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STRONG REGULARITY OF SMASH PRODUCTS
ASSOCIATED WITH G-SET GRADINGS

GABRIELA OLTEANU

Abstract. For a group G, a G-graded ring R and a finite left G-set A, we study
the strong regularity of the smash product R#A.
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1. INTRODUCTION

One of the most important classical concepts in ring theory has been that
of regular ring in the sense of J. von Neumann [9]. A ring R is called (von
Neumann) regular if for every a € R, there exists b € R such that a = aba.
Strongly regular rings have been introduced by R.F. Arens and I. Kaplansky
[1] as a relevant specialization of (von Neumann) regular rings. A ring R is
called strongly regular if for every a € R, there exists b € R such that a = a?b
(equivalently, a = ba?). Tt is well known that a ring R is strongly regular if
and only if R is (von Neumann) regular and abelian (i.e., every idempotent of
R is central).

Both notions have been generalized to modules by G. Lee. S.T. Rizvi and
C. Roman [6], but also to abelian categories by S. Dascalescu, C. Nastasescu,
A. Tudorache and L. Daug [4] and S. Crivei, A. Kér and G. Olteanu [2, 3]
respectively. In particular, such results are applicable to (graded) module cat-
egories. For instance, L.. Daug, C. Nastasescu and M. Nastasescu have studied
von Neumann regularity of smash products associated with G-set gradings [5],
and we have studied strong regularity of modules under excellent extensions
of rings [8]. In this paper we investigate strong regularity of smash products
associated with G-set gradings.

2. MODULES GRADED BY (G-SETS

For a multiplicative group G, recall that a ring R with identity is called
G-graded if there is a direct sum decomposition R = @ ., R, of additive
subgroups such that R,R, C R,, for every o,7 € G. For every 0 € G, R,
is called the o-homogeneous component of R. For a G-graded ring R and a
non-empty subset X of G, denote Rx = @,y R,. For a subgroup H of G,
Ry is a subring of R, which is an H-graded ring.
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For a group G with identity e, a non-empty set A is called a left G-set if
there is a left action of G on A, say G x A — A given by (0,x) — ox such
that ex = x for every z € A and (o7)z = o(7z) for every 0,7 € G and = € A.

Let R = @,cq Ro be a G-graded ring and let A be a finite left G-set.
Following [7], the smash product R#A is the free left R-module with basis
{pz | * € A} and multiplication given by (74pz)(s:py) = (ress)py if Ty = @
and zero otherwise, for every r, € Ry, s+ € Ry, z,y € A. Thus R#A is a
ring with identity ) ., p., and the ring R embeds into the smash product
R#A. Moreover, R# A is a G-graded ring with its o-homogeneous component
(R#A)s = 3 pca Bopa-

Let R be a G-graded ring and let A be a left G-set. Following [7], a graded
left R-module of type A is a left R-module M which has a direct-sum decom-
position M = ®x€ 4 M, as additive subgroups such that R,M, C M,, for
every 0 € G and x € A. A morphism of graded left R-modules of type A is
a morphism f : M — N of left R-modules such that f(M,) C N, for every
x € A. We denote by (G, A, R)-gr the category of graded left R-modules of
type A and corresponding morphisms.

For every x € A, the x-suspension R(x) of R is the object of (G, A, R)-gr
which equals R as an R-module and whose grading is given by

R(x), = @{RJ | o€ G o=y}
oceG

for every y € A. Since A is a left G-set, (R(z))zca is a family of finitely
generated generators, and V = @, ., R(x) is a projective generator of the
abelian category (G, A, R)-gr [7].

For every z,y € A, denote G, = {0 € G | oz = y}. Note that G, = Gy »
is the stabilizer of z. According to [5, Lemma 4.5], for every x,y € A, there
exist a group isomorphism

Homg, 4,r)-gr(R(2), R(y)) = Rg,,

and a ring isomorphism
End (G 4, g)-gr(R(2)) = R, .

3. STRONGLY RELATIVE REGULAR MODULES

The concept of strongly regular ring was generalized to strongly regular
objects in abelian categories by using fully (co)invariant (co)kernels. Recall
that a kernel k : K — M in an abelian category A is called fully invariant if
for every h € End 4(M ), there is a morphism « € End 4(K') such that hk = ka
[3]. The notion of fully coinvariant cokernel is defined dually.

DEFINITION 3.1 ([3]). Let M and N be objects of an abelian category .A.
Then N is called strongly M -regular if for every morphism f : M — N, ker(f)
is a fully invariant section and coker(f) is a fully coinvariant retraction. Also,
N is called strongly self-reqular if N is strongly N-regular.
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PROPOSITION 3.2 ([3]). Let M be an object of an abelian category A. Then
M is strongly self-reqular if and only if its endomorphism ring End 4(M) is
strongly reqular.

We now give a general key result on strongly relative regular objects in
abelian categories, which will be useful throughout the paper.

THEOREM 3.3. Let (M;)icr be a family of objects of an abelian category A.
Then the following are equivalent:

(1) For everyi,j € I, M; is strongly M;-regular.

(2) For everyi,j € I, Mj is M;-regular and the ring End (M;) is abelian.

Proof. (1)==(2) Let i,j € I. By hypothesis, M; is clearly M;-regular and
End 4(M;) is abelian by [3, Propositions 2.4 and 2.5].

(2)==(1) Let 4,5 € I, and let f : M; — M; be a morphism in A with
kernel k : K — M; and cokernel ¢ : M; — C. Since M; is M;-regular, k is a
section and c is a retraction, and thus there are morphisms p : M; — K and
q : C — M; such that pk = 1 and c¢g = 1¢. We need to show that & is
a fully invariant kernel, and c is a fully coinvariant cokernel. We only prove
the former, because the latter follows by duality. Let h € End4(M;). By
hypothesis, the ring End 4(M;) is abelian, which implies that the idempotent
e = kp : M; — M, is central. Then hkp = he = eh = kph implies that
hk = kphk, which shows that k is a fully invariant kernel. Finally, since c is a
fully coinvariant cokernel, it follows that M; is strongly M;-regular. O

4. STRONG REGULARITY OF SMASH PRODUCTS
The next result relates regularity and strong regularity of smash products.

THEOREM 4.1. Let R = @ . Ro be a G-graded ring and let A be a finite
left G-set. Then the following are equivalent:

(1) R#A is a strongly regular ring.

(2) For every x,y € A, R(x) is a strongly R(y)-regular module.

(3) R#A is a regular ring and, for every x € A, the ring Rq, is abelian.

Proof. (1)==(2) Using the ring isomorphism
(R#A)Op = End(G,A,R)—gr(V)

[7, Theorem 2.14], where V' = P, 4 R(x), we deduce that Endg 4 g)-g- (V) is
a strongly regular ring. Then V is a strongly self-regular module [3, Proposi-
tion 2.5], and thus R(x) is a strongly R(y)-regular module for every z,y € A
by [3, Theorem 3.1].

(2)==(1) By hypothesis and [3, Theorem 3.1], V' = @ 4, R(z) is a strongly
R(y)-regular module for every y € A. Again by [3, Theorem 3.1], it follows
that V' is strongly self-regular. Then End(g 4, g)-¢-(V) is a strongly regular
ring by [3, Proposition 2.5], and thus R#A is a strongly regular ring by the
ring isomorphism from the above implication.
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(2)=(3) Let x,y € A. Since R(z) is an R(y)-regular module, R#A is a
regular ring by [5, Theorem 4.7]. Since R(x) is a strongly self-regular mod-
ule, End(g 4 r).gr(R(7)) is a strongly regular ring by [3, Proposition 2.5],
and thus it is abelian. By [5, Remark 4.6], there is a ring isomorphism
Rg, = End (g 4,Rr)-gr(R(z)). Hence the ring Rg, is abelian.

(3)=(2) Let z,y € A. Then R(x) is an R(y)-regular module by [5, The-
orem 4.7]. Using again the ring isomorphism Rg, = End(g, 4 g)-gr(R()), it
follows that the ring End(g, 4 r)-g-(R(7)) is abelian. Now R(r) is a strongly
R(y)-regular module by Theorem 3.3. O

For a group G and a left G-set A, denote by Fixg(A) the union of all trivial
G-orbits, that is,

Fixg(A) ={x € A|{oz | o € G} ={z}}.

THEOREM 4.2. Let G be a group, let A be a finite left G-set and let R =
DB, cc Ro be a G-graded ring.

(1) If R is a strongly regular ring, then so is R#A.

(2) If R#A is a strongly regular ring, then so is Rg, for every x € A.

(3) If Fixg(A) # 0 and R#A is a strongly regular ring, then so is R.

(4) If G is a p-group, (|Al,p) =1 and R#A is a strongly regular ring, then
so is R.

Proof. (1) If R is a strongly regular ring, then R# A is a regular ring by [5,
Corollary 4.8]. Also, since R is abelian, so is its subring R¢, for every = € A.
Then R#A is a strongly regular ring by Theorem 4.1.

(2) Let z € A. If R#A is a strongly regular ring, then the ring Rg, is
regular by [5, Theorem 4.7] and abelian by Theorem 4.1. Hence Rg, is a
strongly regular ring.

(3) If a € Fixg(A), then {a} is a left G-set and the inclusion i : {a} — Aisa
morphism of G-sets. But the induced morphism R#i : R#A — R#{a} = Ris
an epimorphism by [5, Corollary 3.3|. Since the ring R#A is strongly regular,
clearly so is its homomorphic image R.

(4) If G is a p-group, (|A|,p) = 1, then Fixg(A) # 0 [5, Remark 2.4]. Hence
R is a strongly regular ring by (3). O

THEOREM 4.3. Let R = @,cq Ro be a G-graded ring, and let A, B be
finite left G-sets. If either R#A or R#DB is a strongly regular ring, then so is
(R#A)#B = R#(A x B).

Proof. We assume that R# A is a strongly regular ring. Then R#(A x B)
is a regular ring by [5, Proposition 4.11]. For every (z,y) € A x B, Rg, ,
is a strongly regular ring by Theorem 4.2 (2), and so it is abelian. Then

R#(A x B) is a regular ring by Theorem 4.1. For the isomorphism, see [5,
Corollary 3.2]. O
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5. SOME APPLICATIONS TO SUBGROUPS

PROPOSITION 5.1. Let H be a subgroup of finite index of a group G and let
R =@, cq Ro be a G-graded ring. If R#G/H is a strongly regular ring, then
s0 is Rypg,—1 for every o € G.

Proof. As noted in [5, p. 52], if H is a subgroup of a group G, then G/H =
{oH | 0 € G} is a left G-set, where the G-action is defined by 7(cH) = 70 H
for every 7,0 € G. Also, the stabilizer of the element cH € G/H is Gog =
oHo~!. Now use Theorem 4.2 (2). O

PROPOSITION 5.2. Let H be a subgroup of a group G and let R = @, .o Ro
be a G-graded ring.
(1) If R is a strongly regular ring, then so is Ry.
(2) If A is a finite left G-set and R#A is a strongly regular ring, then so
18 RH#A

Proof. (1) If R is a strongly regular ring, then Ry is a regular ring [5,
Lemma 4.1]. Also, since R is abelian, so is its subring Ry. Hence Ry is a
strongly regular ring.

(2) Note that Ry#A = (R#A)y and use (1). O

Let R be a ring with automorphism group Aut(R), and let G be a finite
group that acts as automorphisms on R, in the sense that there exists a group
morphism ¢ : G — Aut(R). We denote by

RY ={re R|y(g)(r) =r for every g € G}
the fixed subring of R under G.

LEMMA 5.3. Let G be a finite group and let R be a ring such that G acts as

automorphisms on R and |G|™' € R. If R is a strongly reqular ring, then so
is RC.

Proof. If the ring R is strongly regular, then the ring R® is regular by [5,
Lemma 4.16]. But R is also abelian, which implies that so is its subring RC.
Hence the ring RY is strongly regular. O

PROPOSITION 5.4. Let G be a finite group, let R be a G-graded ring and let
H be a subgroup of G such that |H|~' € R. If R#G is a strongly regular ring,
then so is R#G/H.

Proof. This follows by using the isomorphism (R#G) = R#G/H [5, p. 56
and Lemma 5.3. O
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