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Abstract. In this paper we present the main properties of layer potentials as-
sociated to some pseudodifferential matrix type operators on Lipschitz domains
in compact Riemannian manifolds of arbitrary dimension. We focus on a class
of Brinkman operators and show compactness and invertibility results of associ-
ated layer potential operators, and well-posedness results for related transmission
problems with the boundary data in some Sobolev spaces.
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1. INTRODUCTION

The layer potential theory has a significant role in the analysis of various
elliptic boundary value problems. For example, Fabes, Kenig and Verchota
[5] developed a layer potential analysis in the treatment of the L? Dirichlet
problem for the Stokes system on Lipschitz domains in R", n > 3. Mitrea
and Wright [18] used layer potential methods to prove the well-posedness of
the main boundary value problems for the Stokes system in Lipschitz domains
in R?, n > 2, with the boundary data in various function spaces. Hofmann,
Mitrea and Taylor [6] studied boundary value problems for elliptic partial
differential equations on (two-sided) NTA domains (in the sense of Jerison
and Kenig [8]) with Ahlfors regular boundaries and small mean oscillations of
the unit normals, by using layer potential methods. Escauriaza and Mitrea [4]
shown the well-posedness of transmission problems for the Laplace operator on
Lipschitz domains in R™ and boundary data in Lebesgue and Hardy spaces (see
also [12]). Well-posedness of transmission problems for the Laplace-Beltrami
operator in Sobolev or Besov spaces on Lipschitz domains in non-smooth man-
ifolds have been obtained by Mitrea et al. [14]. Mitrea and Taylor [17] studied
the L? Dirichlet problem for the Stokes system on arbitrary Lipschitz domains
in compact Riemannian manifolds, by using a method based on single-layer
potentials. Dindos and Mitrea [3] developed a layer potential analysis for the
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Poisson problem associated to the Stokes system, as well as the Dirichlet prob-
lem for the Navier-Stokes equations on Lipschitz and C'! domains in a smooth
compact Riemannian manifold, when the boundary data belong to Sobolev or
Besov spaces. We treated in [9, 10] transmission problems for the Stokes and
Brinkman operators on Lipschitz domains of dimension < 3, or on C' domains
of arbitrary dimension in Riemannian manifolds, by employing layer potential
techniques. The purpose of this paper is to obtain the main properties of layer
potentials associated to some pseudodifferential matrix type operators on Lip-
schitz domains in compact Riemannian manifolds of arbitrary dimension. We
focus on a class of Brinkman operators and show compactness and invertibility
results of associated layer potential operators, and well-posedness results for
related transmission problems with boundary data in some Sobolev spaces.

2. SPECIAL PSEUDODIFFERENTIAL MATRIX TYPE OPERATORS ON COMPACT
RIEMANNIAN MANIFOLDS

In this section we show the invertibility property for a special class of pseu-
dodifferential matrix type operators on compact Riemannian manifolds.

2.1. Preliminaries. Consider a smooth vector bundle £ equipped with a C°°-
inner product (-,-)g,, * € M. Thus, £ is a Hermitian bundle. For sections
u, v € C°(M, E) one then defines the scalar product

(2.1) (u,v)g == /M<u(x),v(:c)>gmd\/'ol(x).

Next, consider two smooth, Hermitian vector bundles £, F — M, and a
differential operator of order k > 1

(2.2) D : C%(M,E) — C(M, F).

Then its formal adjoint D* is defined by means of the inner products (-, )¢
and (-, -)r, as (Du,v)r = (u, D*v)g, Y u € C°(M,E), ve C®°(M,F).

In particular, let (M, g) be a compact boundaryless Riemannian manifold
of dim(M) := m > 2 and let g := gjpdr; @ dzy, be its smooth metric tensor.
Hereafter one uses the summation convention rule and denote by (g7%) the
inverse of (gji). The tangent and cotangent bundles are TM = ¢\, TpM
and T*"M = UpeM T, M, respectively, and X(M) is the space of smooth vector

fields on M. Also, A'TM is the first exterior power bundle corresponding to
TM. The adjoint of the exterior derivative d : C®°(M) — C>(M,A'TM) is
usually denoted by 6, i.e., § : C°°(M, AT M) — C°°(M), and (du,v) = (u, 6v)
for every u € C®°(M) and v € C®(M,A'TM).

Let V be the Levi-Civita connection on M. If X € X(M), the symmetric
part of the tensor field

VX : X(M) x X(M) = C®(M), (VX)(Y,Z) = (Vy X, Z),
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is called the deformation of X and is denoted by Def X. Thus,
1
(2.3) (Def X)(Y, Z) = S{(Vy X, Z) +(VzX,Y)}, VY, Z€X(M).

A vector field X € X(M) such that Def X =0 on M is called a Killing field.
Further, assume that M does not have any nontrivial Killing field (see [17]).

By OPSfl one denotes the class of classical pseudodifferential operators of
order ¢. The symbol p(x,§) of such an operator P admits an asymptotic
expansion of the form p(x,§) ~ pe(z,&) + pe—1(z,&) + - -+, where pi(x,§) is
smooth in z and &, positively homogeneous of degree k in & € R™. The term
o (x,€) = pe(z,€) is called the principal symbol of P (for more details on
pseudodifferential operators on smooth manifolds see [7, 19, 21]).

For p € (1,00) and s € R, denote by LE(M) the Sobolev scales on M. Also,
LE(M,E) := LE(M)®C> (M, E) is the space of sections u : M — & whose local
representations have coefficients in L% (M). In particular, L2(M,A'TM) :=
L?(M) @ A'TM are the Sobolev spaces of one forms, which, locally, have
coefficients in L2(M) (for more details see e.g., [17, 19, 20, 21]).

Note that every P € OPSY (M, ) extends to a linear and bounded operator
PP (M,E) — L{(M,E) for any p € (1,00) and 5 € R (see e.g., [21,
Theorem 8.38, Theorem 8.45]).

2.2. Special pseudodifferential matrix type operators. Let us consider
the smooth, Hermitian vector bundles £, F,G — M, and let

(2.4) D : C®(M,E) — C®(M, F), Py:C®(M,G) — C=(M,E)

be two first-order differential operators (note that C*°(M) = C*(M,R)).
With respect to the corresponding scalar products of the Hermitian vector
bundles £, F and G (see (2.1)), their adjoint operators

(2.5) D*: C*(M,F) = C*(M,E), Py : C*°(M,E) — C*(M,G)
are pseudodifferential of order one, i.e., D* € OPSL(F,€), Py € OPSL(E,G).

Next, assume that second-order differential operator
(2.6) Lp:=2D*D :C®(M,E) - C*(M,E)
is elliptic, i.e., the principal symbol of Lp satisfies the condition
(2.7) o (D*D;x, &) is invertible, V x € M, € € T M \ {0}.

In addition, assuming that D is one-to-one, one finds that Lp is invertible.
Further, let P € OPS&(E,E) be self-adjoint and non-negative with respect
to the L?(M, €)-inner product, i.e.,

(2.8) (Pu,w)g = (u, Pw)e, (Pu,u)e >0 forall u,w e L*(M,E).
By (2.8), the pseudodifferential operator (a zero-order perturbation of £p)
(2.9) Lpp:=Lp+P=2D"D+P:C>®(ME)— C®(M,E)
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is elliptic, self-adjoint, and one-to-one, i.e., it is invertible. It extends to a
Fredholm operator of index zero

(2.10) Lpp:L3(M,E) — L% (M,E),

which is also one-to-one, and hence invertible. Next, assume that Lp p is
L2(M, E)-elliptic, i.e., there is ap > 0 such that (see e.g., [21])

(2.11) (u, Lp pu)r2(ae) = aOHuH%%(M@, Y ue L3(M,E).
Finally, assume that the 1!"-differential operator Py : L?(M,G) — L2 (M, )
has closed range and finite-dimensional kernel, i.e.,
(2.12) dim (Ker (Py : L*(M,G) — L2,(M,£)) :=ng < oo.
Hence, L2(M, G) is closed in L?(M,G) and has the codimension ng, where
(2.13)  LIM,G):={f € L*(M,G) : (f,)12(mc) =0, V1) € Ker Py} .
We now define the pseudodifferential matrix type operator

Bppp, : C®(M,E) x C*°(M,G) — C>®(M,E) x C*(M,G)

B _: Lpp Py _ 2D*D+ P Py
D.BPo - P; 0 Py 0

and its extension, denoted as before,

(2.15) Bppp, : LI (M,E) x L*(M,G) — L? (M, ) x L*(M,G).
The restriction

B} pp, t LIM,E) x L2(M,G) — L2 (M, &) x L}(M,G),

(2.14)

(2.16) 0
BD,P,Po = BD,P,PO ‘Lf(M,g)xLz(M,G)v

is one-to-one, where L2(M,G) is given by (2.13). Taking into account (2.7),
(2.11) and (2.12), and using similar arguments to those for [10, Theorem 3.1],
one obtains the following main invertibility result:

THEOREM 2.1. The operator B%JD’PO, given by (2.16), is invertible, and
- Ap,ppr, Bp.pp
2.17 B} L= T TP
(2.17) (B )= ppmn porn ),
where Ap p.p,€ OPS;*(E,E), Bp,pp,€ OPS;Y(G,E), Cp,pp,€ OPS,H(E,G)
and DD,P,POG OPSSI(G, G).

The proof of Theorem 2.1 will be given in a forthcoming paper. In view of
this result one finds that

(2.18) Lp.pAp,ppr, + FPoCp,pp =1, PJ.ADJDJDO =0 on M.

Thus, the Schwartz kernels (Gp, p.p, (z,v),IIp p.p,(z,y)) of the operators Ap pp,
and Cp p p, determine the fundamental solution of the operator B%’ PPy i.e.,

(2.19) (Lp+ P)Gp,pp,(-»y) + Pollp pp,(-,y) = Diracy, PyGp p.p, (-, y) = 0,
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where Dirac,, is the Dirac distribution with mass at y.
In addition, one has the formula

0 0 P 0 0 . ED Po
(2.20) Bp pp, = Bpp, + < 0 o ) Popi= oo )

The operators B%,P,Po and BODJDO = B%’O’PO are invertible on the space
L2(M,&) x L2(M,G). Let us also consider the inverse of the operator B%’ Pos

- Ap,p, Bbp,r
2.21 B) p) = 4 )
(2.21) (Bb.p,) ( Cp,p, Dbp,py

In view of (2.20), one then obtains the relation
(2.22) Ap ppy — Ap.py = —Ap.p,PAp pp, € OPSI*(E,E),

which implies that 1)D7p,0,p0 € OPS;4(M, E), where ]}D7P’07PO is the Newtonian
potential with the kernel gD’Pjo’pO = gD,Pij — gl)707p0, and gD707P0 is the
Schwartz kernel of the operator Ap p, (corresponding to P = 0).

2.3. Pseudodifferential matrix operator of type (2.14). Let us now con-
sider the second-order partial differential operator

(2.23) £:X(M) = X(M), £:=2Def*Def = —A + dj — 2Ric,

where Def* is the adjoint of Def, A := —(dd + dd) is the Hodge Laplacian
and Ric is the Ricci tensor. Note that the role of the operator D from above
is played here by the deformation operator Def. Recall that the deformation
operator is indeed injective, due to the lack of non-trivial Killing vector fields
on M. The operator £ is elliptic and extends to a Fredholm operator of
index zero, £ : L2(M,A*TM) — L? (M, A*TM). Also consider a self-adjoint
and non-negative operator P € OPSQ(A'TM,A'TM) with respect to the
L?>(M,A'TM) - inner product, i.e.,

(2.24) (Pu,w) = (u, Pw), (Pu,u) >0 forall u,w e L*(M,A\'TM).
The pseudodifferential Brinkman operator [10]
Bp : C®(M,A'TM) x C®(M) — C®(M,\'TM) x C*(M),

(2.25) (e d P o\ _ [ £p d .

is of type (2.14), and satisfies the conditions (2.7), (2.11) and (2.12). Then,
by Theorem 2.1, the following operator is invertible! (see also [10, Theorem
3.1]):

(2.26) Bp:( 527’ g ):L%(M,AlTM)fo(M)%Lz_l(M, AT M)x L2(M),

10ne uses the same notation Bp for both operators (2.25) and (2.26).
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where L2(M) = {p € L*(M) : {p, L)z2(ay = 0}. The inverse of Bp has the
form

(2.27) B = (2 o )

and Ap € OPS2(A'TM,A'TM), Bpc OPS,; (M, R), €pc OPS ' (A'TM,R)
and Dp € OPSY(M,R). The Schwartz kernels (Gp,IIp) of the operators Ap
and €p determine the fundamental solution of the operator Bp. Hence,

(€4 P)2Gp(x,y) + dollp(z,y) = Diracy(z), 6.Gp(z,y) = 0.
For P = 0 one obtains the Stokes operator By.

2.4. Sobolev spaces of sections in vector bundles. Le (2, :=Q C M be a
Lipschitz domain (i.e., the boundary 02 of Q can be described in appropriate
local coordinates by means of graphs of Lipschitz functions) and assume that
Q_ = M\ Q is connected. Fix x = x(0€) > 1, sufficiently large, and define
the non-tangential maximal operator N := N, by

(2.28) N(u)(z) :=sup{|u(y)| : y € ve(x)}, = € 99,
for arbitrary u : Q4+ — R, where
(2.29) vi(z) = {y € Qg : dist(x,y) < k dist (y,00)}, x € 09,

are non-tangential approach regions (lying in Q4 and Q_, respectively). De-
note by Tr* the non-tangential boundary trace operators on 9, given by

(2.30) (Trfu)(z) ==  lim  u(y), = € 09,
v+ (z)y—a
(2.31) et C%(Q1) — CY(0Q), Tru = ulsq.

Also, for p € (1,00) and s > 0, consider the Sobolev spaces of functions
LE(Q) = {flas : f € LE(M)}, LE(Qs):={f € LE(M) : suppf C Qu},

and denote by L” (Q1) = (L{(Q4))" the dual of the space LI(Q), where
q € (1,00), 1% + % = 1. Recall that for a smooth, Hermitian vector bundle
E — M, the set of smooth sections of £ on M is denoted by C*°(M,E). Then

LP(Q4, &) = [P(01) @ C®(M,E), LP(Q,&) = LP(QL) ® C®(M,E)
are the Sobolev spaces of sections u : 2+ — &£ having their coefficients in
LE(Q4) and L(Q4), respectively, and L (Q, &) = (ig(ﬂi, 5))

For any p € (1,00) and s € [0, 1], the boundary Sobolev space L(0Q) can
be obtained by using the Euclidean space LE(R™1), a partition of unity and
pull-back, and L% (99, Elgq) = LE(0Q) @ C®(M, E)|sq-

Now, for any s € (0, 1), define the spaces of sections
(2.32) B2 4(0x,6) = {f €12 (M) :supp £ C ﬁi} ,

2

3
2
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Li_;,_l(Qia[*D,P,Po) = {(u’ﬂ-vf) B S L§+l(ing)a meL” 1 (QiaG)a
2 2 $—3
fel? ;(Q4,&) such that Lp pp(u,m) =flg, and Pju=0in Q4 },

3
2

(2.33) £D7p’p0(u,7r) = (£D+P)U+P07T.

The non-tangential boundary trace operator has the following property (see
e.g., [1, 3, 18]):

LEMMA 2.2. For every s € (%, %), the restriction operator to the bound-

ary, C®(Qx, A'TM) 5 u + ulgq,, extends to a linear and bounded oper-
ator vt : L2(Qx, A'TM) — Li_l(aQi,AlTM), which is onto, having a
2
bounded right inverse Z* Li_l(aﬁi,AlTM) — L2(Q4, A'TM). Fors> 3,
2

Trt : L2(Qx, A'TM) — L2(004, A'TM) is also bounded.

REMARK 2.3. Lemma 2.2 can be extended to Sobolev spaces of sections,
as: For any r € (0,1) the trace operator Tr™ : Lf+l(Qi,5) — L2092, €) is

2
bounded and onto, and has a right inverse Z* : L2(9Q, &) — Lerl(Qi,E),
2

which is bounded as well (see e.g., [3] in the case of one forms).
2.5. The conormal derivative operator on Lipschitz boundaries. Let
r€[0,1] and v € L2 (952, AT M) be the outward unit conormal to 92, which
is defined with respect to the L?(9Q, A'TM)-inner product and the outward
unit normal field n € L*>°(9Q, TM). Note that n is defined a.e., with respect
to the surface element do, on 0€). The next result extends the notion of the
conormal derivative operator, given by Mitrea and Wright [18] for the Stokes
system on Lipschitz domains in R™ to the matrix type operator (2.14) on
Sobolev spaces of sections in Riemannian manifolds (see also [3, 9, 10] for the
Stokes or Brinkman systems in the context of compact Riemanian manifolds):

LEMMA 2.4. Forp € (1,00) and s € (0,1), the conormal derivative operator
8;:D,P,Po : L§+l(Q,£D7p7PO) — L2 (0, €), given for any ¥ € L3_ (99Q,E)
2
by

(00 p.p, (W, m, £), W), ::2/<Du,D(Z+\II))dVol+/<Pu, ZTW¥)dVol

(2.34) +/ (m, Py (Z7W)) dVol — (f[q, Z7¥)q,
Q

is well defined and bounded. In addition, for any (u,w,f) € L;_l(Q, Lp.pr)
2
and w € L%iS(Q, E), one has the Green formula:
2

(D, DW>dV01—/<Pu,W>dV01:

<8;:D,P,P0 (u’ e f)v Trt W>BQ -2 / Q

Q
(2.35) /Q (., Piw) dVol — (£, w)o.
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Proof. Let us observe that all duality pairings in the right-hand side of
(2.34) are well defined. This shows that 9, pp, (0,7, f) € L% (09,€) and,

in addition, 07p, (7 Dl2o0re) < NWT DI epnp With
L5 17 s—1 9_;'_%( £ 0)

some constant ¢ > 0 and for every (u,,f) € L§+l(Q,£D,p7p0). This shows
2

the well posedness and boundedness of the operator (2.34). The Green formula
(2.35) follows with similar arguments to those for [10, Lemma 2.2]. O

REMARK 2.5. By considering the Brinkman operator (2.25) and choosing
L§+%(Qi,£p) = {(u,) 6L§+%(Qi,A1TM) X LISL%(Qi) :
(2.36) Lp(u,7) =0 and du =0 in Q4 },
one obtains the conormal derivative 8;73 : L§+%(Qi, Lp)— L2 (09, A'TM).
In addition, the Green formula (2.35) becomes (see [10])

(05 p(u, m), TrE w),, =2 / (Def u, Def w)dVol + / (Pu, w)dVol
' Qg Q

+

(2.37) + /Q (m,6w)dVol, w € L?_ (Qu, A'TM)
+

for any (u,m) € L§+l(Qi, Lp), where Lp(u,m) := (£ + P)u+ dr. From now
2

on we will use the notation 9F instead of 83E,P whenever the operator Bp is

involved.

3. LAYER POTENTIAL THEORY FOR THE OPERATOR BOD PPy

Let us now present the main properties of the layer potentials associated
to the pseudodifferential matrix operator B%, p.p, given by (2.16). As in the
previous section, €2 C M is a Lipschitz domain. Also let f : 92 — £ and h :

0€) — & be given sections. Then one defines the layer potentials Vp p p,.o0f :
M\ 9Q — & and QF pp gaf : M\ 02 — G as

(V. ppypaf)(z) = / R
, T E )

(QSD,P,PO;BQf)(x) 3:f (Ip,pp (z,y),£(y))ydo(y)

o0

where Vp p p,.o0f is the single-layer potential with density f.
Let Wp p py.ooh : M\ 0Q — £ and QdD7P7PO;8Qh : M\ 02 — G be the layer
potentials given on M \ 9 by

W p,py:00h i=/ <auy;D,P,Po (gD,P,Po('ay)7(HD,P,PO)T(% ')) ,h(y)> do,
o9 y

Qb p,ryoaht = o (Ov,ip,ppy (Mp,p.py (- y), —ED,PR (- y))  h(y)), do,
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where O0y.p p.p, = 8;F,D’PP0. Also, Zp, p.p,(z,y) is the Schwartz kernel of the
operator (—=Dp.pp,) € OPSY(G, G), and satisfies the relation (see [9, 10] in
the context of one forms)

(3.1) (Lp,p), Mp,pp) " (y,2) = (P).Ep,pr (2, y).

Note that Wp pp.aoh @ M\ 0Q — &£ is called the double-layer potential
with the density h. The corresponding principal value version is denoted by
Kp. pp,.00h and is given a.e. on 9€) by

Kp ppo0h = p-V-/ <3uy;D,P,Po (gD,RPo(wy),(HD,P,PO)T(y,~)) 7f(y)> do.
o0 Yy

In view of (2.19), (VD,p,pO;agf, QSD,P,Po;afo) satisfies on M \ 99 the equations
(3.2) (Lo + P)Vpprsef + P9 ppsoof =0, Py(Vbp,pryoef) = 0.
Similarly, by (2.19) and (3.1) one obtains on M \ 02 the equations

(3.3) (,CD + P)WD,P,Po;th + POQ%,P7PO;8Qh =0, PJWD7p7p0;th =0.

Now, using the theory developed in [15] (see also the corresponding results
for the Stokes system in [17, Proposition 3.3, Theorem 3.1}, [3, Theorem 2.1]),
one obtains the following property:

THEOREM 3.1. Let Q C M be a Lipschitz domain. Also let s € [0,1]. If
h € L2(0Q,€) and £ € L?_{(09Q,E), then one has a.e. on O

(3.4) Tr" (Vp,ppyoaf) = Tr™ (Vo prsoaf) := Vb,ppryoof,
1
(3.5) Tr=(Wp,ppyo0h) = ( 50+ KD,P,PO;aQ> h,
1 *
(3.6) 3£D7P’P0 (Vp,pryoef, QD pp,oof) = ( + 5]1 + KD,RPo;@Q) f,
(3.7) HJDr7P,P0;8Qh - HB,P,PO;th € KerVp, p py;00;

where K7, P.py:oq 1S the formal transpose of Kp p py.o0, and

+ _ ot d
HD,P,PO;(?Q = ay;D,P,PO (WD,P,Po;Bm QD,P,PO;aQ)'

3.1. Single- and double-layer potentials for the Brinkman operator.
We now refer to the Brinkman operator Bp given by (2.26). With respect to
the one forms f € L2 ,(9Q, A'TM) and h € L2(0Q,A*TM), r € [0,1], the
associated single- and double-layer potentials are given a.e. on M \ 992 by
(3.8)

Vp;aszfrz/a (Gr(-,y),£(y))do(y), Qp.aaf 12/ (Ip (- y), £(y))do(y),

0N
Wpooh := Zm (ILp(y, - )v(y) — 2Defy, Gp(-,y)v(y), h(y))do(y),

QP poh = /89<—2Defy p (- y)v(y) — Ep(z,y)v(y), h(y))do(y),
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where Zp(z, y) is the Schwartz kernel of the operator (—Dp) ' € OPSY(M,R),
and satisfies the relation (see [9, 10])

(3.9) (£p), (p) " (y,2) = duZp(a, y).

These layer potentials satisfy the pseudodifferential equations
(2 + 'P)Vp;agf + dQ;;an =0, 5(Vp;agf) =0
(£+ 'P)Wp;agh + dQ%ﬁQh =0, 6Wp.poh =0,
Also, the principal value of W p.goh is given a.e. on M \ 9Q by

(3.11) Kppoh :=p.v. /ag <H7T>(y, Jv(y) — 2Defy, Gp (-, y)v(y), h(y))do(y).

In addition, the relations (3.4)-(3.7) remain valid for the layer potential oper-
ators associated to the Brinkman operator Bp, i.e., one has a.e. on 02 (see
[10], [17, Proposition 3.3, Theorem 3.1}, [3, Theorem 2.1])

(3.12

)
Tt (Vpoaf) = Tr™ (Vpaaf) = Vpof, Tr(Wppoh) = (i sI+ KP;&Q) h,
Otp(Vpioof, Qppaf) i= ((F 31+ Koo )f, Hb b — Hpgoh € Ry,

where H%;aﬂh = az:/t (W’[);@Qh, Q%,@Qh)

(3.10) on M\ 09.

3.2. Compactness of the complementary layer potential operators as-
sociated to B%, p.p, On the sphere S™. One of the main results of the layer
potential theory is the compactness of the complementary layer potential op-
erators. We show this result in the case of the m-dimensional unit sphere
S™.
THEOREM 3.2. Let Q C S™ be a Lipschitz domain. Then for any s € (0,1)
the following complementary layer potential operators are compact:
VD,P0,Py:0Q = VD,P,Py;09 — VD,0,Py;09 * Lg_l(aﬁ, AITSm) — Li(aQ, 17Ss™),
Kp,po,pyo0 = Kp prson — Kpopao : L2(0Q,A'TS™) — L2(09Q, A'TS™),
K7 po.pyaa - L2s(09Q,A'TS™) — L2 (90, A'TS™),
Hp.po.pyo0i=Mp pryoa = Hpopoe: (09 ATS™) — L7, (09, AITS™).
Proof. First, one shows that for any r € (%, 1], the complementary single-
layer potential operator Vp po. p,:00 : LQL_T(OQ, ATS™) — L%_S((?Q, AT S™)
2 2

is compact. To this aim, note that this operator can be written as

. ¥ *
(3-13) Vp,po.ryo0 = ir200aTsm)r3  (@earsm) © (TroVppop o Tr'),
5—s

where Tr : L2(M,A'TS™) — Li_l(aﬁ,AlTSm) is the non-tangential trace
2
operator acting on one forms and Tr* : Lﬁ_r (0Q, A'TS™) — L2 (M,A'TS™)
2
is its adjoint. These operators are bounded for any r € (3,1] (see [13]). In
addition, )}D,p@’ p, is the complementary Newtonian potential operator, i.e.,
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(Vp,po.pw) (@) = ((Gp.po.p(2,)) W) r2(arrsm), and Gp,po.r, = Gp,ppy —
Gp,o,p,- Note that Vp po.p, € OPSC_14(M, A'TS™), as follows from (2.22).
Also, ir290 A175m),L2  (90,A1Tsm) 18 the compact imbedding operator of the

2
space L2(09Q, A'T'S™) into L%ir(QQ,AlTSm). Consequently, the operator
2

(3.13) is compact for any r € (%, 1]. Moreover, by using an extrapolation result

of Cwikel [2] about compactness on complex interpolation scales of Banach

spaces, we conclude that the complementary single-layer potential operator

VD, P,0,Py:09 Li_r(('?Q,AlTSm) — L%_S(OQ,AlTSm) is compact as well, for
2 2

any r € [%, %} The compactness of the other complementary layer potential

operators can be similarly obtained. For brevity, we omit the details, but they
will be given in a forthcoming paper. O

3.3. Compactness of complementary layer potential operators asso-
ciated to the pseudodifferential Brinkman operator Bp. Next, we
show the compactness of the complementary layer potential operators asso-
ciated to the Brinkman and Stokes operators Bp and By, when P = Al and
A > 0 is a constant. The more general case corresponding to an operator
P € OPSY(M,A'TM) of the form VI, where V € C*(M) is an arbitrary
non-negative function, will be treated in a forthcoming paper. For brevity, we
replace the subscript P by A, and obtain (see also the compactness results in
[9, 10] obtained for m = 2, 3):

THEOREM 3.3. If M is a boundaryless compact Riemannian manifold of
dimensionm > 2, Q C M is a Lipschitz domain and X\ > 0 is a given constant,
then for any s € [0, 1] the following layer potential operators are compact:

(a) The complementary single- and double-layer potential operators
Vaoo0 i= Yxoa — Vooa : L1 (09, A'TM) — L3 (9Q, A'TM),
(3.14) K000 = Kyoo — Koo : L2(0Q, A\'TM) — L2(0Q, A'TM),
K o0 : L2, (00, A'TM) — L2,,(0Q,A'TM),
where L2,,(0Q, A'TM) := {h € L2(0Q, A'TM) : (v, h) 290y = 0}.
(b) The adjoint of the complementary layer potential operator
(3.15) K} o00 = Kioo — Kbaq : Li-1(0Q,A'TM) — L7_1(0Q,A'TM)
(¢) The complementary hypersingular layer potential operator
(3.16)  Hro.00 = Hroo — Hooo : L2(0Q, A'TM) — L2_,(0Q, A'TM).
Proof. We use a localization technique due to Mitrea et al. in [15, Chapter
10]. To this aim, let {U; : j =1,..., N} be an open, finite covering of 92 with
domains of coordinate charts in M, each of them being homeomorphic with
the unit ball in R"™. Let us embed isometrically U; in a compact boundaryless

Riemannian manifold M; of dimension m, j = 1,...,N. Each M; can be
obtained by taking two copies of U; with opposite orientation and gluing them
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together along their boundaries. The result is an m-dimensional (possibly
exotic) sphere. In addition, for each j = 1,..., N, select a Lipschitz domain
Q; in M; such that {0Q; N0 :j=1,...,N} is an open covering of 92.
Next, for each j, we may define a pseudodifferential Brinkman-type oper-
ator BY) © C%°(M;, A'TM;) x C(M;) — C%(M;, A\TM;) x C*(Mj), as
in (2.25). Indeed, we may choose a suitable Riemannian structure on M; to
avoid the non-trivial Killing vector fields. Thus, we may construct the corre-
sponding complementary layer potential operators, and, by Theorem 3.2, they
are compact. For example, the complementary single-layer potential operator

(317) Whaa, =Viha, — Ve, : L2109, AT M;) — L2(09;, A'TM;)

is compact, for any s € [0,1]. Let {§; : j = 1,..., N} be a partition of unity, by
Lipschitz functions, which is subordinated to the covering {U; : j =1,..., N}
of 9§ and satisfies the relations 92 Nsupp & C 0€); for each j. Using these
data, one obtains the following decomposition of the complementary single-
layer potential operator V) o.90:

N N

(3.18) Vaooaf =D Y &loansa, V%;QQJ, (&5f)lonnan; -
j=1 k=1

Since the compactness of a linear and bounded operator on a Banach space is
equivalent to its sequential compactness, consider a bounded sequence {®,,} in
L2_1(09,A'TM), which determines the bounded sequences {(£;®,)]annaq, }

in Lg_l(ﬁﬁj, AT M j), for each j. In view of the compactness of the operator
V/(\],());aﬂj on L2 (09, A'T M), we get a subsequence {®,,, } of {®,,} such that
{V>(\],());a§zj (§j®n,)|oanan, } converges to an element ®U) ¢ L2(09;, A'TM;), for
each j. Finally, in view of (3.18), one finds that the sequence {V) 0.00®n, }
converges to ® := Z;VZI fo:l Exloanon, ®Y) € L2(0Q, A'TM). This shows
the compactness of V) g.00 : L2_1(0Q, A'TM) — L2(0Q,A'TM). The com-

pactness of the other complementary layer potential operators in (3.14)-(3.16)
can be similarly obtained. O

3.4. Invertible layer potential operators for the Brinkman system.
Let us mention the following useful invertibility property (see also [6, 18]):

THEOREM 3.4. Under the hypothesis of Theorem 3.3, the operators

11
31+ Kaga : L, (00, ATM) = L2, (90, A'TM)

are invertible for any p € (0,1) and s € {0,1}.

(3.19) Kyyg, = F

Proof. First, we show the Fredholm and zero index properties of (3.19)
o ot ot

on L2(0, A'TM). For this aim, note that K/\;aﬂ;u = KO;BQ;H + K 0:00-

By Theorem 3.3, the operators K g.00 : L?(0Q, AITM) — L?(09Q, A*TM)
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and K .90 : L2090, AL TM) — L2(092, A'TM) are compact. Note that the
operators
- 114+ p
+ — T
(3:20) Ko, = F37—,!
corresponding to the Stokes system (A = 0), are bounded from below modulo
compact operators, as we will show in a forthcoming paper by using the local-

ization technique developed in [15, Chapter 10]. This means that there exists
a constant C' > 0 such that

+ Ko.oq : L2(0Q,A'TM) — L*(09Q, A'TM),

£l 22 001700y < ClIKG a0, f | L200,a17a1) + [[Comp (F)]],

ie, Kyog, @ L2(0Q,A'TM) — L*(9Q, A'TM) are semi-Fredholm. For p
sufficiently close to 1, they are invertible, by means of a Neumann series.
Then, combining this semi-Fredholm property with the homotopic invariance
of the index, we conclude that these operators are Fredholm with index zero
for any p € (0,1) (see [18, Corollary 11.38]). By using [18, Corollary 11.38],
we conclude that the operators

- 11
(321)  Kgga, = ¢§1+—“}1 + Ko.g0 : L2(0Q, A TM) — L2(09Q, ' T M)
K ) pe— M
are Fredholm with index zero as well.
Next, we show the Fredholm and zero index properties of the operators

~ 11
(3.22) Ky, = ;21:‘:]1 + Koo : L2, (09, ATM) — L2, (99, A'TM).
This property follows from the relation (see e.g. [16, (7.41)])

11+ 11+ « .
+- P Koog = Voo (= LT+ K g | Vido on L2, (09, A'TM),
21— p ’ ’ 21— p1 ’ i :
the invertibility of Vo.aq : L2(9Q, A'TM) — L%,V@Q, ATM) (see [17, Theo-
rem 6.1]) and and the fact that the operators

Voo : L2(0Q,A'TM) — L7 (09, A'TM),

11
15#]1 K - L2(0Q, AMTM) — L399, A'TM)
— l/ll b
are Fredholm of opposite indgx. It remains to show that the operators (3.19)
are injective. Let h € Ker(K} ., @ L1, (09, A'TM) — L, (99Q,A'TM)).
By repeated applications of the Green formulas (2.37) to the double-layer po-
tential W y.gpoh and its associated pressure potential Qi soh, one obtains that

h = 0, i.e., the operator KI@Q'N : Liu(aﬂ, ATM) — L%;V(aﬁ, AT M) is in-
deed injective. The injectivity of K, : LZ(09Q, A'TM) — L2099, A'TM)
follows from [18, Lemma 11.40] and the density of the continuous imbedding

L%;V((?Q, ATM) — L2(9Q, AYTM). For brevity we omit the details, but they
will be given in a forthcoming paper. This completes the proof. O
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4. APPLICATIONS OF THE LAYER POTENTIAL THEORY

In this section we apply the layer potential theory developed in Section
3 to show the well-posedness of some transmission problems for the Stokes
Brinkman operator By and By, A > 0, on Lipschitz domains on a compact
Riemannian manifold of dimension > 2, with boundary data in L? spaces.
Recall that £ = 2Def*Def and N is the non-tangential maximal operator (see
(2.23) and (2.28)). First, we show the following well-posedness result:

THEOREM 4.1. Let M be a compact boundaryless Riemannian manifold,
dim(M) > 2, Q1 :=Q C M be a Lipschitz domain and Q_ := M\ Q. Also let
A > 0 be a given constant. Then for any p € (0,1) the transmission problem?

duy =0, Luy + Auy +dryp =0 in Qy,
du- =0, Lu_ +Au_+dr_ =0 1in Q_,
(4.1) N (Vug) € L2(092), N(nx) € L2(09),
pTrfuy —Trmu- =U € LF,(0Q, A'TM) on 09,
Of(uy, ) — 0, (u_,n_)=F € L?(0Q, A\'T M) on 05,
is well-posed, i.e., it has a unique solution
(s, m4), (e, 7)) €(C3Q, AITM) x CL(94)) < (C3(Q, AITM) x CL(2.))
(up to a constant pressure), and there erists a constant ¢ > 0 such that
(4.2)
IN(Vas) 200y + IV (2| 1200) < (Ul 200,070 + IF | 2@000700)-

Proof. Let us consider the layer potentials
(4.3) ur = Wygoh + Vpgaf, 1 = Qraah + Qpgaf in O,

with the unknown densities h € L%;V@Q, ATM) and f € L?(0Q, A'TM). In
view of (3.10), these layer potentials satisfy the Brinkman equations of (4.1).
In addition, the general theory developed in [15, Chapters 1,2] show that
(4.3) satisfy the necessary conditions in (4.1), required to have a meaningful
formulated problem, i.e., the conditions N (Vuy), N (m+) € L2(99).
Now, by imposing the transmission conditions of (4.1) to the layer potentials
(4.3) and using the formulas (3.12), one obtains the equations
11+ 1
<_“]1 + ng) h+ Vyoof = ——U
(4.4) 21—p I—p  ae. on 09Q,
(Pt — Moo )R- =F
+ — . _
where H50h i= 05 (Waoh, Quanh). Since ({0 — Hj g0 ) b € Ry (see
also (3.12)), the first equation in (4.4) takes the form
114+ p

1
(4.5) (—]I + K)\-ag) h=———U+VyyaF a.e. on 0f2,
21 —p ’ 1—pu '

2In the context of L? boundary spaces, one has 9, (u,7) = (== + 2Defu) v.
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where the right-hand side belongs to L%;V(OQ;AlT M), due to the property
WnooF € L3,(09; A'TM) (for any F € L*(09; A'TM)). In addition, by
Theorem 3.4, the operator

11
—ilﬂ‘ﬂ + Ko : L2, (00 AVTM) — L2, (09 AMTM)
J— M b k)
is invertible. Thus, there exists a unique solution h € L7, (8, A'TM) of the
equation (4.5). Moreover, the density f is also unique, as it is given by the

second equation in (4.4), i.e.,
£ = (oo — Hion) b — F € L2099, A'TM).

Consequently, the layer potentials (4.3) determine a solution to the transmis-
sion problem (4.1), which satisfies an estimate of type (4.2). Indeed, in view
of [18, Proposition 4.5, Proposition 4.10] and the boundedness properties of
the operators

11
—QIJ_FZH + Koo : L1, (09, A'TM) — L3,,(0Q, A'TM),
00 — Hyoo : L1, (09, A'TM) — L*(99, A'TM),

one has successively
[N (Vus)|z290) + IN ()| 2 00) < € (”hHL%(BQ,AlTM) + ||fHL2(BQ,A1TM))

(4.6) < ¢ (Il zonarran + IFll2oonran)

with some constant ¢ > 0. Now, we show that the solution of the transmission
problem (4.1) is unique (up to a constant pressure). To this aim, suppose
that the pairs (G4, 74) satisfies the homogeneous version of (4.1). Taking
into account the representations (see e.g., [3, (3.7)] in the case of the Stokes
system)

U+ = Wioo(Tr ) — Vian (0] (84, 74))
(4.7) in Qy,
0= —W)\;aQ(Trffl_) + Vaon (0, (4_,7_))

and the transmission conditions in (4.1), one finds uy = (1— )Wy 90 (Trtay)
in Q. If we apply the non-tangential boundary trace Tr* to both sides of
this formula and use Theorem 3.4, one obtains the uniquely solvable equation

11

Y L Ky ) Trti, =0

21 —p ’
in the space L%;V((?Q, A'TM). Consequently, Trta, = 0. Therefore, the pair
(04,74 ) is a solution of the homogeneous Dirichlet problem for the Brinkman
system in . Finally, taking into account by [10, Theorem 5.4], we conclude

that iy = 0 and 74 = 0 (up to a constant) in Q. Similar arguments as
before imply that t— = 0 and 7— = 0 (up to a constant) in _. O



16 Potential analysis on Lipschitz domains 171

Next, we show the well-posedness of a transmission problem associated to
the Stokes and Brinkman operators By and By, A > 0:

THEOREM 4.2. Let M be a compact boundaryless Riemannian manifold,
dim(M) > 2, Q1 :=Q C M be a Lipschitz domain and Q_ := M\ Q. Also let
A >0 be a given constant. Then for any p € (0,1) the transmission problem

duy =0, Luy + A uy +dry =0 in Qy,
ou_ =0, Lu_+drn_=01inQ_,
(4.8) N(Vllj:), N(?Ti) € L2(8Q),
pTrfuy —Trru- =U € L7, (00, A'TM) on 09,
Of(uy,my) — 0, (u_,7m_) = F € L*(0Q, A'TM) on 99,

has a unique solution

(Wr, ), (e, 7)) € (CH(Qu, ATTM) X CH(Q4) X (CHQ-, AT M) x CH(Q-)

(up to a constant pressure), and, for some C > 0,

(4.9)

IN(Vug)lz200) + IV (m0)llz200) < C U 200,870 + I FllL200.01700) ) -
Proof. First, note that, in view of Theorem 3.4, the operator

Ty L3, (09, A'TM) x L*(0Q, A'TM) — L7, (09, A'TM) x L*(0Q, A'TM),

11+
(4.10) g = | WD) <_§ﬁﬂ + KA;&Q) (1 —1)Vxo0 ’
0 1
is Fredholm with index zero. In addition, by Theorem 3.3, the operator

Cro t LT, (09, A'TM) x L*(09, A'TM) — L3,,(0Q, A'T M) x L*(9Q, A'TM),

K.0.00 Vx.0:00
411 Cr.n = Y 303
( ) A0 ( Hx0:00 KK,O;BQ - 0‘(“897 '>aQV

is compact, for any constant o € R, where u,, € L*(0Q,A'TM) is chosen

such that (v, i,,),, = 1. Therefore, the operator

Tho L3, (09, A" TM)x L*(0Q, A'TM) — L3,,(09Q, A'TM) x L* (09, A'T M),

(4.12) Do =T+ S

is Fredholm with index zero too.
Now, choosing « # ¢ — 1, where (see e.g., [3, 10])

K3 o.00v = (v on 05,
and using similar arguments to those for Theorem 4.1, one obtains that the

operator (4.12) is injective, and hence invertible. Consequently the equation

(4.13) Tho < }f‘ ) = < Z]”__ ) € L3, (09, A'TM) x L*(0Q, A'TM)
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has a unique solution (h,f)" € Liu(ﬁﬁ, ATM) x L?(0Q, A'TM). Then the
layer potentials

(4.14) uy = Wygoh + Vasof, 7 = Q% s0h + O590f in Qy,

(4.15) u_ = Wogoh + Vipof, 7 = Qg;aﬂh + Q(S);emf + afpiyg, £y n Q-

determine a solution ((u4,74), (u—,7_)) of the transmission problem (4.8).
Note that the system of equations that follow by applying the transmission
conditions in (4.8) to the layer potentials (4.14) and (4.15) is equivalent to
the matrix type equation (4.13), as can be observed by means of the formulas
(3.12). In addition, the solution ((uy,7+),(u—,7_)) is unique (up to a con-
stant pressure) and satisfy the estimate (4.9). For brevity, we omit the details,
but they will be given in a forthcoming paper. O

1]

[10]

[11]
[12]
[13]

[14]

REFERENCES

COSTABEL, M., Boundary integral operators on Lipschitz domains: Elementary results,
SIAM J. Math. Anal., 19 (1988), 613-626.

CWIKEL, M., Real and complex interpolation and extrapolation of compact operators,
Duke Math. J., 65 (1992), 333-343.

DINDOS, M. and MITREA, M., The stationary Navier-Stokes system in nonsmooth man-
ifolds: the Poisson problem in Lipschitz and C* domains, Arch. Ration. Mech. Anal.,
174 (2004), 1-47.

EscauriazaA, L. and MITREA M., Transmission problems and spectral theory for singu-
lar integral operators on Lipschitz domains, J. Funct. Anal., 216 (2004), 141-171.
FaBES, E.; KENIG, C. and VERCHOTA, G., The Dirichlet problem for the Stokes system
on Lipschitz domains, Duke Math. J., 57 (1988), 769-793.

HorMANN, S., MITREA, M. and TAYLOR M., Singular integrals and elliptic bound-
ary problems on regular Semmes-Kenig-Toro domains, Int. Math. Res. Not. IMRN, 14
(2010), 2567-2865.

Hsiao, G.C. and WENDLAND, W.L., Boundary Integral Equations Springer, 2008.
JERISON D.S. and KENIG C.E., Boundary behavior of harmonic functions in nontan-
gentially accesible domains, Adv. Math., 46 (1982), 80-147.

KoHR, M., PINTEA, C. and WENDLAND, W.L., Stokes-Brinkman transmission problems
on Lipschitz and C* domains in Riemannian manifolds, Commun. Pure Appl. Anal., 9
(2010), 493-537.

KoHR, M., PINTEA, C. and WENDLAND, W.L., Brinkman-type operators on Riemann-
ian manifolds: Transmission problems in Lipschitz and C* domains, Potential Anal.,
32 (2010), 229-273.

KoHR, M. and Pop, 1., Viscous Incompressible Flow for Low Reynolds Numbers, WIT
Press, Southampton (UK), 2004.

MEDKOVA, D., Transmission problem for the Laplace equation and the integral equation
method, J. Math. Anal. Appl., 387 (2012), 837-843.

MikHAILOV, S.E., Traces, extensions and co-normal derivatives for elliptic systems on
Lipschitz domains, J. Math. Anal. Appl., 378 (2011), 324-342.

MITREA, D., MITREA, M. and QIANG SHI, Variable coefficient transmission problems
and singular integral operators on mon-smooth manifolds, J. Integral Equations Appl.,
18 (2006), 361-397.



18

Potential analysis on Lipschitz domains 173

[15]

[16]
[17]
[18]

[19]
[20]

21]

MITREA, D., MITREA, M. and TAYLOR, M, Layer Potentials, the Hodge Laplacian and
Global Boundary Problems in Non-Smooth Riemannian Manifolds, vol. 150, no. 713,
Providence, RI: Mem. Amer. Math. Soc., 2001.

MiITREA, M. and TAYLOR, M., Boundary layer methods for Lipschitz domains in Rie-
mannian manifolds, J. Funct. Anal., 163 (1999), 181-251.

MITREA, M. and TAYLOR, M., Navier-Stokes equations on Lipschitz domains in Rie-
mannian manifolds, Math. Ann., 321 (2001), 955-987.

MITREA, M. and WRIGHT, M., Boundary value problems for the Stokes system in
arbitrary Lipschitz domains, Astérisque, 344 (2012), viii + 241 pages.

TAYLOR, M., Pseudodifferential Operators, Princeton Univ. Press, Princeton, 1981.
TRIEBEL, H., Interpolation Theory, Function Spaces, Differential Operators, North-
Holland Publ. Co. Amsterdam, 1978.

Wroka, J.T., ROWLEY, B. and LAWRUK, B., Boundary Value Problems for Elliptic
Systems, Cambridge Univ. Press, Cambridge, 1995.

Received June 18, 2011 “Babes-Bolyai” University
Accepted November 21, 2011 Faculty of Mathematics and Computer Science

Str. M. Kogalniceanu nr. 1
400084 Cluj-Napoca, Romania
E-mail: mkohr@math.ubbcluj.ro
E-mail: cpintea@math.ubbcluj.ro

Universitdt Stuttgart
Institut fiir Angewandte Analysis
und Numerische Simulation
Pfaffenwaldring 57
70569 Stuttgart, Germany
E-mail: wendland@mathematik.uni-stuttgart.de



