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MODULAR HADAMARD, RIEMANN-LIOUVILLE
AND WEYL FRACTIONAL INTEGRALS

KWOK-PUN HO

Abstract. This paper establishes the modular inequalities for the Hadamard
fractional integrals, the Riemann-Liouville fractional integrals and the Weyl frac-
tional integrals.
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1. INTRODUCTION

This paper aims to investigate the mapping properties of the Hadamard
fractional integrals Jg' . »f, JZ oy o f s [0y oy o f a0d IZ . o f, the Riemann-
Liouville fractional integrals R, f and the Weyl fractional integrals W, f when
®(|f(x)]) is integrable where ® is a modular function. That is, we obtain the
modular inequalities in the sense of [19] for the above operators.

The Riemann-Liouville fractional integrals R, f were introduced to study
the o™ order antiderivative of f when « is not an positive integer. Precisely,
when « is a positive integer, the ot order derivative of R, f is f. In addition,
the Weyl fractional integral, roughly speaking, is the dual operator of the
Riemann-Liouville fractional integrals. That is, for any nonnegative Lebesgue
measurable functions f and g, we have

/00 Ryf(z)g(z)dx = /OO f(x)Weag(z)de.
0 0

The reader is referred to [22] for the applications of the above integral on
fractional calculus.

The Hadamard fractional integrals were introduced by Hadamard in [9]. It
is related with the fractional calculus in the framework of Mellin transform,
see [5, p. 388]. The studies of Hadamard fractional integrals was extended
by Butzer, Kilbas and Trujillo, where a number of Hadamard type fractional
integrals Jg . fy I 0 o fs 104 iy o f and 12 o f were introduced [4}5].

The author thanks the referee for his helpful comments and suggestions.
Corresponding author: Kwok-Pun Ho.

DOLI: 10.24193/mathcluj.2023.2.12



264 K.-P. Ho 2

The mapping properties for the Riemann-Liouville fractional integrals and
the Weyl fractional integrals on Lebesgue spaces were established in [10] and
these results were extended to weighted Lebesgue spaces in [1,21].

The reader is referred to [4,5] for the mapping properties of the Hadamard
fractional integrals and the Hadamard type fractional integrals Jg4 .. .f,
I ol 104 oy o f and 12 o f on Lebesgue spaces endowed with the mea-

sure %. Moreover, for the mapping properties of the Hadamard fractional
integrals and the Hadamard type fractional integrals on function space of
bounded mean oscillation, amalgam spaces and function spaces of ¢-integral
p-variation, see [13,[15]/17], respectively.

This paper is devoted to extending the mapping properties for the above
fractional integrals when ®(|f(x)|) is integrable, where ® is a modular func-
tion. Notice that the investigations for the Hardy-Littlewood maximal oper-
ator, the Marcinkiewicz interpolation, the Fourier transform and the k-plane

transform for f satisfying

[ e(ls@his < oo

had been conducted in [3}|7,/11}/12].

We obtain our results by using the decreasing rearrangement of Lebesgue
measurable function [2, Chapter 2, Section 1] and the operators of joint weak
type |2, Chapter 3, Section 5]. Both notions are important tools for the study
of mapping properties of operators on function spaces [2, Chapter 3, Section 5]
and modular spaces [11,12,|18]. Moreover, we also use the Hardy inequalities
[6] on modular spaces to obtain our desired results.

This paper is organized as follows. The definitions and the mapping prop-
erties of the Hadamard fractional integrals Jgy . . f, JZ .\ - f, 1§ 1.y 0/ and
I? .. -/, the Riemann-Liouville fractional integrals R, f and the Weyl frac-
tional integrals W, f on Lebesgue spaces are presented in Section The
definition of operators of joint weak type and the Hardy inequalities on modu-
lar spaces are given in Section[3] Our main results are established in Section [4]
An application of our main result on the mapping properties of the Riemann-
Liouville fractional integrals, the Weyl fractional integrals and the Hadamard
fractional integrals on Orlicz spaces are presented at the end of Section

2. PRELIMINARIES AND DEFINITIONS

Let p be a totally o-finite measure on (0, 00), Let M(u) and M be the set
of p-measurable functions and the Lebesgue measurable functions on (0, c0),
respectively.

For 0 < a < 1, the Riemann-Liouville fractional integral R, f and the Weyl
fractional integral W, f for a locally integrable function f on (0, c0) are defined
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Rof(x) = F(la) /0 @0 f0dt, x>0,

Wof(z) = F(la) /Oo(t — 2 (1), x>0,

respectively, where I'(+) is the Gamma function.
In view of [10, Theorem 383], we have the following results for the Riemann-
Liouville fractional integral and the Weyl fractional integral.

THEOREM 2.1. Let 0 <a <1landl<p<i.If

7:7_04’
qg p

there exists a constant C' > 0 such that for any f € LP, we have

([ 1ras o) e ([ Isra) "
([ warpas) e ([ |f<z>|pdx)l/p.

We also have the corresponding result for the Hadamard fractional inte-
grals. Let o > 0, the Hadamard fractional integral Jg, f for locally integrable
function f is defined as

U8 0)@) = e [ (o 2) 7 s

where I'(«) is the Euler gamma function. The Hadamard fractional integral
was introduced by Hadamard in |9]. The reader is also referred to [22, Section
18.3], for the applications of the Hadamard fractional integrals.

The Hadamard fractional integrals had been generalized by using the con-
fluent hypergeometric function, which is also named as a Kummer function.
The confluent hypergeometric function ®[a, ¢; 2] is defined for |z| < 1, ¢ > 0
and a # —j, 7 € NU{0} by

—

o0
a)y 2"
®la, c; 2] E -
(o) k!

k=0

\_/

where (a)i, k € NU {0} is the Pochhammer symbol [8, Section 6.1] given by

(a)o=1, (a)y=ala+1)---(a+k—-1), keN.



266 K.-P. Ho 4

For B > 0, v € R and pu,0 € C, the generalized Hadamard fractional
integrals J§, “q{af, 2 ot I(‘)’_s_%%af and I . . f are defined as

S0+ o f () = P(la) /Ox <fc>u <log %)a_l @ [’Y,a;alog ﬂ f(t)%7
Ja,/ﬂwf(x) = 1“(104) /:O (%)M <10g i)a_l d [’y,a;alog H f(t)%,
164y o f(2) = F(la) /Ox <;>M <log %)a_l ) [%a;alog ﬂ f(t)%

12 o f (@) = F(la)/:o (%)M <log;z>o¢1 o [fy,a o log ] f(t )it,

respectively.
Since ®[a,c;0] = 1, when o = 0, the above Hadamard fractional integral
Jg 0pi7.0 reduces to the Hadamard fractional integral Jg,. Moreover, J% .
04y, and 12 o become the Hadamard type fractional integrals intro-
duced and studied in [4].
We now give the mapping properties for Jg, . o, J2

IO‘ . Let dw = t L and

Lg—{feM:HfHLﬁ_ (/Ooolf(mpit)p <OO}

where dt is the Lebesgue measure on (0, 00).
According to |5, Theorems 4 and 5|, we have the following results.

and

Y500 IO+,u 0 and

THEOREM 2.2. Let ¢,y € R, a > 0 and pu,0 € C. Suppose that 1 < p < q
e 11
satisfy 5~ g <
(1) If Re(p—0) >c orRe(p—0) =c and v < % — =, then the operator
I8 y—ery 0 18 bounded from LY, to L.
(2) If Re(p—o0) > —c orRe(p—0) = —c and vy < %— =, then the operator

Ja,u+c~/cr is bounded from LY, to L.

(3) If Re(u—0) >c—1 orRe(p—0) =c—1 (md7<%—%, then the
operator I¢, ... , is bounded from L{, to L.

(4) If Re(p—0) >1 —corRe(u—0) =1—cand vy < %—%, then the

operator 1¢ is bounded from LY, to LY.

mtey,o
The reader is reminded that we present the mapping properties for the

« « « (e ] 1
operators Jg e 0, JE ey o0 L0 pu—ciy,o @0 T while the results in

—,utcyy,o
[5, Theorems 4 andl 5]' are mapping properties for J04 1,00 Jﬁ,;_m,m IS4 o
and I? . ;. That is, in Theorem the parameter ¢ appears in the indices
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of the operators while for the results in [5, Theorems 4 and 5|, the parameter
c appears in the definition of weighted Lebesgue spaces [5, (1.10)].

3. DECREASING REARRANGEMENTS AND MODULAR FUNCTIONS

In this section, we first present the notion of decreasing rearrangement of
Lebesgue measurable function. This notion is related with operators of joint
weak type. We also recall the definition of modular functions. It is an ex-
tension of Young’s function used in the study of Orlicz spaces. At the end of
this section, we present some results on the modular estimates of the Hardy
operators.

We begin with a review on the notion of decreasing rearrangement. Let u
be a totally o-finite measure on (0,00). For any f € M(u) and s > 0, write

di(s) = p(fe > 0: | f(2)] > s})

and

fu(t) =inf{s >0: d’;(s) <t}, t>0.

We call f; the decreasing rearrangement of f with respect to u. We say that
f and g are p-equimeasurable if d’(s) = dg(s) for all s > 0.

When p is the Lebesgue measure, we write f; by f*. When y is the measure
dw = % on (0,00) where dt is the Lebesgue measure on (0, 00), we write the
decreasing rearrangement of f with respect to dw by fJ.

We write f =~ g if Bf < g < Cf, for some constants B, C' > 0 independent
of appropriate quantities involved in the expressions of f and g.

We recall the definition of linear operator of joint weak type from |2, Chapter
3, Definitions 5.1, 5.3 and 5.4].

DEFINITION 3.1. Let g, 111 be totally o-finite measures on (0, 00). Suppose
1<py<pr <ooandl <qy,q <oowith gg # q1. Let T be a linear operator
whose domain is some linear subspace of M (o) and whose range is contained
in M(,Lbl).

We say that T is of joint weak type (po, qo;p1,q1) if

Loy ds o0 1 ds
* *
/0 5P0 fuo(s)? +/1 sP1 fuo(s)? < 00
and there is a constant C > 0 such that

ot d ot d
(Tf):;1 SC(t 40/0 spof;O(S)?S-i-t <11/0 sp1f:0(s)s>

s
where
1 1
_ Qo q1
m=-T—ri-
po  p1

Next, we turn to the definition of modular function.
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DEFINITION 3.2. A Lebesgue measurable function ® : [0,00) — [0,00) is
called a modular function if ® is a non-decreasing function with

lim ®(t) = 0.
t—0t
A Young’s function is a modular function. For the definition of Young’s

function, the reader is referred to |2, Chapter 4, Definition 8.1].
For any modular function ® and f € M(w), we have

(1) | ewene= [ earns

0

A modular function @ is said to satisfy the /Ay condition if there exists a
constant K > 0 such that

(2) O(2t) < KP(t), t>0.
We write ® € Ay if it satisfies the Ay condition. If & € Ay, then
(3) ®(a+b) < P(2max(a, b)) < Cmax(P(a),®(d)) < C(P(a) + P(b)).

We recall the definitions of two Hardy type operators used in [6]. They
are related to the estimates for the Hadamard, Riemann-Liouville and Weyl
fractional integrals by using the operator of joint weak type.

Let 0 < a,b < co. For any f € M, define

I .d
&m)zﬂméﬂ$”;,
. 1 [ d
Spf(t) = tl/b/t f(S)Sl/b?s-

We now present the modular inequalities for the Hardy type operators S,
and Sp.

THEOREM 3.3. Let 0 < a < 1 and ® be a modular function. There exist
constants B,C > 0 such that for any decreasing nonnegative function f,

/OO B(S, f(1))dt < B /Oo B(CF(1))dt
0 0

if and only if there exist constants H, K > 0 such that

o [fOy
(4) ¢ /0 ycfﬂ)dy < HO(Kt), Vt> 0.

We write ® € C, if  satisfies .
Let 0 < ag < a1 < 1. We find that for any t > 0

¢ ¢ ¢
tao (p(y) dy — tao ya1fa0 (P(y) dy < taotalfao (p(y) dy
o yatl 0 yutl 7 = o yutt

t
:t‘“/ *(y) dy.
o yutl
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Therefore,
(5) O e Cy = @€y
We also have the modular inequality for Sp.

THEOREM 3.4. Let 0 < b < oo and ® be a modular function. There exists
a constant C' > 0 such that for any decreasing nonnegative function f,

[ oG <c [ e
0 0

if and only if there exists a constant B > 0 such that

(6) tﬂl yéfdyﬁB@@% vt > 0.

We write ® € Cy, if ® satisfies @
Let 0 < by < by < 1. We find that for any t > 0

tbl /OO (I)(y) dy — tbl /'OO ybO_bl @(y) dy S tbltbo_bl /OO (I)(y) dy
t t t

ybl—l—l yb0+1 yb()—‘rl
> @(y)
_ +bo
=t /t yboJrl dy
Therefore,
(7) deCy=deCly,.

For the proofs of Theorems3.3|and the reader is referred to [6, Theorems
2.1 and 2.3] and [6, Theorem 4.5 (iii)], respectively. Theorems [3.3|and |3.4] are
used in the following section to obtain the main results of this paper.

4. MAIN RESULT

In this section, we establish the main results of this paper, the modular
estimates of the Hadamard, the Riemann-Liouville and the Weyl fractional
integrals.

THEOREM 4.1. Letc,y € R, a>0,0<6 <« and p,0 € C. Let ® € Ao
be a modular function. Suppose that there exist 1 < 8 < k < oo such that

(NS Cg NnC..
(1) If Re(w — ) > ¢ or Re(u — o) = ¢ and v < 0, then there ezists a
constant Hy > 0 depending on 6 such that

| o U oDz < 1o [T (s T
0 0

(2) If Re(p — o) > —c or Re(u — o) = —c and v < 0, then there exists a
constant Hg > 0 depending on 0 such that

| o e D0 < o [ 250G
0 0

e}
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(3) If Re(u—0) >c—1 orRe(p—0) =c—1 and v < 6, then there exists
a constant Hy > 0 depending on 0 such that

|0 U o0t < o [ (50D T
0

0

(4) fRe(u—0) >1—corRe(pu—o0)=1—c andy <6, then there exists
a constant Hy > 0 depending on 0 such that

| e D0 < o [T (@D T
0 0

Proof. We just present the proof for (1) as the proofs for (2)-(4) follow
similarly.

Let 1 <p; < g <o0,i=0,1 be selected so that 1 < py < 8 < Kk < p; <0
and

Since

DPo q0 b1 q1

Theorem [2.2] guarantees that Jg, , ..o L — L, i = 0,1 are bounded.
Therefore, J§% , .. o is of joint weak type (po, go,p1.q1) [2, Chapter 4, Theo-
rem 4.11].

Since
1 _ 1
m=2—I =1,
o p1
we have
. _a1 [t ds Lot ds
®) el 20 < Ko (175 [ ships)F wew [ )
0 0
for some Ky depending on 6.
We find that
ot d BTV d
o [ [T
0 8 0 s
111t d 111 [t d
= w0 m | s fI(s) S e [ s fh(s)
tpo JO s tpr JO S
(9) = 1751 f3(t) + S f1(0).
PO p1

Therefore, and @ yield

a0 < Ko (S 150+ 5,120
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By applying the modular [;° ®(-)dt on both sides of the above inequality,

and give
/0 B (TEs o0 )5 (0
<w ([ atsy ndes [T e, o).

As 1 <py < B <Kk <p < o0, and @ assure that ® € Cpoﬂépl.
Consequently, Theorem [3.3] and [3.4] show that

| o oD < Ko [ @(DL0)a1
0 0

for some D > 0. As & € Ao, yields

| o s o0 < o [ (@)
0 0

for some constant Hy > 0 depending on 6. g

We have similar results for the Riemann-Liouville integrals and the Weyl
fractional integrals.

THEOREM 4.2. Let 0 < o < 1 and let ® € Ay be a modular function.
Suppose that there exist 1 < 8 < k < é such that ® € Cg N C;. We have a
constant C > 0 such that

| ety <c [ a(s@)a

0 0

| eeewvapy@na e [ e
0 0

As the proof for the preceding theorem follows from the proof of Theorem
for brevity, we skip the details and leave it to the reader.

As an application of Theorem we have the modular inequalities for
one-sided fractional maximal operators. For any 0 < « < 1, the one-sided
maximal operators are defined as

(M;)f(x) = sup ho? / Flat,

0<h<z —h

x+h
(M) f(x) = sup ho~! / £t

0<h

Since (M) f(z) < (Ru|f])(z) and (M) f(z) < (Wa|f|)(x), we have the fol-

lowing results.
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COROLLARY 4.3. Let 0 < a < 1 and let ® € Ay be a modular function.
Suppose that there exist 1 < 8 < k < é such that ® € Cg N Cy. We have a
constant C' > 0 such that

| et e [T e,
0 0

[ oo one e [T eis@h
0 0

We now present another application of Theorems[4.I]and [£.2)on the mapping
properties of the Hadamard, the Riemann-Liouville and the Weyl fractional
integrals on Orlicz spaces.

We recall the definition of Orlicz spaces [2, Chapter 4, Definition 8.6].

DEFINITION 4.4. Let p be a totally o-finite measure on (0,00) and let ®
be a Young’s function. The Orlicz space Lg () consists of those f € M such
that

1l oo = mf{A > 0 /0 (1 (2)|/N)dp < 1} < 0.

The reader is referred to [20] for the study and applications of Orlicz spaces.

The following gives the definition of the Lorentz-Orlicz space [12, Definition
4.4]. The Lorentz-Orlicz space is used to characterize the mapping properties
of the Hadamard, the Riemann-Liouville and the Weyl fractional integrals on
Orlicz spaces.

DEFINITION 4.5. Let a € R, u be a totally o-finite measure on (0, 00) and

® be a Young’s function. The Lorentz-Orlicz space Ly ,(w) consists of those
f € M such that

1 fllLgq(u) = inf{A >0 /0 Dt f(t)/N)dt <1} < oo.

When p is the Lebesgue measure, we write Le(p) = Lo. Laq(pt) = Lo -
The Lorentz-Orlicz space is a generalization of the Lorentz spaces, see [12].

According to Theorems[4.1] [4.2] and Definition [£.5 we establish the following
mapping properties for the Hadamard, the Riemann-Liouville and the Weyl
fractional integrals on Orlicz spaces.

COROLLARY 4.6. Letc,v€b, a>0,0<60 <« and p,0 € C. Let & € Ny
be a modular function. Suppose that there exist 1 < f < Kk < oo such that

(NS Cg N C’H.
(1) If Re(nw — o) > ¢ or Re(p — o) = ¢ and v < 0, then there ezists a
constant Hy > 0 depending on 6 such that
HJ(?Jr,ufc;'y,Of”Lq>,,g(w) < He”f”Lq,(w)
(2) If Re(p — o) > —c or Re(p — o) = —c and v < 0, then there exists a
constant Hy > 0 depending on 0 such that

"Jg,u+c;'y,af|’[/q>,,g(w) < H9Hf”Lq>(w)'
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(3) If Re(u—0) >c—1 orRe(p—0) =c—1 and v < 6, then there exists
a constant Hy > 0 depending on 0 such that

||I(?+,y—c;'y,af||Lq>,,9(w) < H9||f||Lq>(w)'

(4) fRe(p—0)>1—corRe(p—0o)=1—candy <0, then there exists
a constant Hyg > 0 depending on 6 such that

||Ig,,u+c;'y,afHLq>y,9(w) < HHHfHL(p(w)‘

We have the corresponding results for the Riemann-Liouville and Weyl frac-
tional integrals.

COROLLARY 4.7. Let 0 < o < 1 and let ® € Ay be a modular function.
Suppose that there exist 1 < 8 < k < é such that ® € Cg N Cx. We have a
constant C > 0 such that

[RafllLe o < Clflie: IWaflie o < CllfllLe-

The above corollaries can also be obtained by using the interpolation de-
veloped in [14,|1§]. Furthermore, Corollary also yields the mapping prop-
erties for the one-sided maximal operators M. and M on Orlicz spaces and
Lorentz-Orlicz spaces. In addition, we can also obtain the mapping properties
for R, and W, by using the extrapolation such as the results in [16]. For
simplicity, we skip the details and leave it to the reader.
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