y|C[0,tm] .
It follows that
T (@) =T (W)l cot,] < VLo, tmA 1T = Yl - (3.7)

For t € [tm, 1], we have

T (@) @) =T W) O < Ve, tmA T = Ylopo,,

t
TAN T / 12 (s) —  (s)| ds

< et tmAlT = Ylep.e
|’V|L<>O tm,1 _
—m o~y g, €.
Then
1T (@) =T Wllcpny < o) tmA e = ylepo]
V] o tm,1)
+ 1z =yl -
Consequently

Ve tm,1
IT (@) - T W) < (wrm,tm) tmA + D | o — .

Finally we choose any 6 > 0 such that |V|j o,y tmA+ |V, 1) /0 <1 and

we apply Banach contraction principle. O

Remark 3.1. Under the assumptions of Theorem 3.1, condition (3.1) is sat-
isfied with b = || ec(04,,),+ € = [V poo(t,,1) 20d d = [f (-,0)] 10001y -
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