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CLASSIFICATION OF RATIONAL HOMOTOPY TYPE FOR
10-COHOMOLOGICAL DIMENSION ELLIPTIC SPACES
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Abstract. The purpose of this paper is to give a classification of the rational
homotopy type for any simply connected and elliptic space whose cohomologi-
cal dimension is equal to 10. This classification treats two cases, according to
whether the homotopic Euler characteristic is vanishing or not.
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1. INTRODUCTION

Rational homotopy theory started with the work of D. Quillen and D. Sul-
livan in the late 1960: it allows to describe what is called the rational ho-
motopy type of a topological space lossless into algebra. This specific feature
contributes to the strength and the elegance of the theory. In fact, the starting
idea in the rational homotopy theory is to tensor the homotopy groups:

I (X) @ Q = Q™
and consider only the so called rational spaces generally denoted X¢ verifying
the particular condition requiring that both II, (Xqg) and H* (Xq;Q) are Q-
vector spaces. One of the well-known results is that any simply connected

space can be modeled up to homotopy equivalence by a rational CW-complex
as follows:

IT, (X) ® Q= II, (Xg) as vector spaces
H* (X;Q)= H"(Xg;Q) as algebras.
The rationalisation Xg of X all have the same weak homotopy type, which
depends only on the weak homotopy type of X, named the rational homotopy
type of X.
For a detailed discussion we refer the reader to (see [5, 7, 9, 10, 14]), where

the classification of the rational homotopy type for any simply connected el-
liptic space whose cohomological dimension varies from 1 to 9 is developed.
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Our goal is to extend this classification to the case of simply connected
elliptic spaces whose cohomological dimension is equal to 10, which has never
been studied before by means of particular tools involving the homotopic Euler
characteristic.

Our main results are:

THEOREM 1.1. If X is a simply connected elliptic space such that dim
H*(X;Q) =10 with x (X) = 0, then its rational homotopy type is given by
the following table:

(A (z1,22,91,Y2) ,d) with dv1 =dxa =0

dy1 = 23xy, dy2 = 23 + 2]

(A (z1,22,91,y2), d) with dry =dz2 =0
_ 2 2

Q [wly 332} /(xg+'y:c?ac2,x?+/\1$1x§+,\2m§x2) dy1 = x5 + )\11'11‘2

dy2 = 2° + Miz123 + Aezdas

H* (X @) AV, d) = X~Q
( ) (A (z,y), d) with do =0, dy = 210 )
Qer,22)/ (s%73) P e L e
Qz1,z2]/ (xla:z, nzd+ 723:2> 2/;1(95:1;901222{1 ,;;22) ;d)%q:%tﬁ_fg;g: dxa =0, S?s)#g?s)
Qler.aa] / (zm’zz +af) ((i‘/;l(x:h;i;j’l;l Zz),:di%wff;xdgl =dzy =0 g, 45T,
Qoo st ranl) [ B G Ty e
(G

Qlz1,22] / (2222, 35 + o] )

THEOREM 1.2. If X is a simply connected elliptic space such that dimH*(X;
Q) = 10 with x (X) # 0, then its rational homotopy type is given by the
following table:

H* (X;Q) = (AV,d) = X ~Q
(A (21,91,9) , d)
Qlz1]/ (2}) ® H* (Ay,0) with dzy =0 s+ x s20

dy1 = a:i’, dy=0

(A (z1,22,¥1,¥2,9) , d)
with dr; =0

dro = 01, dy1 = x1x2 s x 87(13)#8(2)
dy2 = z2 + 23,dy =0
(A(z1,%2,91,92,93) , d)
with deq1 =0

dre =0, dy; = x‘;’

dyz = xg, dys = x2x1

Qlz1,22]/ (w122, 23 +23) @ H* (Ay,0)

E with E is the total
space of this fibration
SP— E — S™ x §™

[xlvzz] / ( 17$1$27$g)

COROLLARY 1.3. The conjecture (H) is true for every space X simply con-
nected elliptic such that dimH* (X;Q) < 10.

COROLLARY 1.4. Let (AV,d) be a Sullivan minimal model of a simply con-
nected elliptic space X. If dimH* (X;Q) < 10, then (AV, d) is pure.

We have organized the content of this paper in the following way. In Section
2 we recall the necessary definitions and preliminaries concerning the Sullivan
minimal model, elliptic spaces and some of their properties. In Section 3 we
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establish our main results. The proof will be split into two parts, according
to whether the homotopic Euler characteristic is equal to zero or not.

2. PRELIMINARIES

A minimal model is a particularly tractable kind of commutative differential
graded algebra ”cdga” that can be associated to any nice cdga or to any nice
space. The word minimal emphasizes that, at least in many cases of interest,
the model is calculable. The amazing feature of minimal models of spaces is
their ability to algebraically encode all rational homotopy information about
a space. This is, of course, why minimal models are important. Further de-
tails can be found in the reference [3]. We use the Sullivan minimal model of
simply connected CW-complex X of finite type. It is a free graded commu-
tative algebra AV, for some finite type graded vector space V', together with
a differential d of degree +1 that is decomposable, i.e., d: Vi — (AZQV)HI.
We assume that the minimal algebra is simply connected, i.e., that the vector
space V has no generators for degree lower than 2. If {vq,...,v,} is a graded
basis for V', then we write AV as A (v1,...,v,). A basis can always be chosen
so that dvy = 0 and dv; € A (v1,...,v;—1) for i« > 2. In particular, if (AV,d) is
the Sullivan minimal model of X, there are isomorphisms:

V=IL(X)®Q and H* (AV;Q) = H* (X;Q).

EXAMPLE 2.1. The spheres SF.
e The minimal model of an odd sphere is (A{a},0).
e The minimal model of an even sphere is (A{a, z},d) with da = 0, dz = a?.

DEFINITION 2.2. A simply connected topological space X is called rationally
elliptic if it satisfies the two conditions:

dim H, (X;Q) < oo and dim II, (X) ® Q < co.

By analogy, a minimal Sullivan algebra (AV.d) is elliptic if both H(AV,d) and
V are finite dimensional. There is a remarkable sub-class of elliptic spaces
called pure spaces.

DEFINITION 2.3 (Pure space/pure Sullivan minimal model). An elliptic Su-
llivan minimal model (AV, d) is called pure, if dV¥*" = 0 and dV°%d ¢ AVeven,
Also, a simply connected elliptic space X is pure if its Sullivan minimal model
is pure.

DEFINITION 2.4. An elliptic Sullivan minimal model (AV,d) is called hy-
perelliptic if dVe¥® = 0 and dV°dd ¢ Atyeven g Apodd,

The class of elliptic spaces has a variety of very nice properties. Let us
briefly sum them up:

Formal dimension, fd(X) ::max{k eN / HF(X;Q)#0 };
Homotopical Euler characteristic, xi1 (X) := 33, (—=1)"dim II;(X) ® Q;
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Cohomological Euler characteristic, x. (X) := ;. (—1)"dim H* (X; Q).

It is well known that:

THEOREM 2.5 ([4, Theorem 32.10]). If X is a simply connected elliptic
space, then xi < 0 and x. > 0. Moreover, the following conditions are equiv-
alent:

(i) xu (X) =05 (ii) xe (X) > 0; (i) H*(X;Q) = H**"(X;Q).
Regarding Theorem 2.5, we have:

REMARK 2.6. dim V°4 > dim V" and the inequality is strict if and only
if x.(X) =0, hence dim H* (X;Q) = 2 dim H®*" (X;Q) . In particular, dim
Vvodd = dim Veven when dim H* (X;Q) is odd.

ProrosiTiON 2.7. If X is a rationally elliptic space, then the following
conditions are equivalent:

(i) xe (X) > 0;

(ii) H* (X;Q) is the quotient of a polynomial algebra in r variables of even
degree by an ideal truncated by a Borel ideal, more precisely:

H* (XaQ) - @[x17"'7xr]/(f1a" '7f7“)
where {f1,..., fr} is a reqular sequence of graded elements in the polynomial
ring Q[x1, ..., x.];
(iii) dim Mepen (X) ® Q= dim Hpgq (X) ® Q.
If these conditions hold, then:

dim H* (X;Q) = |f1] ... |frl/|x1] - - |2r|.

Moreover, (see [14]), |fi| > 2|z;| and dim H* (X;Q) > 2".
Our proofs are essentially based on these theorems:

THEOREM 2.8 ([2] and [4]). If X is a simply connected elliptic space, (AV, d)
its minimal model and (a;); is a homogeneous basis of V', then:

i Z|a¢\ even ’al‘ Sfd(X) )

d Z|a¢\ odd ‘al, < 2fd(X) -1

d fd(X) = Z\ai| odd ’a’l‘ - Z|a¢| even (‘a1| - 1) :

THEOREM 2.9 ([4]). If X is a simply connected elliptic space, then H*(X;Q)
satisfies the Poincaré duality, which means that:

e dim H"(X;Q) = 1, where fd(X) = n, i.e., H'(X;Q) = Qu (u is called
fundamental class of H*(X;Q);

o for any 0 < k < n, the cup-product H*(X;Q)x H" *(X;Q) - H"(X;Q) =
Q is a non-degenerate bilinear form.

In [11], James introduced the construction of reduced product of pointed
spaces. If X is a topological based space, we set X (1) = X and

X(p):XX...XX/(...7*7...)N(*7...).
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Applying this for even spheres, we construct S?p) verifying:

H(S7,; Q) = Qla]/(a?*).
The notation S?p) will be used in the rest of the text only if n is even.

We conclude this part by a conjecture given by M.R.Hilali (see [6]), which
is based on the size of the rationally elliptic spaces.

CONJECTURE 2.10. Let X be a simply connected rationally elliptic space.
Then it holds that
(H) dim H* (X;Q) > dim 1L, (X) ® Q.
We remark that, in terms of Sullivan minimal models (AV, d), this conjecture
can be stated equivalently as
dim H* (AV,d) > dim V.

In the remainder of the paper, X is an elliptic rational and simply connected
finite cell complex, (AV,d) its minimal model and p its fundamental class. We
also denote by |v| the degree of v. The main tool we shall use is the Sullivan
minimal model.

3. CLASSIFICATION

Consider dimH* (X;Q) = 10 and let B = {1, a1, ag, a3, ay, as, ag, ay, ag, (1}
be a basis of H* (X;Q) ordered in an increasing degree. We will divide the
proof in two parts; in the first one, we will discuss the case when x (X) =0,
then we will suppose x (X) # 0.

We are now ready to proceed with the proof of Theorem 1.1.

3.1. PROOF OF THEOREM 1.1

We discuss this case according to the number of generators n and the
ideal is generated by n polynomials f; for 1 < i < n. Since dimH* (X;Q) =
[T £il/ TIET 2] > 27 and dimH* (X;Q) = 10, n € {1,2,3}.

e If n =1, then H* (X;Q) = Q[z] / («'°) which implies

X ~q S{g) with fd (X) = 9m.

o Ifn = 2, then H* (X;Q) = Q[z1,22] / (f1, f2), where (f1, f2) € Q[z1, 2]
and we consider firstly the case |z1] < |z2].

i) Assume that |fi] is an integer multiple of |z3|, so |f1| = k|z2| for some
A1llf2l — 10, we have 2|we| < [fo] = Rz <

|z1[z2]

integer k > 1. From the relation
%Lrg\ and we automatically get k < 5.

Let us start by supposing k& = 1; then |fi| = |z2| and |fa| = 10|x1[, thus
f1 =27 for m > 2; by the dimension formula, we get 2|zo| < |fa| = L|z,], so
m € {2,3,4,5}. If m = 2, then |fi| = 2|x1| = |x2| and |f2| = 10|z1| = 5|z2|,
thus (f1, fo) = (m%,Z)\Ux‘lx%) with i|z1| + j|za| = 10|2z1], then i + 25 = 10,
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which gives fo = 25 + M0 + )\gznlxg + A32823 + A\gxias + Asa3as for some
A1, A2, A3, Mg, As € Q. Since fo — 23 = f3 € (f1), by this change of variable, we
get (f1, fa — f3) = (2,23) . Therefore,

H" (X;Q)=Qlxy,x2] / (x%,x%) , in particular, X ~q Sk x Sa).

If m = 3 or 4, we choose for example m = 3, we obtain |fi| = 3|z1| = |z2]
and |fo| = 10[z1| = 22|a,|, which implies |fi| is an integer multiple of |zo|,
but |fi| = |z2|, then dimQ [z1, z2] / (f1, f2) = oo (because [z5'] # 0 ¥m), so
it is impossible. The same thing goes for m = 4. If m = 5, we get |fo| =
10|z1| = 2|z2|, so (f1, f2) = (x‘i’,z)\wxﬁxé) with 7 + 55 = 10, hence fo =
23 + Maize + Aozl for some A\, Ay € Q. Since fo — 23 = f3 € (f1), by the
variable change, we get (f1, fo — f3) = (23, 23) . So,

H* (X;Q) =Qlz1,22] / (fU?,x%) :

If k = 2, we have | fi| = 2|x2| and | fo| = 5|21], since | f1] < [fa] s0 [w1]+]z2| <
2|zo| < 5|1, then fi = 23+ N\jjatiad with i|zi| + j|ze| = 2|a2], it is obvious
that j = 1 and i|z1| = |z2| for ¢ > 2. Supposing that i > 3 leads us to a
contradiction, because 5|x1| > 2|zo| > 6[x1|, hence i = 2, i.e., f1 = T3+ 227,
Similarly, We have fo = 9 Z Nijotxd with i|z1| + jlaa| = 5|z | so i+2j =5,
then fo = 331 + ’71:1)11’2 + 72m1:n2 for some A1,v1,72 € Q. We conclude

H" (X;Q)=Qlxy,22] / (x% + )\1$%$2,$? + ’ywlxg + ’ygm?fx2> .

If k = 3, then |f1]| = 3|z2| and |fo] = L[4, so fo € (z2) and |fy] is an
integer multiple of |z1|, but 2|z1| < |fi] = 3|ag| < 2|x1], thus, if [f1] = 2|z
and |f1| = 3|za|, we get |z1] > |z2|, and, if |f1] = 3|z1], we get |z1| = |x2],
which contradicts the hypothesis |z1]| < |z2|. The same justification applies if
we suppose k = 4.

If k = 5, then | fi| = 5|x2| and | fa| = 2|z1|, which implies | f1]| > |f2|, because
|z1| < |x2|, so it is impossible.

ii) Assume that |fi| is an integer multiple of |z1| and not of |zo|, i.e.,
|f1]| = k|x1| for k > 2, we will obtain |fo| = 12|zs| > 2|z2| so k € {2,3,4,5}.

If k = 2, then fi = 27 and |f2| = 5|za|, thus fo = 25 + 3 \jjaiad =
azg + )\1$’f1$2 + )\gxlf%g + )\3$’f3$§ + )\4:U’f4x‘21 with k1 > ko > k3 > kg > 1 and
ki|x1] + jlxa] = 5las| for 1 < j < 4. By a simple computation, we show that
ki >4, ky >3, ks >2and k > 1, then fo — 23 = f3 € (f1) . Finally,

H* (X;Q) =Qlx1,z2) / (55%’933) .

The case k = 3 or 4 is impossible, because, if we take as an example k = 3,
then | f1| = 3|21| and |fo| = 2|x2], so certainly fo € (1) and |fi] is an integer
multiple of |z3|, which conflicts the assumption. If k& = 5, then |f1| = 5|z1]
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and |fo| = 2|ze|. As |f1] < |f2|, automatically leads to 5|x1| < 2|xa|. Thus,
(fi, f2) = (a1, 23), s0

H* (X;Q) = Q[z1, 23] / (2f,23)

iii) Suppose |fi| is neither an integer multiple of |z1| nor of |zg|; then
fi € (z1) N (xz2) and fo contains a non zero multiple of z; and g, thus
| fo| = ki|x1| = ko|za| for k1 > ko > 2. In this case, we obtain ko = 3 or ko = 4,
because, if ko > 6, then |fi| = %\xﬂ < 2|z1], which is impossible, since
|fil > 2|z1|. Also, if ko = 2 or ko = 5, then |f1] is an integer multiple of |z1],
which contradicts our hypothesis. But, if ko = 3, then |fo| = 3|xa| = k1|z1|
and we have |fi| > |z1| + |x2| > (1—1—%1) |z1|, as a result 4 < k; < 8 (if

not, we get |fa| < X2|zo| but |fo| = 3|z2|). We can easily show that the only

possible cases are when k1 = 4 and k; = 7, so we suppose k1 = 4; then
|fo| = 3|za| = 4|z1| and |f1]| = L2|a1| = L|za| with fi = 3 Ajjziad, hence
ilz1| + jlza| = 22|x1|, which gives 3i + 45 = 10 . Therefore, we must have

(i,7) = (2,1), so (f1, f2) = (@322, 2} + A\z3), A € Q*. In particular
H* (X;Q) =Qlxy, 22| / (x%mg,x% + )\x%) .

Moreover, if ki = 7 we get |fa| = 3|za| = T|z1| and |f1]| = x| = 22|,
with fi = 3> Ajjaixz), hence i|zq| + jlza| = 22|21|, which gives 3i + 7j = 10.
We necessarily obtain (i,7) = (1,1), so (f1, f2) = (z132,2] + X\z3) , A € Q*.
Then

H* (X;Q) = Q w1, 32] / (w12, 0] + Ao

Finally, if k2 = 4 then |fa| = 4|xe| = ki|x1| for k1 > 4, by the formula of
dimension, we have % > (1 + %), thus 4 < k; <6, if k1 = 5, hence |f1] is an
integer multiple of |z2|, contradiction. Then k; = 6 so | fa| = 4|z2| = 6|x1| and
|f1] = %|x1| = %0|:172| with f; = Z)\l-j:xilx%, hence i|x1| + jlxa| = %|l‘1| which
gives 2i+3j = 5, thus necessarily (i, j) = (1,1), 50 (f1, fo) = (v122, 2§ + v23) ,
v € Q*. Therefore

H* (X;Q) = Q[z1,25] / (w122, 2§ + 7).

We consider now |z1| = |x2|. Then f; and fs are homogeneous polynomials
of the second and fifth degrees respectively. Using ([14, Lemma 3.1]), we say
that f1 = x% — ax% for @ > 0 and a% € Q, as well fo = 1“;’ + > Nijri;
with i|x1| + jlze] = 5lx1| = 5|xe|. So, by using fi, we obtain (fi, fo) =
(23 — ax3, 2} + balze) . Then we get the system

2?2 —azt =0
25 + brirg =0
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Using the following variables changes ) = 1 + axy and 24 = 21 — axy for
!
xll'Q == 0
)\11’,15 + )\23?,25 -0 . Then
H* (X5Q) = Q[ ah] / (¢}, M + Asalf), consequently

e If n = 3, then in this case we have H* (X; Q) = Q[x1,x2, x3] / (f1, fo, f3) .
Let us define two spaces V and V; as follows:

Vo = Q{1 21,72, 23} / (f1, f2, f3)

Vi= @{96%796379037931352,1619637962:33}/(f17f2>f3)
So dimVp = 4 and dimV; > 3. If f; ¢ V; for i € {1,2,3}, then dimV; = 6,
but dimH* (AV,d) >dim(Vp @ V1 ® Q{u}) > 11, which contradicts the fact
that dimH* (AV,d) = 10. So we suppose for example f; € Vi; then f; =

d1< N\ijxiad, if QunVi2 = @ and it follows from duality of Poincaré that there
is a space V{ such that dimV; =dimV{ and V1 V{ = Qu, but dimV; > 3. Hence

dimH* (AV,d) > dim (Vo e Vi & V] @ Q{u}) > 11
This leads to a contradiction; then V = Qu, thus automatically 3 i € [1, 3]
such that z2z; # 0. So there is a space V] such that dimV] =dimV and
VoVo = Qu; furthermore, dimH* (AV,d) >dim(Vp @ Vg @ Vi) > 11, which
contradicts our assumption.

a= a%, the system can be further simplified into {

3.2. PROOF OF THEOREM 1.2

In order to study this case we first need to prove several lemmas and propo-
sitions.

ProprosITION 3.1. If dimH* (X;Q) = 10 with x (X) # 0, then fd(X) is
odd.

Proof. Suppose that fd(X) is even; from the Poincaré duality we have:

Xe (X) =14 (=1)[E) 4 24:2 (—1)lil =2 4 24:2 (1)l
=1 =1

Thus, x. (X) # 0, which contradicts the assumption, because x (X) #0. O

LEMMA 3.2. If B={1, a1, oo, a3, g, vz, g, iy, g, o} s a basis of H*(X;Q),
then |oy| < |as].

Proof. Suppose |ay| = |as]; from the Poincaré duality, we have p = ayas
then fd(X) = |ou| + |as| = 2|ay]. It is impossible, because fd(X) is odd. O

According to the duality of Poincaré, the only possible cases are:
First case: |oy| = |ay| = |og| = |ay| < |og| = |ag| = |ay| = |ag|

Here necessarily aq, ag, ag, ay are generators of H* (X;Q) .
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If |a1| is odd, then |as| is even. Let (AV,d) = (A (z1,...,Zp, Y1, Yntp) ,d)
be the Sullivan minimal model of X. Put a; = [y;] for i € {1,...,4} and
W = {lysy;] for 1 <i < j <4} C H" (X;Q); so dimW < 4, and thus there
exist at least two generators zy,zp € V°% such that dz; € W. Consequently
dimW = 0, otherwise we have fd(X) = 3|y1|, and

4
I Z; il + [21] + [22] = 4fyn| + 2[yn| + 2[gn | — 2
1=
> 8ly1| —2 > 2fd (X) — 1, impossible.
Then dim W = 0, which implies [y;y;] = 0 for 1 < i < j < 4. Hence there exist
2ij € Vodd guch that dzij = yiy; for 1 <i < j < 4. As d(yizi5) =d(yj2i5) = 0,
we put Wi = {[yrz;;], for 1 <i< j<4and k=1iorj}. Hence dimW; =0,
if not, we have fd(X) = 4|y;| — 1, and

Zaie‘/odd ’ai‘ > 4‘y1| + 4|y1‘ -1+ Z ‘Zz‘j’
> 8|y1| —1 +Z|Zij| > 2fd (X) -1

This is impossible. If we continue this process, we will find an infinity of
generators and cocycles, which contradicts the fact that X is elliptic.
If || is even, then |as| is odd, so there exist xi,x9,x3, 4 generators of

even degree such that dz; = 0 and «o; = [z;] for 1 < ¢ < 4. It is clear
that ay does not come from any generator of (AV,d) (for k£ € {5,...,8}), and
thus, by degree reasons, we have [z;z;] = 0, so Jy;; € V°4/dy;; = z;2;

for 1 < 4,5 < 4. Therefore, we put Wi = {[zpyi; — zjyix] / 1 <14,7,k < 4}.
Note that W, C H°(X;Q). We can easily show that W; = @, otherwise
Fio, Jo, ko € {1, c. ,4} such that o = [mkoyiojo — xjoyioko] for k € {5, c. ,8}
so fd(X) = 4]z1| — 1. Hence

> ail = 10[y1| = 20[z1| — 10 > 2fd (X) — 1.

a;eVedd

Since dimW; = 0 we will get other generators of even degree of (AV,d). Fol-
lowing the same approach as above, we get an infinity of generators, thus
dimV = oo, which is impossible.

Second case: |oy| = |ay| < |ag| = |ay| < |ag| = |ag| < |ag| = |og]
In this case H* (X;Q) is necessarily generated by a; and «ag, we therefore

have several cases to discuss:

(1) If || is odd, we put a1 = [y1] and ag = [y2], where y; and y, are
two odd generators,, then, from the assumption, we have |y1| = |y2|. If |as]
is even and ajag = 0, then there exist two even generators x; and x9 such
that ag = [x1] and ay = [z2]. Moreover, 3y3 € V°4/dys = yiyo. Therefore
zhomostne (NV, d) = {a}'; yi; yry2; i, yiys for 1 <i,j < 2}.

LEMMA 3.3. {ai}ic(56,7,8) does not come from any generator of (AV, d).
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Proof. By degree reasons, |a7| and |ag| are even, so we can suppose for
example a; = [r3] with x3 is an even generator. Then fd(X) = |y1| + |x3|, but
D opeveven |Ti| > |w1| + |w2| + [x3] > |y1| + 23] =fd(X) (impossible). By the
same argument, if 3y € V4 /a5 = [y] and dy = 0, then fd(X) = |x1| + |y|.
But [y;y] = 0 for 1 <1 < 2 (if not, we obtain p = [y1y2y] = [d(yys)] = 0, this
is absurd). Then 3 z; € VU /dz; = yy for i = 1,2 and 3 y3 € VoI |ys]
> 2|z1| — 1. Therefore

D cyoaa Wil = [yal + y2l + lys| + |yl + 2121
> 4lyi| + 3ly| + 2|z1| — 3 > 2fd (X) — 1, impossible.

O

LEMMA 3.4. oy ¢ Q{[xzyj]/l <4, < 2} fO’f’ k =25,6.

Proof. If not, we get fd(X) = 2|x1| + |y1| and dimQ {[z;y;]/ 1 <14,j <2} <
2, consequently there is at least a generator x3 of even degree such that |xz3| =
]a:l\ + ]yl\ — 1. Therefore, Ewieveven ‘l’z‘ > ’331‘ + ’$2| + ’173’ = 2‘1‘1’ + ‘Z’Q‘ +
ly1| — 1 >fd(X), impossible.

O

So ajas # 0, and thus there exists an even generator z; of V such that
dz; = 0 and a; = [z1] for j = 3 or j = 4. Thus, by the previous lemma and
from the Poincaré duality, we have [z1y;] = 0 for 1 < i < 2, hence Ju; €
vever /du; = xyy; for i = 1,2. As d(y;u;) = 0, we obtain [y;u;] = 0, because, if
ar € Q{[yiui]l/ 1 <i,j <2} for k =5 or 6, then fd(X) = |z1] + |u1| + |y1| =
20wy [+2[y1|=1. But 3214, even il 2 [21]+2[ur] = |21]+2]z1|+2[y1] -2 >fd(X),
impossible. Therefore, [y;u;] = 0 and, carrying on the same process, we get
dimV = oo, which gives a contradiction, because (AV,d) is elliptic.

On the other hand if |ag| is odd, then there exist two odd generators y3 and
ys4 of AV such that as = [y3] and ay = [y4].

LEMMA 3.5. {ak}re(s,6,7,8) does not come from any generator of (AV, d).

Proof. By contradiction, we suppose there exists ig € {5,6,7,8} such that
@, = [z1] where z; is an even generator of AV, and thus, from the dual-
ity of Poincaré, fd(X) < |zi| + |y3| and necessarily 3y € Vodd/dy = z?
( because 2|z1| > fd (X)) . Therefore

> ail = 20ya| + 2lys| + |yl
a¢€V°dd

> 2|y1] + 2|ys| + 2|1 — 1 > 2fd (X) — 1, impossible.

LEMMA 3.6. [y;y;] =0 fori € {1,2} and j € {3,4}.

Proof. By absurd, from the duality of Poincaré, dimQ{[y;y;]/i € {1, 2} and
j € {3,4}} < 2, and thus 3uj,uz € VO /|u;| = |y1| + |ys| — 1 for i = 1,2.
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Consequently fd(X) < |y1| + 2|ys|. Hence
Z lai| > 2|y1| 4+ 2]ys| + 2|u1| = 4]y1| +4|ys] — 2 > 2fd (X) — 1, impossible.

a;eVeodd

Then there exist some generators z;; of odd degree of AV such that dz;; = y;y;
fori e {1,2} and j € {3,4}, so d(ys2i;) =d(y;2i;) = 0. Moreover, we can easily
show that [y;2;;] = [y;2i;] = 0, but, if we proceed in the same manner, we get
dimV = oo, which gives a contradiction, because (AV,d) is elliptic. O

(2) If || is even, then we can put «; = [x;], where z; € V" such
that dx; = 0 for ¢« = 1,2. Assume that |ag| is even, so, by degree reasons,
dimQ{[z;z;]/1 < 4,5 <2} <2, hence 3 z; € V°4/|z;| = 2|z — 1 for i = 1, 2.
Furthermore, we have |as| and |ag| are odd, then there exist two odd gen-
erators y; and yo of AV such that as = [y1] and ag = [y2]. By the formula
of dimensions, we can easily show that a7 and ag do not come from a gen-
erator of (AV,d). Moreover, ay ¢ Q{ [z;y;]/ for 1 <i,j <2} for k =7 or
k = 8, because we obtain fd(X) = 2|x1| + |y1|, and there exist at least two
even generators u; and ug such that |u;| = |z1]| + |y1| — 1, for ¢ = 1,2 since
dimQ { [z;y;]/ for 1 <i,j <2} <2. But

Z |zi| > 2|x1| + 2|ui| = 4|y1| + 2|y1| — 2 > fd (X)), impossible.
|zi| even
Consequently, [z;y;] = 0, so 3 z;; € V" /dz; = zy;. But d(yizij) =d(y;zij)
= 0, then, by the formula of dimension, we show that [y;z;;] = [y;jzi;] = 0 for
i,7 = 1,2. Proceeding this way, we will obtain dimV = oo, (contradiction).

REMARK 3.7. Using the same argument, we can prove dimV = oo, when
|as| is odd, which leads to a contradiction.

Third case: |oy| < |ap| < |ag| = |ay| < |ag| = |ag| < |ag| < |og]

Many cases have to be considered now:

If |1 | and |ae| are odd , then certainly a and ag are generators of H* (X; Q).
Moreover, if |as| is odd, then a3 and a4 are also generators of H* (X; Q) and
we put «; = [y;] for i € {1,2,3,4} with y; being odd generator of V. So, if
there is igp € {5,6,7,8} such that a;, = [z] with x € V" and dz = 0, then
A(X) < Jys] + Jz], but

> ail > |yal + ly2] + 2lys| + 2]z — 1> 2fd (X) — 1, impossible.
a;eVvodd

Thus, o € Q{[yiy;]/i=10r 2and 3 < j <4} for k € {5,6,7,8}; take for
example £k = 5 and ¢ = 1, then fd(X) = |y1| + 2|ys|, so, by degree reasons
[y2y3] = [y2ya] = 0, Jug, ug € VoI /duy = yoy3 and dug = yoy4. But

D evoaa lail = ly] + [yal +2fys| + fur] + Jua|
> |yi| + 3lya| + 4|ys| — 2 > 2fd (X)) — 1, impossible.
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Therefore, |ag| and |ay4| are even, and thus, if [y1y2] # 0, then Jig = 3 or 4
such that a;, = [z] with x € V" and dz = 0. From the Poincaré duality,
we have [y;z] = 0 for i« = 1 or 2 and also there is an odd generator y of V/
such that a; = [y] for j = 4 or 5, and thus fd(X) = |y| + |z| = 2|z| + |y
for I € {1,2}\ {i}. As a result, we have ay € Q{[z?], [yy:]} and [yy] = 0, so
dimQ {[2?], [yyi]} < 1, hence Juy, us € V°4 /duy = yy; and dus = 2?2 — Ayy;.
But

D evoaa lail = [yl + lyal + ly| + ur| + Jua]
> 2|y1| + |y2| + 2ly| + 2|x| — 2 > 2fd (X) — 1, impossible.

Consequently, [y1y2] = 0, thus there is an odd generator z of V such that
dz = y1y2, hence we can put a3 = [z1] and ay = [x3] with 21 and x5 are two
even generators of V. Therefore, o, € Q {[y;z1], [yiz2] for i =1 or 2} with k €
{5,6}, hence fd(X) < |y2| + 2|z1| and, by degree reasons, [y;jz1] = [y;x2] =0
for j € {1,2} \ {¢}. Then 3 21,290 € V" /dzy = y;z1 and dzp = yjx2, but

D lail = 20|+ 2|z1] = 4z | + 20y — 2 > fd (X).

la;| even

If |« is even, then there exists an even generator x; of V such that ag =
[z1]. Moreover, suppose that |as| is also even so ay € Q {[z?]} for k = 3 or
4 and a; = [xg] for j € {3,4} \k where x3 is an even generator of (AV,d).
We can easily show that as and ag do not come from generators of V', so, by
degree arguments, ay € Q {[y127], [y122] }for k € {5,6} . Therefore, pu = [y127]
and fd(X) = 4|z1] + |y1], then dimQ {[z]],[23], [z}z2]} < 2 and [23] # 0,
which contradicts the fact that dim H®V*" (X;Q) = 5. But, if |a3| is odd, then
we can take az = [y171] (the justification will be the same for ay) and there is
an odd generator yo of V such that ay = [y2] . By the Poincaré duality, we have
[y1y2] = 0, so Juy € VoU4/duy = y1y2, but dyius =dysu; = 0 and, applying
the Poincaré duality again, we get [yiu1] = 0, then 3 uy € V°4/duy = yyu;.
Carrying on the same process we will obtain dimV = oo, which is impossible.

Following the same approach, the case where |as| is even will be proven
impossible.

REMARK 3.8. There are other cases, but as they can all be disproved in
the same way, we found it redundant to tackle them all and we restricted our
study to the previous cases.

Fourth case: |oy| < |ay| < |ag| < |ay| < |ag| < |og| < |ay| < |ag]
To discuss the remaining case, we will use the degree of nilpotency of «;.
LEMMA 3.9. The only possible cases are when o # 0 for i < 4.

Proof. If o # 0 for i > 5, then we put a; = [r1] with 21 € V" such that
dz; = 0. Therefore, {1,[z1], [2%],[23], [z], [2%],...} € H®*"(X;Q) and
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then dimH¥*" (X; Q) > 6, but this contradicts the fact that dimHV*" (X; Q)
= 5. U

e If a} # 0, but a3 = 0:

ProposiTION 3.10. If |Oél| < |042| < ’043| < |Oé4| < |Oé5| < ‘046| < |a7| < |Oég’
and if af # 0 but o} = 0, then X has the rational homotopy type of X ~g
Sl ST

(4)

Proof. By the hypothesis, we have H°V" (X; Q) = {1, [z1], [23], [23] , [z1]}
and then, necessarily, there is a generator y of odd degree such that dy =
0. Therefore, H° (X;Q) = {[y], [yz1], [y23], [y23], [y=1]}, thus fd(X)
4|lz1| + |y|. More precisely, (AV,d) = (A(z,y1,y),d) = (A(21,y) ® (Ay,0
with dzy =dy = 0 and dy; = 2}. Consequently, X ~q St SEZ).

o= 1

e If a3 #0, but of =0:

In general, the minimal model of X is given as (AV,d) = (A (z1,22,...),d)

with |z1] < |z2| < ..., that means |zi| =min{|z;|/dz; = 0}; then we get two
cases:
1) If |2 is even and dzg = 0, then {1, [z1], [z2] , [2%] , [23] , [x122] , [23] , ...}

C H®" (X;Q). Since dimH®*" (X;Q) = 5, there exist two odd generators
y1 and yo of V such that

dyl = X1X9 + )\156?
dys = 23 + Moo

But we have |z1| < |z2| and then n = 3, hence

dy; = x120 + )\11“% — dy; =1 (:CQ + )\133%)
dys = 2% + Nox dys = 22 + Mo}

Put 2} = x5 + M\12?; then dy; = 2f2; and, by a simple computation, we get
dys = 22 + Noxs.

LEMMA 3.11. We can assume without loosing generality that there are two
dy1 = x122
dd t d h that

odd generators y1 and ys such tha { dys — 22 + 2

dyr = 2172
dy2 = .T% + )\21’?
dys by )\% and we replace x1 and xo by Aoz and Aoxa, respectively. Then we
get

Proof. According to the above, we found:{ , we multiply

dy1 = z122
dys = 23 + 23
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Since fd(X) is odd, there is a generator of odd degree such that dy = 0,
therefore, = [23y] = [23y], and thus fd(X) = |y|+3|z1| = 2|x2|+|y|. Hence,
the minimal model of X is given by: (AV,d) = (A (z1,z2,41,%2) ,d) ® (Ay,0)
with dvy =dzs = 0, dy1 = 7129, dy2 = 23 +23 and dy = 0. So X ~g S?PFLIxY
with dimH " (Y; Q) = 5, in particular, from [10], Y ~gq S} #Sg). Finally,

(3)
X ~Q 82p+1 X S?g)#g?%)

2) If the second generator that comes right after z; is odd, then we can put
dy; = x‘ll and dys = 2] for ¢ > 4 with y1, y2 € yodd,

LEMMA 3.12. There exists an odd generator y of V' such that dy = 0.

Proof. We have dys = A2} but dot =dw for i > 4, then dy, =d(\w), so
d(y2 — A\iw) = 0. We put y = y2 — A\jw and we obtain the result. O

Automatically [z3y] € H° (X;Q), so we have two possibilities: the first
one is when fd(X) = 3[z1| + |y|. If V" £ Q{x1}, so J w2 € V! /2| <
ly| < |w2| with dog = Axiy;, and 3 yo € VoI /|yg| > 2|a5| — 1. But

Zaie‘/odd lail > |y1| + |ya| + |y| > 2fd (X) — 1

If Vever = Q {1}, then 3 y,y1,92,... € Void/dy = 0, dy; = =%, dys = 2} +
Ayy1 for i > 4. Since dy3 = 0, we get A = 0, so dys = 2%, but d<x§_4y1 — yg) =
0, thus we put y5 = 21 *y; — y2 so dyb = 0. Therefore, from the Poincaré
duality, we obtain

Q{ (Y], [x1y), [#1y], [23y] . 5], (w19, [wdws] , [adws]} € HOM (X;Q). Then,
by the formula of dimension, we must get a generator @3 of even degree such
that dee = 21y + Az} y, but this contradicts the assumption (Ve = Q {z1}).
Since the two possibilities are impossible, fd(X) > 3|z1| + |y|, hence, 3 z2 €
veven /lxq| < |yl < |xa] and dag = Azly (for i >3 or A =0), but d(xngly) =
0 for j < 3. Then, from the Poincaré duality again, u = [w‘;’xgy] , consequently
[#825] # 0 for 1 <4 <3, which gives dimH®*" (X;Q) > 5.

e If a? #0, but a3 = 0:

We put o = [z1] with 27 € V" /dzy = 0 and |21 | =min{|z;|/dz; = 0}.

LEMMA 3.13. 3y; € V°94/dy; = 3.

Proof. We have x2 ¢d(V) and 23 €d(AV), if there is w € AS?V/dw = 3.
Then w = z + 2121 + ... with z, z; € V°94 thus dw =dz + z1dz; = 1:‘1’; then,
by degree reasons, we get z; = 0 and dw = P (x;), so w is a generator. O

Therefore, we have three possibilities:

1) vever = Q{a1}, so the minimal model of X is given by (AV,d) =
(A(x1,91, Y2 .. ), d) with |21] < |y1] < |ye|... and dyy = 23, dys = Bz} for
4 > 3. Thus, 3 y3 € V°¥dys = 0 (because d(,@’a:jl_gyl —y2) = 0, so we put
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Y3 = Ba:{_gyl — Y2). In addition, if there is a generator y4 of odd degree such
that dys = 2! + Azfyiys for i > j, then X = 0 (because d?y, = 0). By the
same justification and by a variable change, we obtain a generator ys of odd de-

gree such that dys = 0, and thus Q{ [y3], [x1y3], [¢7ys] , [ys], [219s], [27ys] } €
H°4 (X:Q), but this contradicts the fact that dimH° (X;Q) = 5.

2) If {z1, 22} C V" with dz; =dze = 0 and |z1| < |z2|, then Q{1, [z1], [z] ,
[za] , [m132) , [2322] , [23], ...} € H®*" (X;Q), thus many possibilities are left
to be studied. If [22x5] = 0 and [23] = 0, then 3 yo € V°4 /dy, = 23.

LEMMA 3.14. 3y € V% /dy; = r27s.

Proof. Let w € ASQV/dw = x%xg and w = z 4+ x121 + Taz9 + ... with
2,21, 29 € Vo9 thus dw =dz+ x1dz; +z2dze = m%azg, then, by degree reasons,
we get 21 = 29 = 0 and dw = P (x;) , so w is a generator. O

Consequently, there exist three generators of odd degree such that dy; =
xi{’,dyg = l‘% and dy; = x%xg. Thus, we have

(AV,d) = (A (22,2),d) @ (A (@, m1,..),d)

with dimH* (A (z2,y2) ,H) =2 and dimH* (A (x1,91,-..) ,H) = 5, but, accor-
ding to the classification in [5], there is no space Y with a model of this form
(A (x1,y1,---) ,a), given dz; = 0 and dy; = 3 such that dimH* (Y;Q) = 5.
But, if [#122] = 0 and [#3] = 0, then we can show similarly that there exist two
generators 32 and y3 of odd degree such that dys = 122 and dys = x3. Accord-
ing to the Poincaré duality, we have B = {1, [z1], [2%] , [z2], [23] , [w1] , [zowr],
[wa] , [z1w2] , [23w1]} is a basis of H* (X;Q). It is easy to show that w; and w,
are not generators of V; also, we have d(x2y; — 23y2) =0 and d(21y3 — 23y2) =
0, thus we can consider w; = xa2y; — x%yg and wy = T1Y3 — x%yg. Let w €
ZeN then w = Py + Pay1ye + Psy1ys + Puyays, where P € Q[x1, x9] for
1 < i < 4. An easy computation shows that dw = (—Padys — Psdys) y1 +
(Pody — Pydys) y2 + (Psdy; + Pydys) = 0, leading us to the system

Poxixo + Pgl'g =0
ng% - P4a:§ =0
P3x‘i’ + Pyx1290 =0

As the polynomials 23 and x3 are relatively prime, there exists Z € Q [z, 2]
such that P, = —237, Py = 21227 and Py = —237 so w = Pi—d(Zy1y2y3) -
Moreover, let w € Z°; then w = Piy1 + Poyo + Psys + Pyiyays, where
P, € Qlz1, 9], thus dw = P23 + Pexyae + Pyad + Pd(y1y2y3) = 0, which
implies P = 0 and Plxif + Poxixe + Pgazg = 0. So there exist 71,725 €
Q[z1, x2] such that P, = 2971, Py = —22Z1 — 375 and P3 = 21 Z5. Then w =
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Z1 (z2y1 — 22y2) + Z2 (w193 — 23ya) - Thus, Z°4 =< wy, wy >, consequently,
HOdd (X7 Q) = Q [33]_,372] < Wwi,wy > /Beven
=Q {[wl] [wown], [wa] , [1w2] [xgwl} , [aﬁm“

Notice that [v3w;] = [23ws]. Therefore, we get this quasi-isomorphism:
(AV,d) = (AW, d’) with (AW,d’) = (A (z1, 22,91, y2,93) ,d’) and d'z; =d'z
=0, d'y; = 23, d'ya = 2122, d'y3 = 23. Finally, X ~g E, where E is the total
space of this fibration
SP— E — S" x S™.
3) If {z1,22} C V" /dx; = 0 and dxy # 0, then 3 y € V°44/dy = 0 with
lz1| < |y| < |z2| and dae = xiy for i > 3. Thus,

Q{Wl. [yl [aty] . [eay] [e1229], [afay] } € HO (X5Q),
which gives dimH°% (X:; Q) > 5, so it is impossible.
e Finally, if of = 0:

ProroOSITION 3.15. If|0¢1‘ < ‘062’ < ’063| < ’Oé4‘ < ‘045’ < ‘046| < ’047‘ < ‘048’
and if o = 0, then X has the rational homotopy type of S*"+1 x S%f) or that
of S+ x Sity) #S(3:-

Proof. Since o? = 0, H* (X;Q) is generated by a; and as. We establish
this case according to the degree of nilpotency of . If o # 0 for i > 5, then
we get a contradiction, because we obtain dimH¥" (X;Q) > 5. If a% # 0 and
aj = 0, then in this case necessarily |a1| is odd, so

X ~0 SQ?’L+1 % Sa)

Moreover, if a3 # 0 and a4 = 0, we suppose that |a;| is odd and, if ajae = 0,
then we put oy = [y1] and ay = [z1], where z; € V" and y; € V°dd,
Then there exists a generator x3 of even degree such that dzs = yiz1, hence
d(zsy1) = 0, then, accordingis even to the duality of Poincaré, we have
[z3y1] = 0. Thus, this assumption is false, because it leads us to dimV = co.
Thus, automatically [y171] # 0, s0 X ~g SPT1xY with dimH* (Y;Q) = 5 and
M (Y) = (A (z1,72,92,93,...),d") . Then, from [5], Y ~q S(5)#S(5)- Finally,

X ~Q 82p+1 X 8?3)#87(721)

Also, if |on| is even, we find easily 3° ;| oaal®i| >fd(X) . If a? #0and a3 =0,
by the argument of last case, we obtain the same result. Finally, the case
where a3 = 0 is impossible. O

Now, the proofs of Corollary 1.3 and 1.4 are immediate consequences of
Theorems 1.1 and 1.2.
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