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SOME RESULTS ON BAIRENESS
IN GENERALIZED TOPOLOGICAL SPACES

AHMAD DELFAN and ALIREZA KAMEL MIRMOSTAFAEE

Abstract. The aim of this paper is to extend some results on the Baire cate-
gory in generalized topological spaces. We will apply the Banach-Mazur game
to characterize Baireness in generalized topological spaces. Moreover, we will
introduce a new separation axiom for generalized topological spaces which pro-
vides opportunity to generalize the Banach category theorem for locally compact
generalized topological spaces.
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1. INTRODUCTION

Following [1,2], a generalized topology on a nonempty set X is a collection
of subsets of X which is closed under arbitrary unions and contains the empty
set. A set X with a generalized topology 7, is called a generalized topological
space and is denoted by (X, 7). As in usual topology, every element of a
generalized topology is called an open subset of X and closed sets are the
complements of open subsets of X. A generalized topological space (X, 7) is
called strong [3], if X € 7. In this paper, we will assume that all generalized
topological space are strong. Let us recall basic definitions from [8}|9).

DEFINITION 1.1. A set A in a generalized topological space (X, 7) is called
(i) 7-dense in X [4,5] if A = X.
(ii) T-nowhere dense [4,/5] if intA = ().
(iii) of the first category in X if there is a sequence {A,,} of nowhere dense
subsets of X such that A =J;7; Ay.
(iv) of the second category in X if it is not of the first category in X.
(v) residual in X if X \ A is of the first category.

DEFINITION 1.2. A generalized topological space (X, 7) is called Baire if for

every sequence {A,} of dense open subsets of X, the set ()72, A, is dense in
X.
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Li and Lin in [9, Theorem 5.3] have shown that in a generalized topological
space (X, 7), the following conditions are equivalent.
(i) X is Baire.
(ii) Every nonempty residual subset of X is dense in X.
(iii) Every nonempty open subset of X is of the second category in X.

In [8 Theorem 5.1], it is shown that in a special class of generalized met-
ric spaces, Baireness is equivalent to not having a winning strategy for the
first player in the Banach-Mazur game. In this paper, we extend this result
by showing that the Banach-Mazur game can characterize Baireness in some
generalized topological spaces.

The Baire category theorem is one of the fundamental results in general
topology and functional analysis [6/10,11]. We propose a new separation axiom
to provide a richer structure on generalized topological spaces, which help us
extend some known results in analysis. In particular, we prove the Baire
category theorem in the locally compact case. Moreover, we will show that
under certain circumstances Baireness is preserved in generalized topological
spaces satisfying our separation axiom. Our method suggests new separation
axioms may be needed to extend some other results in topology and analysis
for generalized topological spaces.

2. MAIN RESULTS

We start this section by introducing the following topological game, which
is known as “Banach-Mazur game” or “Choquet game” (see e.g. [7,[11H13]).

Let X be a topological space. A Banach-Mazur game BM (X) is played by
two players a and 3, who select nonempty open subsets of X. The player £
starts a game by selecting a nonempty open subset Vi of X. In return, the a-
player chooses a nonempty open subset Wy of V4. In general, at the n-th stage
of the game, n > 1, player § chooses a nonempty open subset V,, C W,,_1 and
« answers by a nonempty open subset W, of V,,. Proceeding in this fashion,
the players generate a sequence (V,,, W;,)>2; which is called a play. The player
a is said to be the winner of the play (Vi,, Wy)o2 if (51 Vo = Ns>1 Wa # 0;
otherwise the player 3 wins this play. a B

A partial play is a finite sequence of sets consisting of the first few moves
of a play. A strategy for player « is a rule by means of which the player
makes his/her choices. Here is a more formal definition of the notion strategy.
A strategy s for the player « is a sequence of mappings s = {s,}, which is
inductively defined as follows:

The domain of s; is the set of all open subsets of X and s; assigns to each
nonempty open set V3 C X, a nonempty open subset W; = s1(V7) of V;.

In general, if a partial play (Vi,..., W,_1) has already been specified, where
Wi =s;(V1,...,Vi), 1 <i<n—1. Then the domain of s, would be the set

{(Vi,Wh,...,Wp_1,V): V. .C W,,_1 can be the next move of 3-player}
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and it assigns to each choice V,, C W,,_1 some nonempty open subset
Wy, = Sn(‘/ly Wh ceey anlv Vn)
of Vi,.

An s-play is a play in which « selects his/her moves according to the strategy
s. The strategy s for the player « is said to be a winning strategy if every s-
play is won by a. A space X is called a-favorable if there exists a winning
strategy for o in BM (X).

The concept of a Banach-Mazur game is closely related to the notion of
Baire spaces |11,[12]. It is easy to verify that every a-favorable topological
space is a Baire space. The following example shows that this is not true in
generalized topological spaces.

EXAMPLE 2.1. Let X = {1,2,3} and 7 = {0,{1,2},{1,3},{1,2,3}}. One
can easily verify that o has a winning strategy in BM (X). However, {2,3} is
union of nowhere dense sets {2} and {3}. So the generalized topological space
(X, 7) is not Baire.

In general topology, it is known that X is a Baire space if and only if the
player 8 does not have a winning strategy in the game BM (X) |11]. In spite
of that fact, a-favorability does not imply Baireness in generalized topological
spaces. The following result shows that Baire spaces are S-unfavorable.

The proof of the following result may be known in the literature, however,
we give it here for the sake of completion.

THEOREM 2.2. Suppose that (X, T) is a generalized topological space which
is also a Baire space. Then the player B has no winning strategy in BM(X).

Proof. Let t be a strategy for the player 5 and Uy = t(X) be the first choice
of the player 8. Let P denote the set of all t-plays p = (U;p, Vi) such that
for each distinct elements p,p’ € P, V;, N V;,y = 0 for some i > 1. Suppose
that Wy, := U{Vhp : p € P} for n € N. We claim that each W,, is dense
in Uy. Suppose that Vo N W,, = 0 for some nonempty open subset Vg of Uj.
Then the partial play (Ui, V) has an extension to some py € P. But then
Vipe € Wy N Vo, This contradiction proves our claim. Since X is Baire,
Moy Wy, is dense in X. Let « € (),2; W,,. Then there is an unique element
p = (Uip, Vip) such that € V,, ,, for each n € N. But then = € (72 Vi, # 0.
Therefore ¢ is not a winning strategy for the player 5. O

In the next theorem, we will show that the converse of the above result
holds under certain circumstances.

THEOREM 2.3. Let (X, 7) be a generalized topological space with the follow-
ing property

(1) Vi,Vo € 7 and Vi N Vy # 0 implies that int (Vi NVa) #£ (.
If B has no winning strategy in BM (X, 7), then (X, T) is a Baire space.
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Proof. Suppose, to the contrary, some U € 7 is of the first category. There
is a sequence {E,} of nowhere dense subsets of X such that U C (J°2 | E,,. We
define a strategy t¢ for the player  as follows. The first move of § is s1(X) =
Vi = int(UN (X \ E1). In general, in step n > 1, when V4, Uy, ..., V,, U, are
specified the player 5 chooses the nonempty open set V,, = s, (U1, ..., Up—1) =
int(U,_1 N (X \ E,). Then

[e.o]

ﬂUﬂ;ﬁUﬂQKED:U\GEZZW
n=1 n=1 n=1

Therefore t is a winning strategy for the player 8, which is a contradiction. [J

The following result follows immediately from Theorem [2.2] and Theorem

2.3l

COROLLARY 2.4. Let (X, ) be a generalized topological space which satisfies
(1)). Then (X,7) is Baire if and only if the player B has no winning strategy
in BM(X).

Since the structure of generalized topological spaces is weaker than the
structure of topological spaces, in some situations, the same separation ax-
ioms are not useful. In the following, we define a new separation axiom which
coincides with 75 in topological spaces but is different in generalized topolog-
ical spaces.

DEFINITION 2.5. A generalized topological space (X, 7) is called a T}, space
if for every compact subset K of X and a point p € X \ K there exist subsets
Ui,Uy € 7 such that p e Uy, K C Uy and Uy NUy = 0.

Clearly, every T}, generalized topological space is Hausdorff and every Haus-
dorff topological space is a T} space. As it is shown in the following example,
these concepts are different in generalized topological spaces.

EXAMPLE 2.6. Let X = {a,b,¢,d} and
T = {07 {(L, b}a {a, C}7 {CL, d}7 {b7 C}, {b7 d}7 {C, d}7

{a,b,c}, {a,b,d}, {a, c,d}, {b,e.d} {a,b,c,d} |.

Then (X, 7) is a Hausdorff generalized topological space but it is not a Tj-
space, since, for example, the point a and compact set {b,c,d} can not be
separated by elements of 7.

DEFINITION 2.7. A generalized topological space (X, 7) is called locally
compact if every point of X has a neighborhood with compact closure.

In the following, we will give an example of a generalized topological locally
compact space which is not a topological space.
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ExAMPLE 2.8. Let X = N and 7 be the generalized topology generated by
B = {{m,n} : m,n € N}. Obviously every compact subset of (N, 7) is finite.
Let K be a nonempty compact subset of (N, 7) and n € N\ K. Let my, mg €
N\ (K U{n}) be such that m; # ma. Set Uy = {n,m;1},Us = K U {ma}.
Then Uy, Uy € 7, Uy NUy =0, n € Uy and K C Us. Therefore (X, 7) satisfies
T}.. Moreover, each nonempty open set G of X has at least two elements, say
ni,ng € G. Then K = {ny,n2} is an open compact subset of G. Therefore
(N, 79) is a locally compact T} generalized topological space.

It is known that in a Hausdorff topological spaces, every compact set is
closed. However, this is not true in generalized topological space. For example,
the set {a,b, c} in Example is a compact subset of X which is not closed.
The next result shows that in 7}, generalized topological spaces, compact sets
are closed.

PROPOSITION 2.9. If (X, 7) is a generalized Ty, topological space, then any
compact subset of X 1is closed.

Proof. Let K be a compact subset of a generalized T} topological space
(X, 7). We will show that X \ K is open. If x € X \ K, there exist subsets
Uy,Us € 7 such that x € Uy, K C Us and U; NUs = (). Therefore Uy C X \ K,
which means that x is an interior point of X \ K. Since x was arbitrary, X \ K
is open. O

The following result states that the Cantor intersection theorem is true in
T}, generalized topological spaces.

PROPOSITION 2.10. Let (X, T) be a generalized topological space. Then the
following statements hold.

(i) If A and B are two subset of X such that A and B are compact, then
AUB=AUB.

(i) If (X,7) is a Ty space and {K, : « € A} is a collection of compact
subsets of X which has the finite intersection property (i.e. (\,cp Ka #
0, for every finite subset F C A), then (e Ka # 0.

Proof. To prove (i), note first that AUB C AUB. Let # € AU B, but
x ¢ AUB. There exists two open sets Uy, U such that € Uy, AUB C U, and
UyNUy = 0. Since x € AU B then U; N (AU B) # ), which is a contradiction.

We prove (ii) by contraposition. Suppose that {K, : « € A} is a collection
of compact subsets of X and (.4 Ko = 0. Fix one of the K,’s, say Ky,.
Since e a Ko = 0, every element of K, is in the complement K, of K, for
some «. This means that {K§}aeca covers K,,. By Proposition each K¢
is open, so by the compactness of K,,, there is a finite subset Fy C A such
that Ko, €U K§. Put F = {1} UF,. Then (), p Ko = 0. O

ackFy acl
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The following result is a special case of Proposition

COROLLARY 2.11. Let A, B be two subsets of a compact T}, generalized topo-
logical space (X, 7). Then AUB =AU B.

THEOREM 2.12. Every compact T}, generalized topological space is a compact
Hausdorff topological space.

Proof. Let (X,7) be a compact T} generalized topological space and let
Ui,Uz € 7. So X \ Uy and X \ Uj are closed. Then by DeMorgan’s law and

Corollary [2.11]
X\(UlmUQ) = (X\Ul)U(X\UQ)ZX\UlLJX\UQ
= (X\U)UX\Uz) =X\ (U1NU2)

Hence U; N Us is open. Therefore 7 is closed under finite union. O

Let (X, 7) be a generalized topological space. Then (X, 7) is called locally
compact if every point z of X has an open set with compact closure. We also
need the following.

LEMMA 2.13. Let (X, 7) be a locally compact generalized topological space
with the following property:

UpNUy # 0  implies int(Uy NUz) # 0

where Uy, Uz € 7. Suppose that U is a nonempty open subset of X, then there
18 a nonempty open set V. with compact closure such that VCV C U.

Proof. Let x € U. By local compactness, there exists an open set W such
that z € W and W is compact. Set V' = int(U N W), then V' C W and since
(W, 7l3) is compact, V' is also compact in (X, 7). O

Now, we are ready to state Baire’s category theorem in locally compact
generalized topological spaces.

THEOREM 2.14. If (X, 7) is a locally compact Ty generalized topological
space which satisfies the following property:

UpNUy £ 0 implies int(Uy NUz) # 0
for every Uy, Us € 7, then player o has a winning strategy in BM(X).

Proof. We define inductively a strategy t = {t,} for the payer « as follows.
Let the player § start a play by choosing a nonempty open set V7. By Lemma
2.13] we can find a nonempty open set U; with compact closure such that
U; CU; C V. Define Uy = t1(V4) as the first choice of the player a.

In step n > 1, when the partial play p, = (V1,Uq, -+, V,,) is determined, by
applying Lemma [2.13 once again, the player « chooses a set U,, with compact
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closure such that U, C U,, C V,,. Define U, = t,(V1,...,V,). By Proposition
Ny, Uy # 0. Therefore

O£ (TS Va=[)Un
n=1 n=1

n=1

Therefore ¢ is a winning strategy for the player . O

The following result follows from Theorem and Corollary

COROLLARY 2.15 (The Baire Category Theorem). If (X, 7) is a locally com-
pact Ty, generalized topological space which satisfies the following property:

UinUy# 0 implies int(Uy NUz) # 0

for every Uy, Us € T, then X is a Baire space.
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