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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS
FOR NON-LINEAR WAVE EQUATIONS OF KIRCHHOFF TYPE
WITH VISCOELASTICITY

MOHAMED MELLAH and ALT HAKEM

Abstract. In this paper we deal with the initial boundary value problem of the
following non-linear wave equation of Kirchhoff type

t
lut | uee — M (/ |Vu|2da:> Au — Auy +/ g(t — s)Au(s)ds — Auy =0,
Q 0

where M is a continuous function on [0, +00) such that M(s) > mo > 0 for all s >
0. By assuming p > 0 is such that H} (Q) < L°T2(Q) and g > 0 is exponentially
decreasing, we discuss the global existence and asymptotic behavior of solutions.
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1. INTRODUCTION

In this paper, we investigate the existence and asymptotic behavior of so-
lutions for the following non-linear Kirchhoff type problem

|ug|Pue — M </ |Vu|2daz> Au — Auy
Q

t
(1) + / g(t — s)Au(s)ds — Aug = 0,2 € Q,t > 0,
0

u(z,t) =0, (v,t) €00 xR,

u(z,0) = up(z), w(z,0)=ui(z) =€,
where M is a continuous function on [0, +00) such that M(s) > mg > 0 for
all s > 0, © is a bounded domain of R™ (n > 1) with smooth boundary 052,

and p is a positive constant. Here, g represents the kernel of the memory term
which is assumed to decay exponentially (see assumption (A2)).
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Viscoelasticity problems have been handled carefully in several papers, and
other results relating the global existence and decay of the global solution have
been found. For example, Cavalcanti et al. [1] studied the following problem

|ut|putt — Au — Autt

t
o) + [ gl = u(s)ds —vdu =0 (.0 €A xR,
0
u(z,t) =0, (x,t) €N xR,

u(z,0) =up(z), w(z,0)=ui(x) =€,

where 2 is a bounded domain of R™ with a smooth boundary 02 and p is a
positive real number. By assuming p > 0 is such that HJ(Q) — L2(P+1)(Q)
and g > 0 is exponentially decreasing, they established global existence in the
case 7 > 0 and obtained exponential decay of the energy in the case v > 0.
Cavalcanti et al. [2] considered this model and proved intrinsic decays for
large classes of relaxation kernels described by the inequality ¢’ + H(g) < 0
with convex function H. Replacing strong damping by weak damping in ,
several authors have studied the energy decay rates of the related problems
like

\ut]"’utt — Au — Autt

t — s)Au(s)ds w) = o +
(3) +/09(t )Au(s)ds + h(ug) =0, (x,t) € @ x RY,
w(z ) =0, (2.1) € 02 x RY,

u(z,0) = up(z), w(z,0)=ui(z) zell

When h(u:;) = uy, Han and Wang [4] investigated the global existence and
exponential stability of the energy for solutions for (3). When h(u;) = [us|™uy
(m > 0), the general decay of energy was investigated by the same authors
[3]. Later, Park and Park [§] established the general decay for ([2) with general
nonlinear weak damping.

Messaoudi and Tatar ([6,/7]) considered only with integral dissipation,
namely

t
|ug|Puge — Au — Auyy —|—/ g(t —s)Au(s)ds =0, (z,t) € Q xR,
0

u(z,t) =0, (x,t) €N xR,
u(z,0) = up(z), w(z,0)=ui(z) zel.

Under some assumptions on g, they obtained exponential and polynomial de-
cay rates. Motivated by the above contributions, in the present work we will
study the initial-boundary value problem . Under suitable assumptions,
we prove the existence of a global solution by means of the Galerkin method.
Further, the asymptotic behavior of solution is established.
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2. PRELIMINARIES

In this section, we begin with some notations and assumptions used through-
out this article. For the Sobolev space H}(f2) we consider the norm H“HH(} Q) =

||Vul|2, where || - ||, denotes the standard norm in LP(2). The inner product
in L? is denoted by (-,-). If u = u(t, ) is a function in L?(0,T; H}(2)) and g
is continuous, we put

t
(o) = [ g(t = 5)|Vult) - Vu(s)Pds,
0
Now, we make the following assumptions on problem :

(A1) Assumption on M(s).
We assume that M(s) € C([0,00),R) satisfying

M(s) >mo >0, M(s)s> /OSM(T)dT,

for all s > 0. For example M(s) =mo+s", r>1

(A2) Assumption on g.
We assume that g : [0,00) — (0,00) is a bounded C! function satisfying

o
g(0) >0, mg— / g(s)ds=1>0,
0
such that there exist positive constants £; and & satisfying

—&1g(t) < g'(t) < —=&g(t), for all t > 0.
(A3) For the nonlinear term |us|Puy, we further assume
4
0 < p < oo, when n < 2, and O<p§72,whenn23.
n R

DEFINITION 2.1 (Weak solution). A function u(z,t) is called a weak solution
of (1)) on the interval Qx[0,T"), with 0 < T' < +00 being the maximal existence
time, if

we L0, T; HY (), wur € L0, T; HY(Q)) and uy € L0, T; Hi(Q))
satisfies the following conditions:
(i) for any ¢ € H}(Q2) and a.e. t € [0,T), we have

(Jut|Pue, @) + (M (||Vu||%) Vu, qu) + (Vuw, Vo) + (Vug, Vo)

— (/ g(t — s)Vu(s)ds,ng) =0,
0
(ii) u(x,0) = up(x) in HF(Q), ue(z,0) = uy(z) in HL().
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REMARK 2.2. Since 0 < p < oo, whenn < 2,and 0 < p < =5, when n > 3,
according to the Sobolev embedding theorem, we have

Hg(Q) = LPT(Q) and  [¢llp42 < Cpya|| V|2, forall ¢ € Hy(S),

where C, is the optimal embedding constant from the Sobolev space H} ()
to LPT2(Q). Noting that

P 1 1
+ + =
p+2 p+2 p+2

by the Holder inequality we can see that the nonlinear term

/ |ut\puttgb dCE
Q

Y

makes sense.

3. GLOBAL EXISTENCE OF SOLUTIONS

The main goal in this section is devoted to discuss the existence of global
weak solutions for the problem by using the Galerkin approximation.

THEOREM 3.1. Assume that (A1)-(A3) hold. Let uo(z),ui(z) € Hi(Q),
then the problem admits at least a global weak solution u : @ — R such
that

u € L®(0,00; H3 (Q)), wu € L(0,00; HY (), ug € L¥(0,00; H(Q)).

Proof. To establish the existence of a solution to problem , we use the
Faedo-Galerkin approximations. Let {w;(x)} be a complete orthogonal basis
in H}(Q). Then we construct the approximate solutions uy, for the problem

in the form
k
) => oki(twj(x), k=1,2,..,

which satisfies
(|uge|Pugre, wj) + (M (HVukHZ) Vuk,Vw]) (Vuge, Vw;) + (Vuge, Vw;)

(4) ¢
/ g(t — s)Vug( )ds,ij> =0,
0
and
Z% z) = up(z) in HYQ), k— oo,
(5)

upe(x,0) Zék] Jw;(z) = wi(z) in Hi(Q), k— oo.
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Multiplying by (%cj (t) and summing for j =1, ....., k, we obtain
(Jure | upee, ure) + (M (||Vuk||%) Vug, Vukt) + (Vugg, Vuge)
t
+ (Vuge, Vuge) — (/ g(t — 8)Vug(s)ds, Vukt) =0.
0
By a direct calculation, it follows that
1 d 14d 1d [IVuxl3
e P2y v R M(s)d
gl + Vel + 5 (5)ds
1d [t 1d
- d 3+ = — t
557 [ 9EasIVa Ol + 5.5 a0 Tuo)
2 1 2 1 !
= = lIVurellz = 59O IVurllz + 59" 0 Vur)(t) < 0,
which implies that
d o 1. 1 2
6) B0 = ~IVul3 + 5o 0 Vi) () — 39() | Verl3 <0,
where
1 p+2 1 2
Ey(t) = Eug, ugt) = m||ukt||p+2 + §||Vukt||2
1d [IVul3 1 rt
(7) srw ) M- 2/0 9(s)dsl|Vur ()1
1
Integrating (6)) over (0,t), we obtain
(8) Ey(t) < Eg(0).
On the other hand, from (A1) and (A2), we get
1 o 1 1 t
But) 2 gl + 1wl + 5 (mo = [ g(o)ds ) 173
() 1 1 b2 1 , 1 )
+ 5000 V)0 > —lullf 13 + 51V + 51 Vel
1
+5(g0 Vur)(t) > 0.
Combining and @, and using , we infer
lakellz + IV akell3 + [ Vel + (g 0 Vur) (1)
min {m, 5 5}
Here and in the sequel C;, ¢ = 1,2, ...., we will denote various constants inde-

pendent of k£ and ¢.
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Also, integrating from 0 to t, there appears the relation

t

/0 g(t = 8)[[Vur(s)|l3ds = 2(Ex(0) — Ew(t)) + / (9" 0 up)(s)ds

0
t
—2/WMM%&
0

which together with (9) and (A2) yields that

t
(11) | ot = 5)19unts) s < 28,0 < o
0
Multiplying by 5;& (t) and summing for j =1, ..., k, one has
(|Ukt|puk:tt(t)v Uktt) + (M(HVukH%)Wk, Vuktt) + (Vuktb Vuktt)

(12) + (Vugg, Vugg) — </Otg(t — 5)Vug(s)ds, V“ktt> =0.

Applying the Young and Holder inequalities, we get from and (A1) that

/Q |||t | dz + || Ve |[3 = — (M (|| Vug|13) Vi, Vi)

¢
+ (Vuge, Vugy) — </ g(t — s)Vug(s)ds, Vuktt>
0
(13) . 2
< 30| Vurell3 + @HVuktH% + T;HV”’“H%

1 t t
+or [ 96)ds [ gt = 9)IVun()ds, v > 0.
nJo 0

Let us take n small enough such that 1 —3n > 0. So, by a simple calculation,

becomes

1
/M#Mﬁ®+@4WMwﬁSMWWﬁ
Q

(14) t t
4177/0 g(s)ds/0 g(t_S)Hvuk(S)H%dS.

Using and , we easily obtain from the following inequality

(15) | Vg |3 < C3, 0<t < oo.

2
m
D T3+

Using Holder inequality, we have for 0 <t < oo

P
(16) (el urees wrer) < el pollurel2n < [(p+ 2)C1]772 uge||2yo-
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The estimates (10]), and allow us to get a subsequence of {uy},
which from now on will be denoted by {ux}; and functions wu, u, x such that:

(17) up — u weak star in - L>(0, 00; Hy(Q)), k — oo,
(18) ugs — up weak star in - L>°(0,00; Hy (), k — oo,
(19) up — u; weak star in - L%°(0, 00; LPT2(Q)), k — oo,
(20) ugee — uy weakly  L%°(0, o0; H&(Q)), k — o0,

(21) |uge|Puke — p weak star in - L%°(0, oo; L%(Q)), k — oo,
(22) |ue|Pue — x weakly in - L°°(0, oo; L%(Q)), k — oo.

Since Hg(Q) < L?(2) is compact, by the Aubin-Lions theorem, we deduce
that

(23) up — u strongly in - L>°(0,00; L*(Q)), k — oo,
(24) upe — ug strongly in - L°°(0, 00; L2(R)), k — oo,
(25) Uy — ug strongly in - L%°(0,00; L2(Q)), k — oo,

and further using Lemma 1.3 in [5], we obtain easily

+2
(26)  |ugt|Pukt — p = |ug|Puy weak star in - L%°(0, oo; Lﬁ(Q))a k — o0,

2
(27)  JunelPwr — x = JuglPuye weakly in  L2°(0,00; L1 (), k — o.

Taking £ — oo in and then making use of — and — ,

we arrive at

(Jue|Puge, wj) + (M(||Vu||%)Vu, Vw;) + (Vuw, Vw;) + (Vug, Vw;)

_ (/Otg(t - s)Vu(s)ds,ij> — 0.

Considering that the basis {w; (x)};il is dense in HE(€2), we choose a func-
tion ¢ € HZ(Q) having the form ¢ = Z?Zl djw;j(x), where {5]-};';1 are given
functions.

Multiplying by 0; and then summing for j = 1,....., it follows that

(luePuee, @) + (M (| Vull3)Vu, Vo) + (Vug, Vo) + (Vug, Vo)
t
— </0 g(t — s)Vu(s)ds,V(;S) =0, Voec HYQ).

Hence, the proof of Theorem [3.1]is completed. O

(28)

(29)
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4. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

In this section we consider the asymptotic behavior of solutions to (|1)).

THEOREM 4.1. Suppose that the assumptions (A1l)-(A3) hold and u =
u(x,t) be the global solution to problem obtained in Theorem . For
¢ : Rt = Rt a increasing C? function such that

p(0)=0,  ¢'(0)>0, lim o(t) = +oo,  ¢"(t) <0 ,Vt>0,
t——+o0
we have for kK >0
E(t) < B(0)e ™M) vt > 0.
Proof. Let ¢ = u; in equation , then

e 1 , 1[IVl
lall3+ 5IVul+5 [ Msas

d

4t
dt

p+2

-4 B /O 9(5)ds|Vu(®)3 - (g 0 w)(f)]

1 1
IVl + LoIVul} — 5 (' o Vu)(t) =0
that is,
€ B(0) + |Vl + o0 Vull3 — (g0 Vu)(t) = 0.
where E(t) is defined in (7)),

1 pro 1 , 1 Vull3
B0 = g3+ LIl + 2 [ M(s)ds
(30) 1p . , 0
— 5 ([ as) 19l + St e vt

Then, in view of assumption (A2), one has

d 1 L,
a1 2 = — V|3 — §g(t)HVU||§ —5(g o Vu)(t)

1 1
< =Vl = 59 Vull3 = S&(g 0 Vu)(t) <0.

This means that the energy F(t) is uniformly bounded (by E(0)) and is de-
creasing in t.
Before proving Theorem [4.I] we need to state some technical lemmas.

LEMMA 4.2. For anyt > 0, the energy E(t) satisfies

d 1 1
(32) HE@®) < — (V3 — S&(gou)(t) -5 [9(0) = &1llgll L1 0,00)] V3
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Proof. From assumption (A2) and since

/0 ¢ (s)ds = g(t) — g(0),

we obtain

1 1 1 ! /
- —59@Vullf = = 59(0)|Vul3 — 5 (/0 g (s)ds> IVull3

1 &1
< —59(0)||VUH% + §||9||L1(o,oo)\|vu||%-

Combining and we conclude that for all ¢ > 0:

d 1 1
SE®) < | Vuil — 36090 Vu)(©) - 5 [900) — &llglo00] [ Vul <0.
O

LEMMA 4.3. The energy E(t) satisfies
N 1
(34)  E(t) < Bl Vuel3 + ol Vul3 + SlgoVu)(t),  forallt >0,

where

1 42 e 1
5= (5Cht3eE0t + ),

and )
0<mp= §maX{M(s), s €[0,C4]} < oc.

Proof. First we note that similarly to @D one has
E(0) > E(t) =

1 1
p+2 2
m”utnpu + §\|Vut||2

IVull3 ¢
+ ;/0 M(s)ds — ;/0 g(s)ds||Vu(t)||3 + %(g o Vau)(t)

1 1 1 t
> p+2 - v 2 - _/ d V t 2
> gl IV + 5 (mo— | g(s)ds ) IVu(®)l3

+ %(g o Vu)(t) >

1 1
p+2 2
= m”utnpw + §HVut||2

l 1
+ LIVl + 590 Vu)(t) > 0.
Since E(t) is decreasing, from the Sobolev embedding theorem we have

1 +2 1 +2 +2 1 +2
mHUtHZH < mCZHHVUtHg = m05+2||vut\|§||vut||%

(35)

1 2 2
< 5O B0 Vul
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From , , (A1) and since fot g(s)ds > 0, we deduce

1 +2 o1
B0 < (5 CBeEO)E + 3 ) IVul?

1 1

IVull3
+ 2/0 M(s)ds + i(goVu)(t)

L pt2 o 1 2
< (SsCrBeEO + ) Va3

1 1
+ 5 MIVull)IVullz + 5 (g0 Vu)(t)
< 1 CP2(2E(0))5 L 2, ~ 2
S\ 53202 CE0)2 45 ) [Vuellz + miol Vull:

+%@ovm@y

Let B = (p—_bCﬁi;@E(O))g + %), then we get . O]

Multiplying by e**(®) (where £ > 0) and utilizing Lemma we have

d

K K 1 K
= (0BW) < =0 Vuil3 - 5 [900) = Ellgllzi o 00)] €OVl

1
~ 562(g.0 Tu) () 4 5 (1) O B(1)
< — [L— rB!(1)] 0 [V 3

5 [ w 0] 0 (g0 Vu)(1)

1 St K
= 5 [900) = &1llgr 21 0.00) — 260 (1)] €| V3.

Using the fact that ¢’ is decreasing we arrive at

d

= (OB®) < - [1 - k8¢ (0)] ) [ Tu 3

1

— 5 [ — 5 (0)] €50 (g 0 V) 1
1

=5 [900) = &llgrllr 0.00) — 2rm0¢'(0)] 0| Vul3.

Choosing ||g]|£1(0,00) sufficiently small so that
9(0) = &illg1ll 10,00 = B > 0,

(36)

and defining

K —min{ ! &2 B }
0 Be'(0)” ¢'(0)" 2mo¢/(0) J
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we conclude by taking k € (0, ko] in that

(37) % (e*w(t)E(t)) <0, t>0.

Integrating over (0,t), it follows that
E(t) < E(0)e "W ¢>0.
This completes the proof of Theorem O

EXAMPLE 4.4. For ¢(t) =t + t-%l? we get the following exponential decay
rate
E(t) < E(0)e ", forall t > 0.
For {(t) = In(1 + t), we get the following polynomial decay rate

E(t) < E0)(1+t¢)"", forallt>0.
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