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MULTIPLICITY RESULTS FOR NONLINEAR EIGENVALUE
PROBLEMS ON UNBOUNDED DOMAINS

IONICĂ ANDREI

Abstract. In this paper we prove a multiplicity result for a class of eigenvalue
problems with nonlinear boundary conditions on an unbounded domain. Many
results have been obtained by Cârstea and Rădulescu [3], Chabrowski [5], [6],
Kandilakis and Lyberopoulos [10], Lisei, Varga and Horváth [13] and Pflüger
[16].
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1. INTRODUCTION AND PRELIMINARY RESULTS

This paper is motivated by recent advances in elastic mechanics and elec-
trorheological fluids (sometimes referred to as “smart fluids”) where some pro-
cesses are modeled by nonhomogeneous quasilinear operators (see Acerbi and
Mingione [1], Diening [8], Halsey [9], Kristály, Lisei and Varga [11], Kristály
and Varga [12], Ruzicka [20], Zhikov [21, 22], and the references therein). We
refer mainly to the p(x)-Laplace operator ∆p(x)u := div(|∇u|p(x)−2∇u), where
p is a continuous non-constant function. This differential operator is a nat-
ural generalization of the p-Laplace operator ∆pu := div(|∇u|p−2∇u), where
p > 1 is a real constant. However, the p(x)-Laplace operator possesses more
complicated nonlinearities than the p-Laplace operator, due to the fact that
∆p(x) is not homogeneous. Recent qualitative properties of solutions to quasi-
linear problems in Sobolev spaces with variable exponent have been obtained
by Alves and Souto [2], Chabrowski and Fu [4], Mihăilescu and Rădulescu [14]
and Rădulescu [18].

Let Ω ⊂ RN be an unbounded domain with smooth boundary Γ. Set

C+(Ω) = {h : h ∈ C(Ω), h(x) > 1, for all x ∈ Ω}.

For h ∈ C+(Ω) let

h− = ess inf
x∈Ω

h(x), h+ = ess sup
x∈Ω

h(x).

We assume throughout this paper that p ∈ C+(Ω), m, q and α1, α2 are real
numbers satisfying

(1) 1 < p+ < N, p+ ≤ q ≤ p+N

N − p+
, −N < α1 ≤ q ·

N − p+

p+
−N,
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(2) p+ ≤ m ≤ p+ · N − 1
N − p+

and −N < α2 ≤ m ·
N − p+

N
−N + 1.

We define the weighted Sobolev space E as the completion of C∞0 (Ω) with the
norm

||u||E =
(∫

Ω
(|∇u(x)|p+ +

1
(1 + |x|)p+

|u(x)|p+)dx
) 1

p+

.

We denote by Lq(Ω;w1) and by Lm(Γ;w2) the weighted Lebesgue spaces
with respect to

(3) ωi(x) = (1 + |x|)αi , i = 1, 2,

and norms

||u||qq,w1
=
∫

Ω
w1(x)|u(x)|qdx, ||u||mm,w2

=
∫

Γ
w2(x)|u(x)|mdΓ.

We have

Proposition 1. (Pflüger [15]) Assume that (1) holds. Then the embedding
E ↪→ Lq(Ω;w1) is continuous. If the upper bound for q in (1) is strict, then
the embedding is compact. Suppose that the inequalities in (2) are satisfied.
Then the trace operator E ↪→ Lm(Γ;w2) is continuous. If the upper bound for
m in (2) is strict, then the trace operator is compact.

The best embedding constant of E ↪→ Lq(Ω;w1) will be denoted by Cq,w1

and that of E ↪→ Lm(Γ;w2) by Cm,w2 .
We assume throughout this paper that a ∈ L∞(Ω) and b ∈ L∞(Γ) such that

(4) a(x) ≥ a > 0, for a.e. x ∈ Ω,

and

(5)
c

(1 + |x|)p+−1
≤ b(x) ≤ C

(1 + |x|)p+−1
, for a.e x ∈ Γ,

where c, C > 0 are constants.

Remark 1. (see [16]) Note that

||u||p
+

b =
∫

Ω
a(x)|∇u(x)|p+dx+

∫
Γ
b(x)|u(x)|p+dΓ

defines an equivalent norm on E.

We are concerned in this paper with elliptic problems of the following type

(Pλ,µ)

 −div(a(x)|∇u|p(x)−2∇u) = λf(x, u(x)) in Ω,
a(x)|∇u|p(x)−2∇u · n+ b(x)|u|p(x)−2u = µg(x, u(x)) on Γ,
u 6= 0 in Ω,

where n denotes the unit outward normal on Γ, and λ, µ > 0.
We also consider the following assumptions:
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(F1) f : Ω×R→ R is a Carathéodory function such that f(·, 0) = 0 and

|f(x, s)| ≤ f0(x) + f1(x)|s|r−1,

where p+ < r < p+N
N−p+ , and f0, f1 are measurable functions which satisfy

0 < f0(x) ≤ Cfw1(x), and 0 ≤ f1(x) ≤ Cfw1(x), a.e. x ∈ Ω,

f0 ∈ L
r

r−1

(
Ω;w

1
1−r

1

)
;

(F2) lim
s→0

f(x, s)
f0(x)|s|p+−1

= 0, uniformly in x ∈ Ω;

(F3) lim sup
s→+∞

1
f0(x)|sp+ |

F (x, s) ≤ 0, uniformly for all x ∈ Ω, and

max
|s|≤M

F (·, s) ∈ L1(Ω), for all M > 0,

where F denotes the primitive function of f with respect to the second variable,
that is, F (x, u) =

∫ u
0 f(x, s)ds;

(F4) there exists u0 ∈ E such that
∫

Ω F (x, u0(x))dx > 0.
(G1) g : Γ×R→ R is a Carathéodory function such that g(·, 0) = 0 and

|g(x, s)| ≤ g0(x) + g1(x)|s|m−1,

where p+ ≤ m < p+ · N−1
N−p+ , and g0, g1 are measurable functions satisfying

0 < g0(x) ≤ Cgw2(x) and 0 ≤ g1(x) ≤ Cgw2(x), a.e. x ∈ Γ,

g0 ∈ L
q

q−1

(
Γ;w

1
1−q

2

)
;

(G2) lim
s→0

g(x, s)
g0(x)|s|p+−1

= 0, uniformly in x ∈ Γ;

(G3) lim sup
s→+∞

1
g0(x)|sp+ |

G(x, s) < +∞, uniformly for all x ∈ Γ, and

max
|s|≤M

G(·, s) ∈ L1(Γ), for all M > 0,

where G is the primitive function of g with respect to the second variable, that
is G(x, u) =

∫ u
0 g(x, s)ds.

The energy functional corresponding to (Pλ,µ) is given by Eλ,µ : E →R

Eλ,µ(u) =
∫

Ω

1
p(x)

a(x)|∇u(x)|p(x)dx

+
∫

Γ

1
p(x)

b(x)|u(x)|p(x)dΓ− λJF (u)− µJG(u),

where JF , JG : E → R are defined by

JF (u) =
∫

Ω
F (x, u(x))dx and JG(u) =

∫
Γ
G(x, u(x))dΓ.
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Proposition 1 implies that Eλ,µ is well defined. The solutions of problem (Pλ,µ)
will be found as critical points of Eλ,µ. Therefore, a function u ∈ E is a solution
of problem (Pλ,µ) provided that, for any v ∈ E,∫

Ω
a(x)|∇u(x)|p(x)−2∇u(x)∇v(x)dx+

∫
Γ
b(x)|u(x)|p(x)−2u(x)v(x)dΓ

= λ

∫
Ω
f(x, u(x))u(x)v(x)dx+ µ

∫
Γ
g(x, u(x))u(x)v(x)dΓ.

We recall a result of Ricceri; for the reader’s convenience, we state it in a
slightly modified form, suitable for our purposes:

Theorem 1. ([19], Theorem 4) Let X be a real, reflexive, separable Banach
space, let Λ ⊆ R be an interval, let Ψ : X × Λ → R be a function satisfying
the following conditions:

(1) Ψ(x, ·) is concave in Λ for all x ∈ X;
(2) Ψ(·, λ) is continuous, coercive and sequentially weakly l.s.c. (lower semi-

continuous) in X for all λ ∈ Λ;
(3) β1 := supλ∈Λ infx∈X Ψ(x, λ) < infx∈X supλ∈Λ Ψ(x, λ) =: β2.

Then, for each δ > β1, there exists a non-empty open set Λ0 ⊂ Λ with the
following property: for every λ ∈ Λ0 and every sequentially weakly l.s.c.
function Φ : X → R, there exists µ0 > 0 such that, for each µ ∈ [0, µ0],
the function Ψ(·, λ) + µΦ(·) has at least two local minima lying in the set
{x ∈ X : Ψ(x, λ) < δ}.

2. THE MAIN RESULT

Our main result is given by the following theorem.

Theorem 2. Let f : Ω × R → R be a function satisfying the conditions
(F1) − (F4). Then there exists a non-degenerate compact interval [a, b] ⊂
[0,+∞] with the following properties:

1. there exists a number σ0 > 0 such that, for every λ ∈ [a, b] and for every
function g : Γ × R → R satisfying the conditions (G1) − (G2), there exists
µ0 > 0 such that, for each µ ∈ [0, µ0], the functional Eλ,µ has at least two
critical points with norms less than σ0;

2. there exists a number σ1 > 0 such that, for every λ ∈ [a, b] and for every
function g : Γ × R → R satisfying the conditions (G1) − (G3), there exists
µ1 > 0 such that, for each µ ∈ [0, µ1], the functional Eλ,µ has at least three
critical points with norms less than σ1.

We need the following auxiliary results for the proof of the main theorem.

Lemma 1. We assume that the conditions (F1) and (F2) are satisfied. Then
the functional JF is sequentially weakly continuous.
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Proof. First we observe that, from assumption (F1) and (F2), for every
ε > 0, there exists Cε such that

(6) |F (x, u)| ≤ εf0(x)|u(x)|p+ + Cε(f0(x) + f1(x))|u(x)|r.

Now we argue by contradiction and assume that there exist a sequence {un}
in E weakly convergent to u ∈ E, and d > 0 such that

|JF (un)− JF (u)| ≥ d, for all n ∈ N.

Without loss of generality, we can assume that there is a positive constant
M such that

||u||b ≤M, ||un||b ≤M, and ||un − u||b ≤M, for all n ∈ N.

Since the embedding E ↪→ Lr(Ω;w1) is compact, we have ||un − u||r,w1 → 0.
By (6), Proposition 1 and the Hölder inequality we get

|JF (un)− JF (u)| ≤
∫

Ω
|F (x, un(x))− F (x, u(x))|dx

≤ εĉ
∫

Ω
f0(x)|un(x)− u(x)|(|un(x)|p+−1 + |u(x)|p+−1)dx

+ ĉCε

∫
Ω

(f0(x) + f1(x))|un(x)− u(x)|(|un(x)|r−1 + |u(x)|r−1)dx

≤ εĉCf
∫

Ω
w1(x)|un(x)− u(x)|(|un(x)|p+−1 + |u(x)p

+−1|)dx

+ 2ĉCεCf

∫
Ω
w1(x)|un(x)− u(x)|(un(x)|r−1 + |u(x)|r−1)dx

≤ εĉCf ||un − u||p+,w1
(||un||

p+

p′

p+,w1
+ ||u||

p+

p′

p+,w1
)

+ 2ĉCεCf ||un − u||r,w1(||un||
r
r′
r,w1 + ||u||

r
r′
r,w1),

where ĉ > 0 is a constant, 1
p+

+ 1
p′ = 1, and 1

r + 1
r′ = 1. Using the embedding

results from Proposition 1 it folows that

d ≤ |JF (un)− JF (u)| ≤ 2εĉCfC
p+

p+,w1
Mp+ + 4ĉCεCfC

r
r′
r,w1M

r
r′ ||un − u||r,w1 .

Therefore, if ε > 0 is sufficiently small and n ∈ N is large enough, we have

d ≤ |JF (un)− JF (u)| < d,

which is a contradiction. �

Similar to Lemma 1 we have the next result.

Lemma 2. If the conditions (G1) and (G2) are satisfied, then the functional
JG is sequentially weakly continuous.
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Lemma 3. Suppose that the conditions (F1) and (F3) are satisfied. Then,
for every λ ≥ 0, the functional

u 7→
||u||p

+

b

p+
− λJF (u)

is coercive on E.

Proof. If λ = 0, the statement is trivial.

Now fix λ > 0 and a ∈

[
0, 1

λp+Cp+

p+,w1

]
. There exists a positive function

ha ∈ L1(Ω;w1) such that

F (x, s) ≤ af0(x)|s|p+ + ha(x)w1(x), for all (x, s) ∈ Ω×R.

It follows that

||u||p
+

b

p+
− λJF (u) ≥

||u||p
+

b

p+
− λa

∫
Ω
w1(x)|u(x)|p+dx− λ

∫
Ω
ha(x)w1(x)dx

≥ ||u||p
+

b

(
1
p+
− λaCp

+

p+,w1

)
− λ||ha||1,w1 ,

that goes to ∞ as ||u||b →∞. �

Proof. (Theorem 2). We define the function h : [0,+∞]→ R by setting

h(t) = sup

{
JF (u) :

||u||p
+

b

p+
≤ t

}
, for all t > 0.

Using (6), we have that

0 ≤ h(t) ≤ εp+CfC
p+

p+,w1
t+ 2(p+)

r
p+CεCfC

r
r,w1

t
r

p+ , for all t > 0;

since p+ < r, it follows that

lim
t→0+

h(t)
t

= 0.

By (F4) it is clear that u0 6= 0 (since JF (0) = 0). Thus, due to the convergence
relation above, it is possible to choose a real number t0 such that 0 < t0 <
||u0||p

+

b
p+

and
h(t0)
t0

<
p+

||u0||p
+

b

· JF (u0).

We choose ρ0 > 0 such that

(7) h(t0) < ρ0 <
p+

||u0||p
+

b

· JF (u0)t0.

In particular, we have ρ0 < JF (u0).
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Now we are going to apply Theorem 1 to the space E, the interval Λ =
[0,+∞] and the function Ψ: E × Λ→ R defined by

Ψ(u, λ) =
||u||p

+

b

p+
+ λ(ρ0 − JF (u)), for all (u, λ) ∈ E × Λ,

and Φ: E → R by
Φ(u) = −JG(u), for all u ∈ E.

Clearly, condition (1) from Theorem 1 is fulfilled.
In order to check condition (2) from Theorem 1, let us fix λ ∈ [0,+∞].

Using Lemma 3, it follows that the functional Ψ(·, λ) is coercive; moreover,

Ψ(·, λ) is the sum of u 7→ ||u||p
+

b
p+

, which is sequentially weakly l.s.c., and of
u 7→ λ(ρ0 − JF (u)), which is sequentially weakly continuous (see Lemma 1).

Next we prove that Ψ satisfies the minimax inequality (3) from Theorem 1.
The function

λ 7→ inf
u∈E

Ψ(u, λ)

is upper semicontinuous on Λ. Using

inf
u∈E

Ψ(u, λ) ≤ Ψ(u0, λ) =
||u0||p

+

b

p+
+ λ(ρ0 − JF (u0))

and ρ0 < JF (u0), we obtain that

lim
λ→+∞

inf
u∈E

Ψ(u, λ) = −∞.

Therefore we can find λ ∈ Λ such that

β1 = sup
λ∈Λ

inf
u∈E

Ψ(u, λ) = inf
u∈E

Ψ(u, λ).

In order to prove that β1 < t0, we distinguish two cases:
I. If 0 ≤ λ < t0

ρ0
, we have

β1 ≤ Ψ(0, λ) = λρ0 < t0.

II. If λ ≥ t0
ρ0

, then we use ρ0 < JF (u0) and the inequality (7) to get

β1 ≤ Ψ(u0, λ) ≤
||u0||p

+

b

p+
+
t0
ρ0

(ρ0 − JF (u0)) < t0.

Let us focus next on the right hand side of the inequality (3) of Theorem
1. Clearly

β2 = inf
u∈E

sup
λ∈Λ

Ψ(u, λ) = inf

{
||u||p

+

b

p+
: JF (u) ≥ ρ0

}
.

On the other hand, using again (7), we easily get

t0 ≤ inf

{
||u||p

+

b

p+
: JF (u) ≥ ρ0

}
.



10 Ionică Andrei 8

Thus
β1 < t0 ≤ β2,

that is, condition (3) from Theorem 1 holds.
Next, we can apply Theorem 1. Fix δ > β1, and for every λ ∈ Λ denote

Sλ = {u ∈ E : Ψ(u, λ) < δ}.

There exists a non-empty open set Λ0 ⊂ [0,+∞] with the following property:
for every λ ∈ Λ0 and every sequentially weakly l.s.c. Φ: E → R, there exists
µ0 > 0, such that for each µ ∈ [0, µ0], the functional

u 7→ Ψ(u, λ) + µΦ(u)

has at least two local minima lying in the set Sλ. Let [a, b] ⊂ Λ0 be a non-
degenerate compact interval.

We prove now the two assertions of our theorem:
1. Let λ ∈ [a, b] be a real number, and let g : Γ × R → R satisfying

the conditions (G1) and (G2), and let Φ = −JG. Then, by Lemma 2, Φ is
sequentially weakly continuous. From what we have stated above it follows
that there exists µ0 > 0 such that for all µ ∈ [0, µ0] the functional Eλ,µ admits
at least two local minima u1

λ,µ, u
2
λ,µ ∈ Sλ, therefore these are critical points of

Eλ,µ.
Observe that

S :=
⋃

λ∈[a,b]

Sλ ⊆ Sa ∪ Sb.

Since Ψ(·, λ) is coercive for all λ ≥ 0, the latter sets are bounded, hence S is
bounded as well. Choosing σ0 > supu∈S ||u||b, we get

||u1
λ,µ||b, ||u2

λ,µ||b < σ0.

2. Let λ ∈ [a, b] be a real number, and let g : Γ × R → R satisfying the
conditions (G1) − (G3). As above, there exists µ0 > 0 such that for all
µ ∈ [0, µ0] the functional Eλ,µ has at least two local minima u1

λ,µ, u
2
λ,µ ∈ E

with norms less than σ0. To prove the existence of a third critical point
for Eλ,µ, we are going to apply Corollary 1 of [17]. For this it is enough to
prove that the functional Eλ,µ satisfies the (PS) condition for µ > 0 small
enough. Since (G3) holds, arguing as in Lemma 3, it is easy to prove that
there exists µ1 ∈ [0, µ0] such that Eλ,µ is coercive in E for all µ ∈ [0, µ1]. Let
{un} be a sequence such that {Eλ,µ(un)} is bounded and E ′λ,µ(un)→ 0 holds.
The coercivity of Eλ,µ implies that {un} is bounded in E. Because E is a
reflexive Banach space we can find a subsequence, which we still denote by
{un}, weakly convergent to a point u0 ∈ E. We denote I(u) = 1

p(x) ||u||
p(x)
b .

Then the directional derivative of Eλ,µ in the direction h ∈ E is

〈E ′λ,µ(u), h〉 = 〈I ′(u), h〉 − λ〈J ′F (u), h〉 − µ〈J ′G(u), h〉,
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where

〈I ′(u), h〉 =
∫

Ω
a(x)|∇u|p(x)−2∇u(x)∇h(x)dx+

∫
Γ
b(x)|u(x)|p(x)−2u(x)h(x)dΓ,

〈J ′F (u), h〉 =
∫

Ω
f(x, u(x))h(x)dx

and
〈J ′G(u), h〉 =

∫
Γ
g(x, u(x))h(x)dΓ.

To show that un → u0 strongly in E we use the following inequalities for
ξ, ζ ∈ RN (see [7], Lemma 4.10):

(8) |ξ − ζ|p− ≤ C∗(|ξ|p−−2ξ − |ζ|p−−2ζ)(ξ − ζ), for p− ≥ 2,

and, for p− ∈ [1, 2],

(9) |ξ − ζ|p− ≤ C∗(|ξ|p−−2ξ − |ζ|p−−2ζ)(ξ − ζ)
p−
2 (|ξ|p− + |ζ|p−)

2−p−
2 .

If p− ≥ 2 we obtain:

||un − u0||p
−

b =
∫

Ω
a(x)|∇un(x)−∇u0(x)|p−dx+

∫
Γ
b(x)|un(x)− u0(x)|p−dΓ

≤ C∗(〈I ′(un), un − u0〉 − 〈I ′(u0), un − u0〉)
= C∗(〈E ′λ,µ(un), un − u0〉 − 〈E ′λ,µ(u0), un − u0〉+ 〈λJ ′F (un)

+ µJ ′G(un), un − u0〉 − 〈λJ ′F (u0) + µJ ′G(u0), un − u0〉)
≤ C∗(||E ′λ,µ(un)||E′ + λ||J ′F (un)− J ′F (u0)||E′
+ µ||J ′G(un)− J ′G(u0)||E′)||un − u0||b − C∗〈E ′λ,µ(u0), un − u0〉.

Since E ′λ,µ(un)→ 0 and J ′F , J ′G are compact (see [16]), we have that un → u0

converges strongly in E.
If 1 < p− < 2, we use (9) and Hölder’s inequality to obtain the estimate

||un− u0||p
−

b ≤ Ĉ|〈I
′(un), un− u0〉− 〈I ′(u0), un− u0〉|(||un||p

−

b + ||u0||p
−

b )
2−p−

p− ,

where Ĉ > 0 is a positive constant depending on p− and C∗.
Thus, the condition (PS) is fulfilled for all µ ∈ [0, µ1]. �

Corollary 1. Let f : Ω × R → R be a function satisfying the condi-
tions (F1)–(F4). Then there exists a non-degenerate compact interval [a, b] ⊂
[0,+∞] with the following properties:

I. there exists a number σ0 > 0 such that for every λ ∈ [a, b] and for every
function g : Γ ×R → R satisfying conditions (G1)–(G2) there exists µ0 > 0
such that, for each µ ∈ [0, µ0], problem (Pλ,µ) has at least one non-trivial
solution in E with norm less than σ0;

II. for every λ ∈ [a, b] and for every function g : Γ × R → R satisfying
conditions (G1)–(G3) there exists µ1 > 0 such that, for each µ ∈ [0, µ1],
problem (Pλ,µ) has at least two non-trivial solutions in E.
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Remark 2. Cârstea and Rădulescu studied in [3] the existence and multi-
plicity of the solutions of the following problem:

(Iλ,µ)

 −div(a(x)|∇u|p−2∇u) + h(x)|u|r−2u = λ(1 + |x|)α1 |u|q−2u,
a(x)|∇u|p−2∇u · n+ b(x)|u|p−2u = µg(x, u(x)),
u ≥ 0, u 6= 0 in Ω,

where h : Ω→ R is a positive, continuous function satisfying∫
Ω

w
r/(r−q)
1

hq/(r−q)
dx < +∞

and max{p, 2} ≤ q < r < p∗ := pN
N−p , −N < α1 ≤ q · N−pp −N.

If we consider the problem

(I ′λ,µ)

 −div(a(x)|∇u|p(x)−2∇u) = λ[(1 + |x|)α1 |u|q−2u− h(x)|u|r−2u],
a(x)|∇u|p(x)−2∇u · n+ b(x)|u|p(x)−2u = µg(x, u(x)),
u 6= 0 in Ω,

with minor modifications, we can establish the same result as in Corollary 1,
which completes the result obtained by Cârstea and Rădulescu in [3].
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Manásevich, P. Rabinowitz, B. Ruf, C. Tomei, Eds.), Series: Progress in Nonlinear
Differential Equations and Their Applications, Vol. 66, Birkhäuser, Basel, 2006, pp.
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