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MULTIPLICITY RESULTS FOR NONLINEAR EIGENVALUE
PROBLEMS ON UNBOUNDED DOMAINS

IONICA ANDREI

Abstract. In this paper we prove a multiplicity result for a class of eigenvalue
problems with nonlinear boundary conditions on an unbounded domain. Many
results have been obtained by Céarstea and Radulescu [3], Chabrowski [5], [6],
Kandilakis and Lyberopoulos [10], Lisei, Varga and Horvath [13] and Pfliger
[16].
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1. INTRODUCTION AND PRELIMINARY RESULTS

This paper is motivated by recent advances in elastic mechanics and elec-
trorheological fluids (sometimes referred to as “smart fluids”) where some pro-
cesses are modeled by nonhomogeneous quasilinear operators (see Acerbi and
Mingione [1], Diening [8], Halsey [9], Kristédly, Lisei and Varga [11], Kristaly
and Varga [12], Ruzicka [20], Zhikov [21, 22], and the references therein). We
refer mainly to the p(z)-Laplace operator A, u := div(|VuP®)=2Vu), where
p is a continuous non-constant function. This differential operator is a nat-
ural generalization of the p-Laplace operator Apu = div(|Vu|P~2Vu), where
p > 1 is a real constant. However, the p(x)-Laplace operator possesses more
complicated nonlinearities than the p-Laplace operator, due to the fact that
Ay is not homogeneous. Recent qualitative properties of solutions to quasi-
linear problems in Sobolev spaces with variable exponent have been obtained
by Alves and Souto [2], Chabrowski and Fu [4], Mihailescu and Radulescu [14]
and Radulescu [18].

Let @ ¢ RY be an unbounded domain with smooth boundary I'. Set

Ci(Q)={h: heC(Q), h(z) > 1, for all x € Q}.
For h € C4(Q) let

h~ =ess inf h(z), h' =esssuph(z).
xeQ) zeQ

We assume throughout this paper that p € C4(£2), m, ¢ and o, ay are real
numbers satisfying

(1) 1<p" <N, p'<g<——, -N<a<q
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_l’_

2) pT<m<p*. ~N+1.

and —N<ay<m-

_ N —p
N —p* N
We define the weighted Sobolev space E as the completion of C§°(€2) with the
norm
1 o+
ullg = Vuxp++ua:p+dx>p
lulls = ([ (@ + el

We denote by LI(Q;w;) and by L™(I';ws) the weighted Lebesgue spaces
with respect to

3) wil@) = (14 [a))™,i = 1,2,
and norms

mmmzém@mwmm |wmwzéw@mmWM.
We have

ProprosiTION 1. (Pfliiger [15]) Assume that (1) holds. Then the embedding
E — Li(Q;wy) is continuous. If the upper bound for q in (1) is strict, then
the embedding is compact. Suppose that the inequalities in (2) are satisfied.
Then the trace operator E — L™(T';ws) is continuous. If the upper bound for
m in (2) is strict, then the trace operator is compact.

The best embedding constant of £ < L9(;w) will be denoted by Cy 4,
and that of E — L™(I';w2) by Cpy s -
We assume throughout this paper that a € L*°(Q2) and b € L>(I") such that

(4) a(x) > a >0, forae. x€Q,
and
c o
5 ¢ cp@)<— foraezel,
O Gy S S T e

where ¢, C' > 0 are constants.

REMARK 1. (see [16]) Note that

rwfzzfmwmmﬁM+Ammwwfﬂ

defines an equivalent norm on F.

We are concerned in this paper with elliptic problems of the following type

—div(a(z)|VulP®2Vu) = Af(z, u(zx)) in Q,
(Pxp0) a(2)|VulP 2V - n+ b(a) [ 2w = pg(e,u(z))  onT,
u#0 in £,

where n denotes the unit outward normal on I'; and A, p > 0.
We also consider the following assumptions:
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(F1) f: @ x R — R is a Carathéodory function such that f(-,0) = 0 and
[f(z,9)] < fola) + fiz)]s ™,
where pT < r < ]\I,’t;ﬂ, and fy, f1 are measurable functions which satisfy

0< fo(x) < Crwi(z), and 0< fi(z) < Crwi(x), ae x€Q,

. 1
foe L1 <Q;wllr> :

- f(z,s)
(F2) lli% fg(l’)iSip+_1

F3) imsup ———
(F8) s )]

max F(-,s) € L'(Q), for all M > 0,
5| <M

= 0, uniformly in x € €;

F(z,s) <0, uniformly for all z € Q, and

where F' denotes the primitive function of f with respect to the second variable,
that is, F'(z,u) fo f(x, s)ds;

(F'4) there exists ug € E such that [, F(x,uo(x))dz > 0.
(G1) g: T'x R — R is a Carathéodory function such that g(-,0) = 0 and

Ig(l‘ $)| < go(x) + gu(z)|s|™ ",

where pt <m < p+ N= - L and go, g1 are measurable functions satisfying

0<go(x) < Cywa(xz) and 0<gi(x) < Cowa(z), ae xzel,
e 1
go € La-1 (I’;w;_q> ;

(G2) lir% (g()gf’;zrl = 0, uniformly in z € T’
s—0 go(z)|s

G3) limsup ———
(G I3 @]

max G(-,s) € L'(T), for all M > 0,

G(z,s) < +oo, uniformly for all z € I',; and

Where G is the primitive function of g with respect to the second variable, that
fo x, s)ds.
The energy functional corresponding to (Py ) is given by £ ,: £ —R

Exulu) = / @) V() P@ dz

o p(x)
1
+/bx u(2)|P@ AT — A Jp(u) — Ja(u),
Fp(x)()l()l (u) = pta(u)
where Jp, Jo: E — R are defined by

Jp(u):/QF( w(@)de and  Jo(u /G 2 u(z
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Proposition 1 implies that £ ,, is well defined. The solutions of problem (P )
will be found as critical points of £, ,,. Therefore, a function u € E is a solution
of problem (P) ;) provided that, for any v € F,

/ a(z)|Vu(z)[P®) 2 Vu(z) Vo(z)dz + / b(z)|u(z)P®~2u(z)v(z)dD
Q r

:)\/Qf(x,u(x))u(x)v(x)dx—I—,u/rg(a:,u(a:))u(a:)v(a:)df

We recall a result of Ricceri; for the reader’s convenience, we state it in a
slightly modified form, suitable for our purposes:

THEOREM 1. ([19], Theorem 4) Let X be a real, reflexive, separable Banach
space, let A C R be an interval, let ¥ : X x A — R be a function satisfying
the following conditions:

(1) U(z,-) is concave in A for all x € X;

(2) W(-, A) is continuous, coercive and sequentially weakly l.s.c. (lower semi-
continuous) in X for all A € A;

(3) B1 == supyep infrex V(z, A) <infzex supyep ¥(z,A) =: B
Then, for each § > (31, there exists a non-empty open set Ag C A with the
following property: for every A € Ay and every sequentially weakly I.s.c.
function ® : X — R, there exists py > 0 such that, for each p € [0, pol,
the function V(-,\) + p®(-) has at least two local minima lying in the set
{r e X :¥(x,\) <6}

2. THE MAIN RESULT

Our main result is given by the following theorem.

THEOREM 2. Let f: Q2 x R — R be a function satisfying the conditions
(F1) — (F4). Then there exists a non-degenerate compact interval [a,b] C
[0, +00] with the following properties:

1. there exists a number oy > 0 such that, for every A € [a,b] and for every
function g: T' x R — R satisfying the conditions (G1) — (G2), there exists
po > 0 such that, for each p € [0, o], the functional €y, has at least two
critical points with norms less than og;

2. there exists a number o1 > 0 such that, for every \ € [a,b] and for every
function g: I’ x R — R satisfying the conditions (G1) — (G3), there ezists
p1 > 0 such that, for each p € [0, 1], the functional £y, has at least three
critical points with norms less than 1.

We need the following auxiliary results for the proof of the main theorem.

LEMMA 1. We assume that the conditions (F'1) and (F2) are satisfied. Then
the functional Jp is sequentially weakly continuous.
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Proof. First we observe that, from assumption (F'1) and (F2), for every
g > 0, there exists C. such that

(6) |F(a,u)] < efo@)u(@)P” + Ce(folz) + fi@))|ulz)]"

Now we argue by contradiction and assume that there exist a sequence {u,, }
in E weakly convergent to u € E, and d > 0 such that

| Jp(un) — Jp(u)| > d, for all n € N.

Without loss of generality, we can assume that there is a positive constant
M such that

llullp < M, |lup|lp < M, and ||u, — ullp < M, for all n € N.

Since the embedding E — L"(;w;) is compact, we have ||u, — ul|yw, — 0.
By (6), Proposition 1 and the Holder inequality we get

o) = o] < [ [F(@,un(a)) = Flao,u(w))d
< 66/ fO(fE)‘un(m) - u(x)](]un(x)‘p+_1 + ’u<$)’p+_l)dx
Q
+ 605/(f0(:1:) + fi@)|un (@) — w(@)|(Jun () + Ju(z)|" ) da
Q
= / wi (@) () = u(@)| (e (@) P+ Ju(@)? )da
Q

+20C:Cy /Q wi () (@) = w(@)|(wn (@) + u(z)]")dz
Tl

P

A 7 7
< eeCfllun — ullyt o, (lunll 7+ llall )

7?»,11)1)7
where ¢ > 0 is a constant, ;Tl+ + 1% =1, and % + % = 1. Using the embedding
results from Proposition 1 it folows that

+ 26CaCfHun - uHT,m(”“TLHZM + ||u

d < |Tp(un) — Tp(u)| < 266CC | MP* 4 46CeCyCn, M7 [ — 1.
Therefore, if € > 0 is sufficiently small and n € N is large enough, we have
d < |Jp(up) — Jp(u)| < d,
which is a contradiction. 0

Similar to Lemma 1 we have the next result.

LEMMA 2. If the conditions (G1) and (G2) are satisfied, then the functional
Ja is sequentially weakly continuous.
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LEMMA 3. Suppose that the conditions (F'1) and (F'3) are satisfied. Then,
for every X > 0, the functional
+
[|ullp
—)— = AJp(u
pe (u)
is coercive on E.

Proof. If A = 0, the statement is trivial.

Now fix A > 0 and a € [O, % . There exists a positive function
P

ha € L'(€2;wy) such that
F(z,5) < afo()|s]”" + ha(z)w(z), for all (z,s) € Q x R.
It follows that

+ +
]l —Ap(u) > ol —)\a/ wl(:):)]u(:r)]p+d:1:—)\/ he(z)wy (x)dx
pt pt Q Q
+ (1 +
>l (= 20y ) = Al
that goes to oo as ||ul|y — oc. O

Proof. (Theorem 2). We define the function h: [0, +oc] — R by setting
+

[[ullp

p+

h(t) :sup{JF(u) : gt}, for all ¢ > 0.

Using (6), we have that
+ r_ r_
0<h(t) < 6p+0f05+’w1t +2(p*)rT C.C4C7, t7T, for all t > 0;

since p™ < r, it follows that

t—0t+ t

By (F4) it is clear that ug # 0 (since Jp(0) = 0). Thus, due to the convergence
relation above, it is possible to choose a real number ¢y such that 0 < g <

+
g
h(t +
(tO) < P = -JF(UO).
0 luoll
We choose pg > 0 such that
+
(7) h(to) < po < - - Jr(uo)to.
[uolfy

In particular, we have py < Jp(ug).
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Now we are going to apply Theorem 1 to the space E, the interval A =
[0, +00] and the function ¥: E x A — R defined by
+
[Jull}
p+

U(u, \) = + Apo — Jr(u)), for all (u,\) € E x A,

and ®: £ — R by
O(u) = —Jg(u), for all u € E.
Clearly, condition (1) from Theorem 1 is fulfilled.
In order to check condition (2) from Theorem 1, let us fix A € [0, +o0].
Using Lemma 3, it follows that the functional W(-, \) is coercive; moreover,

f
p
U(-,\) is the sum of u — Hup'k’ , which is sequentially weakly l.s.c., and of

u— A(po — Jp(u)), which is sequentially weakly continuous (see Lemma 1).
Next we prove that U satisfies the minimax inequality (3) from Theorem 1.
The function
A injfE U(u, A)

ue
is upper semicontinuous on A. Using

Inf W(u, A) < W(uo, A) = — 27— + Apo — JF(uo))

and py < Jr(up), we obtain that

lim inf ¥(u,\) = —oc.
A—toouck

Therefore we can find A € A such that

b= sup Inf W(u,A) = inf T(u,A).

In order to prove that ) < to, we distinguish two cases:
1. If0§/\<;—g,wehave
B < U(0,) = Apo < to.
I If A > Z—g, then we use py < Jr(up) and the inequality (7) to get
+
< o luollp

B1 < ¥(up, A) < e

t
+ = (po — Jr(uo)) < to.
Po
Let us focus next on the right hand side of the inequality (3) of Theorem

1. Clearly

+
: )l
= = . > .
B2 ;Ieljfg ilé}jz\ll(u, A) 1nf{ o Jr(u) > po

On the other hand, using again (7), we easily get

+
T
0SS 11 ?JF(U)ZPO .



10 Tonica Andrei 8

Thus
B < to < o,

that is, condition (3) from Theorem 1 holds.
Next, we can apply Theorem 1. Fix § > 1, and for every A € A denote

Sy={ue€ E:¥(u,\) <}

There exists a non-empty open set Ag C [0, +00] with the following property:
for every A € Ay and every sequentially weakly l.s.c. ®: F — R, there exists
o > 0, such that for each u € [0, po], the functional

ur— Uu,\) + ud(u)

has at least two local minima lying in the set Sy. Let [a,b] C Ap be a non-
degenerate compact interval.

We prove now the two assertions of our theorem:

1. Let A € [a,b] be a real number, and let g: I' x R — R satisfying
the conditions (G1) and (G2), and let ® = —Jg. Then, by Lemma 2, ® is
sequentially weakly continuous. From what we have stated above it follows
that there exists po > 0 such that for all 41 € [0, p10] the functional &£y ,, admits
at least two local minima u}\ s u?\ u € S, therefore these are critical points of
Exp-

Observe that

S:= J SxCSUS.
A€la,b]

Since (-, \) is coercive for all A > 0, the latter sets are bounded, hence S is
bounded as well. Choosing o¢ > sup,cg ||u||s, we get

Hu%\,u |b7 Hui,qu < 00.

2. Let A € [a,b] be a real number, and let g: I' x R — R satisfying the
conditions (G1) — (G3). As above, there exists ug > 0 such that for all
p € [0, uo] the functional &y, has at least two local minima u}\,u’ui,u €E
with norms less than og. To prove the existence of a third critical point
for £, ,, we are going to apply Corollary 1 of [17]. For this it is enough to
prove that the functional &£ , satisfies the (PS) condition for 1 > 0 small
enough. Since (G3) holds, arguing as in Lemma 3, it is easy to prove that
there exists p11 € [0, po] such that &y, is coercive in E for all u € [0, uq]. Let
{un} be a sequence such that {&) ,(u,)} is bounded and 51\7#(un) — 0 holds.
The coercivity of &, implies that {u,} is bounded in E. Because E is a
reflexive Banach space we can find a subsequence, which we still denote by
{un}, weakly convergent to a point uy € E. We denote I(u) = ﬁﬂu”é’(a‘n).
Then the directional derivative of £ , in the direction h € E is

(&5 u(w), h) = {I'(w), h) = MTp(u), h) = plJg(w), h),
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where

(I'(u), h) = /Q a(z)| VPP 2V u(z) Vh(z)dz + /F b(z)|u(z)[P®)~2u(z)h(z)dl,

(T (), h) = /Q £, u(a) ) de
and
(J(u), ) = / g(z, u(z))h(x)dT

To show that w, — wug strongly in F we use the following inequalities for
£,¢ € RN (see [7], Lemma 4.10):

(8) €= < CHIEPP P =[P ) (€ (), forp > 2,
and, for p~ € [1, 2],

2—p

9)  Je—cP < CEP 2= [P OE = O T (P + g TR
If p~ > 2 we obtain:

| — uoHi’_ = /Qa(ac)\Vun(x) — Vug(z)P dx + /F b(z)|un(x) — ug(x)P dT

< C*({I'(un), un — uo) — (I'(uo), un — uo))

= C"((&} u(un)s un — o) — (€3, (u0), un — o) + (AT (un)

+ 1 (un)s tn — uo) — (AJp(uo) + pJg; (uo), un — uo))

< C*([1Ex ()l B + N[ T (un) — Jp(uo) || &

+ plJG (un) — TG (wo)|[ ) |[un — wollp — C*(E' 5, u(u0), un — o).

Since &' ,(un) — 0 and J},, J(; are compact (see [16]), we have that u, — ug
converges strongly in F.
If 1 <p~ <2, weuse (9) and Holder’s inequality to obtain the estimate

— ~ — - 2=p

[l — o[y < CUT (un), un — o) — (I'(uo), un — uo)| (llunlly +[luolly ) »~,
where €' > 0 is a positive constant depending on p~ and C*.

Thus, the condition (P.S) is fulfilled for all p € [0, p1]. O

COROLLARY 1. Let f: Q@ x R — R be a function satisfying the condi-
tions (F'1)—(F'4). Then there exists a non-degenerate compact interval [a,b] C
[0, +-00] with the following properties:

L. there exists a number oy > 0 such that for every A\ € [a,b] and for every
function g: T' x R — R satisfying conditions (G1)—(G2) there exists pg > 0
such that, for each p € [0, o], problem (Py,) has at least one non-trivial
solution in E with norm less than og;

I1. for every A\ € [a,b] and for every function g: I' x R — R satisfying
conditions (G1)~(G3) there exists pi > 0 such that, for each p € [0, ],
problem (Py ) has at least two non-trivial solutions in E.
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REMARK 2. Carstea and Radulescu studied in [3] the existence and multi-
plicity of the solutions of the following problem:

—div(a(z)|VulP~2Vu) + h(z)|u|""2u = A1 + |z))* |u|7 %y,
(Inp) a(2)|VulP~>Vu - n+ b(x)|[ulP~?u = pg(z, u(x)),
u>0,u#0 in €

where h: 0 — R is a positive, continuous function satisfying

r/(r—q)
wy
/Q Sl der < +0

and max{p,2} < g <r < p*:= N —N<a <qg-=—=L—-N.
If we consider the problem

—div(a(z)|VuP®=2Vu) = A1+ |z|)* a9 2u — h(z)|u|"?u],
(I3,)  a@) Va2V n+ b(x)[ulf™2u = pg(z, u(z)),
u#0 in

with minor modifications, we can establish the same result as in Corollary 1,
which completes the result obtained by Carstea and Radulescu in [3].
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