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DIRICHLET BOUNDARY VALUE PROBLEM RELATED TO THE
p(z)-LAPLACIAN WITH DISCONTINUOUS NONLINEARITY

MUSTAPHA AIT HAMMOU

Abstract. In this paper, we prove the existence of a weak solution for the
Dirichlet boundary value problem related to the p(z)-Laplacian

—div(|Vul" V) +u € —[g(z,u), g(z, u)],

by using the degree theory after turning the problem into a Hammerstein equa-
tion. The right hand side g is a possibly discontinuous function in the second
variable satisfying some non-standard growth conditions.
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1. INTRODUCTION

The Laplacian p(z)-Laplacian has been widely used in the modeling of sev-
eral physical phenomena. We can refer to [11] for its use for electrorheological
fluids and to [1, 4] for its use for image processing. Up to these days, many
results have been achieved obtained for solutions to equations related to this
operator.

We consider the following nonlinear elliptic boundary value problem

(1) _Ap(:c)u tu€ _[g(lku),?(fﬁ,u)] in Qa
u=20 on 0.
where —Ajyu = —div(|Vu[P®)=2Vuy) is the p(z)-Laplacian, @ ¢ RN is a

bounded domain, p(-) is a log-Holder continuous exponent and g is a possibly
discontinuous function in the second variable satisfying some non-standard
growth conditions.

By using the degree theory for p(-) = p with values in (2, N), Kim stud-
ied in [8] this problem after developing a topological degree theory for a class
of locally bounded weakly upper semicontinuous set-valued operators of gen-
eralized (Sy) type in real reflexive separable Banach spaces, based on the
Berkovits-Tienari degree [3].
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The aim of this paper is to prove the existence of at least one weak solu-
tion for (1) using the topological degree theory after turn the problem into
a Hammerstein equation. The results in [8] are thus extended into a larger
functional framework, that of Sobolev spaces with variable exponents.

This paper is divided into four sections The second section is reserved for a
mathematical preliminaries concerning some class of locally bounded weakly
upper semicontinuous set-valued operators of generalized (S5) type, the topo-
logical degree developing by Kim [8] and some basic properties of generalized
Lebesgue-Sobolev spaces WO1 @) Iy the third, we find some assumptions
and technical lemmas. The Fourth section is reserved to state and prove the
existence results of weak solutions of problem (1).

2. MATHEMATICAL PRELIMINARIES
2.1. SOME CLASSES OF OPERATORS AND TOPOLOGICAL DEGREE

Let X and Y be two real Banach spaces and §2 a nonempty subset of X. A
set-valued operator F': Q € X — 2Y is said to be:

e bounded, if it takes any bounded set into a bounded set;

e upper semicontinuous (u.s.c), if the set F~1(A) = {u € Q/FunA # 0}
is closed in X for each closed set A in Y

o weakly upper semicontinuous (w.u.s.c), if F~1(A) is closed in X for
each weakly closed set A in Y

e compact, if it is u.s.c and the image of any bounded set is relatively
compact.

e Jocally bounded, if for each u € €) there exists a neighborhood U of u
such that the set F'(U) = (J, g, F'u is bounded.

Let X be a real reflexive Banach space with dual X*. A set-valued operator
F:QC X — 2%\ is said to be:

e of class (S4), if for any sequence (u,) in © and any sequence (wy) in
X* with wy, € Fu,, such that u,, — v in X and limsup(wy,, u, —u) <0,
it follows that u, — u in X;

e quasimonotone, if for any sequence (uy) in 2 and any sequence (wy,)
in X* with w,, € Fu, such that u,, — v in X, it follows that

lim inf (wy, uy, — uw) > 0.

Let T : Q1 € X — X* be a bounded operator such that  C Q7. A set-
valued operatopr F' : Q C X — 2X\() is said to of class (Si)r, if for any
sequence (up) in © and any sequence (wy,) in X with w, € Fu, such that
up, = uwin X, y, := Tu, — y in X* and limsup(wy,y, — y) < 0, we have
Up — w in X.

For any set 2 C X with Q2 C Dp, where Dp denotes the domain of F,
and any bounded operator T : ) — X*, we consider the following classes of
operators:
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Fi1(Q) :={F :Q — X™ | F is bounded, continuous and of class (S;)},
Fr(Q) :={F:Q — 2% | F is locally bounded, w.u.s.c and of class (Sy)r}.
Let O be the collection of all bounded open set in X. Define
F(X)={FeFr(G)|GeO,TecFQ)},
Here, T € F1(G) is called an essential inner map to F.

LEMMA 2.1 ([8, Lemma 1.4]). Let G be a bounded open set in a real reflezive
Banach space X. Suppose that T € F1(G) and S : Dg C X* — 2X is locally

bounded and w.u.s.c such that T(G) C Dg. Then the following statements
hold:

(1) If S is quasimonotone, then I + ST € Fr(G), where I denotes the
identity operator. B
(2) If S is of class (S+), then ST € Fr(G).

DEFINITION 2.2. Let G be a bounded open subset of a real reflexive Banach
space X, T': G — X™ be bounded and continuous and let F' and S be bounded
and of class (S;)7. The affine homotopy H : [0,1] x G — 2% defined by

H(t,u) := (1 —t)Fu+ tSu for (t,u) € [0,1] x G
is called an affine homotopy with the common essential inner map 7.

REMARK 2.3 ([8, Lemma 1.6]). The above affine homotopy satisfies condi-
tion (Sy)r.

As in[8], we introduce a suitable topological degree for the class F(X):

THEOREM 2.4 ([8, Definition 2.9 and Theorem 2.10]). Let
M ={(F,G,h)|G € O,T € Fi(G),F € Fr(G),h ¢ F(OG)}.

There exists a unique degree function d : M — Z that satisfies the following
properties:
(1) Ewzistence. If d(F,G,h) # 0, then the inclusion h € Fu has a solution
in G,
(2) Additivity. If G1 and G2 are two disjoint open subset of G such that
h ¢ F(G\ (G1UG?2)), then we have

d(F,G,h) =d(F,G1,h) + d(F,G2,h),

(3) Homotopy invariance. Suppose that H : [0,1] x G — X is a lo-
cally bounded w.u.s.c affine homotopy of class (St)r with the com-
mon essential inner map T. If h : [0,1] — X is a continuous curve
in X such that h(t) ¢ H(t,0G) for all t € [0,1], then the value of
d(H(t,.),G, h(t)) is constant for all t € [0,1],

(4) Normalization. For any h € G, we have

d(I,G,h) = 1.
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2.2. THE SPACES W(}’P ) ()

We introduce the setting of our problem with some auxiliary results of the

variable exponent Lebesgue and Sobolev spaces LP(*) (Q) and VVO1 P(@) (Q). For
convenience, we only recall some basic facts with will be used later, we refer
to [7, 10, 13] for more details.

Let © be an open bounded subset of RY, N > 2, with a Lipschitz boundary
denoted by 9€2. Denote

C.(Q) = {h € C(Q)] inf h(z) > 1}.

€N
For any h € C (), we define

ht :=max{h(z),z € Q},h~ := min{h(z),z € Q}.
For any p € C(Q) we define the variable exponent Lebesgue space

LP®(Q) = {u; u: Q — R is measurable and / u(z)[P@) d < +o0}
Q
endowed with Luzemburg norm

Hqu(:Jc lnf{)‘ > O/pp x)( < 1}

A)
where
Pp(a) (1) = / lu(z)|P® dz, Vu e LP@(Q).
Q

[10, Corollary 2.7]. Its conjugate space is Lp'(x)(Q) where Tla;) + 5 (x) 1 for

all z € Q. For any u € LP(*)(Q) and v € L' (®)(Q), Holder inequality holds [10,
Theorem 2.1]

1 1
(2) /uv dz| < <+ ) [wllp@) 10l @) < 2llullp@)llvllpy @)
Q p p

Notice that if u € LP()(Q) then the following relations hold true (see [7])

) is a Banach space [10, Theorem 2.5], separable and reflexive

(3) [ullp@) <1U=L>1) & ppe)(v) <1(=1>1),
(4) lullpey > 1 = uly < ppioy () <l
() lullpy <1 = [ull%,) < ppy () < [lull,,
From (4) and (5), we can deduce the inequalities
(6) Hu”p(m) < Pp(x) (u) +1,

+
(7) oty (1) < lullZy + Nl

If p1,p2 € C4(Q ) p1(z) < pa(x) for any x € Q, then there exists the continuous
embedding LP2(*)(Q) «— LP1(*)(Q).
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Next, we define the variable exponent Sobolev space W) (Q) as
WLP@ Q) = {u € LPD(Q)/|Vu| € LP@)(Q)}.
It is a Banach space under the norm
ull = Nlullp@) + 1Vullp)-

We also define VVO1 P (')(Q) as the subspace of W1P()(Q) which is the closure
of C§°(£) with respect to the norm || . ||. If the exponent p(.) satisfies the
log-Holder continuity condition, i.e. there is a constant o > 0 such that for
every x,y € Q,x # y with |z — y| < % one has

(8) Ip(z) — p(y)| < m )

«

then we have the Poincaré inequality (see [9, 12]), i.e. the exists a constant
C > 0 depending only on 2 and the function p such that

1,(.
(9) lilye) < ClIVullye). Ve € Wy ().
In particular, the space Wol’p(')(Q) has a norm || - || given by

lully iy = [ Vull(y for all u e Wy (),

which is equivalent to | - ||. In addition, we have the compact embedding
Wol’p(')(ﬂ) < LPO)(Q)(see [10]). The space (Wol’p(x)(ﬂ), |- l1,p(z)) is @ Banach
space, separable and reflexive (see [7, 10]). The dual space of VVO1 P (w)(Q),
denoted W*Lp/(x)(Q), is equipped with the norm

N
V]| =1 gy = E{ w0l @) + D vill @)}
=1

where the infinimum is taken on all possible decompositions v = vy — divF
with vg € LP@(Q) and F = (vq,...,un) € (LP@(Q))N.

3. BASIC ASSUMPTIONS AND TECHNICAL LEMMAS

In this section, we study the Dirichlet boundary value problem (1) with
discontinuous nonlinearity, based on the degree theory in Section 2, where €2 C
RN, N > 2, is a bounded domain with a Lipschitz boundary 99, p € C4(Q)
satisfy the log-Holder continuity condition (8), 2 < p~ < p(z) < p* < 0o and
g: QxR — Ris a possibly discontinuous real-valued function in the sense
that

lim inf g(x,n),

x,s) = liminf g(x,n) =
ofa.s) =liminfg(r.n) = lim inf

=4 n—
g(z,s) =limsupg(x,n) = lim sup g(z,n).
n—s 6=0%F p—s|<6

Suppose that
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(91) g and g are superpositionally measurable, that is, g(-, u(-)) and g(-, u(-))
are measurable on € for any measurable function u : Q — R; a

(g2) g satisfies the growth condition |g(x, s)| < k(z)+c|s|9®) =1 for a.e. = € Q
and all s € R, where ¢ is a positive constant, k € L) (Q) and p € C.(Q)
with ¢t < p~.

LEMMA 3.1 ([5, Proposition 1]). For each fized x € 2, the functions g(x, s)
and g(z,s) are u.s.c functions on RY.

LEMMA 3.2 ([6, Theorem 3.1]). The operator L : Wol’p(x)(Q) — WP @)(Q)
setting by

(Lu,v) = / |VuP®)=2VuVode, for all u,v € Wol’p(x)(Q)
Q
18 continuous, bounded and strictly monotone. It is also a homeomorphism
mapping of class (Sy).
LEMMA 3.3. The operator A : Wol’p(x) (Q) — WL #)(Q) setting by
1,p(x
(Au,v) = —/qu dz for u,v € W, Pl )(Q)

18 compact.

Proof. Since p(z) > 2, we have p/(x) < 2 < p(z), then the embedding i :
LP®) — [P'(®) is continuous. Since the embedding I : Wol’p(x)(Q) — LP@)(Q)
is compact, it is known that the adjoint operator I* : L¥'(Q) — W17 (#)(Q)
is also compact. Therefore, A = I* oio I is compact. U

LEMMA 3.4. Under assumptions (g1) and (g2), the set-valued operator N :
W&’p(x)(ﬂ) —y W (x)(Q) setting by

Nu={z € W 7@(Q)] 3w e L@ (Q); g(a, ulx)) < wlx) < Gla, u(x))

a.e. ©€Q and (z,v) = / wvdz, Vv € Wol’p(x)(Q)}
Q

is bounded, u.s.c and compact.
Proof. Let ¢ : Lf"(:”)(Q) — 2Lp/(x)(9) be the set-valued operator given by
pu={w € Lpl(x)(Q)];g(x,u(x)) <w(z) <g(z,u(z)) a.e z e}
For each u € VVO1 P(@) (), we have from the growth condition (g2)
max{lg(, 5)|,[g(z, 5)|} < k(z) + c]s|7.
and by the inequalities EG) and (7), it follows that
l9(z,u(@)ly@) < pp (gl u))+1

= [ lawat@)p® +1
Q
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IN

2P (pp’(a:)(k) + Pr(z) (u) +1

s et —
where 7(z) = (¢(z) — 1)p/(z) < p(z). By the continuous embedding LP(®) —
L™®) | we have

I+ +
l9(z, w(@))llp @) <27 (@) (k) + lullf pay + [lu

Lp) T 1.

A similar inequality holds for g(z,u(x)), so that ¢ is bounded on WO1 P (x)(Q).
Let’s show that ¢ is u.s.c, i.e.,

Ve > 0,30 > 0; || u —ug |lp@)< § = ¢u C dug + Be,

where B, is the e-ball in L ®)(Q). To this end, given ug € L) (Q), we
consider the point sets E,, . = ﬂteR G where

1
Gr={zet— —
= {z € it — uo(a)] <

e

= lg(. ). 3(@,8)] € (gl wo(@) = 5.7, uol@)) + )

m being an integer and R being a constant to be determined. It is obvious that
Ei. C Ey. C ... By Lemma 3.1, |- _; En e =, thus there is an integer my
such that

£
(10) M(Epye) > m(Q) — %
But for all € > 0, there is n = n(¢g) > 0, such that m(7T") < n implies
/
(1) 2 [ 2l 1+ 2 o) < 5,
T

due to k € LP@)(Q) and ug € L"®)(Q), where r(z) = (q(z) — 1)p/(2), ¢ =
max{c?",c?" } and ¢’ = inf{e?" ,e?" }. Now let

1
) L o/m\= g ~
(].2) 0 < 0 < min {17 mio <§) ) <3c,2p/++r+ ;
2% [3m(Q)\ 7"
(13) R>max{g,77€7( mg(, ))P 5}.

Suppose that [[u — ug||,z) < 9, and consider the set

E= {x € 0 fu(z) — uo(z)| > 1}

mo
We have

(14) m(E) < (med)?~ < g
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If z € Ep e \ E, then, for each w € ¢u, |u(z) — up(z)| < m%) and

w(e) € (g uo(@) - =3z, uo(@) + =)
Let
Gt = {ze€Quw) > glx,u(r))},
G = {reQuw) <g(x, u(r))},
G = {z € Qw(z) € [g(x,uo(x),g(z,uo(x))]
and

w(z), for x € G°;
g(z,up(z), forzeG™.

g(z,ug(x)), forxz e GT;
y(z) =

Then y € ¢up and
(15) ly(z) — w(z)| < % for all 7 € By \ E.
Combining (13) with (15), we obtain

/— /
(16) [ - e@r @< (5)" me) <3
Emg.e\E R 3
Let V' be the coset in Q of Ep .\ E; then V = (Q\ Epyyc) U (Emge N E) and
m(V) < m(Q\ Buge) +m(Emye N E) < 7 +m(E) <,
in view of (10), (14) and (13). Combining (g2) and (11) with (12), we obtain

/w MmgtﬁwwWW+m@W@Mw

2 [ ()l @+ o)

b @ + '@ 1 Ju(2)"@) da

2" [ )+ & Ol

&' 4 27 (u() — o) +fuo ()|
2 [ )+ 1+ 2 ) o))

IN

N+ N+

_l’_

2" ! / 27 () — up(z)["® da
Q

/

)
m\

IN

_|_

e
e

Thus

(17) / (@) — w(@)P® dz < 2§
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Combining (16) with (17), we see that py ) (y —w) < €.
If € > 1, then ¢/ = &”. From (4) and (5), we have
Pt

/— /— /—
ly — wll,y < or lly - wl, <&,

then .
P
ly — w”p’(a:) <eor |ly— pr’(z) <ert <Le.
Ife <1, then & =&, From (3) and (5), we have HZ/—w||§:(+z) < &”", then
Hy - pr’(z) <E&.
Therefore ¢ is u.s.c. Hence I*o¢o[ is clearly bounded, u.s.c and compact. [

4. MAIN RESULT

DEFINITION 4.1. We call that u € Wol’p(x)(Q) is a weak solution of (1) if
there exists z € Nu such that

/ IVuP®) =27V dz +/ wo dz + (2,v) =0, Yo € Wol’p(x)(Q).
Q Q

THEOREM 4.2. Under assumptions (g1) and (g2), the problem (1) has a
weak solution wu in Wol’p(z)(Q).
Proof. Let
L A: W()Lp(m)(Q) — WP @(Q)
and
N W@ (Q) o oW O®

be defined in Lemmas 3.2, 3.3 and 3.4, respectively. Then u € Wol’p(x)(Q) is a
weak solution of (1) if and only if

(18) Lue€ —(A+ N)u.

Thanks to the properties of the operator L seen in Lemma 3.2 and in view of
Minty-Browder Theorem (see [14], Theorem 26A), the inverse operator

T:=L"': w=PE Q) - Wol,p(a»’) ()

is bounded, continuous and satisfies condition (Sy). Moreover, note by Lem-
mas 3.3 and 3.4 that the operator

Si= A+ N: WD Q) 2V @

is bounded, u.s.c and quasimonotone. Consequently, equation (18) is equiva-
lent to

(19) u="Tvand v e —STv.

To solve equation (19), we will apply the degree theory introducing in section
2. To do this, we first claim that the set

B:={ve W@ (Q)v e —tSTw for some t € [0,1]}



252 M.A. Hammou 10

is bounded. Indeed, let v € B, that is v + ta = 0 for some ¢ € [0,1] where
a € STv. Set u := Tv, then [Tv[y pz) = [Vtu|pa)-

We write a = Au + z € Su, where z € Nu, that is (z,u) = [,wu dz, for
some w € LV @)(Q) with g(z,u(z)) < w(z) < g(z,u(x)) for ae. = € Q. If
[Vullpzy < 1, then HTU”L;(:E) is bounded.

If [[Vullpz) > 1, then we get by the implication (4), the growth condition
(g2), the Holder inequality (2) and the inequality (7) the estimate

TUM;(@ = HVUHZ(;)
< ppte) (V) = (Lu, ) = (v,T)

= —t{a,Tv) = —t/ﬂ(u + w)u dz

< const (/Q 2 d:z:/Q k(2)u(@)] dz + pyo) (u)>

q+

< const([[ulia + [1Flly o llellpe) + Nl + lul,))

+ —
< const(|[ullZ2 + lullpg + lullf) + lullf,)-

From the Poincaré inequality (9) and the continuous embedding LP(®)(Q) —
L2(Q) LP®)(Q) — L1 (Q), we can deduce the estimate

- +

It follows that {Tv|v € B} is bounded.

Since the operator S is bounded, it is obvious from (19) that the set B
is bounded in W17 (®)(Q). Consequently, there exists R > 0 such that
[v||—1 pr(z) < R for all v € B. This says that v ¢ —tSTw, for all v € dBg(0)
and all ¢ € [0, 1]. From Lemma (2.1) it follows that

[+ ST € Fr(Br(0)) and I = LT € Fr(Br(0)).

Consider a homotopy H : [0,1] x Br(0) — oW =7 (2)(@) given by

H(t,v):= (1 —t)Iv+t(I+ ST)v for (t,v) € [0,1] x Bgr(0).

Applying the homotopy invariance and normalization property of the degree
d stated in Theorem(2.4), we get

d<I + ST, BR(O)ao) = d(Iv BR(O)ao) =1,

and hence there exists a point v € Br(0) such that v € —STwv, which says
that u = T'v is a solution of (18). We conclude that v = T'v is a weak solution
of (1). This completes the proof. O
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