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Abstract. In this paper, using the Riemann-Liouville integral operator, we es-
tablish several fractional refinements of the Aczél inequality. Some classical
results on this famous inequality can be deduced as some special cases of our
results.
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1. INTRODUCTION

The integral inequality theory is an important field of research. This theory
plays a crucial role in differential equations, probability theory and applied sci-
ence. For more details, we refer to [7, 11, 12, 13, 14, 15, 19] and the references
therein. Moreover, the fractional integral inequalities are also of great impor-
tance. For some applications, one can consult the papers [2, 3, 4, 5, 6, 9, 10, 16].
The idea that we develop in the present paper is motivated by the work of
J. Tian and S. Wu [17], where the authors established the following theorems
related to the well known Aczél inequality [1].

Theorem 1.1. Let arj > 0 (r = 1, 2, . . . , n, j = 1, 2, . . . ,m) and λ1 ≤

λ2 ≤. . .λm be such that a
λj
1j −

n∑
r=2

a
λj
rj > 0 (j = 1, 2, . . . ,m). Also, let m ≥ 2,

n ≥ 2 and τ = max

{
n∑
r=2

1
λj
, 1

}
. Then,

m∏
j=1

(
a
λj
1j −

n∑
r=2

a
λj
rj

) 1
λj

≥ n1−τ
m∏
j=1

a1j −
n∑
r=2

m∏
j=1

arj

− a11a12 . . . a1m
2λ1

m−1∑
j=1

 n∑
r=2

aλjrj
a
λj
1j

−
a
λj+1

r(j+1)

a
λj+1

1(j+1)

2

.

(1)

The inequality (1) is also valid for λm > 0, λ1 ≤ λ2 ≤ . . . ≤ λm−1 < 0.
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Theorem 1.2. Let arj > 0 (r = 1, 2, . . . , n, j = 1, 2, . . . ,m) and λ1 ≥ λ2 ≥

. . . ≥ λm > 0 be such that a
λj
1j −

n∑
r=2

a
λj
rj > 0 (j = 1, 2, . . . ,m). Also, let m ≥ 2,

n ≥ 2, and ρ = min

{
m∑
j=1

1
λj
, 1

}
. Then

m∏
j=1

(
a
λj
1j −

n∑
r=2

a
λj
rj

) 1
λj

≤ n1−ρ
m∏
j=1

a1j −
n∑
r=2

m∏
j=1

arj

− a11a12 . . . a1m

2 max
{
λ1,

m−1
2

} m−1∑
j=1

 n∑
r=2

aλjrj
a
λj
1j

−
a
λj+1

r(j+1)

a
λj+1

1(j+1)

2

.

In the same paper [18], the authors proved the following important theo-
rems.

Theorem 1.3. Let Bj > 0, (j = 1, 2, . . . ,m), λm > 0, (λ1 ≤ λ2 ≤ . . . ≤
λm−1 < 0) and let fj (j = 1, 2, . . . ,m) be positive integrable functions defined

on [a, b] such that
m∑
j=1

1
λj

= 1, m ≥ 2, and B
λj
j −

b∫
a
f
λj
j (u)du > 0. Then

m∏
j=1

Bλj
j −

b∫
a

f
λj
j (u)du


1
λj

≥
m∏
j=1

Bj −
b∫
a

m∏
j=1

fj(u)du

−

m∏
j=1

Bj

2λ1

m−1∑
j=1

 b∫
a

(
f
λj
j (u)

B
λj
j

−
f
λj+1

j+1 (u)

B
λj+1

j+1

)
du

2

.

Theorem 1.4. Let Bj > 0, (j = 1, 2, . . . ,m), λ1 ≥ λ2 ≥ . . . ≥ λm > 0 and
let fj (j = 1, 2, . . . ,m) be positive integrable functions defined on [a, b] such

that
m∑
j=1

1
λj

= 1, m ≥ 2, and B
λj
j −

b∫
a
f
λj
j (u)du > 0. Then,

m∏
j=1

Bλj
j −

b∫
a

f
λj
j (u)du


1
λj

≤
m∏
j=1

Bj −
b∫
a

m∏
j=1

fj(u)du

− B1B2 . . . Bm

2 max
{
λ1,

m−1
2

} m−1∑
j=1

 b∫
a

(
f
λj
j (u)

B
λj
j

−
f
λj+1

j+1 (u)

B
λj+1

j+1

)
du

2

.

In this paper, using the Riemann-Liouville integral operator, we present
recent fractional integral results related to the Aczél inequality. Our results
are related to the interesting paper [18]. Theorems 3.1 and 3.2 in [18] can be
deduced as particular cases of our results.
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2. RIEMANN-LIOUVILLE INTEGRATION

In this section, we recall the Riemann-Liouville integral operator with some
of its properties that will be used throughout this paper.

Definition 2.1. The Riemann-Liouville fractional integral operator of or-
der α ≥ 0, for a continuous function h on [a, b], is defined by

Jα[h(t)] =
1

Γ(α)

∫ t

a
(t− τ)α−1h(τ)dτ ; α > 0, a < t ≤ b,

J0[h(t)] = h(t),

where Γ(α) :=
∫∞
0 e−uuα−1du.

For t = b, we have:

Jα[h(b)] =
1

Γ(α)

∫ b

a
(b− τ)α−1h(τ)dτ.

We present the following properties:

JαJβ[h(t)] = Jα+β[h(t)], α ≥ 0, β ≥ 0,

and
JαJβ[h(t)] = JβJα[h(t)].

For more details on fractional integration, we refer to [8].

3. MAIN RESULTS

We begin by proving the following theorem.

Theorem 3.1. For i = 1, . . . ,m, we consider Bi > 0, λm > 0, λ1 ≤ λ2 ≤
. . . ≤ λm−1 < 0, and we suppose that fi are m positive continuous functions

on [a, b] such that
m∑
i=1

1
λi

= 1 and Bλi
i − Jαa f

λi
i (b) > 0. Then, for every α > 0,

the following inequality holds:
m∏
j=1

(
Bλi
i − J

α
a f

λi
i (b)

) 1
λi ≥

m∏
i=1

Bi − Jαa

(
m∏
i=1

fi

)
(b)

− 1

2λ1

m∏
i=1

Bi

m−1∑
i=1

[
Jαa f

λi
i (b)

Bλi
i

−
Jαa f

λi+1

i+1 (b)

B
λi+1

i+1

]2
.

Proof. To prove this theorem, we use some ideas inspired from Theorem
1.3. For every positive integer n, we consider (xk)k=0,1,..,n, such that x0 <

x1 < x2 < . . . < xk < . . . < xn−1 < xn, where, xk = a + k (b−a)
n , for all

k = 0, 1, . . . , n. Thanks to the second hypothesis on Bi, for every i = 1, . . . ,m,
we can write:

Bλi
i −

b∫
a

(b− u)α−1

Γ(α)
fλii (u)du > 0.
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Hence Bλi
i −

b∫
a
hλii (u)du > 0, with

(2) hi(u) =

[
(b− u)α−1

Γ(α)

] 1
λi

fi(u).

Therefore

Bλi
i − lim

n→∞

n∑
k=1

hλii (xk)
b− a
n

> 0, i = 1, 2, . . . ,m.

So, we can state that there exists N ∈ N such that, for all n > N and
i = 1, 2, . . . ,m, we have Bλi

i −
∑n

k=1 h
λi
i (xk)(

b−a
n ) > 0. Theorem 1.3 yields

that

m∏
i=1

(
Bλi
i −

n∑
k=1

hλii (xk)

(
b− a
n

)) 1
λj

≥
m∏
i=1

Bi −
n∑
k=1

m∏
i=1

hi(xk)

(
b− a
n

) 1
λi

− 1

2λ1

m∏
i=1

Bi

m−1∑
i=1

[
n∑
k=1

(
hλii (xk)

(
b−a
n

)
Bλi
i

−
h
λi+1

i+1 (xk)
(
b−a
n

)
B
λi+1

i+1

)]2
.

On the other hand, since
m∑
i=1

1
λi

= 1, we obtain
m∏
i=1

(
b−a
n

) 1
λi = b−a

n .

Therefore

m∏
i=1

(
Bλi
i −

n∑
k=1

hλii (xk)

(
b− a
n

)) 1
λj

≥
m∏
i=1

Bi −
n∑
k=1

m∏
i=1

hi(xk)

(
b− a
n

)

− 1

2λ1

m∏
i=1

Bi

m−1∑
i=1

[
n∑
k=1

(
hλii (xk)

(
b−a
n

)
Bλi
i

−
h
λi+1

i+1 (xk)
(
b−a
n

)
B
λi+1

i+1

)]2
.

Consequently,

m∏
i=1

Bλi
i −

b∫
a

hλii (u)du


1
λj

≥
m∏
i=1

Bi −
b∫
a

m∏
i=1

hi(u)du

− 1

2λ1

m∏
i=1

Bi

m−1∑
i=1


b∫
a
hλii (u)du

Bλi
i

−

b∫
a
h
λi+1

i+1 (u)du

B
λi+1

i+1


2

.

By (2), we get

m∏
i=1

Bλi
i −

1

Γ(α)

b∫
a

(b− u)α−1fλii (u)du


1
λj
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≥
m∏
i=1

Bi −
b∫
a

m∏
i=1

[
(b− u)α−1

Γ(α)

] 1
λi

m∏
i=1

fi(u)du

− 1

2λ1

m∏
i=1

Bi

m−1∑
i=1

 1

Bλi
i Γ(α)

b∫
a

(b− u)α−1fλii (u)du

− 1

B
λi+1

i+1 Γ(α)

b∫
a

(b− u)α−1f
λi+1

i+1 (u)du

2

.

Hence

m∏
j=1

(
Bλi
i − J

α
a f

λi
i (b)

) 1
λi ≥

m∏
i=1

Bi −
b∫
a

m∏
i=1

[
(b− u)α−1

Γ(α)

] 1
λi

m∏
i=1

fi(u)du

− 1

2λ1

m∏
i=1

Bi

m−1∑
i=1

[
Jαa f

λi
i (b)

Bλi
i

−
Jαa f

λi+1

i+1 (b)

B
λi+1

i+1

]2
.

Using the fact that

m∏
i=1

[
(b− u)α−1

Γ(α)

] 1
λi

=

[
(b− u)α−1

Γ(α)

] m∑
i=1

1
λi

=
(b− u)α−1

Γ(α)
,

we deduce that

m∏
i=1

(
Bλi
i − J

α
a f

λi
i (b)

) 1
λi ≥

m∏
i=1

Bi − Jαa

(
m∏
i=1

fi

)
(b)

− 1

2λ1

m∏
i=1

Bi

m−1∑
i=1

[
Jαa f

λi
i (b)

Bλi
i

−
Jαa f

λi+1

i+1 (b)

B
λi+1

i+1

]2
.

Theorem 3.1 is thus proved. �

Remark 3.2. In the above theorem, if we take α = 1, we obtain Theorem
1.3 (see [18, Theorem 3.1]).

Changing the conditions on Bi, we present to the reader the following the-
orem.

Theorem 3.3. For i = 1, . . . ,m, we consider Bi > 0, λ1 ≥ λ2 ≥ . . . ≥ λm >
0. Suppose also that fi are m positive continuous functions on [a, b] such that
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m∑
i=1

1
λi

= 1 , m ≥ 2. If Bλi
i − Jαa f

λi
i (b) > 0, then, for every α > 0, we have

m∏
i=1

(
Bλi
i − J

α
a f

λi
i (b)

) 1
λi ≤

m∏
i=1

Bi − Jαa

(
m∏
i=1

fi

)
(b)

−

m∏
i=1

Bi

2 max
{
λ1,

m−1
2

} m−1∑
i=1

[
Jαa f

λi
i (b)

Bλi
i

−
Jαa f

λi+1

i+1 (b)

B
λi+1

i+1

]2
.

Proof. We use the same arguments as in the proof of Theorem 3.1. �

The third main result is the following.

Theorem 3.4. Let λ1 ≥ λ2 ≥ . . . ≥ λm > 0 and let fi, i = 1, . . . ,m, be m

positive continuous functions on [a, b] with
m∑
i=1

1
λi

= 1. Then the inequality

Jαa

(
m∏
i=1

fi

)
(b) ≤

m∏
i=1

[
Jαa f

λi
i (b)

] 1
λi

holds for all α > 0.

Proof. Taking Bi =
[
2Jαa f

λi
i (b)

] 1
λi , for i = 1, 2, . . . ,m, in Theorem 3.1, we

obtain
m∏
i=1

(
Jαa f

λi
i (b)

) 1
λi ≤

m∏
i=1

2
1
λi

m∏
i=1

(
Jαa f

λi
i (b)

) 1
λi − Jαa

(
m∏
i=1

fi

)
(b)

= 2
m∏
i=1

(
Jαa f

λi
i (b)

) 1
λi − Jαa

(
m∏
i=1

fi

)
(b).

Therefore

Jαa

(
m∏
i=1

fi

)
(b) ≤

m∏
i=1

(
Jαa f

λi
i (b)

) 1
λi .

This ends the proof. �

Remark 3.5. In the above theorem, if we take α = 1, we obtain Theorem
1.4 (see [18, Theorem 3.3]).

We also present to the reader the following result.

Theorem 3.6. Let λm > 0, λ1 ≤ λ2 ≤ . . . ≤ λm−1 < 0. If fi, i = 1, 2, . . . ,m,

are m positive continuous functions on [a, b] such that
m∑
i=1

1
λi

= 1. Then, for

all α > 0, we have

Jαa

(
m∏
i=1

fi

)
(b) ≥

m∏
i=1

[
Jαa f

λi
i (b)

] 1
λi .
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Proof. The proof of this theorem is similar to the proof of Theorem 3.2. �

Based on Theorems 3.2 and 3.4, we prove the following result.

Theorem 3.7. Let m ≥ 2, λ1 ≥ λ2 ≥ . . . ≥ λm > 0 and let fi, i =
1, 2, . . . ,m − 1 be m − 1 positive continuous functions defined on [a, b] with
m−1∑
i=1

1
λi
< 1 and (b− a)α ≥ Γ(α+ 1), α > 0. Then

m−1∏
i=1

[(
Jαa

1

fλii
(b)

)(
Jαa f

λi
i (b)

)] 1
λi

≥ 1.

Proof. Let 0 < λi ≤ λi−1, i = 2, . . . ,m, such that
m∑
i=1

1
λi

= 1 and let

f1, . . . , fm−1 be positive continuous function defined on [a, b]. Thanks to 3.4,
for λ1 ≥ λ2 ≥ . . . ≥ λm > 0, we have

(3) Jαa

(
m∏
i=1

fi

)
(b) ≤

m∏
i=1

[
Jαa f

λi
i (b)

] 1
λi .

If we take µi = −λi (i = 1, 2, . . . ,m− 1) and µm = λm
2λm−1 , we can observe

that
m∑
i=1

1

µi
=

m−1∑
i=1

−1

λi
+

2λm − 1

λm
= −

m−1∑
i=1

1

λi
+ 2− 1

λm
= 1.

ALso, we have µ1 ≤ µ2 ≤ . . . ≤ µm−1 and 1
λm

= 1 −
m−1∑
i=1

1
λi
∈]0, 1[. Hence

λm > 1 and µm ∈]0, 1[.
Hence, by Theorem 3.4, it yields that

(4) Jαa

(
m∏
i=1

fi

)
(b) ≥

m−1∏
i=1

[
Jαa f

−λi
i (b)

]−1
λi [Jαa f

µm
i (b)]

1
µm .

Combining (3) and (4), we can state that

m−1∏
i=1

[
Jαa f

−λi
i (b)

]−1
λi [Jαa f

µm
m (b)]

1
µm ≤

m∏
i=1

[
Jαa f

λi
i (b)

] 1
λi .

Therefore
m−1∏
i=1

[
Jαa f

−λi
i (b)

]−1
λi [Jαa f

µm
m (b)]

1
µm ≤

m−1∏
i=1

[
Jαa f

λi
i (b)

] 1
λi

[
Jαa f

λm
m (b)

] 1
λm .

So we have

[Jαa f
µm
m (b)]

1
µm[

Jαa f
λm
m (b)

] 1
λm

≤
m−1∏
i=1

[
Jαa f

−λi
i (b)Jαa f

λi
i (b)

] 1
λi .
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Taking fm = 1, we obtain

[Jαa f
µm
i (b)]

1
µm[

Jαa f
λm
i (b)

] 1
λm

=
(
Jαa 1|t=b

)( 1
µm
− 1
λm

)
=
(
Jαa 1|t=b

)(2− 1
λm
− 1
λm

)

=
(
Jαa 1|t=b

)2(1− 1
λm

)
=

[
(b− a)α

Γ(α+ 1)

]2m−1∑
i=1

1
λi

≥ 1.

Consequently,
m−1∏
i=1

[
Jαa f

−λi
i (b)Jαa f

λi
i (b)

] 1
λi ≥ 1. �

Corollary 3.8. Let n ≥ 1, λ1 ≥ λ2 ≥ . . . ≥ λn > 0 and gi and hi

(i = 1, 2, . . . , n) be positive continuous functions on [a, b] with
n∑
i=1

1
λi
< 1 and

(b− a)α ≥ Γ(α+ 1). Then

n∏
i=1

[(
Jαa

(
hi
gi

)λi
(b)

)(
Jαa

(
gi
hi

)λi
(b)

)] 1
λi

≥ 1

Proof. We apply Theorem 3.5 with n = m− 1, fi = gi
hi

. �

REFERENCES

[1] J. Aczél, Some general methods in the theory of functional equations in one variable.
New applications of functional equations (in Russian), Uspekhi Mat. Nauk, 11 (1956),
3–68.

[2] S. Belarbi and Z. Dahmani, On some new fractional integral inequalities, J. Inequal.
Pure Appl. Math., 10 (2009), 1–12.

[3] Z. Dahmani, New inequalities in fractional integrals, Int. J. Nonlinear Sci., 9 (2010),
493–497.

[4] Z. Dahmani and N. Bedjaoui, New generalized integral inequalities, J. Adv. Res. Appl.
Math., 3 (2011), 58–66.

[5] Z. Dahmani, New classes of integral inequalities of fractional order, Matematiche (Cata-
nia), 69 (2014), 227–235.

[6] Z. Dahmani, On Minkowski and Hermite-Hadamad integral inequalities via fractional
integration, Ann. Funct. Anal., 1 (2010), 51–58.

[7] Z. Dahmani, New applications of fractional calculus on probabilistic random variables,
Acta Math. Univ. Comenian. (N.S.), 86 (2017), 299–307.

[8] R. Gorenflo and F. Mainardi, Fractional calculus: integral and differential equations of
fractional order, Springer Verlag, Wien, 1997, 223–276.

[9] M. Houas, Some new Saigo fractional integral inequalities in quantum calculus, Facta
Univ. Ser. Math. Inform., 3 (2016), 761–773.

[10] M. Houas, Certain weighted integral inequalities involving the fractional hypergeometric
operators, SCIENTIA, Series A : Mathematical Science, 27 (2016), 87–97.

[11] A.A. Opris, A class of Aczél-Popoviciu type inequality, Gen. Math., 24 (2016), 11–16.
[12] F. Qi, S. Guo and B.N. Guo, Complete monotonicity of some functions involving

polygamma functions, J. Comput. Appl. Math., 233 (2010), 2149–2160.
[13] F. Qi and W.H. Li, A logarithmically completely monotonic function involving the ratio

of gamma functions, J. Appl. Anal. Comput., 5 (2015), 626–634.



148 M. Doubbi Bounoua, Z. Dahmani, and A. Benzidane 9

[14] F. Qi, X.A. Li and S.X. Chen, Refinements, extensions and generalizations of the second
Kershaw’s double inequality, Math. Inequal. Appl., 11 (2008), 457–465.

[15] M.Z. Sarikaya and A. Karaca, On the k-Riemann-Liouville fractional integral and ap-
plications, International Journal of Statistics and Mathematics, 1 (2014), 033-043.

[16] M.Z. Sarikaya, and H. Ogunmez, On new inequalities via Riemann-Liouville Fractional
Integration, Abstr. Appl. Anal., 2012 (2012), Article 428983, 1–10.

[17] J.F. Tian, Reversed version of a generalized Aczél inequality and its application, J.
Inequal. Appl., 2012 (2012), Article 202, 1–8.

[18] J. Tian and S. Wu, New refinements of generalized Aczél inequality and their applica-
tions, J. Math. Inequal., 10 (2016), 247–259.

[19] S. Wu and L. Debnath, Generalizations of Aczél’s inequality and Popoviciu’s inequality,
Indian J. Pure Appl. Math., 36 (2005), 49–62.

Received November 10, 2017

Accepted January 10, 2018

University of Mostaganem/Shangai University

Department of Mathematics

Algeria

E-mail: doubbibounoua.mohamed@yahoo.fr

University of Mostaganem

Laboratory LPAM, UMAB

Algeria

E-mail: zzdahmani@yahoo.fr

E-mail: aekm27@yahoo.fr


