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Qk.wiog(p, ¢)-TYPE SPACES OF ANALYTIC
AND MEROMORPHIC FUNCTIONS

A. EL-SAYED AHMED and ALAA KAMAL

Abstract. In this paper, we define the space Qx w,10¢ (P, ¢) of analytic functions
on the unit disk. We obtain some characterizations for the space Qk,w,1og (P, q)
by the help of the nondecreasing function K and the reasonable function w.
Moreover, the meromorphic Qf{’w’log (p, q) space is also considered and studied.
MSC 2010. 30D45, 46E15.
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1. INTRODUCTION

We start here with some terminology, notation and the definition of various
classes of analytic functions defined on the open unit disk D = {z : |2| < 1}
in the complex plane C with boundary dD. dA(z) be the normalized area
measure on D so that A(D) = 1. Recall that the weighted logarithmic a-Bloch
space Biy, (see [15]) is defined as follows:

2
B, = {f : f analytic in D and sup (1 — |2|?)® <log 2) If'(2)] < oo} .
z€D 1- |Z’

Q

log,0 (see [15]) is a subspace of

The little weighted logarithmic «-Bloch space B
consisting of all f € Bﬁ‘)g such that

o
log

2
lim (1—|2]%) (log ——— ] [f'(z)| = 0.
im0 127 (1o 5 ) £ =0
Denote by D = {f : f analytic in D and [p |f/(2)]?dA(z) < oo} the Dirichlet
space. Let 0 < ¢ < co. Then the Besov-type spaces

BY = {f : f analytic in D and

Sup/ I = 211072 (1 = |pa(2)P)?dA(2) < 00}
a€eD JD
are introduced and studied intensively by Stroethoff (cf. [11]). Here, ¢,(2)
stands for the M&bius transformation of D and it is given by ¢4(z) = {==,
where a € D. In [3] a class of holomorphic functions, the so called Q,-space is
introduced as follows:

Qp = {f : f analytic in D and sup/ |f’(z)]2gp(z,a)dA(z) < oo},
D

a€D
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l—az

where 0 < p < oo and the weight function g(z,a) = log‘ ‘ is defined as

the composition of the Mdébius transformation ¢,. The weight function 9(z,a)
is actually Green’s function in D with pole at a € .

For a point @ € D and 0 < r < 1, the pseudo-hyperbolic disk D(a,r)
with pseudo-hyperbolic center a and pseudo-hyperbolic radius r is defined by
D(a,r) = pq(rD). The pseudo-hyperbolic disk D(a,r) is also an Euclidean
(=r?a . q (=la?)r

1—r2|al? ar 1—r2lal?
spectively (see [11]). Let A denote the normalized Lebesgue area measure on
D, and for a Lebesgue measurable set K7 C D, denote by |K;| the measure of
K1 with respect to A. It follows immediately that:

disk: its Euclidean center and Euclidean radius are re-

(1—laf)
D ===
| (a,r)| (1—T2‘a|2)2r
Let K : [0,00) — [0,00) be a nondecreasing function. For 0 < p < oo, =2 <
q < 00, we say that a function f analytic in D belongs to the space Qx (p, q)

(cf. [14]), if
T igg/gkf(@VKl—WZVVBKg&aa»dACﬂ<<oo

Using the above mentioned function K, several authors have been studied
some classes of holomorphic and meromorphic function spaces (see [1, 2, 5, 6,
8,9, 13, 14] and others).

Now, given a reasonable function w : (0,1] — (0, 00), the weighted Bloch
space By, (see [4]) is defined as the set of all analytic functions f on D satisfying

(1= l2DIf'(2)] < Cw(l = [z]), z€D,

for some fixed C'= Cy > 0. In the special case where w = 1, B, reduces to the
classical Bloch space B. Here, the word “reasonable” is a non-mathematical
term; it was just intended to mean that the “not too bad” and the function
satisfy some natural conditions.

We introduce the following definitions:

DEFINITION 1.1. For a given reasonable function w : (0,1] — (0,00) and
for 0 < o < 00, an analytic function f on D is said to belong to the weighted
logarithmic a- Bloch space B%, if

w,log

R Y T W
11z, = sup S0 ] (1o ) < o0

DEFINITION 1.2. For a given reasonable function w : (0, 1] — (0, 00) and for
0 < a < 00, an analytic function f on D is said to belong to the little weighted
logarithmic a-Bloch space B if

(A=), 2 _
Ifllss,,, . = ‘ }ﬂ_mlf (2)] <log1 — |Z|2) =0
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Throughout this paper and for some techniques, we consider the case of

w # 0.
The logarithmic order (log-order) of the function K(r) is defined as
_ Int In™ K(r)
p = limsup ————,
r—00 Inr

where In™ z = max{Inx,0}. If 0 < p < oo, the logarithmic type (log-type) of
the function K (r) is defined as
Int K
o = limsup ni(r) .
r—00 rP

Note that if f is an entire function, then the growth order of f is just the
log-order of M(r), the maximum modulus function of f.

DEeFINITION 1.3. Let 0 < p < 00 and —2 < ¢ < oo. For a nondecreasing
function K : [0,00) — [0,00) and for a given reasonable function w : (0,1] —

(0,00), an analytic function f in I is said to belong to the space Qi w 1og (P )
if

Mot =512 17 PO S (10 115 ) 44() < o0

DEFINITION 1.4. Let 0 < p <00, —2 < g < oo and 0 < s < co. For a given
reasonable function w : (0,1] — (0,00) an analytic function f in D is said to
belong to the spaces F, 10¢(p, q, 5) if

P _ / P(1_5]2)4 gs(z,a) ] 2 A
Hf||Fw,]og(paq7s) ilelg/]l) |f (Z)| ( |Z’ ) wp<1 o ‘Z‘) og 1— ‘2’2 d (Z) <00

Moreover, if

| 7'(z50) 2 _
o [ - kg (o ) oo -
then f € Fw,log,o(p7Q73)'

We assume throughout the paper that
1

/(1 —rH7K (log 1> rdr < oo.
r
0

We can define an auxiliary function as follows:

K(st)
§) = sup ———, 0<s<oo.
Px(s) o<t<1 K(t)
Remark. It should be remarked that our Qg . 10g(p,q) classes are more

general than many classes of analytic functions. If w = 1, and log ﬁ =1,

then we obtain Qi (p, q) type spaces. If p=2,¢ =0, w =1, and log ﬁ =1,
we obtain Qg space. If p =2, =0, w = 1, and logﬁ = 1, we obtain
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Qp spaces as studied in [3]. If w = 1, logﬁ = 1 and K(t) = ¢°, then
QK wlog = F(p,q,s) classes.

Throughout this paper, we assume that K : [0,00) — [0,00) is a right con-
tinuous and nondecreasing function. Moreover, we suppose that w : (0,1] —
(0,00) is a nondecreasing function.

2. ANALYTIC CLASSES

We first give some basic properties of analytic Qx . 10g(P, ¢) spaces.

PROPOSITION 2.1. Let K : [0,00) — [0,00) be a nondecreasing function and
w: (0,1] = (0,00), where w(At) = Aw(t). For 0 < p < oo and —2 < ¢ < o0,

we have that the spaces Qx w1og(P,q) are subsets of the weighted logarithmic
at2

Bloch spaces B, *

w,log”

Proof. For a fixed r € (0,1) and @ € D, let E(a,r) = {z € D, |z —al| <
r(1 —|al)}. Also, suppose that f € Qleog( q). We obtain:

Vvt =520 [P0 = e S0 (o8 ) 040

oK) (2 )

> [1repa- st (1g1_,zz)dA<>
oK) (3 )

Z/D(m)lf(Z)l (1= e (1 gl_,zp)dA( )
1 Al (2 )

ZK<logr> /Dm,,«)'“ W@ T <l BT rz2>d“‘( )

>ac () [V 2 (fn =) a0

We know that E(a,r) C D(a,r) and for any z € E(a,r), we have
(I=r)(1—lal) <1—|z[ < (1 +7)(1 —|a]).

Now, since we assume that w is non-decreasing, we obtain:

1 (1 |y 2
p > = ’ P
v > K (1027 Lo VN iy (o = ) 4

C(r)(1 — lal)? (log ) o
= T (L= )1~ Jal) [E@,r) P @I dAG),

where C(r) is a constant depends on r. Since | f'(2)|? is a subharmonic function,
we have:

/E( | ()P dA(2) > |E(a,7)]| |f'(a)lP = 7(1 —|al)*[ f'(a)]".
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Then, we obtain

C1(r)(1 — |a))72|f" ()| (log 247
HfHQKw Jlog (P:9) 2 wP(1 — |al) ’

where C1(r) is a constant depends on r. Then, we deduce that,

(1) Hpr Hf”Qleog (p,9)
B% - Ci(r)

w,log

Our proposition is therefore established. O
Next we give the following proposition.

PROPOSITION 2.2. Let w : (0,1] — (0,00) and 0 < p < 00,—2 < ¢ < o0.
If the log-order p and the log-type o of a nondecreasing function K(r) satisfy
one of the following conditions:

(i) p>1;

(ii) p=1and 0 < 0 < o0, then HfH otog (:0) CIfIP e -

B p

w,log

Proof. By Proposition 2.1, it suffices to show that each non-constant weighted
logarithmic a-Bloch function f can not belong to the spaces Qg . 10g(D; @)

In fact, if either the log-order p of K (r) is greater than 0, or the log-order
p of K(r) equals 1 and the log-type o of K(r) is greater than 2, then there
exists a sequence {r,} with r, — oo as n — oo such that

IntIn™ K
@) im TR
n—00 Inr,
or
InT K
(3) o= lim 2 E0W) Ly
n—oo Tn
In the case (2) or (3), we obtain
K
(4) lim (ra) = const.

n—oo eNTn

Let f be a non-constant weighted logarithmic a-Bloch function. Then

17 e = sup § L (10g : )!f’<z>p:zem> 0.
s e |- \ =D

However, by (1) and (4) we have

Bt =2 [ 17— 1oy ST <1°g o) A

1
O
B P

w,log

Hence f € QK w.10g(P,)- -
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THEOREM 2.3. Let K : [0,00) — [0,00) be a nondecreasing function and
w: (0,1] = (0,00), satisfying both of the following:

(r) =c 7& 0:
P )
(B) The log-order p and the log-type o satisfy one of the following cases:
(i) 0<p<1;
(ii)) p=1and 0 < o < 0.
a+2
Then QK,w,log(pa Q) = sziog'

(A) There exists a constant p > 1 such that lim,,_, KT

Proof. Let lim,_, Kr(p = C # 0, for some p € (1,00). Then there exists a

fixed m € (0,1) such that

c  K(r)
(5) §§ " <c+1, 0<r<r.
We may choose ¢ € (0,1) such that
1
(6) z € D\D(a,r9) = g(z,a) = log <71
|pa(2)]

Now we first suppose that f € Qg 10g(P, q) With

. by LK) (2 N
oo [P0 W T2 (s 2y ) adte) =

and write

1 P (2 )
Lisera -y !\)(lg(l—lz!)>dA()

) R 0 I A ]
™ ‘/D<a,m>'f”' “ ")qu<1—|z>(lg<1—|z|>)d’4()

|

e )Y (2 )
*/D\D(W PP = S <1 Bl |z\>> d4(=)
=1+ I>.

p+2
Since Qk w,log(P; @) C B, from Proposition 2.1, we have

_ ()P _Z2q(g(z,a))p o 2 P
11—/DW|f< (| |>wp( _M) (1 g(l_\d))“()

MW [ =) (s 5 ) A

w,log

zzﬂ”fupm/ (112 2<log>
B P 0

w,log

=27 fII” sz I (ro, p),
B P

w,log
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where the integral

To 1 p
I(ro,p) = / r(1— 7"2)72 (log r) dr < oo
0

for 0 <rp <1 and 1 < p < co. On the other hand, by (5) and (6), we get
with DO = D\D(a, 7“0):

1 P (2 ]

B= [ @Pn =R s (o ) 446
K (2 G
<2 [ rera-1ar ey (o g2y ) e <

Consequently, by (7), (8) and (9), we obtain that

sup/ 1 ()P (1= l9(z,0))" <log a —2\z|)> dA(z) <sup{l1+12} < 0.

a€D wP (1 — |z)

pt2
Thus f € QK,w,log(pa Q)' Hence QK,w,log(pv ) - Bwaog Since f € QK,w,log(pa q)a
f must be a weighted logarithmic Bloch function in D, and

N " eGP (2
sup [ £GP0~ P! (1|2 (lg<1—|z|>

With Dy = D\ D(a,rg), it follows from (5) and (6) that

oo L
n- [ |f’<z>|p<1—|z|2>qw<log 2 )dA(z)

wP(1 = |z[) (1—1z)

)dA(z) =C < o0.

(10)

/ Prq _ 22 OOL%(Z))]? 0O 2 z
<(c+1) b, A== wP(1—|2]) <1 g(l— |z|)> A
:(c+ 1)C

Since f € QK wlog(P,q), f must be a weighted logarithmic Bloch function in
D. Similar to (8), we have

K (log —L
J = / lf (2)|P(1 - |Z,2)q<0g%(z)> (log
D(a,ro) — (

70 1
(11) <27 f1” o / (1-r*)7°K <log r> rdr
0

p
Bw,log

2m To 1
< ———I|IfIP K (log = ) rdr.
< o e [ (10 ) rar

w,log
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Now we show that the integral [;° K (log L)rdr in (11) is convergent. Setting
t = log %, we have

"o 1 T K(t
J(K) = K |log— | rdr= gt)dt.
0 r (§

to

If K(t) satisfies condition (i), then for given € > 0 with p+ € < 1, there exists
t; > to such that K(t) < e?*¢ < e', t > t;. Therefore,

t1 K(t —+o00 K (t t1 K (t —+o00 1
(12) J(K) = ()dt—i- ()dt< ()dt—l- —-dt < oo.
2t e2t e2t ' e2t
1

to © 1 to

If K(t) satisfies condition (ii), then for given € > 0 with 0 < 0 + 2¢ < 2, there
exists ty > tg such that K(t) < elotot < e(Q_E)t t > ty. Thus

J(K)Z/tt2 K(t)dw/m KA 4 </t2 K()dw/t:m 6(2;:)tdt

e2t et e2t

0 to to e
to K 400

= / ( )dt —|—/ e ¢ldt < oo.
to e to

Therefore, by (10) and (11), we get

sup/]f (2)[P(1 = |z} Klg(z,a)) <log1_2|z|>dA(z):sup{J1+J2}<oo.

a€D wP(1 = |z]) a€D

This implies that f € Qx w log(P; q). The proof is therefore completed. O

3. MEROMORPHIC CLASSES

A natural analogue of |f’(z2)| is the spherical derivative

1f'(2)]
fH(z) =
(L+1f(=)?)
We define the classes F 1Og(p, q,s) and valogyo(p, q,s) as follows.

DEFINITION 3.1. Let 0 < p < 00, —2 < g < oo and 0 < s < co. A function
f meromorphic in D is said to belong to the class F 1og(p, q,s) if

sup [ (140 2 (log 2y ) aage) < .

acD ( ’ D
that is, ||f||p < 0o. Moreover, if
wlog(pqs)
i [ ()0 oy (10g : )dA<z) -
la|]—1— Jp w?’(l — ‘ZD 1-— |Z|2
that is, Hf|| =0, then f € F log(p, q,$).

w log 0(p7 ’ )

Therefore we define the classes Mw log (p,q,s) and Mw Tog, o(p, q, s) as follows.
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DEFINITION 3.2. Let 0 < p <00, —2<g< oo and 0 < s < oo. A function
f meromorphic in D is said to belong to the class Mjflog(p, q,s) if

I T B P O o S AV A VYV
p [P a1 E I (1o 2 Y aae) <,

aeD

that is p < 00. Moreover, if
9 Hf”Mf,log(p’q’s) VEr,

im [ ()P e @ (o 2 Y a0 -
i [ (#Pa- rE I (1o 2 Y aae) o

that is, ||f||§’v[# =0, then f € Milogp(p, q,$).

w,log,0 (p7Q78)

Let leog be the class of all normal functions in . A function f meromor-
phic in D is said to be logarithmic normal if and only if

sup wlf#(z) <log : _2’,2’2) < 00.

zeD (.U(l - ’Z’)

Now we give the following theorem.

THEOREM 3.3. Let 0 < p < o0, —2 < qg < oo and 0 < s < 1. Then a
function f meromorphic in D is logarithmic normal if and only if

p
HfHFjlog(p7Q7s)

Proof. The proof of this theorem is very similar to the corresponding result
in [12], so it will be omitted. O

In the corresponding way to the analytic case, we define the meromorphic
classes Qﬁw log (P> @) as follows.

DEFINITION 3.4. Let K : [0,00) — [0,00) be a nondecreasing function. For
0 <p<ooand —2 < g < 0o, a function f meromorphic in D is said to belong
to the classes Qﬁw 1Og(p, q) if
K(g(z,a)) 2
13 #(2))P (1 —|2%)1 ’ 1 dA .
1) sup [ (@012 ST (lor g ) dA() < o

aeD

Remark. Similar to the analytic case, if we take w = 1 and K(t) = t° for
0 <s < ooand logﬁ =1, then Qﬁ7w’10g(p, q) = F#(p,q,s) (see [10]), the
corresponding meromorphic of F(p,q, s) spaces. If we take K(t) =t?, ¢ =0
and w = 1 and log ﬁ =1, then Q§w7log(p, q) = Q# (see [3]).

DEFINITION 3.5. [12] A function f meromorphic in D is said to be a spherical
Bloch function, denoted by f € B, if there exists an r, 0 < r < 1, such that

su #22 z .
p/D(f())dA()<

a€D
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It is easy to see that a normal function is a spherical Bloch function, that

is, N’ C B#, but the converse is not true. A counterexample can be found in
[7].

PROPOSITION 3.6. Let K : [0,00) — [0,00) be a right continuous and non-
decreasing function and suppose that w : (0,1] — (0,00) is a nondecreasing

function. Then, the classes Q?w’log(p, q) are subsets of the spherical Bloch
a+2

# P
classes B wilog®

where 0 < p < 0o and —2 < q < 0.

Proof. We can prove the proposition by making the obvious modifications
to the proof of Proposition 2.1. O

THEOREM 3.7. Let K : [0,00) — [0,00) be a right continuous, bounded and
nondecreasing function and suppose that w : (0,1] — (0,00) is a nondecreasing
function. Moreover, suppose that f is a logarithmic normal function. Let
0 <p< oo and —2 < q < oo. If lim,_9 K — ¢ < oo holds for some

7.8
0<s<oo, then f € Qfgwjlog(pa q)-
K(r)

/’-S
there exists a fixed 1 € (0,1) such that
take rg € (0,1) such that both

= ¢ < oo holds for some 0 < s < co. Then
K(r)

rs

Proof. Suppose that lim,_,q

<c+1for 0 <r < rg, we may

# I _ P 2
()] <ry, log 9a(2)] <ec1(1 = |ea(2)]?)

hold for constant ¢; > 0 whenever z € D\ D(a, 7). Now we have

I =50 [ Gt 0= 20 S (g ) aace)

K,w,log(p’q) acD wp(l - |Z|)

9(z,a) = log

= su #N (1 — |22 qK(g(Zaa)) o 2 .
=0 g G W I EE S (e ) a4t

D(a,ro)

su #z Py _ PE qK(g(z,a)) o 2 B
o Jy U O SR (108 =) 442

For a € D and r( as above, and Dy = D\ D(a, ), using Theorem 3.3 we have
that

o= [ Gt 0 =R S (o ) o)

- Py 2\s
< (c+ 1) (@)’ /D () - !zP)"(lwp(‘f ! |i||>) (l‘)g 1 —2|z|2> e

Then Lo < 1 § P < 00.
n Ly < (4 e Il <o
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On the other hand, since K is bounded, there exists a constant Cy such
that K(r) < Cs for all 7,,0 < r < co. Thus

o %N (1 — ()2 ¢ K(g(2,a)) o 2 >
L -/D(m) (0= ) (1 5 2‘2) dA(2)

G B e L a2 .
< s [ - Eo R (o s ) e

C P
< 5o ‘

Then L; < 1—r2)s HfHijlog(p,q,S)

Therefore, we have

su #Zp _quK(1f|cpa(z)|2) o 2 B
oo [ U8 @70 - P2 (s ) aaco

=sup{L1 + L2} < 0.
a€h

Thus fo € | f|,

Finally, we consider the harmonic counterpart of Qg u 10g(p,q) as follows.

, and the proof of our theorem is completed. O
K,w,log(p7q)

DEFINITION 3.8. Let 0 < p < 0o and —2 < ¢ < oo and let K : [0,00) —
[0, 00) be a right continuous, bounded and nondecreasing function and suppose
that w : (0,1] — (0,00) is a nondecreasing function. A real-valued harmonic
function v in D is said to belong to the space Qxp w10g(P, q) if

by KOG (2 N
sup [ [Vu(:)P(1 2P (108 1) ) < .

a€D wP(1 = |z[)

where Vu(z) = (ug,uy) is the gradient of u and [Vu(2)| = {/u2 + uZ.

The harmonic logarithmic weighted a-Bloch space B;’L"w’log, is defined by the
set

R () <

{u : v harmonic in D and sup

Remark. Tt is easy to see that some corresponding results to Propositions
2.1, 2.2, and Theorem 2.3 are also true for Qg w 1og(P; ¢) and the proofs are
similar to those of them.
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