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APPLICATIONS OF HORADAM POLYNOMIALS
TO GENERAL CLASSES OF BI-UNIVALENT FUNCTIONS
INVOLVING THE ¢-DERIVATIVE OPERATOR

SAHSENE ALTINKAYA and SIBEL YALCIN

Abstract. In this present investigation, by using the Horadam polynomials,
we aim to build a bridge between the theory of geometric functions and that
of special functions, which are usually considered very different fields. Thus,
we introduce some new classes of bi-univalent functions defined by combining
the g-derivative operator and the Horadam polynomials. Afterwards, we derive
coefficient inequalities and consider the classical Fekete-Szego problem.
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1. INTRODUCTION, PRELIMINARIES AND KNOWN RESULTS

Recently, Horzum and Gokgen Koger [9] investigated the Horadam polyno-
mials hy,(x), which are given by the following recurrence relation

(1) hn(x) = prhp—1(x) + rhp—a(z) (n>2),

with hi(x) = a, ha(z) = bz, for some real constants a, b, p and r.
The generating function of the Horadam polynomials h,,(z) follows imme-
diately:
a+ (b—ap)zz
1—pxz—rz?’

I(z,2) = Z B ()2t =
n=1

There are many classes of polynomials which are related to the Horadam
polynomials such as (for example) the Fibonacci polynomials, the Lucas poly-
nomials, the Chebychev polynomials, the Pell polynomials, the Lucas-Lehmer
polynomials and the families of orthogonal polynomials and other special poly-
nomials. These polynomials and their generalizations play an important role
in mathematics, viscoelasticity, oscillating magnetic field, heat conduction,
electromagnetism, biology, etc. (see, for example, [7, 8, 10, 13, 19, 20]). By
properly choosing a, b, p and r, several classical polynomials can be obtained.
In particular, we have:
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the Fibonacci polynomials F,(x) when a =b=p = 1;
the Lucas polynomials L, (x) when a =2 and b = p =1;
the Pell polynomials P, (z) when a =r =1 and b =p = 2;
the Pell-Lucas polynomials @Q,(z) when a =b=p =2 and r = 1;

the Chebyshev polynomials of the second kind U,(z) when a = 1,
b=p=2andr=1.

Let A denote the class of functions f of the form:
(2) f(2)=z4a2® +azz®+ -,

which are analytic in the open unit disc A = {z € C : |z] < 1} and normalized
under the conditions given by f(0) = f/(0) —1 = 0. Let S be the subclass of A
consisting of functions which are univalent in A. Further, let P be the class of
functions with positive real part consisting of all analytic functions £ : A — C
satisfying £(0) =1 and R(£(2)) > 0.

Next, we give the following lemma which is necessary to prove our investi-
gations.

LEMMA 1.1 ([15]). If the function & € P is defined by
§(2) =148z +67+&2°+---,
then [€,] <2 (ne N={1,2,...}).

In order to recall the principle of subordination between analytic functions,
let the functions f,g be analytic in A. A function f is subordinate to g,
denoted by f < g(or f(z) < g(z)) (2 € A), if there exists a Schwarz function
w € A, where A = {v:1w(0) =0, |(2)] <1, z€ A}, such that f(z) =
g(w(2)) (z€A).

According to the Koebe-One Quarter Theorem [5], the image of A under
every univalent function f € A contains a disc of radius 1/4. Thus, clearly,
every such univalent function f € A has an inverse f~! satisfying f~! (f (2)) =

zand £ (W) =w (jw] <ro(f) , ro(f) > 1), where
(3) g(w) = f1 (w) = w —02w2+(2a% —a3) wg_(5a§ — basas + as) whi -

A function f € A is said to be bi-univalent in A if both f and f~! are
univalent in A. Let 3 denote the class of bi-univalent functions in A given by
(2). For a brief history and interesting examples of functions in the class X,
see the pioneering work on this subject by Srivastava et al. [18], which has
apparently revived the study of bi-univalent functions in recent years (see also
2,3, 4, 12, 14, 17]).

It may be of interest to recall that Srivastava used the basic (or ¢-) hy-
pergeometric functions in a book chapter (see, for details, [16]). Thus, the
theory of univalent functions was characterized by the concept of g-calculus.
We first recall the definitions of fractional g-calculus operators of a complex
valued function f.
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DEFINITION 1.2 ([11]). The g-derivative of a function f, defined on a subset
of C, is given by

f(2) = flez)

—r———= for z#0,
(D)) =4 (9

1'(0) for z=0.

We note that hI{l (Dqf)(2) = f'(2) if f is differentiable at z. From (2), we
q—1-
get

(Duf)(z) =1+ [n], anz"",
n=2

where [n], = 11__qq (0<g<1l,neN).
Additionally, from (3), we get
_gw) —g(qw) .
w (P =TI

+ [3](1 (QCL% - a3) U)2 — [4]q (5@% — 5@20,3 + a4) wS 4.,

In this paper, we aim first at introducing some new classes of bi-univalent
functions defined by means of the g¢-derivative operator and the Horadam
polynomials. Furthermore, we derive coefficient inequalities and consider the
classical Fekete-Szego problem.

DEeFINITION 1.3. A function f € X is said to be in the class
HE (z)  (z,we D)
if the following subordination conditions are satisfied:
D,f(z) < II(z,2) + 1 —a,
Dyg(w) < (z,w) + 1 —a,
where the function g is given by (3).

REMARK 1.4. Upon setting ¢ — 17 it is readily seen that a function f € X
is in the class Hy (z) (z,w € A) if the following conditions are satisfied:

f/(Z) < H(x,z) +1- a,
g(w) < (z,w) +1 - a,
where g = f1.

REMARK 1.5. Upon setting a = 1,b = p = 2,r = —1, the class Hy ()
reduce to the class Hy (t) studied by Altinkaya and Yalc¢in [1].
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2. COEFFICIENT BOUND ESTIMATES

In this section, we obtain estimates on the coefficients |az| and |as| for
functions in the class HY (z).

THEOREM 2.1. Let the function f given by (2) be in the class HY (z). Then

blx|\/blx
0] < 2| \/bz|

\/‘ 03]" b= [2]519) ba? + 2] bz — 2] qa

and
las| < b2a? N b|x|
3 > — o _ .
2 Bl

Proof. Let f € H% (z). Then, by Definition 1.3, for two analytic functions
®, ¥ such that

O(0)=v(0)=0, |P(2)] <1, [¥(w)| <1l (Vz,weA),
we can write
Dyf(z) = T(®(2),2) +1 - a
and
Dyglw) = TH(¥(w),x) +1 —a

or, equivalently,

(5) D, f(2) =1+ hi(x) — a+ ha(2)®(2) + h3(2)D*(2) + - - -
and
(6) Dyg(w) =1+ hi(z) — a+ ha(2)¥(w) + hy(2)¥?(w) +
Next, define the functions &,7 € P by

€() = T og =L+t &t o
and

q(w) :im =1+7w+nw+--.

In the following, one can derive

- €(z)—1 1 1 1.5\ 5
@ O e AT CRE BN
and

-1 1 1 1

(8) \I/(’LU)—:_(Z;H—lew—FQ<7’2_27’12>w2+"'

(
Combining (5), (6), (7) and (8), we get
(9) Dyf(2) =1+ ho(2)&12 + [ho(2)& + ha(2)&F] 2% + -+,
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and
(10) Dqg(w) =1+ hg(l‘)Tl’w + [hg(l‘)Tg + h3(;p)7-12} w2 —+ e

Thus, upon comparing the corresponding coefficients in (9) and (10), we
have

(1D 2]y 02 = hzéa:)&’

2
(13) —[2],a2 = hzéx)ﬂ
and

2
(14) 3], (243 — a3) = hix) <T2 _ 7'21) n hgix)ﬁg
From the equations (11) and (13), we can easily see that
(15) §1=—11,
2

(16) 2022 = M2 (g2 o2y

If we add (12) to (14), we get

an 23 =2 (g 4y 4 PR

By using (16) in the equality (17), we have

18)  2{[3], M) - (21} (ha(a) — ha(w)) } a3 = 242 h3 () (€2 + 7o)

which gives

lag| < bla|/bla] |
T e s i

Moreover, if we subtract (14) from (12), we obtain

ha(x hs(x) — hao(x
(19) 208, (0 - a) = 2D (g - gy 4 PP 2y
Then, in view of (15) and (16), (19) becomes
h3(@) /o 2 ha(x)
= +77) + —T2).
as 3 [2]3 (61 1) 4 [S]q (52 2)
) b2r? bl
Then, with the help of (1), we deduce that |ag| < W + B O
q q
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COROLLARY 2.2. Let f € H{ (z). Then

blz|/b|z] b2x? bz

and Jag] < — + .
a2l < /13 — 4p) ba? + bz — 4qal lasl < = 3
COROLLARY 2.3 ([1]). Let f € Hx(t). Then
/2t 5 2t
| < ———n—= and lag| <t* + —.
el = las 3

3. FEKETE-SZEGO PROBLEM

The classical Fekete-Szego inequality is investigated by Loewner’s method,
which for the coefficients of f € S is

‘ag - ﬁa%} <1+ 2exp(—29/(1 —1)) for ¥ €[0,1).

As ¥ — 17, we have the elementary inequality ‘a3 — a%‘ < 1. Moreover, the
problem of maximizing the modulus of the functional

Uy(f) = az — daj
is called the Fekete-Szegd problem (see [6]).
Now, we derive Fekete-Szego inequalities for the coefficients of f € HL ().

THEOREM 3.1. Let the function f given by (2) be in the class HE (z). Sup-
pose also that 9 € R. Then

b|z| 1 (22 (pba? — bz + ra)
L, JE s '4_[312 7
|as — Ya| < b1 — 9 |of? o
(131, b~ 1212 p) ba? + 212 b — [2)2 qa| |
Proof. From (18) and (19), we find that
gt @)= Gotn) b
1{3], h3(x) - (212 (s @} 4B,
= ha(z) (Q (9, z) + H)) & + ( (9, z) — B ]q> 7‘2] ,
where )
) — W) (1)

1413, B3(@) — [212 (hs (@) — ha(a)) }

Hence, in view of (1), we conclude that

plha ()| 0 <[00, 2)| < L
s — 0] < 3], : 413,
4ha(@) 122, 1202 = 7
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O
COROLLARY 3.2. Let f € Hx () and 9 € R. Then
blae| . ‘ 1 4(pbx? — bz +ra)
— if =1 < |- =
‘a3 i 19&2‘ 3 f | | 4 3b2$2
2 B 11— 9] af® |
, otherwise.

|(3b — 4p) ba? + 4bx — 4qal|
COROLLARY 3.3 ([1]). Let f € Hx(t) and n € R. Then
2t

42
In—1] < =2,

)

2 3
jos —naz| <45y
142t —¢t2’

If we set ¥ = 1, we get the following corollaries.

142t —t2
|77_1|2 +3§2t .

b
COROLLARY 3.4. If f € HY, (x), then |as — a3| < [?‘)]x’
q

2t
COROLLARY 3.5 ([1]). If f € Hx(t), then |as — a3| < 3
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