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SOME APPLICATIONS OF THE GENERALIZED
BERNARDI-LIBERA-LIVINGSTON INTEGRAL OPERATOR
ON UNIVALENT FUNCTIONS

SHAHRAM NAJAFZADEH and PARISA HARIRI

Abstract. Using the generalized Bernardi-Libera-Livingston integral operator,
we introduce and study some new subclasses of univalent functions. We also
investigate the relations between these classes and the classes which are studied
by Jin-Lin Liu.
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1. INTRODUCTION

Let A be the class of functions of the form f(z) = z+> 7, a,2" which are
analytic on the unit disk U = {z : |z] < 1}, also let S denote the subclass of
A consisting of all univalent functions on U. Suppose that A is a real number
with 0 < A < 1. A function f € S is said to be starlike of order A if

Re{sz;g)} >\, forall z € U.

A function f € S is said to be conver of order A if

2f"(2)

f'(z)
We denote by S*(\) and C'()\) the classes of starlike, respectively, of convex
functions of order \. It is well known that f € C()\) if and only if zf" € S*(\).
Let f € Aand 0 < 8 < 1. The function f is called a close-to-convex function
of order 8 and type X if there exists a function g € S*(\) such that

2f'(2)
9(2)
We denote by K(3,\) the class of close-to-convex functions of order 5 and

type A. A function f € A is called quasi-convex of order 8 and type X if there
exists a function g € C'(\) such that

/ /

Re{(zf/(z))} > 3, for all z € U.
9'(2)

We denote this class by K*(5,\) (see [11]). It is easy to see that f € K*(3,7)

if and only if zf" € K(8,v) (cf. [10]). Let f € A. If for some A (0 < A < 1)

Re{1+ }>)\, for all z € U.

Re

> 3, for all z € U.
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and 7 (0 <n <1) we have
T
< —mn, forall z € U,

i (e )| <

then f is said to be strongly starlike of order n and type A in U. The class of
these functions is denoted by S*(n, A). If f € A satisfies the condition
1

(2) arg <1 + ZJ{'(S) - )\)‘ < gn, for all z € U,
for some A\ and 7 as above, then we say that f is strongly convex of order n
and type A in U. The class of these functions is denoted by C(n, ). Clearly,
f € Cn,A)if and only if zf" € S*(n, A). Also, S*(1,\) = S*(A) and C(1,)\) =
C(N).

For ¢ > —1 and f € A, the generalized Bernardi-Libera-Livingston integral
operator L.f is defined as follows

(3) L.f(2) = cjcl /tc_lf(t)dt.

0

This operator was studied for ¢ € N ={1,2,3,---} by Bernardi in [1], and for
¢ =1 by Libera in [5] (see also [9]). The classes ST¢(n, A\) and CV,(n, A) have

been introduced by Liu in [8] as follows

ST.(n,)) = {feA:cheS*(n,)\),Z%j((j)))/;«é)\,zeU},
CVe(n,\) = {feA:cheo(n,A),W¢A,zeU}.

Using the operator given by (3), we introduce now the following classes
Se(N) = {fed:LfeS (N}
C.(A) = {feA:L.feCN}.
Obviously, f € CV,(n,A) if and only if zf" € ST.(n,\). In [6] and [7], J. L.
Liu introduced and investigated the classes Sk ()), Cy(A), Ko(5,A), KX(B,A),
STy(n, A), and CV,(n, A), by making use of the integral operator 1 given by

z

() 19 £(2) = ZFQ(GU) / (10s ;)”‘1 Fdt, o>0, feA
0

The operator 17 was introduced by Jung, Kim and Srivastava in [3], and then
it was investigated by Uralogaddi and Somanatha in [14], Li in [4], and Liu
in [6]. The following relations can be easily verified for the integral operators
given by (3) and (4).

(5) I”f(z):z+§:< 2 )Uanz”,
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(6) ch(z) =z+ Z Tclilcanzna

n=2
(7) 2(I7Lef(2))" = (e + DI7 f(2) — cI’Lef(2),
(8) 2(Ll? f(2)) = (e + DI7 f(2) — cLel” f(2).-

It follows from (5) that one can define the operator I? for any real number o. In
this paper we investigate the properties of the classes S’ (\), Ce(X), K(8,A),
KX(B,N), STc(n,N), and CV.(n, X). We also study the relations between these
classes and the classes introduced by Liu in [6] and [7]. For our purposes we
need the following lemmas.

LEMMA 1. ([10]) Let u = uy + iug, v = v1 + ive, and let 1 be a complex
function i : D C CxC — C. Suppose that ¢ satisfies the following conditions

(i) ¢ is continuous on D,
(ii) (1,0) € D and Re{y(1,0)} > 0,
2
(iii) Re{e(iug,v1)} <0 for all (iug,v1) € D with vy < —1+2u2.

Let p(z) = 1+ > cp2™ be analytic on U so that (p(z),2zp'(2)) € D for all
n=2
zeU. If
Re{¢(p(2),2p'(2))} > 0, for all z € U,
then Re{p(z)} > 0, for all z € U.

oo
LEMMA 2. ([12]) Assume that the function p(z) =1+ > c,2™ is analytic
n=1

on U and that p(z) # 0, for all z € U. Let 0 < n < 1. If there exists a point
2o € U such that |arg p(z0)| = §n and

m
larg(p(2))] < 5 for [z] <zol,

then % = ikn with k > %(7" + %) when arg p(z0) = 50, and with k <

5 (r 4 1) when arg p(zo) = 50, where p(z0)'/" = *ir (r > 0).

2. MAIN RESULTS

In this section we obtain some inclusion theorems, using the methods de-
veloped in [13].

THEOREM 3. For f € A the following hold hold true.

Q) If Re{j{(g? e } >0, then S5(A) C S5, (V).

(i) If Re{Z]J:ES) - Z(fjll]{((j)))’} >0, then Sz, 1(A) C SZ(A).
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Proof. (i) Suppose that f € S¥(\) and set

2(Let1f(2))
9 et E)\ (1= Mp(2),
9 reetfE) = - )
o0
where p(z) =1+ > ¢,2". An easy calculation shows that
n=2
2(Let1 £(2)) 2(Let1 £(2))”
(10) Let1f(2) 24c+ Lo /)| 2f'(2)
2(Let1f(2)) - ’
2ennfE) 441 f(2)
Setting H(z) = %, we get
2(Le1f(2))" 2H(z)

11 1+ ———-=H(2)+ .
- (e A TTE)
Since H(z) = A+ (1 — A\)p(z), by (10) and (11), we obtain

(1-X)zp'(2) 2f'(2)

12 1—A = -\
(12) A= el e T T e~ 1)
Let

(I =X
Ae+1+(1-XNu
Then 1 is a continuous function on D = ((C \ {%}) x C and (1,0) € D.

Also, 1(1,0) > 0 and for all (iug,v1) € D with v; < _1+2u§ we have

(1-=MNA+c+ 1) < —(1 =AM +c+1)(1+u3)
(1—=N2u2+ A +c+1)2 7 2[(1=N2u2+ (A +c+ 1)
Therefore the function v satisfies the conditions of Lemma 1. Taking into ac-
count the hypothesis and (12), we have Re{¢(p(2), zp'(z))} > 0, hence Lemma
1 implies that Rep(z) > 0, for z € U, which finishes the proof.

(ii) This assertion can be proved by the same method as (i), using the
formula obtained by replacing ¢ 4+ 1 with ¢ in (10) . O

Y(u,v) =(1—Nu+

Re ¢ (iug, v1) = <0.

THEOREM 4. For f € A the following assertions hold true.
(i) If Re{zf @) _ 2l W} >0, then Co(\) C Cop1(N).

f(2) Lcf(2)

(i) If Re{z;”gg) - ZQ:;J{((;))’} >0, then Coy1(N) C Co(N).

Proof. (i) In view of assertion (i) of Theorem 3 we have the following chain
of equivalent relations f € C.(\) < L.f € C(\) & z(Lcf) € S*(A\) & Lezf' €
S*(N) & zf € Si(A\) = z2f € S5 (A) © Leqizf' € S*(N) © z(Leq f) €
S*(A) © L f e CN) & feCepi(N).

Assertion (ii) can be proved using a similar method. O

THEOREM 5. If ¢ > =\, then f € S*(X\) implies f € SE(N).
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Proof. Differentiating logarithmically both sides of (3) with respect to z, we
obtain

(L) | e+ DI)
Lo/ (2) Lf(z)

Differentiating logarithmically both sides of (13), we have

(13)

(1) oo+ P

c+A+p(z)  f(2)
2(Lef(2))!

where p(z) = Lj((z) — A. Let

v
utc+ N
Then 1 is a continuous function on D = (C\ {—c— A}) x C and (1,0) € D.

Also, Re ¥(1,0) > 0. If (i, v1) € D with vy < —£2 then

Y(u,v) =u+

vi(e+ ) <0

Re w(iU/Q,’Ul) = m S U
2

Since f € S*(\), relation (16) yields

Re(t(p(2), 20/(2))) = Re { jf(()’ - A} > 0.

We conclude from Lemma 1 that Re{p(z)} > 0. O
COROLLARY 6. If ¢ > A, then f € C(X) implies f € Cc(N).
Proof. We have f € C(\) & zf' € S*(\) = zf’ € S}(\) & Lezf' €

S*(N) & z(Lef) € S*(\) & Lof € C(N\) & f € Ce(N). O
THEOREM 7. For f € A the following assertions hold true.
(i) If
() (S )
then STc(n,A) C STey1(n, \), where ¢ > —1.
(i) If
zf'(2) 2(Ler1 f(2)
arg( e —A)' < |arg <Lc+1f(2) —A)), for z e U,

then STe11(n, A) C STe(n, X), where ¢ > —1.
Proof. (i) Let f € ST,.(n, \) and put

2(Ler1f(2)

(15) Lchlf(Z)

= A+ (1 - A)p(2),
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o0
where p(z) = 1+ Y ¢,2" is analytic on U with p(z) # 0, for z € U. It is easy
n=1

to see that

(16) 2(Ley1f(2)) + (c+ DLep1 f(2) = (¢ +2) f(2).
Differentiating logarithmically with respect to z both sides of (16), we obtain

2(Les1 /()"
Z( Ler1f(2) ) . 2(Le1f(2) _ 2f'(2)
Aletaf ()" 4 g g Let1f(2) f(z)
Let1f(2)
Using (15) and (17), we get
(1= N)zp'(2) 2f'(z) _
Adc+14+(1-Np(z) f(z)
Suppose that there exists z9 € U such that |arg(p(z))| < 57 for |z] < [20] and
larg(p(z0))| = § 7. Lemma 2 implies then that % ikn and p(z)Y/" =
+ir(r > 0), where k > 2(r + 1), when arg(p(20)) = 27, and k < S-(r + 1)
when arg(p(zo)) = %”77. If p(zo)'/" = ir, then arg(p(zg)) = 51, hence by
considering (18), we have

o (S5

:arg{(l—)\)p(ZO) [1+ N+ o +1+i(1_ A\)riel 2"]}
>

(17)

(18) + (1= XNp(2) =

P 1
— gn—l—tan_l {Q} > 217 (because k > 2(7‘—1— ) 1),
where
(19) P=kn [)\+c+1+r”(l—)\)cos%77}
and

Q=N+c+1)2+r21-A2+1-NA+e+ 1)cosgn
+ knr'(1 — \) sin gn.

This contradicts the fact that f(z) € ST.(n, \).
Now suppose that p(zp)'/" = —ir. Then arg(p(zo)) = =1 and we get

(A ()

T+ {1+ ik }
= —n+ar =
2 ! & Atc+ 14 (1 —N)rne 27

— (P —7 -1 1
= — < — < — )< -1
5 n -+ tan {R} 5 n (becausek 5 (r+ 7“) ),
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where P is given by (19) and

R=M4+c+1)24+r11 =22 +27"1 - NN +c+ l)cosgn

— knr'(1 — \) sin gn.

™

This contradicts our assumption that f € ST.(n, A), therefore |arg(p(z))| < 7,
for z € U. Finally we get

2(Let1f(2)) )‘ m
arg | —————— — || < =n, for z € U.
(e 2"
Since for every A (0 < A < 1) we have
2(Le1f(2))
Ley1f(2)

we conclude that f € ST.11(n, A).
The proof of (ii) is similar to the proof of (i), therefore we omit it. O

7 A,

COROLLARY 8. For f € A the following assertions hold true.

0 1t |
;%<j$%4M§

then CVe(n,\) C CVer1(n, A).

(i) If
2f'(2) > '
ar A<
g(f@) .
then CVey1(n,\) C CVe(n, N).
Proof. We give only the proof of part (i) and for this we have f € CV.(n,\) &
L.f € C(n,A\) € z(Lef) € S*(n,\) & Lezf' € S*(n,\) & zf' € STe(n,\) =

zf' € STe1(n,A) & Leyizf € S*(n,A) < 2(Lepa f) € S*(n,A) & Lo f €
C(nu A) < f € CVc+1(777 )‘> O

a@(diﬁ%W—A>whrzea
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