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EXISTENCE OF SOLUTIONS FOR FRACTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS WITH INTEGRAL
BOUNDARY CONDITIONS

AHMED HAMROUNTI and SAID BELOUL

Abstract. The aim of this study is to prove the existence of solutions for Ca-
puto boundary value problems of nonlinear fractional integro-differential equa-
tions with integral boundary conditions, by using the measure of non compact-
ness combined with Moénch’s fixed point theorem. Two examples are offered to
demonstrate our outcomes.
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1. INTRODUCTION

In recent years, fractional differential equations have attracted the inter-
est of many authors, due their applications in various fields of sciences, as in
physics, chemistry, hydrology, biophysics, thermodynamics, blood flow prob-
lems, statistical mechanics, and control theory. That is, most phenomena can
be represented by fractional differential equations, and some results were given
in this way, for example, see [11,/18.|19] and the references therein.

Particularly, differential equations with integral boundary conditions have
different applications in applied science such as in underground water flow,
thermo-elasticity, population dynamics, and some results are given in this
way, for instance see |2}5,8.(12].

By using Krasnoselskii’s fixed point theorem and the Banach principle, Ah-
mad and Sivasundaram [3] investigated the existence of solutions for the fol-
lowing boundary value problem

‘D% (t) = f(t,z(t)) + /t k(t,s,z(s))ds, 0<t<T, 0<a<l,
0
l'(O) = Upg — g(l'),

where D%, 0 < a < 1 is the Caputo fractional derivative and f, g, k are given
continuous functions.
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Abdo et al. |1] used the method of the upper and lower solutions, Schauder
and Banach fixed point theorems to prove the existence and uniqueness of the
solution for the following boundary problem:

D¥%(t) = f(t,z(t)), 0<t<1, 1<a<?2,

1
z(0) = /0 h(s)g(s,z(s))ds + A,

where ‘D%, 0 < a < 1 is the Caputo fractional derivative, A > 0 and f is a
given function.

In [10], Hamrouni and Beloul employed Monch’s fixed point theorem to
discuss the existence of solutions of the following boundary value problem:

‘DY(t) + f(t,z(t),D(t)), 0<t<1, 1<a<2,
az(0) — bz’ (0) =0

g[,-<1):/0 h(s)g(s, 2(s))ds + A,

where ‘D%, 1 < a < 2 is the Caputo fractional derivative, f, g, and h are
given by: f:[0,1]xR =R, g€ [0,1] x R = R, h € L}([0,1],R), a,b,\ € Ry,
a+b>0and ;55 <a-—1

Motivated by the above works, in this paper we study the existence of
solutions to the following boundary value problem:

Dow(t) = f(t, (b)) + /t k(t5,(s))ds, 0<t<1, 1<a<?2

(1)¢ az(0) — bx'(0) = 0,

1
:U(l):/o h(s)g(s, 2(s))ds + A,

where °D“, 1 < a < 2 is the Caputo fractional derivative, f, g, and h are given
functions f: [0,1]] xR =R, g € [0,1] x R = R, h € L'([0,1],R), a,b,\ € Ry,

a+b>0 and aib<a—1.

2. PRELIMINARIES

Denote by X = C([0,1],R) the Banach space of all continuous functions
x:[0,1] — R, with the usual supremum norm

| @ [loo= sup{|z(2)|, ¢ € [0;1]}.

Let L'([0,1]) be the Banach space of measurable functions = : [0,1] — R
which are Bochner integrable, equipped with the norm

1
|2 |lpi= /0 o (8)]dt.

Let us recall some fundamental facts about the Kuratowski measure of non
compactness.
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DEFINITION 2.1 (]|4]). Let E be a Banach space and Qg the bounded subsets
of E. The Kuratowski measure of non compactness is the map a : Qg — [0, o]
defined by

u(B) =liminf{e >0: B CU;_;B;, diam(B;) <€}, B € Qp,
where
diam(B;) = sup{||u — v||g : u,v € B;}.
LEMMA 2.2 ([4]). Let A and B be two bounded sets.
(1) w(B) = 0= B is relatively compact.

(2) u(B) = u(B).
(3) AC B= p(A) < pu(B).
(4) w(A+ B) < u(A) + u(B).
(5) u(cB) < |elu(B), c € R.
(6) p(conv B) = ju(B).
LEMMA 2.3 ([6]). Let X be a Banach space, If V C C([[a,b], X) is equicon-
tinuous and bounded, then u(V(t)) is continuous and

w([vens) < [ uvisnas
where /at V(s)ds = {/ata:(s)ds,x € v}.

Now, we give some definitions and properties of the Riemann-Liouville and
Caputo derivatives of fractional order.

DEFINITION 2.4 ([13]). The fractional integral of order o > 0 of the function
h € L'([a,b],R,) is defined by

L[ h(s)
0= 07 ) o e

where I'(«) denotes the classical gamma function, provided that the right hand
side is defined on (0, c0).

DEFINITION 2.5 (]|13]). For a given function f : (0,00) — R, the Riemann-
Liouville fractional derivative of order a > 0 of x is defined by

1 t ()
Do) = 55— /0 (i syt

where n = [a] 4+ 1, [a] denotes the integer part of a.

DEFINITION 2.6 ([13]). The Caputo fractional derivative of order o > 0 of
a function z : (0,00) — R is defined by

D% _ 1 ! s n—a—lm(n) s)ds
Da(t) = s [ (1= ) (5)ds,

where n = [a] + 1, provided that the right side is pointwise defined on (0, c0).
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LEMMA 2.7 (|13]). Let o be a non negative real number, then the differential
equation

‘D%(t) =0

has a solution given by:
n—1 )
z(t) =) cit', G E€Ri=0,1,..,n—1,n=[a]+1
i=0

LEMMA 2.8 ([7]). Let o> 0, then
I%(°Dx(t)) = z(t) + co + 1t + cot® + ... + cpgt" 1,
G €eRi=0,1,...n—1,n=[a] + 1.

THEOREM 2.9 ([17]). Let C be a bounded, closed and convex subset of a
Banach space such that 0 € C, and let T : C — C be a continuous mapping.
If the implication

V=cowT (V) or V=T(V)UO = w(V)=0
holds for every subset V' of C, then T has a fized point.

3. MAIN RESULTS

LEMMA 3.1. A function x is a solution of if and only if it is a solution
of the following integral equation:

2(t) = F(la) [/Ot(t—s)al <f(s,a;(s)) —i—/(:k(s,v-,:c(T))dT) ds]

at +b 1 1 1 ot
S et )as - s (0= 90 sa(a)s

+/01(1—s)°‘1/08k(3,7-,x(7-)d7-d5].

Proof. Assume x satisfies , then from Lemma we have
I%(°Dxz(t)) = x(t) — co — cqt

= I‘(la) [/Otf(s,:x(s))ds + /Ot /08 k‘(S,T,:E(T)deS] ,

which implies that

1 t t s
z(t) =co+cat+ =—— [/ f(s,z(s))ds +/ / k?(S,T,l’(T)de8:| .
I'(e) Lo 0 Jo
Applying the boundary conditions, we find
az(0) — bz'(0) = acy — be; =0
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and
(1) =co+ 1

T {/01(1 — )% £ (s, z(s))ds + /01(1 _ gl /Osk‘(s,T,:r(T)des

1
:/0 h(s)g(s,z(s))ds + A,

then
1
o= j)_ 2 [/0 h(s)g(s,x(s))ds + A
1 1 —8)* (s, 2(s))ds 1 —g)e ! ) s, 7, x(7)drds
([ =0 s+ [ 0= [ kra(rinas)
and
a 1
a=_— [/0 h(s)g(s,z(s))ds + A
L 1 — 5)¥ (s, x(s))ds 1 . ’ s, T, x(7)d7rds
([ =9 s+ [a=97" [k ra(ranas)
Consequently, we obtain
z(t) = I’(la)(/o (t —s)* 1 f(s,2(s))ds +/0 (t—s)*t /08 k(s,7,z(r)drds)

at +b
a-+b
1

1 1 s
- — ) (s, 2(s))ds — gyt s, 7, x(T)drds).
([ =0 s+ [[0=9 [ kra(rinas)

1
[/0 h(s)g(s,z(s))ds + A

Then we can write

"0 :/1 Glts) ((s.0(s)) + [ K(s.r.ar))ar)ds
at0+b "

R (/01 h(s)g(s,z(s))ds + /\),

where G is the Green function given by:

1
G = G
(2) (@ +b)(t—8)* 4 (at+b)(1 -9, 0<s<t<I,
‘{(aHb)(l—S)“l, 0<t<s<l.
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LEMMA 3.2. The function G defined by satisfies

2(1 — s)> 1
G(t,s) < T

Proof. If 0 < s <t <1, then

G(t, S) = (CL—I—bl)F@z) [(CL + b)(t — 5)0‘—1 + (at + b)(l _ S)a—l]
S o+ bl>r<a> [(a+0)(t =)+ (a+5)(1 = )]
< F(la) [(t—s)* 7+ (1—s)*7"]
= r(la) [(1=9)*7"+ (1 =)
_2(1-s)!
)

If0<t<s<1, then

G(t,s) = m [(at +0)(1 - S)a_l]
1 o
s e (@O =9"]
L gy
< F(a)( )
2(1 —s)*1
I N (2)

Now, we assume that:
(A1) There exists ¢ € L*°([0,1]), such that

[f(t () = fy(0)] < o(t)|z -yl
and for each bounded subset A of X, we have
V([ (¢ A) < poy(A).
(A2) There exists ¢ € L*([0,1]), such that
|k(t, s, u(s)) — k(t, s,0(s)] < o(t)|u — vl
and for each bounded subset B of X, we have
V(k(t, s, B)) < ¢oy(B).
(Asz) There exists ¢ € L*([0, 1]), such that

lg(t, z(t)) — gt y()] < (t)|z —y|
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and for each bounded subset B of X, we have

Y(g(t, C) < oy(C),

where o = sup |¢(t)], Yo = supyepo 1) [¥(t)| and ¢o = sup [$(2)].
tef0,1] te[0,1]

THEOREM 3.3. Under the assumptions (A1) — (As) the problem has a
solution provided

2
Ia+1)
Proof. Define an operator T : X — X by

Tz (t) :/01 G(t,s) <f(s,x(s))+/Osk(s,7,x(7))d7) ds

N ‘;t:bb (/01 h(s)g(s, z(s))ds + /\) |

(o + ¢0) + [|h]|p1tho + A < 1.

Clearly, the fixed points of the operator 1" are solutions of problem . We
show that T satisfies the assumptions of Theorem The proof will be given
in three steps.

Step 1. T is continuous.
Let (x,) be a sequence such that z, — x in C([0,1],R). Then for each
t € [0,1] we have

1
() (t) - T(@)(1)] < / Gt 8)|1f (5,2 (5)) — £(5,2(5))|ds
1 s
+/0 |G(t,s)/0 |k(s, T, xn (7)) — k(s, 7, 2(7))|dT
1
" / 11(3)lg(s, 2n(5)) — (5, 2(5))Ids.

Assumptions (Aj), (A2) and (As) give:
1
T(zn)(t) = T(x)(8)] < /0 G(t, 8)olwn(s) — 2(s)|ds

s 1
+/0 </>o|96n(5>‘)—DG(S)IdTJr/0 |7(s)[tho| 2 (s) — 2(s)|ds

< |y 0+ 60 + il en(s) = (6}

Then

7)) - Tl < |

m(% + ¢o) + |h||L1¢O} lzn(s) — ()| co-
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Since z,, — x, for each t € [0, 1], we get
IT (z,) (t) — T(x)(t)|| — 0, when n — oco.
Therefore, T is continuous.

Let r be a constant such that

- * * * <
F(a+1)[(<po+¢o)r+f + k] + bl pvbor + g* + A< 7,

where

f*= sup |f(t,0)], g* = sup |g(s,0)|, and k" = sup |k(t,0,0)].
t€(0,1] s€[0,1] te€(0,1]

Let B, = {z € C([0,1],R) : ||z]| < r}. It is clear that B, is a bounded
subset, closed and convex of X.

Step 2. T'(B,) C B,.
Let z be an element of B, we show that Tz € B,. In fact, for each ¢ € [0, 1]
we have

B = ‘/1 G(t, 5)f (s, 2(s))ds

/ / (1, 8)k(s, 7 2(r ))des+at+: (/ h(s )g(s,x(s))ds—i—)\) .
(A

2) and (Ags), for each t € [0, 1] we have
[f (&, 2@)] = |f(t,x(t)) = f(2,0) + f(£,0)]
(3) < | 2(t) = f(8,0)[ +[f(£,0)]
< @olz| + f7,

|k(t,s,x(s))| = |k(t,s,x(s)) — k(t,0,0) + k(¢,0,0)|
(4) < |k(t,s,x(s)) — k(t,0,0)| + |k(¢,0,0)|
< ¢olz| + k*

l9(t, 2z (t))] = |g(t, z(t)) — g(¢,0) + g(t, 0)|
(5) <lg(t,z(t)) — g(t,0)| + |g(t,0)]
< olz| +g*

Then we have

IT2(8)]] < ﬁ((wo +¢0))r + 7+ ) + (1Pl 1or + g.) + A

It follows that for each ¢ € [0, 1] we have || Tz(t)|| < r, which implies
T(B,) C B,.
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Step 3. T'B, is bounded and equicontinuous.
According to Step 2, we have

TB,={Tx:xz € B,} C B,.

So for every x € B, we have ||T(x)|lcc < 7, which implies that T'B, is bounded.
Let t1,ty € [0,1] with t; < t9 and x € T'B,, so we have

[T@)E2) ~ 7))
’/ G(ta, s [ s, x(s)) + /OS ]6‘(8,7’,1‘(7‘))de| ds
DD ([ hsiato.aonds +2) - [ 6091650060

+ /0 k(s,f,x(ﬂ)df} ds + 41 +b” (/01 h(s)g(s,z(s))ds + A) ‘

a—+

/|G Ia, 5) — Gt1, s ]‘fsm ))+/Osyk(s,7-,:r(7))d7-

a+bA|MQMamgxm—unm+»a+b

ds

-

1
gA|Gw, G(t1,5)||£(s)[ds

a‘tg—t1|
a+b

According to , and , we have

/|h lg(s,2(5))lds + -

|752 — t1].

1
1T () (t2) = T(x)(t)] < ((wo + ¢o)r + [ + k*)/o G (t2,5) = G(t1,5)[] ds

i a(tor + g«)
a+b

1h(s)l[z1lt2 = tilds + A~ |t2—t1!

As to — t1, the right hand side of the above inequality tends to zero, since
G is uniformly continuous (a continuous on a compact) and |t2 — t1| — 0.
Then T B, is equicontinuous.

Let V C T'B,, such that V = {Tx,z € B,} so V C conv(T'(V) U {0}). The
subset V' is bounded and equicontinuous, then from Lemma [2.3] the function
v:t+— pu(V(t)) € Ris continuous on [0,1]. From Lemma and the
properties of the measure u, we get

v(t) = p(V (1) < p(TV() U{0}) < u(TV ().




258 A. Hamrouni and S. Beloul 10

So, we have
w(TV (1)) = p(Tz(t), z € V)

_ /Gts[sx /\km, }

., c;t:: (/0 h(s)g(s, z(s))ds + A) e v)

Syt (/01 G(t,s) [f(t,:c(t)) + /0 ]k(s,T,x(T))dT] ds,z € V)
oo [ ols.x(oas.z e v)

/!Gts\u<tm /\ksr, )

+ Hh\u/O 1(g(s, z(s)))ds.

Then by (A1), (A2), (A3) and by the properties of the measure of non-
compactness, we get:

M(f(tyw(t)) + /s \k(svﬂx(T))dT) < wop(z(t)) + pop(x(t))
0
< (o + ¢o)u(x(t))

and
#(9(@(s)) < von(a(s)),
Then

n(r)o)

So+%/GtS um+“”(m/<mm&m+0

1

1
<¢o+—¢o>/ﬁ<1-—s>“%xs>ds+—¢muhuL1]€ o(5)ds)

IN

INa+1)
2

o h -

< (g0 + o)+ vollblzs ) el

which implies

2
ol < (g (0 + d0) + ol ) ol

Hence ||v]|c = 0, thus v(t) = 0 for each t € [0,1], which implies V() is
relatively compact in X. From the theorem of Ascoli-Arzela, V' is relatively
compact in B,.
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Applying now Monch’s theorem, we conclude that T has a fixed point, which
is a solution of the problem . O

Finally, we present the two following examples to illustrate our main results.

EXAMPLE 3.4. Let us consider the following fractional boundary value prob-
lem:

3 1t 1/t sxz(s)
Dig(t) = — 4+ — [ et _gg teo,1
*2(t) 101+t2x()+10/0€ T L€ 01

2(0) — 52'(0) =0

1 1
z(1) = 10/0 sz(s)ds
where _ . (s)
_ vt _ Lt STS)
f(t,.%’) - 101+t2.7}(t), k(t,8,$) 106 1—|—‘LL‘(S)”

te[0,1], z € C([0,1], X),

h(s)=s, g(s,x)= Sligs), geC(X,X),a=15a=1,b=5.

Clearly QLM < a —1, hence

1 t t 1 t
ta)—fty| < w5 —Fmr— =3
|f( 7x) f( 7y)‘ = 101+t2 1+t2£€ 101+t2y
< 1 ¢ | |
S101 et Y
1 _ sx SY
k(t,s,x) — k(t,s,y)| = —e* —
[k(t, 5, 2) = k(t, 5, 9)] = 7 T+ z] 1+]y
gieft |z —
10 (14 [z))(1+[yl)
< 5¢ o=y
_106 =Y,
tr ty t
t =l— - = < — - .
Then for 1 ; 1 "
t = — t — —t t - T
P = o1 = e B =1
and 1 1 1
@0:2707 ¢0:TO> ¢0:T0>

all the conditions (A1), (A2) and (A3) are satisfied and

2
== h A=0. 1.
T(a) (P0 + @0) + [Ihll 1o + A = 0.308 <
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Hence, problem admits at least one solution on [0, 1].

ExampPLE 3.5. Consider the following fractional boundary value problem:

CD%m(t) = % ] _ﬁ tzw(t) + 2?:4é§ ; e arctan(t + sint + x(s))ds, t € [0,1]
2(0) ~ 54'(0)
9 f1
5/0 z(s) + 1+x2(3)> ds,
where
f(t,z) = llt)l—iﬂw(t)’ k(t,s,x) = 2§g§e_t arctan(t + sint 4 z(s)),

€ [0,1], z € C([0,1], X),

h(s)=s, g(s,z)= ?(54—11)2 (x(s) + /1 +x2(s)) , geC(X,X),

a=1.5,a=1,b=>5. Clearly e < a—1, hence
a-+b

1 t 1 t

tx)— ft,y)| < = |—s1v— ———
< | |
=101+ Y

In fact, observe first that using standard tools of differential calculus we can
easily show that

1 _
‘k(t,s,ﬂ;’) - k‘(t,s,y)| < Toe t|$ _y|

2 1 1
t,x)—g(t,y) = = “(z— 1+22— 1+
l9(t.2) —9(t.0) = s gy | 5@ y+Vi+ta2—\/1+y
2 1 1( ) (14 T4y
= — —\xr —
RS VEN PR VI 224 /1 +y2
< 1 1 | |
=100 +02" Y
By considering
1t 1 1
1 1 1
soo_ﬁa ¢0_Ev lbo—ﬁ

and

2
m(wo + o) + ||h]l ko + A = 0.308 < 1.
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Then all the conditions of Theorem are satisfied, and such, problem
has a solution in X.

4. CONCLUSIONS

In this paper we have proved an existence theorem of the solution for a
boundary valued problem of nonlinear fractional integro-differential equations
with integral boundary conditions. The technique is based on the measure of
non compactness combined with Ménch’s fixed point theorem. We also gave
two numerical examples to illustrate the validity of our findings. Our research
encourages the use of this method in the investigation of the existence problems
and the stability of the solution for some problems.
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