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NEW STABLE ELEMENTS
IN HOCHSCHILD COHOMOLOGY ALGEBRA

CONSTANTIN COSMIN TODEA

Abstract. We give a similar result to the embedding of the ordinary cohomol-
ogy ring of a group into the subalgebra of stable elements in the Hochschild
cohomology ring of the group algebra.We take in this case the ordinary coho-
mology of the centralizer of a representative of a conjugacy class in GG, which
also embeds into the Hochschild cohomology ring of the group algebra.
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1. PRELIMINARIES

In the next sections we consider G a finite group, {z; | ¢ € {1,...,r}} a
system of representatives of conjugacy classes of G with the representative
x;, for i € {1,...,r} a fixed indices and R a commutative ring. By [2] we
know that there is the additive decomposition of the Hochschild cohomology
HH"(RG) ~ @;_, H"(Cg(z;),R). Thus there are the canonical injections
of R-modules H"(C¢(z;), R) — HH"(RG), which extends to the injective
homomorphisms of graduates R-algebras

H*(Ce(z;), R) — HH*(RG).

These homomorphisms are explicitly described in [4] in a more general case.
We denote by K(RG) the homotopy category and by C(RG) the category of
complexes of finite generated RG-modules.

In Section 2 we define explicitly the injective R-algebras homomorphism
fyg from H*(Cg(z;), R) to HH*(RG), which if x; = 1,the unity of G, is ex-
actly the ”diagonal induction” from the ordinary cohomology H*(G, R) to the
Hochschild cohomology, from [3]. Next we show that the usual transfer be-
tween the cohomology rings H*(Cr (), R) and H*(Cg(z;), R) is compatible
with 'yg_, where H is a subgroup of G. The compatibility of restriction between
this two cohomology rings is not true in general, excepting some particular
groups G containing subgroups H.

In Section 3 using the same hypothesis from compatibility of restriction
with 'yg_, we prove the embedding of the cohomology algebra H*(Cg(x;), R)
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into the algebra of stable elements HH},(RG), where M =pg RGRry is the
regular RG — RH-bimodule.

DEFINITION 1. The ordinary cohomology of G with coefficients in R is
the graduate R-algebra H*(G, R) = Extho (R, R), where R is the RG-module
with trivial action. By standard results in homological algebra we use the
isomorphism:

Hn(Gv R) = HomK(RG) (PRv PR[TZ]),
where Pg is a projective resolution of R as RG-module with trivial action.

REMARK 1. (a) If H is a subgroup of G then Res% P is a projective resolu-
tion of R as RH-module. Thus any element [7] € H"(H, R) can be represented
by a chain map 7 : ResPr — Res$Pr(n).

(b) For AG ={(g,9) | g € G} the diagonal subgroup of G x G, there is the
isomorphism Ind§{}“ R = RG. We consider from now Ind§%“Pg a projective
resolution of RG as RG — RG bimodule (or R[G x G]-module).

(c) By [2] we have: HH*(RG) = Extkggpaor (RG) = Exthicay (RG). Sim-
ilar to Definition 1 we work with:

HH"(RG) = Homg ra)(Pra, Prc(n]),

where Pra is a projective resolution of RG as R[G x G]-modules. By (b)
we consider an element [r] € HH"(RG) represented by a chain map 7 :
d{XPr — mdSXCPr[n).

From group theory we recall the following result:

REMARK 2. If K < H < @ subgroups, [G/H] a system of representatives
of left cosets of H in G, [H/K] a system of representatives of left cosets of K
in H then there is a system of representatives of left cosets of K in G such
that:

(G/K] = {ay | = € [G/H],y € [H/K]}.

By [3, Definition 2.9] if A, B are R symmetric algebras and X is a bounded
complex of A — B-bimodules, projective as left and right modules, we may
define the transfer associated to X denoted tx. In the definition of tx from
HH*(B) to HH*(A) we use the adjunctions maps. From [3, Example 2.6] we
explicitly give the definition of the adjunctions maps in the case of M = (RG) g
considered as RG — RH- bimodule, obtained by restriction of the regular
raRGRra-bimodule. The dual M* is kg RGRra as RH — RG-bimodule. We
consider IndggH R as RH — RH-bimodule by

hi - [(z,y) @ran 1g] - he = (ha, hy'y) @ran g,
where h1, ha,z,y € H.
REMARK 3. By [3, Example 2.6] we know that for a € RG:

emr : RG — RG ®ry RH Qry RG,Z—ZM*(CL) = Z ag Qrg 1 Qry g_l.
g€[G/H]
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Using the isomorphisms from Remark 1 (b) we can define:

< :Ind§E°R — RG @y Ind¥ " R @py RG,
en+((,y) ®rac 1r) = Y 2g®rm [(1,1) ®ran 1] @rr g~ 'y ",
9€[G/H]
where (x,y) ®pac 1r € IndGXGR Similarly:

nv 2 RG @pp Ind¥ ¥ R @y RG — Ind§XCR,

na(a @rw [(2,y) ®ranm 1r] ®rE b) = (az,b"'y) ®rAG 1r,
where a,b € G and x,y € H.

REMARK 4. e+ and 7y lifts to homomorphisms of complexes of R[G x G-
modules:
we - Ind{59Pr — RG @py Ind¥ 3" Pr @ py RG
ev+((z,9) ®rac 2) = > 29 @ru [(1,1) @ran g2 @ru g™y,
9€(G/H]
where z,y € G and z € Pg.

nv : RG @y Ind{ PR @py RG — Ind{ 5 Pr
nvi(a ®ry [(2,y) ®ram 2] @rr b) = (az,b™'y) @raG 2,
where a,b € G and x,y € H, z € Pg.

By [3, Definition 2.9] using Remarks 3, 4 we can define the transfer associ-
ated to M.

DEFINITION 2. The transfer associated to M is the unique graded linear
map
ty : HH"(RH) — HH"(RG),
sending for any n > 0, the homotopy class [7] of a chain map
7 Ind¥ 5HPr — Ind{ XHPpn]
to the homotopy class [nas[n] o (Idy @ra ™ Q@rpr Idpr+) o epr+].
Explicitly we have for any element (x,y) ®gag 2 € IndGXGPR
tu(7) (@, 9)®racz) = Y nulnl(@g@raT((1L, 1)®@rang ' 2)@rug Y ).
g€lG/H]
Similarly by [3]:
REMARK 5. The adjunction maps associated to M and M*:
IndX " Pr — mdS PR, en((z,y) @ranm 2) = (z,y) ®rac 2,
where x,y € H and z € Pr. The map

e IdSE PR — Ind 57 Pr,
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is the natural projection mapping (z,y) @grag 2 to (z,y) ®ray z if x € H and
y€ H and to 0if z ¢ H or y ¢ H, where (x,y) ®prag 2 € IndgéGPR.

By [3, Definition 2.9] using Remark 5 we define ¢py+:

DEFINITION 3. The transfer associated to M™* is the unique graded linear

map:

ty+ : HH*(RG) — HH*(RH),
sending for any n > 0, the homotopy class [7] of a chain map

7 : nd{5Pr — md{S Pr(n]
to the homotopy class [na«[n] o 7 o 7). Explicitly:

tas (1) s IndXXH P — WndB X Pg[n],
tar+ (1) (2, y) ®ram 2) = (nu+[n] o T)((2, y) ®RaG 2)-

REMARK 6. As in [3, Proposition 4.5] there is an injective homomorphisms
of R-algebras

¢ : H*(G, R) — HH*(RG), d¢([7]) = mdS;% ()],
where [7] € H"(G, R) corresponding to 7 : Pr — Pg[n]. Explicitly we have:
IndgéG(T) : IndgéGPR — IndgéG’PR[n],
mdS5% (1) (2, y) @rac 2) = (2,y) @rac T(2)
where x,y € G and z € Ppg.

We recall the definition of the transfer map in group cohomology. By [3] we
know that:

trfy : H'(H, R) — H*(G, R), tefj([r] = [Ih§j (7)),
where [r] € H*(H, R) represented by 7 : Res%Pr — Res%Pg[n]. Explicitly,

the chain map Tr%(7) is

Tvfi(7) : Pr — Prln], Tf(r)(a)= Y gr(g'a), a€Pr
9€[G/H]

2. THE GENERALIZATION OF THE DIAGONAL INDUCTION
From [4] we know that there is an injective ring homomorphism
vi : H*(Cg(z;), R) — H*(G, RG),

where RG is a G-module by conjugation (ga = gag™',g € G,a € RG). ~; is
defined in [4] using cocycles, by the diagram:
O, ot

- H*(Cq(zi), RG)

H*(Cq(xi), R) H*(G, RG)
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We will restate the definition of this homomorphism, which we denote vfi using

the description of ordinary cohomology and Hochschild cohomology by chain

map. We also keep in mind the isomorphism from [4]: H*(G, RG) = HH*(RG).
If [7] € H*"(Cg(x;), R) is represented by the chain map

T Reng(Ii)PR — ReSgG(Ii)PR[n]
we define the map:
VS (1) : mdSE PR — mdSSPrln],

V@ (@, y) ®rac 2) = (1,y) Y (92i,9) ®rac T(97'2),
9€[lG/Ca(x:)]

where x,y € G, z € Pg.

PROPOSITION 1. For every chain map 7, the map ’yg, (1) is well defined and
s a chain map.

Proof. First we prove that the definition of ’yg’; is independent of the choice
of representatives [G/Cq(x;)]. If A is a set of different representatives then
for any a € A there is g € [G/Cq(x;)] such that a = gb, where b, € Cq(z;).
Then:

Yo (T) (2, 9) ®rac 2) = (,) Z(al‘i,a) ®rac T(a'z)
acA
=(z,y) > (gbati gba) Orac (b, g ' 2)
9€lG/Cq ()]
=(z,y) Y., (97,9) @racT(g'2)
9€[G/Cq ()]
where xz,y € G,z € Pr.The last equality is clear since b, € Cg(z;) for all
a € A.The second part is obvious since 7 is a chain map. O

By Proposition 1 we have the following definition:

DEFINITION 4. Let G be a finite group and x; a representative of a conjugacy
class of G. The injective R-algebra homomorphism

7§ H*(Cq(;), R) — HH*(RG)

is the unique graduated linear map given by v& ([r]) = [7$ (7)), where [r] €
H"(Ca(z;), R) is represented by the chain map

T Resgc( Pr — Resgc(xi)PR[n].

If 2; = 1 then Cg(1) = G and by Remark 6 we have that v = 6g. The
next proposition is a generalization of [3, Proposition 4.6], since we obtain it
for x; = 1.
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PROPOSITION 2. Let G be a finite group, x; a representative of a conjugacy
class of G, H a subgroup of G such that x; € H. Then x; is a representative
of a conjugacy class of H, Cg(x;) < Cg(z;) and the following diagram is
commutative:

trgG ((%))
H*(Cp(2;), R) ————= H*(Cg(i), R)
e l lwg
HH* (RH) fut HI* (RG)

Proof. Let Pgr be a projective resolution of R as trivial RG-module, [7] €
H"(Cg(x;), R) represented by the chain map

T Reng(zi)PR — ReSgH(xi)PR[n]

and the elements x,y € G, z € Pgr. By Definition 4 we have that (’yg o

trgi((zl)))(T) is a chain map representing an element in HH"(RG) defined by:

Ve (trgf,((z)))(ﬂ((w, Y) ®RAG 2)

=@y Y (9m,9) ®rac et (1)(g72)
9€(G/Ca(xi)]

=@y Y, (971,9) ®rac > hr(h™'g~'z2)
9€(G/Cq ()] he[Ca(x:)/Cr(21)]
=(zy > > (gzih, gh) @rac T((gh) ™' 2).
9€[G/Cq(x:)] h€[Cq(x:)/Crr(w4)]
Using Remark 2 and the fact that hx; = ;A we obtain that:
(15 o trge () (7) (2,9) @ RAG 2) = (@,9) (mai,m)©ragT(m™"2).
i Cy(z;)
me[G/Ch(x;)]
By Definition 2 and 4, using Remark 4 we have that:

tM(Vg(T))((%?J) QRAG %)

= > nulnl(zg @rr () ((1,1) @ran g '2) @rr g 'y )
g€[G/H]

= Y nullg®rs Y. (haih) @ran (h g7 2) @re gy
9€[G/H] he[H/Cy (;)]

= > > (wghwi,ygh) @rac T(h g ™"2)
9€[G/H] he[H/Ch ()]

=(zy) > (mai,m)@racT(m”
me[G/Cr ()]

12),
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which concludes the proof. O

If x; = 1 we are under the hypothesis of Proposition 2 and we obtain as
corollary [3, Proposition 4.6].

COROLLARY 1. For H a subgroup of G the following diagram is commuta-
tive:
trg

H*(H, R) H*(G, R)

ou| |56

HH*(RH) — 2~ HH*(RG)

By [3, Proposition 4.7] we know that dg is compatible with res$ for all
H subgroups of G. In our case we have that 'yg_ is compatible with resg for
particular groups.

In the next paragraphs we will work under the following situation :

SITUATION (x). Let G be a finite group, H a subgroup of G and x; an
element of H, a representative of a G conjugacy class . Suppose that there
is a system of representatives of left cosets of Cy(x;) in H which is also a
system of representatives of left cosets of Cq(z;) in G.

The question which arise now is, if there are groups G in situation (x)? We
give next such an example.

ExaMPLE 1. Let G be the dihedral group of order 4n denoted Ds,,, where
n is an odd nonnegative integer:

Dy, = (z,y | " =1,9% =1, yzy = x_1>.
We give the description of Da,,:
Dy, = {1, x, 22, 22 Y, TY, 1‘2y, ... ,xzn*ly}.

We take x; = y and H = {1,y,2%,2%, ... 22" 2 22y, 2%y,..., 22" 2y} to
be a subgroup of G. By regarding the composition table, we have that
Ca(y) = {1,y,2", 2"y} thus Cy(y) = {1,y}, since n is odd. There are n
left cosets of Cy(y) in H: {1,y}, {22 2%y},...,{2?"~2, 22" 2y} which are
included, respectively in the n left cosets of Cg(y) in G: {1,y,2", 2"y},
{fL‘, zy, xn-‘rl’ :En-‘rly}’ {132, x2y, xn+2’ xn+2y}, el {l,n—l’ :En—1y7 x2n—1’ $2n—1y}‘
Obviously if we choose the system [H/Cy(y)] = {1,22%, 2%, ..., 22} we see
that this is also a system in G, since n is odd. This system will be denoted by

[G/Ca(y)]-
Moreover, as we can remark by Example 1 we have the following lemma.

LEMMA 1. Under the situation (x) it is true that any system of representa-

tives of left cosets of Cr(x;) in H is a system of representatives of left cosets
of Ca(x;) in G.
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Proof. Let {ay,as,...,a,} be a system of representatives of left cosets of
Cy(z;) in H which is a system of representatives of left cosets of Cg(z;) in
G. Let {b1,ba,...,b,} be a different system of representatives of left cosets of
Cy(z;) in H. Since for any 7,k from 1 to n with ¢ different form j we have
b,'b; ¢ Cu(x;) it follows that b, 'b; ¢ Ce(z;) thus they represent different
classes in G. If b; corresponds to a; then bj_laj € Cp(x;), thus bj_laj € Cq(x;),
which concludes the proof. O

PROPOSITION 3. Under the situation (x) the following diagram is commu-
tative:

Ca(zy)

res
Cy(zy)

Vs l lvﬁ

HH*(RG) far- HH*(RH)

Proof. Let Pr be a projective resolution of R, [7] € H"(Cg(x;), R) repre-
sented by the chain map 7 : Reng (@) PR — Reng (1) Pr[n] and the elements
x,y € H z € Pg.

(v o resga (o)) (e, y) ©ram 2) = (Vllresga o) () (@) @rar 2)

=(x,y) Y. (hwi,h) @ran T(h'2).
hE[H/CH(Il)}
The left composition from the diagram is:
tar- (V5 (7)) (2, y) ®@ran 2) = nu=[n) (1S (7)((2,y) ®rac 2)
=nm=[n)(zy) Y (9%i,9) @rac (97" 2),
9€[G/Ca(xi)]

where z,y € H and z € Pg.

From Lemma 1, since the last term is independent of the choice of [G/Cq(x;)]
we choose, using situation (x), the system which is in H. Thus the last term
is:

S e [nl(@has, yh) @rac T(h'2)
he[H/Cr ()]

= (z,y) Y, (hwi,h) @pan T(h'2)
helH/Cr (x:)]

where the last equality follows by Remark 5. U

If z; = 1 we are in situation (%) then from Proposition 3 we obtain as
corollary [3, Proposition 4.7].
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COROLLARY 2. For H a subgroup of G and R a commutative ring the
following diagram is commutative:

G
respy

H*(G, R) H*(H, R)

5o |5

HH*(RG) — ™"~ HH*(RH).

3. STABLE ELEMENTS IN HOCHSCHILD COHOMOLOGY OF GROUP ALGEBRAS

By [3, Proposition 4.8 ] we know that Im é¢ C HH};(RG). Thus Imd¢ is a
subalgebra of the graded algebra of stable elements in Hochschild cohomology
algebra of RG. We prove in the next theorem, which is the main result of
this paper, that under the situation (%) we have a similar embedding m’yg -
HH},(RG) where M is the regular RG — RH bimodule.

First we remind, from [3] the description of the subalgebra of M stable
elements in the Hocshschild cohomology algebra of the group algebra. We
denote by HH},(RG) the subalgebra of M-stable elements in HH*(RG). An
element ¢ € HH*(RG) is called M-stable if there is 7 € HH*(RH) such that for
all nonnegative integer n the following diagram is a commutative homotopy:

~

Pra @ra M M ®@rHa Pru
Cn®ld]bli \le]\{(@Tn
Praln] @ ra M — M ®ru Pru(n]

where (,, 7, are degree n components of (, 7 and the horizontal arrows are the
natural homotopy equivalences Prg @rg M = M ®pgp Prg which lifts the
natural isomorphisms RG Qra M = M Qrg RH.

THEOREM 1. Under the situation (x) the following statements are true:

(i) For any nonnegative integer n and chain map 7 € Home (ray(Pr, Pr(n))
we have that the following diagram is a commutative homotopy:

s

RG @py Indy " (Pr) @ru RG Ind$ %% (Pr)

IdM®RH7£§ (T)®RHIdM*i ‘L’yg (7)

na [n]

RG ®@gpy Ind} ™ (Pg(n]) ©@ry RG IndS5% (Pr(n))

(i) Im~& C HH},(RG).

Proof. By definition of nys from Remark 4 and of *yg_ from Definition 4 we
have for ¢g1,92 € G,z,y € H and z € Pg:

VS () (g1 @re (2, 9) ©ram 2) ®rm 92)] =15 (1) (912, 95 'y) ©rac 2)
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= (17,95 ') Z (971, 9) ©rac (9" 2),
9€[G/Ca(wi)]

nv[n)(Zdv @ e Y2 (T) @ g Idye (91 @ru ((2,Y) @Al 2) ®RE 92))
= nu[nl(91 ®ra Vi (T)((2,y) @ranm ) @rH 92)

=nunl(g1 ®re (Y (whzi,yh) @ran 7(h7'2)) @rir g2)
helH/Cr (x:)]

= Y nulnl(o ®ru [(whi, yh) @ran T(h'2)] @ri g2)
hG[H/CH(xi)]

= Z (glxhxi,gglyh) @rag T(h712).
he[H/Cu (z;)]

Since we are under situation (x) the last sum is equal to

(gw,05'y) Y (970,9) ®rac (g7 '2),
9€[G/Cq (i)
which completes the proof of (i).
The statement (ii) is a consequence of (i) and [3, lemma 3.3, 3.3.6]. O

If 7; = 1 then we are under the situation (%), and since 7{* = ¢ we obtain
in theorem 1 the statement [3, Proposition 4.8, ii)].
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