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INTEGRAL CHARACTERIZATIONS OF
WEIGHTED BLOCH SPACES AND Q. (p,q) SPACES

R.A. RASHWAN, A. EL-SAYED AHMED and ALAA KAMAL

Abstract. In this paper we introduce a new space of functions, the so called
Qxk,(p,q) space of holomorphic functions on the unit disk in terms of nonde-
creasing functions. The relation between the integral norm of the Qx . (p,q)
space and the integral norm of the weighted Bloch space B is also given. Fur-
ther, we obtain similar integral criteria for the little weighted Bloch functions of
analytic functions and meromorphic functions.
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1. INTRODUCTION

Let A = {z:|z| < 1} be the open unit disk in the complex plane C. Recall
that the well known Bloch space (cf. [2]) is defined as follows:

B ={f: f analytic in A and sup(1 — |z|)|f'(2)| < oo};
zZEA

the little Bloch space By (cf. [2]) is a subspace of B consisting of all f € B
such that

lim (1—[22)|f(z)| = 0.

|z]—1—

The Dirichlet space is defined by
D = {f: f analytic in A and / }f’(z)fdaz < 00},
A

where do, is the Euclidean area element dzdy. Let 0 < ¢ < co. The Besov-
type spaces

Bq:{f f analytic in A, sup/ }f ’z‘) (1—30a(2)|2)2daz<oo}

have been introduced and studied intensively by Stroethoff (cf. [13]). Here,
©q(z) stands for the Mébius transformation of A given by

a—z

va(2) = 12" where a € A.

In 1994, Aulaskari and Lappan [2] introduced a class of holomorphic functions,
the so called @),-spaces, as follows:

Qp:{f f analytic in A and sup/‘f ‘g zadaz<oo}
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where 0 < p < 0o and the weight function

1—az

9(z,a) = log

a—z
is defined as the composition of the Mébius transformation ¢, and the funda-
mental solution of the two-dimensional real Laplacian. The weight function
9(z,a) is actually Green’s function in A with pole at a € A.

For 0 < p < 00, =2 < q < oo, we say that a function f analytic in A
belongs to the space Qk(p,q) (cf. [ 8]), if

g = sup / P (1 = [2P) K (g2, a))dor, < .

Recall that the analytic functlon
[e.e]
2) =) apz™ (with n € N; forall ke N={1,2,3,...})

is said to belong to the Hadamard gap class (also known as lacunary series) if
there exists a constant ¢ > 1 such that nfl—:l > ¢ for all k € N (see e.g. [20]).

Two quantities Ay and By, both depending on an analytic function f on A,
are said to be equivalent, written as Ay ~ By, if there exists a finite positive
constant C' not depending on f such that for every analytic function f on A
we have %Bf < Ay < UBy. If the quantities Ay and By are equivalent, then
in particular we have A; < oo if and only if By < oo.

Now, given a reasonable function w: (0,1] — [0, 00), the weighted Bloch
space B, (see [5]) is defined as the set of all analytic functions f on A satisfying

(1= [2DIf'(2)] < Cw(l = [z]), z €A,

for some fixed C' = Cy > 0. In the special case when w = 1, B,, reduces to the
classical Bloch space B. Here the word “reasonable” is a non-mathematical
term; it means that the function is “not too bad” and that it satisfies some
natural conditions.

We introduce now the following definitions:

DEFINITION 1.1. Let w: (0,1] — [0,00) be a given reasonable function and
0 < a < 0o0. An analytic function f on A is said to belong to the a—weighted
Bloch space B¢ if
(1 -]z

| fllBa = sup H)' f(2)] < .

DEFINITION 1.2. For a given reasonable function w : (0,1] — [0, 00) and for
0 < a < 0o an analytic function f on A is said to belong to the little weighted
Bloch space Bf , if

= lim ~— 2V
1/l g R Sy
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Throughout this paper and for some techniqual reasons we assume that
w # 0. Now, we introduce the following new definition:

DEFINITION 1.3. For a nondecreasing function K : [0, 00) — [0, 00), for 0 <
p < 00, =2 < ¢ < oo, and for a given reasonable function w : (0,1] — (0, c0)
an analytic function f in A is said to belong to the space Qg (p, q) if

T Sup/ @)= 2] (( 9(z, 2 )’>)d < o0.
REMARK 1.1. It should be remarked that our Qx . (p,q) classes are more
general than many classes of analytic functions. If w = 1, we obtain Qx(p, q)
type spaces (cf. [18] and [17]). If ¢ = p = 2, and w(t) = ¢, we obtain Qg
spaces as studied recently in [6, 7, 11, 15, 16, 19] and others. If ¢ = p = 2,
w(t) =t and K(t) = tP, we obtain @, spaces as studied in [2, 3, 20] and others.
If w=1and K(t) =t°, then Qg = F(p,q,s) classes (cf. [1, 21]).

In this paper, we characterize the weighted Bloch space B by mean of our
QK w(p,q) spaces. One of the main results is a general Besov-type characteri-
zation for B functions that extends and generalizes the Stroethoff’s theorem
n [13]. Also, we extend and improve some results due to Essén et. al ([7])
using our new definitions.

2. HOLOMORPHIC (), CLASSES

In this paper we show some relations between the Qg . (p,¢) norms and
the B¢ norms for a nondecreasing function K. We also give a general way to
construct different spaces Qx w, (p, q¢) and Qk, . (p, ¢) by using some functions
Kl and KQ.

Before proving the main theorems we recall a few facts about the Mobius
function ¢,. First, the function ¢, is easily seen to be its own inverse under
composition: (¢q © pa)(z) = z for all z € A. The following identity can be
obtained by straightforward computation:

TR PO R 1] e O NI

|1 —az|?
A slightly different form in which we will apply the above identity is:

()
) S ol @ea)

For a € A consider the substitution z = ¢, (w). Then doy, = |, (2)|*do. by
the Jacobian change in measure. For a Lebesgue integrable or a non-negative
Lebesgue measurable function A on A we thus have the following change-of-
variable formula:

@ o, M), = /. . h(z)(l‘l'_ﬁz(;)'Q)zdaz.
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We assume throughout this paper that

(3) /01K<1ogi>(1_rr2)2dr<oo.

We need the following lemmas in the sequel.

LemMA 2.1. ([20]) Let o € (0,00) and suppose that f(z) = 3272, a;z"
belongs to Hadamard gap class. Then f € B if and only if supcy ]aj\n}fa <
oo, where N={1,2,3,...}.

LEMMA 2.2. ([10]) Let w : (0,1] — (0,00) and let 1 < a < co. Then there
are two functions f1, fa € BS such that

1—|z])
4 !/ ! ~ w(
( ) ‘fl(z)‘+’f2(z)’ (1—‘2")0‘ )
THEOREM 2.1. Let0 < p < 00, —2 < g < 0o. Then, for each non-decreasing
function K :[0,00) — [0,00) and for a given reasonable non-decreasing func-
tion w: (0,1] — (0,00) with w(kt) ~w(t), k>0, we have
a+2
©) @rwlpg) CBS  and
q

(i) Qrw(p.q) =B." if and only if

1 1 r
Kllog— ) ———= .
/0 (ogr> (1_T2)2dr<oo

Proof. For fixed r € (0,1) and a € A let

E(a,r) :{Z EA: |z—a| <r(l— \a|)}
We know that E(a,r) C A(a,r). Also, for any z € E(a,r) we have
(1= —a]) <1T—|z] < (A +7)(1 - |a]),

which means that 1 — |2|? ~ 1 — |a|? for any z € E(a,r). Denote

g Al
Fopqa(f)(z) = ’f( )‘ (= |2)

z € A.

Then, we obtain

/ FopalF)(2)K (9(2,a)) do
A

\Y
S
IS

=
S
=
O
=
—
=R
w
S
o
S
I8y

\Y
~

1
(182) Ly oot 8

1
k(1) [ Fupale) o
r E(a,r)
For every z € E(a,r) we have

(I=r)(1—la]) <1T—|z[ < (1 +7)(1 —a]),

Y
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hence
I—z)P> (1 =r)P(1—|a])?, ¥ p>0.

Now, since w is non-decreasing, we obtain that

(1 —r)P(1  Ja])? .
/E B0 do 2 /E P o

Since |f(z)[P is a subharmonic function, it follows that
/E( )\f’(z)}p do. > [E(a,r)| - |f'(a)|" = r*(1 — |a])?|f'(a)|".

Then we obtain

DY (L a2
/AFw,p(f)(Z)K(g(z,a)) dUZ Z K<logr>wp((1—7“)(1—|a|))|f( )’
—r — la]4t+2
s e ) LRI

wP(1 — |al)
where A is a constant. If f € Qk . (p,q), then by the above estimate we have

(1= laDTF2]f'(2) P

sup < 00
sen  wP(1—lal)
The proof of (i) is therefore completed.
q+2
Now, we show that B,” C Qkw(p,q) provided that K satisfies condition

q+2

(3). For f € B,” , we have

/A Fupq(f)(2)K(g(2,a)) do. < HfH];%‘Z Ja(@ = 1[2[) 7K (9(2,0)) d o,

— 2] e f01K<1og1> e dr < oo,
Bwp

which shows that
a+2

Bwp - QK,w(pa Q)
p+2
Now we assume that B,” = Qg w(p,q) and we show that (3) holds. From
g+2

Lemma 2.3, for f; and fo in B,? , we have

(5) £+ 1) > 2Lz

|2 |
(1—12)"%

¢ fl’fZ EKW(pyCI) and
+ D K zZ,a
AJA z

ac wP(1 = |2])

, , e Kle0)
(©) > /A<\f1(Z)\+\f2(Z)!> e e
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From (5) and (6), we obtain

[s@P+1geP) o - ey B0 o
» (L[]

1 1 T

Thus (3) holds, and this completes the proof. O

3. THE CLASSES Qk w0 AND Bj

We say that f € Qkw.0(p,q) if
. P e K)o
Y Jm [N e Sy dos =

Also, as a subspace of B, we define the little weighted Bloch space Bf , as
the space which consists of analytic functions f on A such that

i L 2D (=)
F-1- w1 —z])

=0,

where 0 < a < 0o. Then we obtain the following theorem:

THEOREM 3.1. Let 0 < p < 00, —2 < q < co. Then, for each non-decreasing
function K :[0,00) — [0,00) and for a given reasonable non-decreasing func-
tion w: (0,1] — (0,00) with w(kt) = w(t), k>0, we have

q+2

() Qrwolp ) C By and

q+2

(i) Qrwo(p.q) = BE if and only if (3) holds.

Proof. Without loss of generality we assume that K (1) > 0. From the proof
of Theorem 2.1, we have

r(LP KOSEET P @F <KQ) [ Fup(P(E) do.
E

(a

<K [ | Fanal(e)do-

< [ Pasa DK gl2.0) o,
where
Ela) = {z EA: |z—da| < 1(1 - |a|)}
If f € Qkw,o, we obtain that

(1 )T f ()P
- (= a)
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q+2

(ii) We only have to prove that By C QK wo0(p,q). Assume that

A= / <log ) 1_Tr2) dr < oco.

For a given € > 0 there exists a real number r; with 0 < r; < 1 such that

(8) /1 Kllogl) —" _ar <
. Ogr (1—7“2)2 T €.
Then we have
K
J PP DEED) 4
A\A(a,r1) wP(1 —|z])
K(g(za)) .
< £l /
| HBS%Q A\A(ar) (1= 2 )2
1 1
= £ / K(log > ——— doy
LU S St R
1 1 r
P
- Il [ 5 (o)
(9) < 2mel[f]|f gz -
2,0
q+2
Similarly, if f € .0 » We obtain that
2
1 — |q(w)|? =2
7 patwpp PO

WP (1 = |pa(w)])

converges uniformly for |w| < r if |a| — 17, where r is fixed and 0 < r < 1.
Then we obtain that

o ey KlG)
Jm [ IrEFa-i ZE e

|/ (ea(w))[” (1 = [pa(w )I)"K(logmﬂ)
aﬁ?/m wp(l—rsoa< N — [w]?)? 7
0 Al ) p — |@a(w)]) 72 _
(10) = A tim sup |£ (el il (1 a(w)]
By (9) and (10) it is easy to obtain that
. p K(g(z,a)) .
(11) Ia\lgl} / ()" (1= |z]) L) do, = 0.
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Conversely, suppose that (3) does not hold, that is

1 1 r
Kllog— | ————dr = .
/0 <g> 1—m2 =

Thus we find a continuous strictly decreasing function g: [0,1) — [0, c0)
tending to zero at 1 such that

' 1\ g(r)
(12) /0 K<10g ’I”> m r dr = oco.
It is easy to see that
(13) P22 s exp{—2M2(1 4 1)), v e [0.5,1).

We know that 27 exp{—4t},_s = (g)% exp{—24} for § > 0. Then there
-2

exists an integer k for % <7 < 1 such that g <2k1—-r)< % and

23
2Pk exp{—2k+2(1 -} = (1- r)_w <2k(1 — 7‘)> exp{—2k+2(1 —r)}
1 2P
(14) > <J2rﬁ> (1—r)"Pexp{—2(8+1)}.
For % < r < 1 we define
folz) = Zak 2% 2
k=0
where a; = g(1 — % 2¥), k=0,1,2,... . By (13) and (14) we deduce that
2m ) i 2% (p+2)
MErfy) = [ 7o) Pds—2n Y ap 25 2
0 k=0

> 2n(g(r)r 2" b exp{—2M2(1 — )}
(15) > A(g(m)r (=)

where A is a constant. Since fy is defined by a gap series with Hadamard
condition, we have

P

27 .
My(r, f}) ~ My(r, f}), where Mp<r,fa>=< / If’o(re‘e)lpd9>
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Therefore
¢ K(g(2,a))
WP - '~ do,
sup [ VA = a7 =
1
/ Mp(r r fO) (=7 )qK<10g> rdr
r
P ! 2 1
~ ]\42 (ry fo)(L = r)IK | log — ) rdr
0 T
! 1\ g(r)
>/i K(logr> - 2)2rdr:oo
at2
This means that fo € B \ Qk.wo(p,q), which is a contraction. Hence (3)
holds. This completes the proof of our theorem. O

4. MORE RESULTS ON () .,-SPACES

The following result means that the kernel function K can be chosen as
bounded.

THEOREM 4.1. Assume that K(1) > 0 and let Ki(r) = inf{K(r), K(1)}.
Then, for 0 <p < 00, =2 < g < 00, we have Qv = QK w-

Proof. Since K1 < K and K is nondecreasing, it is clear that Qx ., (p,q) C

QK w(p,q). It remains to prove that QK1 w(Pq) C Qrw(p, q).
We note that g(z,a) > 1, 2 € A(a, 1) and g(z,a) < 1, z € A\ A(a, ). Thus

K(g(z,a)) = K1(g(z,a)) in A\A(a,1). It suffices to deal with integrals over

Ala, %) If f € Qk,w(p,q) and f is a weighted Bloch function, i.e., f € By,
then, by Theorem 2.1, it follows that

e 1y o1 )
=1 [, 108 ) = dow < O

Thus f € Qk.(p,q), which finishes the proof. O

COROLLARY 4.1. Let 0 < p < 00, —2 < ¢ < o0 and w: (0,1] — (0,00).
Then f € Qkw(p,q) if and only if

K(1 = [ga(2)P)
oup [ 17 0= o =P dos < o0

For later use we state the following lemma which is needed for the applica-
tion of the above results.
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LEMMA 4.1. Let K: [0,00) — [0,00), 0 < p < 00, —2 < ¢ < o0 and
w: (0,1] — (0,00). Then the following assertions hold:

q+2
(i) f € B,” if and only if there exists R € (0,1) such that
K(g(z,a))
16 Sup/ F)PA—|z))T —22L do, < co.
(16) sup A(a’R)l (2)[" (1 —z]) (1= ]2))
at2
(ii) f € B,% if and only if there exists R € (0,1) such that
. K(g(z,a))
17 lim f)PA—|z))T —22"L do, = 0.
(17) Jdm [P SR
a2
Proof. (i) Assume that f € B,” . Then, for any R € (0,1) and a € A, we
have
[ ir@ra-iss S8 g,
A(a,R) wr(1 —|2[)

_ o o L la@P  K()
‘/Amm'f I T a@® T 2P2r T2

)

1 1
< IfIP / K<log >daz
17V w2 [y o B T ) T o2

S AP gee
B.,?
where 1 < (1 + |pq(2)])9+2 < 2972 and ); is a constant. Conversely, suppose
that (16) holds for some R with 0 < R < 1. By the proof of Theorem 2.1 (i)
with 1 — |a| = 1 — |z| on E(a, R), a,z € A, we obtain

o e Kloa)
/A e G

1 1w L= 12D
2K [ O T 2

do,

> AQK(log;)w-pa o) [ AF@PA - do.
(1~ a])?

wP(1 —al)
a+2
where Ao is a constant. The last inequality shows that f € B,” .

The proof of (ii) is similar to that of (i) (one takes the limit when |a| — 1~
in (i)), hence it can be omitted. O

)

(18) > A R2K ( log ;) FAOl

THEOREM 4.2. Let 0 < p < 00, =2 < ¢ < o0 and w: (0,1] — (0,00).

Assume that Kqi(r) < Ka(r) for r € (0,1) and [128 — 0 asr — 0. If the

integral in (3) is divergent for Ko, then Q,w(0,4) & QK10 q)-
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Proof. 1t is clear that Qr;, w (P, ¢) C @k, w (P, q). Suppose that Qk, w(p,q) =
QK. w(p,q). By the open mapping theorem (see [9]) we know that the identity
map from one of these spaces into the other one is continuous. Thus there
exists a constant C' such that

HfHsz(P:q) < CHfHKLw(p,q) :

Ki(r)
Ko(r)

Since — 0 as r — 0, there exists ro € (0,1) such that

Ki(r) < (2C)'Ka(r) for 0 <7 <rg.
Put tO = e_m. If f & QKz,w; then

/ P e qK2(g(Z’a)) -
sup [ 7P (1= el P o
<O P 0= Sty
w3 [ 17GP e ((( |f))d
Therefore
i g Kalo(za)
sup [ 9GP 012 =)
su P(1-— 7K1(( )) o
<2caeg/A(ato)r P (1= |27 St -

For f € Qk,w(p,q) there exists, by Lemma 4.1, a constant C; such that

(19) Sup/lf )P (1= |z])* Balyle. |))d z§01\|f||2‘%2'

ael wP (1 — |z])

at2
If g€ B,” and g.(z) =g(rz), 0 <r <1, then

lgrl| sz2 <[lg]l oz -
B,? B,P

Since gr € QK,w(p,q), 0 <7 < 1, we can choose f = g, in the inequality (19).
Using Fatou’s lemma (see [12]), we deduce that

K
sup/ P (1 -z B2 40 gl L
sup (1~ J2) 5

a+2
Thus g € Qk,w(p,q), which means that Qg, . (p,q) = B." . It follows from
Theorem 2.1 that the integral in (3) with K = Ky must be convergent, a
contradiction. We obtain Qg, . (p, q) ;Cé QK, w(p, q), finishing the proof. [
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5. MEROMORPHIC CLASSES Q7

For a meromorphic function f a natural analogue of |f/(z)| is the spherical
derivative

w11

(L+1f(=)?)
In an analogous way to the analytic case we define the meromorphic classes
Qﬁ ., as follows.

DEFINITION 5.1. Let K: [0,00) — [0,00) be a nondecreasing function, 0 <
p < o0, =2 < q < oo, and w: (0,1] — (0,00) a reasonable function with
w(kt) =~ w(t) k > 0. A meromorphic function f in A is said to belong to the

classes Qf{w(p, q) if

su #(:2))? _ZQMJ 50
(20) sup [ (7)) (1= )" S do < .

REMARK 5.1. Our Qﬁw(p, q) classes are more general than many other
classes of meromorphic function spaces. If we take w = 1, then we get the
Qf((p, q) type spaces (see [18]). If we take ¢ = p = 2, and w(t) = t, we obtain
the Qf} space (see [6, 7, 15]). If we take ¢ = p =2, w(t) =t, and K(t) = t?,
we obtain the Q;,# spaces as studied in [2, 3, 4, 14]. If we take w(t) = 1 and
K (t) = t*, then we obtain the F'#(p, q,s) classes (see [21]).

DEFINITION 5.2. ([14]) A meromorphic function f on A is said to be a
spherical Bloch function, denoted by f € B#, if there exists a real number r
with 0 < r < 1 such that

sup/ (f#(2))*do. < co.
a€A JA(a,r)

DEFINITION 5.3. ([14]) A meromorphic function f on A is said to be a
spherical Dirichlet class if there exists a real number r with 0 < r < 1 such
that

/ (f#(2))?do. < co.
A(a,r)

The meromorphic counterpart of the spaces B and Bf , are respectively
the classes of the weighted normal and the little weighted normal functions
defined below.

DEFINITION 5.4. Let f be a meromorphic function in A, 0 < o < oo and
w: (0,1] — (0,00). If
(1—|z)”

waa:supf#27<oo,
1l = 2R P S —ap
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then f belongs to the class IV, o of weighted normal functions. Moreover, if

el
ATy =

then f belongs to the class N, o0 of little weighted normal functions.

The classes N, o and N, o0 are called respectively the class of weighted
normal functions and the class of little weighted normal functions.

THEOREM 5.1. For each nondecreasing function K : [0,00) — [0,00), for a
given reasonable function w: (0,1] — (0,00), and for0 < p < 0o, =2 < ¢ < 00
the following assertions hold:

0 QFulp.a) C N, ues
(ii) Qf}w(p, q) = N q+2 if and only if (3) holds.
’ P

w7
Proof. The proof of this theorem is much akin to that of Theorem 2.1 with
some minor modifications, so it will be omitted. O

The little “oh” version of Theorem 5.1 can be obtained in view of Theorem
3.1 as follows:

THEOREM 5.2. For each nondecreasing function K : [0,00) — [0,00), for a
given reasonable function w: (0,1] — (0,00), and for 0 < p < 0o, —2 < g < 0
then following assertions hold:

(i) Q?&(,w,o(pv Q) C Nwﬂpﬁﬁ'
(ii) Q?w’o(p, q) = Nw7¥70 if and only if (3) holds.
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