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Preface

The notion ”fixed point structure” (which we gave in 1986 for singlevalued
operators and in 1993 for multivalued operators) is a generalization of some
notions such as:

e "topological space with the fixed point property” (L.E.J. Brouwer, J.
Schauder, A. Tychonoff, B. Knaster, K. Kuratowski, S. Mazurkiewicz, V.L.
Klee, E.H. Connel, E. Fadell, H. Schirmer, S. Kakutani, S. Eilenberg, D. Mont-
gomery, H.F. Bohnenblust, S. Karlin, K. Fan, I.L.. Glicksberg, R.F. Brown, J.
Dugundji, A. Granas,...);

e "metric space with fixed point property w.r.t. contractions” (S. Banach,
R. Caccioppoli, C. Bessaga, P.R. Meyers, E.H. Connel, T.K. Hu, L. Janos, V.I.
Opoitsev, P. Amato, L. Leader, W.A. Kirk, S. Park, I.LA. Rus, M.C. Anisiu,
V. Anisiu, J. Jachymski,...);

e "Menger space with the fixed point property w.r.t. probabilistic contrac-
tions” (V.M. Sehgal, A.T. Bharucha-Reid, O. Hadzié¢, T.L. Hicks, H. Sher-
wood, Gh. Constantin, V.I. Istratescu, E. Pap, V. Radu, R.M. Tardiff, B.
Schweizer, D. Mihet,...);

e "Banach space with the fixed point property w.r.t. nonexpansive op-
erators” (F.E. Browder, D. Gohde, W. Kirk, L.A. Karlovitz, T.C. Lim, M.
Edelstein, B. Maurey, J.B. Baillon, R.E. Bruck, K. Goebel, M.A. Khamsi, S.
Reich, B. Sims, W. Takahashi, T. Dominguez Benavides, R. Espinola, J. Elton,
P.K. Lim, E. Odell, S. Szarek, D.S. Jaggi, G. Kassay,...);

e "ordered set with the fixed point property” (B. Knaster, A. Tarski, G.
Birkhoff, S. Ginsburg, L.E. Ward, A.C. Davis, S. Abian, A.B. Brown, A. Abian,
I. Rival, A. Pelczar, H. Amann, H. Cohen, D. Duffus, Z. Shmuely,...);



12 Preface

e "operator with the fixed point property on family of sets” (G.S. Jones,
F.S. De Blasi,...);

e 7object with the fixed point property” (F.W. Lawvere, J. Lambek,
ILA. Rus, M. Wand, J. Soto-Andrade, F.J. Varela, M. Barr, C. Wells, A.
Baranga,...).

The fixed point structure theory offers a solution for the following problem:

If we have a fixed point theorem 7" and an operator f which does not satisfy
the conditions of T', in which conditions the operator f has an invariant subset
Y such that the restriction of f to Y, f|y satisfies the conditions of T'.

In the terms of the fixed point structures this problem take the following
form:

Let (X, S(X), M) be a fixed point structure on a set X. Let A be a subset
of X and f: A — A an operator. In which conditions there exists Y C A such
that:

(a) YeSX); () fY)CY;  (c) fly € M(Y).

From the definition of the fixed point structure it follows that if such an
Y exists, then the operator f has at least a fixed point.

The aim of this monograph is to present the basic notions, results and
today open problems of the fixed point structure theory.

In the construction of the fixed point structure theory we learned much
from discussion with C. Avramescu, V. Berinde, A. Petrusel, R. Precup, V.
Radu, A. Buica, A. Muntean and M.A. Serban. So, we would like to thank all
of them.

Cluj-Napoca Toan A. Rus
May, 2006
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Chapter 1

Sets, operators and fixed

points

1.1 Sets and operators

Let X be a set. We denote

P(X):={Y|]Y C X} and P(X) :={Y € P(X)|Y # 0}.

Let X and Y be two sets. Then we denote by M(X,Y) the set of all
operators f : X — Y. If Y = X, then M(X) := M(X, X). By M’(X,Y) we
denote the set of all multivalued operators T': X — Y, ie., T : X — P(Y).

Let (X, 7) be a topological space. Then we shall use the following notations:

Py(X) :={Y € P(X)|Y =Y}, the set of all nonempty closed subset of
X;

P,, :={Y € P(X)|Y an open subset of X};
Pp(X) :={Y € P(X)|Y is compact};
P (X):={Y € P(X)|Y is connex }.
In the case of a real linear space (X, +,R),

P.,(X):={Y € P(X)|Y is convex},

15
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Py(X) :={Y € P(X)|Y is starshaped},
and in the case of a metric space (X, d),

Py(X) :={Y € P(X)|diameter of Y, §(Y) < +o0}.

1.2 Fixed and periodic points

Let X be a set, f : X — X a singlevalued operator and T : X — X a
multivalued operator. We shall use the following notations:

Fy:={z € X|f(x) = z}, the fixed point set of f,

Fr:={z € X|z € T(x)}, the fixed point set of T,

(SF)p :={z € X|T(z) = {x}}, the strict fixed point set of T

P = U Fyn, the periodic point set of f,

neN*
Pr:= U Frn, the periodic point set of T,
neN*
(SP)r = U (SF)pn, the strict periodic point set of T'.
neN*

Let (X, <) be a partially ordered set and f : X — X an operator. Then:
(UF); :={x € X|z > f(x)}, the set of all upper fixed point of f,
(LF)s :={zx € X|z < f(x)}, the set of all lower fixed point of f.

1.3 Retractible operators

Let X beaset andY C X asubset of X. Then by definition a set retraction
of X onto Y is an operator p : X — Y such that the restriction of p to Y is
the identity operator, p|ly = ly. In general:

If (X, <) is a partially ordered set and Y C X, then by definition, p : X —
Y is an ordered set retraction if p is a set retraction and is increasing.

If (X, 7) is a topological space, Y C X, then p: X — Y is a topological

retraction, if p is a set retraction and is continuous.
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More general, if X is a structured set and Y C X, then p is a retraction
w.r.t. that structure if p is a set retraction and p is a morphism w.r.t. that
structure.

If p: X = Y is a retraction then Y is called a retract of X.

Definition 1.3.1. (R.F. Brown [13]). Let X beaset,Y C X andp: X —
Y a retraction. Then by definition an operator f : Y — X is retractible w.r.t.
pif Fy = Fpy.

Example 1.3.1. Let (X, +,R, ||-||) be a Banach space and B(0;1) := {x €
X| ||lz|| < 1}. Then the operator p : X — B(0;1), defined by

x if |z <1,
p(x) =

1
—x if |jz]| >1
]l
is a topological retraction of X onto B(0;1).
We name this retraction, the radial retraction.

Let f: B(0;1) — X be an operator. If f satisfies the following condition
re X, lz]| =1, Ae R, f(x) = Az imply A <1,

then f is a retractible operator w.r.t. the radial retraction p. The above con-
dition is called the Leray-Schauder boundary condition.

Example 1.3.2. Let (X, <) be a partially ordered set with the least ele-
ment, 0. Let Y € P(X) be such that:

(i)oey,

(ii) (Y, <) is conditionally complete, i.e., A € P,(Y) = 3 sup A and inf A.

Let p: X — Y be defined by

x if xeYy,

ole) = supy ([0,2] NY) if ze€ X\Y.

The operator p is an ordered set retraction of X onto Y.
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If an operator f:Y — X is such that
f(z) € X \'Y implies supy ([0, f(z)]NY) # x,

then f is retractible w.r.t. p.

Example 1.3.3. (I.A. Rus [64]). Let (X, —) be an L-space. An operator
A : X — X is weakly Picard if the sequence (A"(x))nen converges for all
x € X and the limit (which may depend on x) is a fixed point of A. For a
weakly Picard operator A we consider the operator A : X — X defined by

A® X - X, A®(z):= lim A"(x).

n—oo

It is clear that A*°(X) = F4. So, the operator A* : X — Fjy is a set
retraction of X to I4.

Example 1.3.4. (R.F. Brown [69]). Let (X,| - ||) be a Banach space,
0<r<Rand

Y, r:={x € X|r <|z| <R}
The operator p : X \ {0} — Y, r defined by

r .
mm if 0< ||| <,

p(x) = x if r<zxz<R,

i if ||z|| > R.

]

is a topological retraction.
An operator f:Y, p — X \ {0} is retractible w.r.t. p if:
(i) [|lz]| =7 = f(x)# Xz, ¥V X €]0,1]
(i) |zl =R = f(z) # Az, VA > 1.
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1.4 Closure operators

Definition 1.4.1. Let X be a set. An operator n : P(X) — P(X) is a
closure operator if

HYcnY), VY e P(X);

(i) Y,ZeP(X), Y CZ = nY)CnZ),

(iii) non =mn.

Example 1.4.1. Let (X, 4, R) be a real linear space. The following oper-
ators are closure operators:

n:P(X)— P(X), n(Y) := linear hull of Y;

n:P(X)— P(X), n(Y) := affine hull of Y;

n:PX)—PX), n):

Example 1.4.2. Let (X, 7) be a topological space. Then, n : P(X) —

coY = convex hull of Y.

P(X), n(Y) =Y is a closure operator.
Example 1.4.3. Let (X, 4+, R, 7) be a linear topological space. Then, 7 :
P(X) = P(X), n(Y) := @Y := (coY) is a closure operator.
The main property of a closure operator is the following:
Lemma 1.4.1. If n: P(X) — P(X) is a closure operator, then
Y,eF, icl = (\YieF,
el

1.5 Fractal operators

Let X be a nonempty set and T': X — P(X) a multivalued operator. We

consider the following singlevalued operator generated by 7',

~)

: P(X) > P(X), YeT():=|]Ty).
yey

The operator T is called the fractal operator corresponding to T
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Example 1.5.1. (see [4] or [65], pp. 107-110). Let X be a nonempty set
and fi,..., f;m : X = X. The multivalued operator Ty : X — P(X) defined
by

Ty(x) = {fi(2), -, fm(2)},

is called the Barnsley-Hutchinson operator generated by the operators
fi,..., fm. The fractal operator ff is a basic tool in the fractal theory. For
example if (X, d) is a complete metric space and f1,..., fi, : X — X are a-
contractions then the restriction of ff to Pep(X) is an operator from P, (X)
to Pep(X) which is an a-contraction w.r.t. Pompeiu-Hausdorff metric. In this

case the unique fixed point of T t, in Pp(X), is called fractal or attractor.

1.6 Invariant subsets

Let X be a nonempty set and f : X — X an operator. A subset ¥ C X
is an invariant subset for f if f(Y) C Y. We denote by I(f) the family of all
nonempty invariant subsets of f. We have

Lemma 1.6.1. (I.A. Rus (1986), see [65], p. 4). Let X be a nonempty set,
n:P(X)— P(X) a closure operator, Y € F, and f:Y — Y. Let A€ P(Y).
Then there exists Ay CY such that:

(1) A C Ao;

(ii) Ag € Fy);

(iii) Ao € 1(1);

(iv) n(f(Ao) U A) = Ao,

Proof. Let B := {B C Y|B satisfies the conditions (i), (ii) and (iii) }. From
Lemma 1.4.1 we have that, NB € B.

This implies that N8B is the least element of the partially ordered set (B, C).
Let us prove that Ag := NB.

We have n(f(Ag) UA) € B and n(f(Ao) UA) C Ap. These imply that
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n(f(Ao) U A) = Ao.

Let X be anonempty set and 7' : X — X a multivalued operator. A subset
Y C X is an invariant subset of T if T'(Y') C Y. We denote by I(T") the family
of all invariant nonempty subset of 7. We have

Lemma 1.6.2. (I.A. Rus (1993); see [65] p. 5). Let X be a nonempty set,
n : P(X) = P(X) be a closure operator, Y € F,, and T : Y — P(Y) a
multivalued operator. Let A € P(Y). Then there exists Ay CY such that

(i) A C Ayp;

(it) Ag € Fy;

(i1i) Ag € I(T);

(iv) 7(T(A0) U A) = Ao,

The proof of this lemma is similar with that of Lemma 1.6.1.

Remark 1.6.1. Let 7' : X — P(X) be a multivalued operator. In the
terms of the fractal operator T we have:

Yell) © Ye(UF)s,
Y=T(Y) & Y € Fz
YCTY) & Y€ (LF)s.

Remark 1.6.2. There exist another type of results on invariant subsets.
For example we have

Lemma 1.6.3. (M. Martelli (1973)). Let X be a compact topological space
and T : X — P(X) a multivalued operator. Then there exists a nonempty
closed subset Y C X such that Y = ﬁ If T is u.s.c. with closed values,
then Y =T(Y).

Lemma 1.6.4. (S. Leader (1982)). Let X be a compact metric space and

A: X — X be a continuous operator. Then ﬂ A™(X) is a fized set for A.
neN
Example 1.6.1. Let (X, 7) be a topological space, Y € Py(X) and f :

Y — Y an operator. Let € Y. Then there exists Ay C Y such that:
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i) x € Ao;

ii) Ag = Ap;

i) Ao € 1(f);

iv) f(Ao) U {z} = Ao.

Indeed, we take in Lemma 1.6.1, n(B) = B and A = {z}.

(
(
(
(

Example 1.6.2. Let (X, 4+, R,7) be a vectorial topological space, Y €
Pycoy(X)and f:Y — Y an operator. Let € Y. Then there exists Ag C Y
such that:

(i) =z € Ao;

(i) @Ao = Ao;

(iii) Ao € I(f);

(iv) eo(f(Ao) U{z}) = Ao.

Indeed, we take in Lemma 1.6.1, n(B) = ¢oB and A = {z}.

1.7 Fixed point theory in categories

By a category C we understand a class of objects, ObC, together with the
following;:

(i) For each ordered pair of objects, (A, B), A, B € ObC, a set Hom(A, B)
is given. The element of Hom(A, B) are called morphism from A to B. The
object A is called the source and B is called the target of f € Hom(A, B). For
f € Hom(A, B) also, we use the notations, f: A — B or A i> B.

(ii) For each ordered triplet of objects, (A, B,C), an operator from
Hom(A,B) x Hom(B,C) to Hom(A,C) is given. We name this operator,
the composition operator. If f € Hom(A,B) and g € Hom(B,C), then we
denote the value of this operator with go f. We suppose that the composition
operator is associative.

(iii) For each object B a morphism 1p € Hom(B, B) is given and 1p is
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such that ifAi>BandB£>C, then 1o f=fand golg =g.

(iv) If (A, B) # (C, D), then Hom(A, B) N Hom(C, D) = ().

Example 1.7.1. The category Set. The class of objects is the class
of all sets. If A, B € ObSet, then Hom(A, B) := M(A, B). The composition
morphism is the composition of operator and the identity morphism is the
identity operator.

Example 1.7.2. The category Poset. The class of objects is the class
of all partially ordered sets and Mor(A, B) := {f : A — B|f is increasing}.

Example 1.7.3. The category Top. The class of objects is the class of
all topological space and Mor(A, B) := C(A, B).

Example 1.7.4. The category SELF-OP. The objects of this category
are the self-operators. Let f : A - A and g : B — B be two objects. A
morphism from f to g is an operator h : A — B such that ho f = go h.
The class of self-operators and morphism between them forms a category: the
category SELF-OP.

Definition 1.7.1. Let C be a category and A € ObC. A morphism f €
Hom(A, A) has the f.p.p. iff there exist B € ObC and g € Hom(B, A) such
that fog=g.

Definition 1.7.2. By the fixed subobject, Fy, of a morphism f €
Hom(A, A) we understand Fy := Ker(f,14). A category in which for each
morphism with f.p.p. there exists Fy is by definition a category with fixed
subobjects.

Definition 1.7.3. Let C be a category. An object A € ObC has the f.p.p.
if each morphism f € Hom(A, A) has the f.p.p.

We have

Lemma 1.7.1. Let C be a category and A and B € ObC. We suppose that:

(i) the object A has the f.p.p.

(ii) there exists an isomorphism ¢ € Hom(A, B).
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Then B is an object with the f.p.p.
Proof. By definition ¢ is an isomorphism if there exists ) : B — A such
that

potp=1pand Yoy =14.
Let f: B— B. Then o fop € Hom(A, A). From the condition (i) there
exists g € Hom(C, A) such that 1o fopog = g. Hence we have fo(pog) = ¢og.
So, f has the f.p.p.
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Fixed point structures

2.1 Definitions and examples

Definition 2.1.1. A triple (X, S(X), M) is a fixed point structure (briefly,
f.p.s.) if
(i) X is a nonempty set, S(X) C P(X), S(X) # 0;

(i) M : P(X) - [ J M(Y),Y — M(Y) C M(Y), is a multivalued
YeP(X)
operator such that if Z C Y, Z # 0, then M(Z) D {f|z] f € M(Y), Z €

I(f)};

(iii) Every Y € S(X) has the fixed point property (f.p.p.) with respect to
M(Y).

Definition 2.1.2. A triple (X, S(X), M) which satisfies (i) and (iii) in
Definition 2.1.1 and the condition

(i) M : P(X) — | J M(Y),Y — M(Y) C M(Y) is a multivalued
YeP(X)
operator;

is called a large fixed point structure (Lf.p.s.).

For a better understanding of the above definitions we suggest to the reader
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to see pages 2 and 3 in [36].

Example 2.1.1. The trivial f.p.s. X is a nonempty set, S(X) :=
{{z}| z € X} and M(Y) := M(Y).

Example 2.1.2. The Tarski’s f.p.s. (X,<) is a complete lattice,
S(X):={Y € P(X)| (Y,<) is a complete lattice} and M(Y) :={f : Y —
Y| f is increasing}.

Condition (iii) follows from Tarski’s fixed point theorem.

Example 2.1.3. The f.p.s. of progressive operators. (X, <) is a par-
tially ordered set, S(X) := {Y € P(X)| (Y, <) has a maximal element} and
MY)={f:Y=>Y|z< f(x), Ve eY}.

Example 2.1.4. The f.p.s. of contractions. (X, d) is a complete metric
space, S(X) := Py(X) and M(Y):={f:Y — Y| f is a contraction}.

Example 2.1.5. The f.p.s. of Brouwer-Schauder-Tychonoff. X is
a locally convex linear topological space, S(X) := Pppe(X) and M(Y) :=
CY,Y).

Example 2.1.6. The f.p.s. of Schauder. X is a Banach space, S(X) :=
Py (X)) and M(Y) :={f:Y = Y] f is completely continuous}.

Example 2.1.7. The f.p.s. of Dotson. X is a Banach space, S(X) :=
Popot(X)and M(Y) :={f:Y = Y] f is nonexpansive}.

Example 2.1.8. The l.f.p.s. of Girolo. X is a Banach space, S(X) :=
Ppev(X)and M(Y) :={f:Y = Y] f is connective}.

Example 2.1.9. The f.p.s. of Browder-Ghéde-Kirk. X is a uniformly
convex Banach space, S(X) := Py e(X) and M(Y) == {f : Y = Y| f is
nonexpansive}.

Example 2.1.10. The f.p.s. of Nemytzki-Edelstein. (X, d) is a metric
space, S(X) := Pyp(X)and M(Y') := {f : Y — Y| f is a contractive operator}.

Example 2.1.11. The fixed point structure of Tychonoff. X is a
Banach space, S(X) := Pyepeo(X) and M(Y) := {f : Y = Y| f is weakly
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continuous operator}.

Example 2.1.12. The fixed point structure of Arino-Gautier-
Penot. X is a metrizable locally convex topological vector space, S(X) :=
Pyepev(X) and M(Y) :={f : Y = Y| f is weakly sequentially continuous}.

It is clear that for any fixed point theorem we have an example of a f.p.s.

or of a 1.f.p.s.

2.2 Fixed point structures on P(X) generated by

fixed point structures on X

The following problem is a tool to generate fixed point structures on P(X)
from some fixed point structures on X:

Let (X,{X}, M) be a f.p.s. and S(X) C P(X) such that

AeS(X), fi,-os fm € M(X), m € N" imply f1(A)U---U fi(A) € S(X).

Let M(S(X)) :={Ty| f1,-... fm € M(X), m € N*}.

The problem is in what conditions the triple (S(X), {S(X)}, M) isafp.s.?

Example 2.2.1. Let (X,d) be a complete metric space and
(X, {X}, M) the fixed point structure of contractions. Then the triple
(Pop(X), {Pop(X)}, M) is a £.p.s.

Indeed, (P.p(X),Hg) is a complete metric space and by a theorem of
Nadler, the operator ff : Pp(X) — Pep(X) is a contraction, if fi,..., fm

are contractions.

Example 2.2.2. Let (X, {z},M) be the trivial f.p.s. Let S(X) C P(X).
Then the triple (P(X),{S(X)},M) isn’t, in general, a f.p.s. For example if
X =R, SX):=DB([R), f: R—=R, f(r) =z +1, then FTf = 0.
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2.3 Maximal fixed point structures

Let (X, S(X), M) be af.p.s. and S;(X) C P(X) such that S1(X) D S(X).
Definition 2.3.1. (I.A. Rus (1996)). The f.p.s. (X,S(X), M) is maximal
in S1(X) if we have

S(X) = {AE Sl(X)| fEM(A) = Ff 75@}

Example 2.3.1. The trivial f.p.s. is maximal in P(X).

Example 2.3.2. The Tarski f.p.s. isn’t maximal in P(X) but is maximal
in $1(X) :={Y € P(X)| (Y,<) is a lattice}. This follows from a theorem of
Davis (1955).

Example 2.3.3. The f.p.s. of contractions isn’t maximal in P(X). It is

clear that the f.p.s. of contractions is maximal in P(X) if
(YeP(X), feMY) = Fr#0) = Y € Py(X).

We have

Theorem 2.3.1. (M.C. Anisiu and V. Anisiu (1997), E.H. Connel (1959)).
There exists a complete space and a nonclosed subset with f.p.p. with respect
to contractions.

Theorem 2.3.2. (M.C. Anisiu and V. Anisiu (1997)). Let X be a Banach
space and 'Y € P(X) a convex set with IntY # 0. If each contraction f:Y —
Y has a fixed point, then Y is closed.

Example 2.3.4. The f.p.s. of Brouwer-Schauder-Tychonoff isn’t, in gen-
eral, maximal in P(X), but if X is a Banach space then it is maximal in
Py 1 e0(X).

This follows from the following theorem of V. Klee (1955):

A closed bounded convex subset of a Banach space has the topological

f.p.p. iff it is compact.
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In what follow we present some properties of the maximal fixed point
structures.

Let C be a class of structured sets (the class of sets, the class of partially
ordered sets, the class of L-spaces, the class of metric spaces,...). By S we
denote an operator which attaches to each X € C a nonempty set S(X) C
P(X). Let M be an operator which attaches to each pair (4, B), A € P(X),
BeP(Y), XY €C, asubset M(A,B) C M(A, B).

From the definition of the maximal fixed point structures, we have

Lemma 2.3.1. Let X € C and (X,S(X),M) be a mazimal fized point
structures on C. Let A € S(X) and B a nonempty subset of A. If there exists
a set retraction p € M(A,B), of A onto B such that f € M(B) implies
fope M(A), then B € S(X).

Proof. Let f € M(B). Then fope M(A), ie.,

AL BL BS A

But A € S(X). By definition of a f.p.s. we have that there exists z* € A
such that f(p(z*)) = z*. Since z* € B, we have f(z*) = z*. By the maximality
of (X,S8(X), M) it follows that B € S(X).

Lemma 2.3.2. Let X, Y € C and (X,S(X),M) and (Y,S(Y), M) be two
fized point structures on C. Let A € S(X) and B € P(Y).

We suppose that:

(i) (Y,S(Y), M) is a mazimal f.p.s. in P(Y);

(ii) there exists a bijection o € M(A, B) such that o=t o fo e € M(A),
for all f € M(B).

Then, B € S(Y).

Proof. Let f € M(B). From (ii) it follows that F 1o, # 0. If 2* €
F1ofop, then ¢(x*) € Fy. By the maximality of (Y, S(Y), M) we have that
Be S(Y).
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Remark 2.3.1. The above two results generalize some results given in A.
Granas and J. Dugundji [36] (pp.2-3).

Remark 2.3.2. To establish if a given f.p.s. is maximal or not, this is an
open problem. For example in some concrete structured sets the problem take

the following form:

e Characterize the ordered sets with fixed point property with respect to

increasing operators.

e Characterize the topological space with f.p.p. with respect to continuous

operators.

e Characterize the metric space with f.p.p. with respect to continuous

operators.
e Characterize the metric space with f.p.p. with respect to contractions.
e Characterize the Banach spaces X with the following property:

Y € Pyoe(X), f:Y =Y nonexpansive = Fy # (.

e Characterize the Banach spaces X with the following property:

Y € Pyepev(X), f:Y — Y nonexpansive = Fy # 0.

For example we have the following result for the metric space with f.p.p.
with respect to contractions.
Let (X,d) be a metric space. We consider the ordered metric space of

fractals, (Pep(X), Hq, C). We denote:
e CT(X,X):={f:X — X]| f a contraction}.

e For f € CT(X, X) we denote by 'E P.,(X) = Py (X) the corresponding

fractal operator.
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e For f : X — X we denote by d(f) := inf{d(z, f(z))}, the minimal
displacement of f (K. Goebel (1973)).

We also need the following notions:

Definition 2.3.2. (F.S. De Blasi and J. Myjak (1989)). Let (X,d) be a
metric space an f : X — X and operator. The fixed point problem for f is
well posed iff

(a) Fy = {z"};

(b) if z, € X, n € N and d(zp, f(x,)) = 0 as n — oo, then d(zy,z*) — 0
as n — 0o.

Definition 2.3.3. A metric space (X, d) has the fixed point property iff
feCT(X,X) = Fy#0.

Definition 2.3.4. A metric space (X,d) is complete w.r.t. a family of
operator M (X, X) iff

feM(X,X),(f"(x))nen is fundamental = (f"(z))nen converges.

We have

Theorem 2.3.3. Let (X,d) be a metric space. Then the following state-
ments are equivalent:

(i) (X,d) is with f.p.p.

(i) f € CT(X,X) = f is Picard operator.

(i1i) (X, d) is complete w.r.t. CT(X, X).

() ¥V [ €CT(X,X) 3 a} € X+ d(f) =d(z}, f(z}))-

(v) ¥ fe€CT(X,X) the fized point problem is well posed.

(vi)V f e CT(X,X) 3 xg € X such that

M {x € X| d(a, f(x)) < L}d(xo, f (x0))} # 0.

neN

(vii) Fz# 0, ¥ f € CT(X, X).
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(viir) (UF)z#0, ¥V f € CT(X, X).

(ix) (LF);#0, ¥V f € CT(X, X).

(x)V feCT(X,X)3x e X such that (f"(z))nen converges.

(xi) ¥V f e CT(X,X) 3 x € X such that some subsequence of (f™(z))nen

converges.

~

(zii) V f € CT(X,X) 3 A€ Pp(X) such that (f"(A))nen converges.
(ziii) ¥V f € CT(X,X) 3 A € Pyp(X) such that some subsequence of

(]“\n (A))TZGN converges.
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Functionals with the

intersection property

3.1 Diameter functional

Let (X,d) be a metric space. The diameter functional 6 : P,(X) — R4 is
defined by §(Y) := sup{d(z,y)| =,y € Y}.
If r € X and Y € P(X), then we denote

D(z,Y) :=inf{d(z,y)| y € Y}.

We have

Lemma 3.1.1. The functional 6 has the following properties:

(1) 6(Y)=0 & Y ={y};

(1)) Y1,Yo € B(X), Y1 C Yy = (Y1) <(Ya);

(iii) 6(V(Y)) <6(Y)+2r, VY € Py(X), Vr>0;

(iv) 6(Y)=48(Y), VY € B(X).

Proof. (iii) Let ¢ > 0 and z,y € V,(Y). From the definition of V,.(Y),
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VoY) :={x € X| D(z,Y) < r}, there exist u,v € Y such that
d(z,u) <r+e, dlz,v) <r+e.
From these we have
d(z,y) < d(z,u) + d(u,v) + d(v,z) < 5(Y) +2r + 2¢

forall z,y € Y.

Hence

(Vi(Y)) <o(Y)+2r+2¢6, Ve>0.

So, we have (iii).

(iv) From Y C Y, §(Y) < 4(Y).

From Y C V,(Y), V7 > 0 we have §(Y) < §(Y).

Lemma 3.1.2. Let X be a real linear normed space. Then

(i) 6(Y1 + Y2) < 6(Y1) +0(Ya), ¥ Y1, Yz € Py(X);

(ii) O(AY) = |A0(Y), V P(X), VA €R;

(iii) 6(coY) = (YY), VY € Py(X).

Proof. (iii) Let us prove that d(coY) < §(Y). Let =,y € coY. Then there
exist z;,y; €Y, A, i € Ry, such that

n m n m
r=Y N, y=3 gy, Y oh=1, Y pi=1
i=1 j=1 i=1 j=1

From these relations we have

n m
lz =yl = | D Nz = > wy;
i=1 j=1

(;z"; . ) an” - (z": Ai) Zm:ujyj

=1

n

< ZZ)\MJH% -yl < Z i | 0(Y) = 0(Y).

j=1i=1 =1 =1
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Lemma 3.1.3. (Cantor’s intersection lemma). Let (X,d) be a complete

metric space and Yy, € Py, q(X), Yo41 C Yy, n € N such that 6(Y,) — 0 as

n — 00.
Then, ﬂ Y, ={z"}.
neN
Proof. First we remark that card ﬂ Y, < 1. Let x, € Y,,. Then

neN

d(zp, xm) < max(6(Yy,),0(Y,)) — 0 as n,m — oc.

Since (X, d) is a complete metric space it follows that (z,,),cn is convergent.
Let z* be its limit. Let K € N. Then z,, € Y}, foralln > k. So, z* € Y, Vk € N,

and

() Yo ={z"}.

neN

Remark 3.1.1. ﬂ Y, ={z"} & m Y, # 0 and § (ﬂ Yn> =0.

neN neN neN
3.2 The Kuratowski measure of noncompactness

Let (X, d) be a metric space. The Kuratowski measure of noncompactness

is defined as follows

ag : Py(X) = Ry, ag(Y) = inf{s >0Y = UYi’ 0(Y;) <e, ne N*}.
i=1

We have

Lemma 3.2.1. Let (X, d) be a metric space and o the Kuratowski mea-
sure of noncompactness of X. Then

(i) ag(Y) < 0(Y), VY € Py(X);

(i) Y1,Yo € B(X), Y1 CYs = ag(Y1) < ax(Y2);

(113) ag (Y1 UYs) = max(ak (Y1), ax(Y2)), Y1,Ys € Py(X);

(iv) ag(Ve(Y)) <ax(Y)+2r, VY € B(X), V7 >0
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(v) ax(¥) = ax(Y), VY € Py(X).

n
Proof. (iv) Let n > 0. Then there exists ¥; C Y such that Y = U Y; and
i=1

8(Y;) < ax(Y) +n. On the other hand V,(Y) = ( JVx(Y;) and §(V,(Y;)) <
=1

a(A)+2r+n. So, ag(V.(Y)) < ag(Y)+2r+n, Vi > 0.
(v) We remark that Y C V;.(Y), ar > 0. The proof follows from (iv).
Lemma 3.2.2. Let (X,d) a complete metric space. Then

ag(Y)=0 & Y is compact.

Proof. The proof follows from the following well known result (see, for
example, A. Brown and C. Pearcy [18], pp.198-199):

Lemma 3.2.3. Let (X,d) be a metric space and Y C X. The following
conditions are equivalent:

(a) For every e > 0 there exists a finite e-net for Y;

(b) For every e > 0 there exists a finite covering of Y consisting of sets of
diameter less than €;

(¢) For every e > 0 there exists a finite partition of Y into sets of diameter
less than €;

(d) For every € > 0 there exists a finite e-net in Y.

By definition a subset Y C X is totally bounded if it has any one of the
properties (a)-(b).

Let (X,d) be a complete metric space and Y C X a closed subset of X.
Then Y is compact if and only if it is totally bounded.

Lemma 3.2.4. Let X be a real linear normed space and ag the Kuratowski
measure of noncompactness of X. Then

(i) ax (Y14 Y2) < ag (Y1) + ag(Yz), V Y1,Ys2 € By(X);

(ii) ag(A\Y) = [Mag(Y), VAeER, VY € B(X);

(iii) ag(coY) = ag(Y), VY € Py(X).
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Proof. (iii) Let us prove that ax(coY) < ax(Y). For this we shall prove
the following

r>ag(Y) = ag(coY) <r.
n

From the definition of ag, Y can be written as a finite union, ¥ = U Y,

=1

where §(Y;) <r,i=1,m. We have

Y C U coY; and 6(coY;) <.
i=1

He (see R. Cristescu, Analiza functionala, 1978, pp.21-22),
n
coY C U Z A;coY;
A€o i=1
where o C R" is the standard simplex, i.e.,
n
o= {)\GR”| Ai >0, Z)w-:l}.
i=1
But ¢ is a compact set. So, for each € > 0 there exist A\!,...,\™ € o such

that for all A € o, there exists A’ such that

9

) ((), O coYz)
i=1

m n
coY C U Z MecoY; +eB(0;1).
j=11i=1

A = Nlgn <

From this we have that

This implies

ag(coY) < max ax(coY;) +e <r+¢, ie.,
i=1,n

ag(coY) <r-+e Ve>0.
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So, ag(coY) <r.
Lemma 3.2.5. (Kuratowski’s intersection lemma). Let (X,d) be a com-
plete metric space and Y, € Py q(X), Y1 C Yn, n € N, be such that

ar(Yy,) — 0 asn — oco. Then

Yoo 1= | Yn # 0 and ax(Ya) =0,
neN

i.e., Yoo 1S a compact set.

Proof. It is clear that Y is a closed set and ax(Ys) = 0. Let us prove
that Yoo # 0.

Let z,, € Y, n € N. Let X,, := {xpn,Tnt1,...}. We have X411 = X, U

{Zp+1}. Hence
aK(XQ) = QK(Xl) == OéK(Xn) — 0 asn — oo.

It follows that ax(Xo) = 0. This implies that Xy is precompact and there
exists a convergent subsequence (Zy, )nen of (Zp)nen.

Let z* := klim Zn,. We have that 2* € Y.
—00

3.3 The Hausdorff measure of noncompactness

Let (X,d) be a metric space. The Hausdorff measure of noncompactness
of X, ap : Py(X) — Ry is defined by ay := inf{e > 0| Y can be covered by
finitely many balls of radius < e}.

The Hausdorff measure of noncompactness has all the properties of ax
presented in Lemma 3.2.1, 3.2.2 and 3.2.4.

From the definition of ax and of ayg we have

Lemma 3.3.1. Let (X, d) be a metric space and ax and ap the Kuratowski

and Hausdorff measures of noncompactness of X. Then

ag < ag < 2ay.
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Lemma 3.3.2. (R.D. Nussbaum (1969), M. Furi and A. Vignoli (1970))
Let X be a Banach space. Then

(a) ag(B(0;1)) = ag(B(0;1)) = 0 if dim X < +o0;

(b) ax(B(0;1)) =2 and ay(B(0;1)) =1, if X is infinite dimensional.

Proof. (b) Since §(B(0;1)) = 2, hence ax(B(0;1)) < 2. Let us suppose
that ozK(ESr(l); 1)) < 2. Then there exists Bi,..., B, € P4(X) such that,

B(0;1) C U By and 6(By) < 2. Let we consider a section of B(0;1) with

k=1
a n-dimensional subspace X,, C X. Let Ay := By N X,. Now, we have a

contradiction with the following theorem of antipodes of Borsuk-Lusternik-
Schnirelman (see [6] p.23 or [58] p.87):

If B(0;1) is the unit sphere in an m-dimensional Banach space and
Aqi,..., Ay is a cover of 9B(0;1) by closed subsets, then at least one of the
sets A1,..., A, contains a pair of antipodes points.

Let us prove that ay(B(0;1)) = 1. Suppose that ay(B(0;1)) < 1. Let
r:= ay(B(0;1)) and £ > 0 be such that r + ¢ < 1. By the definition of ay,

there exist z1,..., 2, € X such that

E(O;l)CU (z,r +¢e) = Ua:k—k r+¢)B(0;1)).
k=1 k=1

We have
r<r(r+e).

This implies that ay(B(0;1)) = 0 which is in contradiction with dim X =
+00.
Lemma 3.3.3. Let X be a Banach space, Q& C R™ a compact subset and
Y C C(Q,X) a bounded and equicontinuous subset. Then
ax(Y) = swpax({a(t) = € V),
te

with respect to the Chebyshev norm on C(, X).
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Proof. First we shall prove that
w>ag(Y) = ag({z(t)|z €Y} <pu VteQ).

If u > ag(Y), then there exist Y7,...,Y,,, Y C Y, k=1, m such that

(Vi) <pand Y C U Y.
k=1

Now we remark that
6({z(t)w € Yi}) = sup {[lz(t) —y(@)[I} <6(Yk) < p.
xverK
Let now to prove the converse inequality.
) a compact subset and Y equicontinuous imply that, given € > 0 there

exist t1,...,t, € Q such that

m

{z@®)| z € Y} C |J{a(t)| = € Y} + B(0;¢))
k=1

for any t € Q.

If p > sup(ax({z(t)| € Y'}) then there exist Y7,...,Y), such that
teQ

U{zte)| 2 e Y} c | Y and 6(Y;) < p.
k=1 j=1

So, we have
ag(Y)<p+2e Ve>0,ie, ax(Y) < pu.

Remark 3.3.1. The measure aj has not all the properties of ax. For
example the following definitions are not equivalent.

Let (X, d) be a metric space.

Definition 3.3.1. The Hausdorff measure of noncompactness of X is the

following functional ap : Py(X) — Ry, where for A € Py(X),

ag(A) = inf{€>0\ Jz;eX, 0<r;<e: AC UB(xi,ri)}.
i=1
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Definition 3.3.2. The Hausdorff measure of noncompactness of X is the

following functional a;r @ Py(X) — Ry, where for A € Py(X),

a;r(A) ::inf{6>O] da;e A, 0<r;<e: AC UB(azi,m)}.
i=1
Example 3.3.1. (M. Furi and A. Vignoli (1970)). Let X be a Hilbert
space. Let A be an infinite ortogonal system of X. Then ay(A) = 1 and

3.4 The De Blasi measure of weak noncompactness

Let X be a Banach space and Y C X a subset of X. We denote
Y" - the weak closure of Y

Pua(X) :={Y C X| Y is weakly closed};

Puep(X) :={Y C X| Y is weakly compact}.

The De Blasi measure of weak noncompactness is defined as follows
wp : Py(X) = Ry, wp(Y) :=inf{e > 0| 3 C € Pyep(X)

such that Y € C' +¢B(0;1)}.

We have

Lemma 3.4.1. The functional wp has the following properties:
(i) Y1 C Yy = wp(Y1) <wp(Y2);

(71) wp(Y1 UYs) = max(wp(Y1),wp(Y2)), Y1,Ys € Py(X);

(iii) wp(Y) =wp(Y"), Y € Py(X);

(v) wp(coY) =wp(Y), Y € P(X);

(v) wp(Y1 +Y2) <wp(Y1) +wp(Ya), Y1,Ys € Py(X);

(vi) wp(AY) = [ANwp(Y), A >0, Y € By(X);

(i) W(Y) =0 & Y € Pyep(X).
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Lemma 3.4.2. (De Blasi’s intersection lemma). Let X be a Banach space

and Yy, € Pyap(X), Yni1 C Yy, n €N, be such that
wp(Y,) — 0 as n — oo.

Then

Yoo 1= [| Yn # 0 and wp(Yao) = 0.
neN

Proof. It is clear that Y, is a weakly closed set and wp(Ys) = 0. Let us
prove that Y., # 0.
Let z, € Y,, n € N. Let X, := {xn,Zp41,...}. We have X,,11 = X, U

{Zp+1}. Hence
wp(Xo) =wp(X1) = =wp(X,) = 0 as n — .

It follows that wp(Xp) = 0. This implies that there exists a weakly con-
vergent subsequence (Zn, )keN-

Let * be the limit. We have that x* € Y.

3.5 Functional with the intersection property

The above considerations give rise to

Definition 3.5.1. (I.LA. Rus [60]-[62]). Let X be a nonempty set, Z C
P(X), Z # 0. A functional 6 : Z — Ry has the intersection property if
Yo€Z, Y41 CYy,neNand0(Y,) — 0 as n — oo imply that

Yo i= ﬂ Y, #0, Yoo € Z and 0(Ys) = 0.
neN

Example 3.5.1. Let (X, d) be a complete metric space. Then the func-

tionals 6, ax and ay have the intersection property. In this case Z = P, (X).
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Example 3.5.2. Let X be a Banach space. A functional app : Py(X) —
R is called Danes-Pasicki measure of noncompactness if

(i) app(Y)=0 = Y € P,,(X), VY € B(X);

(i) i,Yo e X, Y1 CYs = app(Y1) < app(Ya);

(iii) app(Y U{z}) = app(Y), VY € By(X), Vz € X.

If app is a Danes-Pasicki measure of noncompactness then, app
Py (X) — Ry is a functional with the intersection property. See the proof of
Lemma 3.2.5.

Example 3.5.3. Let (X,d) be a metric space. An operator W : X X
X x[0,1] — X is said to be a convex structure on X (W. Takahashi (1970)) if
d(z, W(z,y,\)) < Xd(z,z)+(1—N)d(z,y) for all z,y,z € X and X € [0,1]. The
triple (X, d, W) is called a convex metric space. A convex metric space is said to
have property (c) if every bounded decreasing net of nonempty, closed and con-
vex subsets has nonempty intersection. The Eisenfeld-Lakshmikantham mea-

sure of nonconvexity is the following functional
/BEL : Pb(X) — R+, 5EL(Y) = Hd(Y, COY).

We have

Lemma 3.5.1. Let (X,d, W) be a convex metric space with the property
(c). Then the functional Bgr, : Pya(X) = Ry is a functional with intersection
property.

Proof. Let Y, € Py (X), Y541 C Yy, n € N be such that Sgr(Y,) — 0 as

n — 0o. But S (Yn) = H(Y, coYy) = H(Y,, 20Y,) and coY, ¢ (] coYy, #
meN

0. These imply Y, ¢ (1) @Y = [ Y.
meN meN
Example 3.5.4. Let § : Z — R a functional with the intersection prop-

erty and Zy C Z, Z1 # 0. Then 0|z, : Z; — R, has the intersection property.
Example 3.5.5. Let 61,05 : Z — R4 be two functionals with the intersec-

tion property, and A1, A2 € Ry, (A1, A2) # 0. Then the functional A\160; + A260s
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has the intersection property.
Example 3.4.6. If the functionals 81,02 have the intersection property,

then 6 := max(f;,02) has the intersection property.

3.6 Compatible pair with a f.p.s.

Definition 3.6.1. Let (X, S(X),M)beafps.,0:Z—-Ry (S(X)CZC
P(X))andn: P(X)— P(X). The pair (8, n) is compatible with (X, S(X), M)
if

(i) n is a closure operator, S(X) C n(Z) C Z and O(n(Y)) =0(Y), VY €
Z;

(ii) F,, N Zyp C S(X).

Example 3.6.1. Let (X,S(X),M) be the fixed point structure of
Nemytzki-Edelstein, i.e., (X,d) is a complete metric space, S(X) := Pg,(X)
and M(Y) :=={f :Y — Y] f is contractive}. Let Z = P,(X), 6 = ax and
n(Y) =Y. Then the pair (6,7) is compatible with (X, S(X), M).

Example 3.6.2. X is a Banach space, S(X) = Py co(X), M(Y) =
C(Y)Y), Z = P(X), 8§ = ax and n(Y) = ¢oY. Then the pair (0,7n) is com-
patible with (X, S(X), M).

3.7 An abstract measure of noncompactness

The Danes-Pasiki measure of noncompatness (see Example 3.4.2) is an
abstract measure of noncompactness. In what follow we give other examples
of abstract measure of noncompactness.

Definition 3.7.1. Let X be a Banach space. A functional a : Py(X) —
R, is called a measure of noncompactness on X iff « satisfies the following

conditions:
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(i) a(A) = 0 implies A € Pey(X);

(i) a(4) = a(A), ¥ A € B(X);

(iii) ACB = a(A) <a(B), VA BEePB(X);

(iv) a(coA) = a(A), V A € Py(X);

(v) «f Py.(x) 18 a functional with the intersection property.

Example 3.7.1. o = ¢ satisfies (i)-(v). We remark that ¢ isn’t a Danes-
Pasicki measure of noncompactness.

Example 3.7.2. ax and apy satisfy (i)-(v).

Definition 3.7.2. Let X be a Banach space. A functional w : Py(X) — Ry
is called a measure of weak noncompactness on X iff it satisfies the following
conditions:

(1) w(A) = 0 implies A" € Pyep(X);

(i) w(4) = w(A"), ¥ A€ B(X);

(iii) A C B implies w(A) < w(B), V A, B € Py(X);

(iv) w(coA) = w(A), ¥V A € Py(X);

(V) wlp, ,.(x) s a functional with the intersection property.

Example 3.7.3. w = wp (see §3.4) satisfies (i)-(v).

Definition 3.7.3. Let (X, d) be a metric space. A functional o : Py(X) —
R is called a measure of noncompactness on the metric space X iff « satisfies
the conditions (i), (ii), (iii) and (v) in Definition 3.7.1.

Remark 3.7.1. Let X be a Banach space and a : Py(X) — Ry a func-
tional. The following axioms appear in different definitions of some abstract
measure of noncompactness:

(i) a(A) = 0 implies A € Pep(X);

(ii) a(A) =0 iff A € P.,(X);

(iii) A C B implies a(A) < «(B);

(iv) A€ Py(X), z € X imply a(AU {z}) = a(A);

(v) Ae Py(X), B € Py(X) imply a(AU B) = a(A);



54 Chapter 3

(vi) A € Py(X), B € Py(X) imply a(AU B) = max(«(A), a(B));
(vii) a|p, ,(X) is a functional with the intersection property;
(vili) a(coA) = a(A), ¥V A € Py(X);

(ix) a(A+ B) < a(A) + a(B), YV A, B € Py(X);

(x) a(4) = a(4), ¥ A € Py(X);

(xi) a(AA) = [A|a(A), VA€ P(X)and V X € R.

3.8 An abstract measure of nonconvexity

Definition 3.8.1. A triple (X, 7,C) is a convex topological space if
(i) (X, 7) is a Hausdorff topological space;
(i) (X,C) is a convex space, i.e., C C P(X) with the following properties:

(a) X,0 € C;

(b) AieC,iel = (A €C
iel

(c){z}eC, VzeX;

(d) {z,y}eC = z=uy.

(iii) C is a subbase for 7.

By definition the elements of C are called convex sets.

Definition 3.8.2. Let (X,7,C) be a convex topological space and Z C
P(X), Z # 0. A functional 5 : Z — R is a large measure of nonconvexity if
B(A) = 0 implies that A € P.,(X).

Definition 3.8.3. Let (X, d, W) be a convex metric space. A functional 3 :
P,(X) — Ry is a measure of nonconvexity if is a large measure of nonconvexity
and satisfies the following conditions:

(i) B(A) = B(A);

(ii) B : (Ppa(X), Hg) = R4 is continuous.

Example 3.8.1. Let (X, [|-||) be a Banach space, 7 = 7. and C = P, (X).

Then gy, and § are measures of nonconvexity on X.
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Example 3.8.2. The functional Sg; defined on a convex metric space,
(X,d, W), is a measure of nonconexity.

Example 3.8.3. Let (X,d, W) be a convex metric space and (i, B2 two
measures of nonconvexity on X. Then § := max(f1, f2) is a measure of non-

convexity.

3.9 Operators with the intersection property

Let (A,—, L) be an ordered L-space with the least element, 0.
Definition 3.9.1. Let X be a nonempty set, Z C P(X), Z # 0. An
operator 0 : Z — A has the intersection property if Y, € Z, Y11 CY,, n € N

and 6(Y,,) — 0 as n — oo implies that

Yo i= (| Ya #0, Yoo € Z and 0(Yao) = 0.
neN

Example 3.9.1. Let X be a locally convex space and (p;)ics a family
of seminorms which generates the topology on X. Let Z := P, 4(X) and
A := M(I,R). We define the operator 0 : Z — M(I,R,), 0(A) := with the
function i — ot (A), where o is the Kuratowski measure of noncompactness
w.r.t. the seminorm p;. This operator has the intersection property.

Remark 3.9.1. One of the basic problems of the f.p.s. theory is to con-
struct examples of operators with the intersection property. For each such

example we have at least a fixed point theorem.
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Chapter 4

(8, p)-contractions and

f-condensing operators

4.1 Comparison functions

Let ¢ : Ry — R4 be a function. Consider relative to ¢ the following
conditions:
(iy)  is increasing.
(tiy) p(t) <t, Yt >0.
(iii,) (0) = 0.
(tvy) @"(t) = 0asn — oo, Ve R,.
(
(

V) t— @(t) = 00 as t — oo.

Vi) Z(p < +o00.

neN
Relative to the above conditions we have

Lemma 4.1.1. The conditions (i,) and (ii,) imply (iiiy).

Proof. From (i), p(0) < ¢(t), Vt > 0. From (7i,), ¢(0) < p(t) <t, Vi>
0. So, ¢(0) = 0.

Lemma 4.1.2. The condition (i,) and (iv,) imply (iiy).
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Proof. Let tg € R% such that ¢(tg) > to. From (i,) we have ¢"(to) >
to, Vn € N, and from (iv,) it follows that ¢y = 0.

Definition 4.1.1. A function ¢ : Ry — R, is a comparison function if ¢
satisfies the conditions (i,) and (iv,).

Definition 4.1.2. A comparison function ¢ : Ry — Ry is a strict com-
parison function if it satisfies (v,,).

Definition 4.1.3. A comparison function ¢ : R, — R, is a good compar-
ison function if it satisfies (viy).

Example 4.1.1. Let A € [0,1]. Then ¢ : Ry — Ry, () := A, is a strict

and good comparison function.

Example 4.1.2. ¢ : Ry — Ry, o(t) = is a strict comparison

14t
function, but isn’t a good comparison function.

1
Example 4.1.3. The function ¢ : Ry — Ry, ¢(t) := §t for t € [0,1] and

o(t) =1t — % for t > 1, is a comparison function.

Example 4.1.4. If ¢ : Ry — R, is a comparison function, then each
iterate gpk , k> 1, is a comparison function.

For more considerations on comparison functions see I.A. Rus [63] and V.

Berinde [9].

4.2 (0,¢)-contractions and 6-condensing operators.

Definitions and examples

Let X be a nonempty set, Z C P(X), Z # 0 and 6 : Z — R, a functional.

Definition 4.2.1. An operator f : X — X is a strong (6, ¢)-contraction
if

(i) ¢ is a comparison function;

(i) Ae Z = f(A) e Z;

(i) 0(F(A)) < p(0(A)), ¥ A € 7.
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Definition 4.2.2. An operator f: X — X is a (6, p)-contraction if satis-
fies the conditions (i) and (ii) in Definition 4.2.1 and the condition:

(i) 6(F(A)) < @(6(A)), ¥ A€ ZNI(f).

Definition 4.2.3. An operator f: X — X is strong #-condensing if

(i)AeZ = f(A) e Z

(i) Ae Z, 0(A) #0 = 6(f(A)) <0(A).

Definition 4.2.4. An operator f : X — X is 6-condensing if

(i)AeZ = f(A) e Z;

(i) Ae ZNI(f), 6(A)#£0 = 0(f(A)) <0(A).

Example 4.2.1. Let (X,d) be a metric space, Z := P,(X) and 6 = 4.
Then an operator f : X — X is a strong (d, ¢)-contraction if and only if f is

a @-contraction, i.e.,

d(f(x), f(y)) < eld(z,y)), V 2,y € X,

Indeed, let f be a @-contraction. Then
d(f(x), f(y)) < eld(z,y)), V z,y € X.
Let A € Py(X), and 2,y € A. Then
d(f(x), f(y)) < eld(z,y)) < p(3(A)).

So,
6(f(A)) < p(6(A4)), V A € B(X).

Let f: X — X be a strong (§, ¢)-contraction.
Let A :={z,y}, =,y € X. Then

6(f(A)) = d(f(x), f(y)) < (3(A)) = p(d(x,y)).

Example 4.2.2. Let (X,d) be a metric space and f : X — X a Ciri¢-
Reich-Rus operator, i.e., there exist a,b € Ry, a + 2b < 1, such that

d(f(x), f(y)) < ad(z,y) + bld(x, f(x)) +d(y, f(y))], V 2,y € X.
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Then f is a (6, p)-contraction, where ¢(t) := (a + 2b)t, t € R,
Indeed, let A € P(X)NI(f). Let x,y € A. Then
d(f(2), f(y)) < (a+20)6(A), ¥V x,y € A.

So,
6(f(A)) < (a+2b)5(A).
Example 4.2.3. Let (X, d) be a metric space and f : X — X a compact
operator, i.e., A € Py(X) implies that f(A) € P.,(X). Then f is a strong

(o, 0)-contraction.

Indeed, let A € Py(X). We have

ak(f(A)) = akx(f(A4)) =0 < 0ak(A).

Example 4.2.4. Let (X,d) be a metric space and f : X — X a ¢-
contraction. Then f is a strong (ag, ¢)-contraction.
Indeed, let A € Py(X) and A = | JAi. Then f(A4) = [ Jf(4;) and
i=1 i=1
0(f(Ai) < ¢(6(4)), i =1,n.

Now the proof follows from the definition of a .

Example 4.2.5. Let X be a Banach space, f : X — X a compact operator
and g : X — X a @-contraction. Then the operator h := f + ¢ is a strong
(ak, p)-contraction.

Indeed, for A € Py(X) we have
ag (h(4)) = ax((f +9)(4)) < ax(f(A) +9(A))
< ak(f(A)) + ar(9(4) = ak(9(4)) < plak(A)).

Example 4.2.6. This is an example for the Example 4.2.5. Consider the
Banach space (Cla, bl, ||-||c). Let K € C([a,b] x[a,b]xR) and H € C([a,b] xR)
such that there exists ¢ : R — R, such that

|H(t,m) — H(t,n2)| < o(|m —m2]), Vte€la,b], n,n €R.
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We suppose that (b — a)p is a comparison function. Then the operator

h: Cla,b] = C|a,b], defined by
h(z)(t) := / K(t,s,z(s))ds + H(t,z(t)), t € [a,b],

is a strong (ag, (b — a)y)-contraction.

Indeed, the operator f : Cla,b] — Cla, b] defined by

flx)(¢) ::/ K(t,s,x(s))ds

is compact and the operator g : Cla, b] — Cla, b] defined by

g(x)(t) == H(t,x(t))

is a (b — a)p-contraction.

Example 4.2.7. Let X be a Banach space and a g the Kuratowski measure
of noncompactness of X. Let 2 C X and | € R;. An operator f: Q — X is
strong (ag, !)-Lipschitz if

arg(f(A)) <lagx(A), V A€ B(Q).

Let © C X be an open subset and f : 2 — X be such that

(i) f is differentiable;

(ii) f is strong (ax,!)-Lipschitz.

Then the differential of f at x, df(z) : X — X is strong (ag,)-Lipschitz
for all x € X.

Proof. From the definition of Fréchet differential, we have ¥V e > 0, 3 §(¢)
and w(x, h) such that

Of(x)(h) = f(z +h) — f(x) + w(z,h), V h e X, |[hl]] <d(e)

and [w(z, h)|| < e[[R]].
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Let A € Py(X). Then

ak (0f(z)(A)) < ak(f(z+A)) + ax(w(z, 4))
< lag(A) +e8(0,A), Ve > 0.

So,

ax(0f(z)(A)) < lag(A), ¥ A € By(X).

Example 4.2.8. The radial retraction p on a Banach space X to B(0;1)
(see Example 1.3.1) is strong ag-nonexpansive. It is known that p is I[(X)-
Lipschitz with 1 < [(X) < 2 (see D.G. Defigueiredo and L.A. Karlovitz (1967),
Chp.1). Now we prove that p is strong (aj, 1)-Lipschitz, i.e., p is strong ay-

nonexpansive. First we remark that
p(A) Ceo(AU{0}), V A € Py(X).

So,

a(p(4)) < ax(@(AU{0})) = ax(A).

Example 4.2.9. Let X;, ¢ = 1,2, 3, be Banach spaces. Let f; : X1 — Xo
be a strong (a g, l1)-Lipschitz operator and f2 : Xo — X3 be a strong (ax, l2)-
Lipschitz. Then the operator fy o f1 : X1 — X3 is strong (a g, l1l2)-Lipschitz.

Example 4.2.10. Let X7, Xs be two Banach spaces and f; : X1 — X5 an
operator strong (ag,l;)-Lipschitz, i = 1,2. Then the operator fi; + fo: X; —
X, is strong (o, 11 + l2)-Lipschitz.

Example 4.2.11. ([6], p.40). Let X be an infinite dimensional Banach
space and B(0;1) C X. Consider the operator f : B(0;1) — B(0;1) defined
by f(x) := (1 — ||z||)x. This operator is aj-condensing and is not (ay,1)-

contraction for any [ € (0, 1).
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Chapter 5

First general fixed point

principle and applications

5.1 First general fixed point principle

One of the main results in the f.p.s. theory is the following

Theorem 5.1.1. (First general fixed point principle).

Let (X,S(X),M) be a fp.s., (0,n) (0 : Z — Ry) a compatible pair with
(X,S(X),M). Let Y € n(Z) and f € M(Y'). We suppose that:

(i) 0|,(z) has the intersection property;

(i) f is a (0, ¢)-contraction.
Then:

(a) I(f) N S(X) £ 0;

(b) Fy #0;

(c) If Fy € Z, then 0(Fy) = 0.

Proof. (a)+(b). Y € n(Z) implies Y € Z, Condition (ii) implies f(Y) € Z.
Let Y1 :=n(f(Y)), Yo :=n(f(Y1)),..., Yo :=n(f(Yn-1)),.... We remark that
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Vo1 C Yy, ¥, € Fy and Y, € I(f). Let we denote Yo := (] Yp. From the

neN
condition (ii) we have that

0(Yn) = 0(n(f(Yn-1))) = 0(f(Yn-1))
<p(@(Yno1)) <--- < ¢"(0(Y)) — 0 as n — oc.

Since 0 : n(Z) — R4 is a functional with the intersection property, we
have that Yoo # 0, Yoo € n(Z), Yoo € I(f) and 0(Ys) = 0. Since the pair (6,7)
is a compatible pair with (X, S(X), M) we have that Y, € I(f) N S(X) and
flyv,. € M(Ya). So, Fy # 0.

(c). Let Fy € Z. From f(Fy) = Fy and the condition (ii) we have that

0(Fy) = 0(f(Fy)) < p(6(FF)).

Remark 5.1.1. In Theorem 5.1.1 is not necessarily that M (Y") be defined
for all Y € P(X). It is sufficiently that M (Y") be defined for Y € n(Z2).

From the proof of Theorem 5.1.1 we have

Theorem 5.1.2. Let (X, S(X), M) be a f.p.s., (0,n) a compatible pair with
(X,8(X),M). LetY € F,, and f € M(Y') be such that f(Y') € Z. We suppose
that:

(i) 0|,(z) has the intersection property;

(i) f is a (0, ¢)-contraction.
Then:

(a) 1(£) N S(X) #0;

(b) Fy #0;

(c) If Fy € Z, then §(Fy) = 0.

Proof. First we remark that n(f(Y)) € I(f). After that we apply Theorem
5.1.1 for the operator f|, sy : n(f(Y)) = n(f(Y)).

Remark 5.1.2. In Theorem 5.1.2 is not necessarily that M (Y') be defined
for all Y € P(X). It is sufficiently that M (Y') be defined for Y € F,.
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Remark 5.1.3. In the above results 6 take values in Ry and ¢ is from R
to R4. Let us consider instead of Ry an ordered L-space (A, <,—) with the
least element 0.

Definition 5.1.1. An operator ¢ : A — A is a comparison operator iff

(i) ¢ is increasing;

(ii) ¢(0) =0 and o < () implies a« =0, ¥V a € A;

(iii) ¢"(a) > 0asn — o0, Va € A

In terms of comparison operators and of operator with intersection prop-
erty (Definition 3.9.1), the Theorem 5.1.1 and 5.1.2 take the following form:

Theorem 5.1.1°. Let (X,S(X),M) be a fp.s., (0,n) 0 : Z — A) a
compatible pair with (X,S(X),M). LetY € n(Z) and f € M(Y). We suppose
that:

(i) 0]y(z) has the intersection property;

(i) f is a (0, ¢)-contraction, where ¢ : A — A.

Then:

(a) I(f) N S(X) #0;

(b) Fy #0;

(¢) If Fy € Z, then 0(Ff) = 0.

Theorem 5.1.2°. Let (X,S(X),M) be a fp.s., 0,n) 0 : Z — A) a
compatible pair with (X,S(X),M). LetY € F, and f € M(Y) be such that
f(Y) e Z. We suppose that:

(i) 0],)(z) has the intersection property;

(i) f is a (0, ¢)-contraction, where ¢ : A — A.

Then:

(a) I(£) N S(X) #0;

(b) Fy #0;

(c) If Fy € Z, then 0(Fy) = 0.

Remark 5.1.4. All terms in the above results are set-theoretic. So, The-
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orem 5.1.1, Theorem 5.1.2, Theorem 5.1.1" and Theorem 5.1.2° are on an ar-
bitrary set.

In what follow we shall present some consequences of the above theorems.

5.2 (J,¢)-contraction principle

Let ¢ : Ry — Ry a comparison function, (X,d) a metric space and ¢ :
Py(X) — R4 the diameter functional. We have

Theorem 5.2.1. Let (X, d) be a bounded and a complete metric space and
[:X = X a(0,p)-contraction. Then Fy = {z*}.

Proof. Consider the trivial f.p.s. on X. Let Z = P(X), 6 =6, n(A) = A,
Y = X. It is clear that we are in the conditions of the Theorem 5.1.1. So,
Fy # 0 and 0(Ff) =0, i.e., Fy = {z*}.

Theorem 5.2.1°. Let (X, d) be a bounded and complete metric space, ¢ :
]Ri — Ry a comparison function and f : X — X an operator. We suppose
that

d(f(x), f(y)) < pld(z,y), d(z, f(x)),d(y, f(y)), d(z, [(y)), d(y, f(2)))

forall xz,y € X.

Then, Fy = {z*}.

Proof. Let ¢ : Ry — Ry be defined by ¥(t) := ¢(t,t,t,t,t). The func-
tion 1 is a comparison function. We remark that the operator f is a (d,)-
contraction. The proof follows from Theorem 5.2.1.

Theorem 5.2.2. Let (X,d) be a complete metric space and f: X — X a
(0, p)-contraction such that f(X) € Py(X). Then, Fy = {x*}.

Proof. Follows from Theorem 5.1.2.

Theorem 5.2.2°. Let (X, d) be a complete metric space, ¢ : Ri — Ry be
a complete metric space, ¢ : ]Ri — Ry a comparison function and f: X — X

an operator. We suppose that
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(i) d(f(x), f(y)) < e(d(z,y),d(z, f(z)),d(y, f(v)),d(z, f(y)),d(y, f(x))), for
all xz,y € X.

(ii) f(X) € Pp(X).

Then, Fy = {x*}.

Proof. See the proof of Theorem 5.2.1’ and considers the operator f :

7X) = F(X).

Theorem 5.2.3. Let (X,d) be a bounded and complete metric space and
f: X — X an operator. We suppose that:

(i) f is an (ag, @)-contraction;

(ii) f is a contractive operator.

Then, Fr = {x*}.

Proof. Consider on X the f.p.s. of Nemytzki-Edelstein. If we take Z =
P(X), 0 = ag, n(A) = A, then we are in the conditions of Theorem 5.1.1.
From this theorem we have that Fy # (). From the condition (ii) we have that
CardFy < 1. So, Fy = {z*}.

Theorem 5.2.4. Let (X,d) be a complete metric space and f : X — X
an operator. We suppose that:

(i) f is an (ak, p)-contraction;

(ii) f is a contractive operator;

(iii) f(X) € Py(X),

Then, Fr = {x*}.

Proof. Consider on X the f.p.s. of Nemytzki-Edelstein. If we take Z =
Py(X), 0 = ak, n(A) = A, then we are in the conditions of Theorem 5.1.2.
From this theorem we have that Fy # (). From the condition (ii) we have that
cardFy < 1. So, Fy = {z*}.
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5.3 (a,p)-contraction principle

In this section ¢ : Ry — R4 and a : Py(X) — Ry, where X is a Banach
space.

We have:

Theorem 5.3.1. Let X be a Banach space, a an abstract measure of
noncompactness, Y € Py co(X) and f Y — Y an operator. We suppose
that:

(i) f € CY,Y);

(ii) f is an (a, p)-contraction.

Then:

(a) Fy #0;

(b) Fy is a compact subset of Y.

Proof. Let (X, P.p o, (X), M) be the f.p.s. of Schauder (M (Y) := C(Y,Y)).
Let Z = Py(X), § = a and n(A) = ¢oA. The proof follows from Theorem 5.1.1.

Theorem 5.3.2. Let X be a Banach space, Y € Py c,(X), a an abstract
measure of noncompactness on X and f :'Y — Y an operator. We suppose
that:

(i) f € CV,Y);

(i) f is an («, @)-contraction;

(iir) (V) € By(X).

Then:

(a) Fy # 0;

(b) Fy is a compact subset of Y.

Proof. The proof follows from Theorem 5.1.2, where instead of Y we take
cof(Y).

From the Theorem 5.3.1 we have

Theorem 5.3.3. (Darbo (1955)). Let X be a Banach space, I € [0,1],
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Y € Poe(X) and f:Y =Y an operator. We suppose that:
(1) feCY,Y);
(ii) f is an (ax,l)-contraction.
Then:
(a) Fy #0;
(b) Fy is a compact subset of Y.
Proof. We take in the theorem 5.3.1, o := ax and p(t) :=t, t € Ry.

From Theorem 5.3.2 we have:
Theorem 5.3.4. Let X be a Banach space, | € [0,1[, Y € Py (X) and
f:Y =Y an operator. We suppose that:
(i) | € C(Y,Y),;
(ii) f is an (ax,l)-contraction;
(iii) f(Y) € Py(X).
Then:
(a) Fr #0;
(b) Fy is a compact subset of Y.

Remark 5.3.3 Darbo works with strong (a g, [)-contractions.

From Darbo’s fixed point theorem we have

Theorem 5.3.5. (Krasnoselskii (1958)). Let X be a Banach space, Y €
Py ev(X) and f,g:Y =Y two operators. We suppose that:

(i) f is completete continuous;

(i) g is a contraction;

(iii) f(x) +g(x)eY, Ve eY.
Then the operator f 4+ g has at least a fized point.

Proof. Let g be an [-contraction. Then f+ ¢ is an (ag,!)-contraction (see
Example 4.2.5). Now the proof follows from the fixed point theorem of Darbo.

Remark 5.3.4. In the Theorem 5.3.5 instead of condition (ii) we can put

the condition (ii’) g is a p-contraction.
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5.4 (w,p)-contraction principle

In this section ¢ : Ry — R4 and w : Py(X) — Ry where X is a Banach
space.

We have

Theorem 5.4.1. Let X be a Banach space, w an abstract measure of weak
noncompactness on X, Y € Pyyeen(X) and f Y — Y an operator. We
suppose that:

(i) f is weakly continuous;

(ii) f is an (w, p)-contraction.

Then:

(a) Fy #0

(b) Fy is a weak compact subset of Y.

Proof. Let (X, Pycp,ev(X), M) be the fixed point structure of Tychonoff
(M(Y) :={f : Y — Y|f is weakly continuous operator}). Let Z = Py(X),
6 = w and n(A) = coA. The proof follows from Theorem 5.1.1.

Theorem 5.4.2. (G. Emmanuele (1981)). Let X be a Banach space, wp
the De Blasi weak measure of noncompactness on X, Y € Py yeeo(X) and
f:Y =Y an operator. We suppose that:

(i) f is weakly continuous;

(i) f is an (wp,)-contraction.

Then:

(a) Fy # 0;

(b) Fy is a weak compact subset of Y.

Proof. One takes w = wp, ¢(t) = It in the Theorem 5.4.1.

Remark 5.4.1. In the Theorem 5.4.1 and 5.4.2 we can take Y € Py (X)
with f(Y) € Py(X).
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5.5 (0, ¢)-contraction principle

We begin our considerations in this section with

Lemma 5.5.1. Let (X, 7,C) be a convex topological space and 3 : Z — Ry
a large measure of nonconvexity on X. Let we suppose that:

(i) Z C P(X) and if A € P(X) with cardA < +oo imply that A € Z;

(ii) f is a (B, p)-contraction.
Then, cardFy < 1.

Proof. Let z,y € Fy. Then {z,y} € Z. We have

Bz, y}) = B(f{z, y}) < w(B({z,y}))-

This implies that 5({z,y}) = 0. So, z = y.

Theorem 5.5.1. Let X be a Banach space, 8 a large measure of noncon-
vezity on X andY € Pop(X). If f: Y =Y is a continuous (3, p)-contraction,
then Fy = {z*}.

Proof. We remark that

Yoo := () /M(Y) # 0 and f(Yao) = Yoo

neN

Since f is a (8, ¢)-contraction, it follows that 5(As) = 0. This implies that
Ao € Ppp ey(X). The proof follows from the fixed point theorem of Schauder.

In order to present another result we consider (X, d, W) Takahashi’s convex
metric space. Moreover we suppose that if x,y € X and {z,y} is a convex set,
then x = y. We recall that a convex metric space X is with the property (C)
iff every bounded decreasing net of nonempty, closed convex subsets of X has
nonempty intersection.

Theorem 5.5.2. Let (X,d, W) be a strictly convex metric space with prop-
erty (C),Y € Pyq(X) and f:Y —Y an operator. We suppose that:

(i) f is a nonexpansive operator;
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(ii) f is a (BerL,¢)-contraction.
Then, Fy = {x*}.

Proof. We consider on X the f.p.s. of Takahashi, i.e., S(X) := Pp ¢ cv(X)
and M(Y) := {f : Y — Y|f a nonexpansive operator}. Let Z = P,(X),
6 := Bgr and n(A) := A. Now, the proof follows from Theorem 5.1.1.
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Chapter 6

Second general fixed point

principle and applications

6.1 Second general fixed point principle

The second main result in the f.p.s. theory is the following

Theorem 6.1.1. (Second general fixed point principle).

Let (X,S(X),M) be a fp.s., (0,n) (0 : Z — Ry) a compatible pair with
(X,S(X),M). Let Y € n(Z) and f € M(Y'). We suppose that:

(i) A€ Z, x €Y imply that AU{z} € Z and 6(AU{x}) = 0(A);

(ii) f is a O-condensing operator.
Then:

(a) I(f)NS(X) #0;

(b) Fy +0;

(c) if Ff € Z, then 6(Fy) = 0.

Proof. (a)+(b). Let z € Y and A = {z}. By Lemma 1.6.1 there exists
Ag € FyNI(f) such that n(f(Ao) U {z}) = Ag. We have that

0(n(f(Ao) U{z}) = 0(f(Ao) U{z}) = O(f(Ao)) = 0(Ao).

83
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From the condition (ii) we have that Ay € Zy. Hence Ay € F,, N I(f). So,
Ap € S(X) and f|a, € M(Ap). Since (X,S(X), M) is a f.p.s. we have that
Fy #0.

(c) From the condition (ii) and from f(Fy) = F, we have that 0(Fy) = 0.

From the proof of the above theorem we have

Theorem 6.1.2. Let (X, S(X), M) be a f.p.s., (6,n) a compatible pair with
(X,8(X),M). LetY € F, and f € M(Y) with f(Y) € Z. We suppose that:

(i) Ac Z, x €Y imply that AU{z} € Z and 0(AU{z}) = 0(A);

(ii) f is a O-condensing operator.

Then:

(a) I(f) N S(X) £0;

(b) Fy #0;

(c¢) If Fy € Z, then 0(Ff) = 0.

Remark 6.1.1. In the above results 8 take values in R . If instead of R
we take an ordered set, (A, <), with the least element 0, then Theorem 6.1.1
and Theorem 6.1.2 take the following form:

Theorem 6.1.1°. Let (X,S(X),M) be a fp.s., (0,n) 0 : Z — A) a
compatible pair with (X,S(X),M). LetY € n(Z) and f € M(Y). We suppose
that:

(i) Ac Z, x €Y imply that AU{z} € Z and (AU {z}) = 0(A).

(1) 0(f(A)) = 6(A) implies O(A) = 0.

Then:

(a) I(f) N S(X) £ 0;

(b) Fy #0;

(c) If Fy € Z, then §(Ff) = 0.

Theorem 6.1.2°. Let (X,5(X),M) be a fp.s., (0,n) (0 : Z — A) a
compatible pair with (X, S(X),M). LetY € F,, and f € M(Y) with f(Y) € Z.
We suppose that:
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(i) Ae Z, x €Y imply that AU{x} € Z and O(AU {z}) = 0(A);

(ii) 0(f(A)) = 6(A) implies O(A) = 0.
Then:

(a) I(f) N S(X) £ 6;

(b) Fy #0;

(c) If Fy € Z, then 0(Ff) = 0.

Remark 6.1.2. All terms in the above results are set-theoretic. So, The-
orem 6.1.1, 6.1.2, 6.1.1’ and 6.1.2" are on an arbitrary set.

Remark 6.1.3. See Remark 5.1.1 and Remark 5.1.2.

In the following sections we shall present some consequences of these ab-

stract theorems.

6.2 app-condensing operator principle

In this section X is a Banach space and app : Py(X) — Ry is the abstract
measure of noncompactness of Danes-Pasicki.

We have

Theorem 6.2.1. Let X be a Banach space, Y € Py co(X) and f:Y =Y
a continuous app-condensing operator. Then, Fy # 0 and app(Fy) = 0.

Proof. If we consider S(X) 1= Py co(X), M(Y) := C(Y,Y), 0 := app
and n(A) := oA, then we are in the conditions of the Theorem 6.1.1.

Theorem 6.2.2. Let X be a Banach space, Y € Py cp(X) and f:Y =Y
a continuous app-condensing operator with f(Y) € Py(X). Then, Fy # 0 and
app(Ff) =0.

Proof. Let S(X) := Pepco(X), M(Y) :=C(Y,Y), 6 := app and n(A) :=
¢0A. Then we are in the conditions of Theorem 6.1.2.

Theorem 6.2.3. (Sadovskij (1967)). Let X be a Banach space, Y €
Pycico(X) and f 1Y =Y a continuous g -condensing operator. Then, Fy # ()
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and Fy is a compact subset of Y.

Proof. We take app = ay in Theorem 6.2.1.

Remark 6.2.1. Sadovskij works with strong ap-condensing operators.

Let X be a topological vector space S(X) := Pep cp(X) and M(Y) :={f:
Y — Y | f continuous affine operator}, Y € P.,(X). Let L be a lattice and
a: P(X) — L aset-argument operator which satisfies the following conditions:

(i) a(4)=0 = A€ P,(X);

(ii) a(AU{z}) =a(A), Ac P(X), € X

(iii) a(coA) = a(A).

If we take, in Theorem 6.1.1, the above fixed point structure, 0 := «,
1 = €0, then we have

Theorem 6.2.4. (H.S. Chon - W. Lee (2000)). Let X be a Hausdorff
topological vector space, Y € Py co(X) and f Y — Y a continuous affine
operator. If f is a-condensing, then Fy # 0.

6.3 w-condensing operator principle

In this section X is a Banach space and w : P,(X) — Ry is a weak
noncompactness measure on X.

We have

Theorem 6.3.1. Let X be a Banach space, w an abstract measure of weak
noncompactness on X, Y € Py (X)) and f Y — Y an operator. We
suppose that:

(i) f is weakly continuous;

(ii) f is w-condensing operator.
Then:

(a) Fy #0;

(b) Fy is a weak compact subset of Y.
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Proof. Let (X, Pycp, M) be the fixed point structure of Tychonoff, Z :=
Py(X), 0 := w and n(A) = co" A. The proof follows from Theorem 6.1.1.

Theorem 6.3.2. Let X be a Banach space, w an abstract measure of
weak noncompactness on X,Y € Pyeeo(X) and f:Y =Y an operator with
f(Y) € Pp(X). We suppose that:

(i) f is weakly continuous;

(ii) f is w-condensing operator.

Then:

(a) Fy #0;

(b) Fy is a weak compact subset of Y.

Proof. We apply Theorem 6.1.2.

Theorem 6.3.3. (G. Emmanuele (1981)). Let X be a Banach space, wp
the De Blasi weak measure of noncompactness on X, Y € Py e e0(X) and
f:Y =Y an operator. We suppose that:

(i) f is weakly continuous;

(ii) f is wp-condensing operator.

Then:
(a) Fy #0;
(b) Fy is a weak compact subset of Y.

6.4 [-condensing operator principle

We have
Lemma 6.4.1. Let (X, 7,C) be a convex topological space and 3 : Z — Ry
a large measure of nonconvexity on X. Let Y € P(X) and f : Y — Y be an

operator. We suppose that:
(i) Z C P(X) and if A € P(X) with cardA < +oo imply that A € Z;
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(ii) f is B-condensing.
Then, cardFy < 1.
Proof. Let x,y € Fy. Then {x,y} € Z. We have

Bz, y}) = B(f{z,y}))-

From the condition (ii) it follows that S({z,y}) = 0. So, z = y.

Theorem 6.4.1. Let X be a Banach space, B : Py(X) — R4 a large
measure of nonconvezity on X andY € Pep(X). If f:Y =Y is a continuous
B-condensing operator, then Fy = {x*}.

Proof. Let Y, := m fM(Y). We remark that Yo, # 0, Yoo € Pep(X) and

neN
f(Ys) = Y. Since f is f-condensing it follows that §(Ys,) = 0. This implies

that Yoo € Pepcv(X). Now, the proof follows from the fixed point theorem of
Schauder.

Theorem 6.4.2. Let X be a Banach space, 5 a large measure of noncon-
vexity on X and app a Danes-Pasicki measure of noncompactness on X. Let
Y ePqu(X)and f:Y =Y a continuous operator. We suppose that:

(i) f is app-condensing;

(ii) f is B-condensing.

Then, Fy = {x*}.

Proof. From Theorem 6.2.1 we have that Fy # (). From Lemma 6.4.1,

Fy = {z*}.

6.5 J-condensing operator principle

Theorem 6.5.1. Let (X,d) be a compact metric space and f: X — X a

continuous 0-condensing operator. Then Fy = {x*}.

Proof. We remark that X, := ﬂ fM(X) # 0 and f(Xs) = Xoo. From

neN
the d-condensing condition it follows that §(X) = 0, i.e., Xoo = {2*} and
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Ff = {l’*}
Theorem 6.5.2. Let (X, d) be a bounded and complete metric space, o a

measure of noncompactness space and f : X — X an operator. We suppose

that:
(i) f is a (o, p)-contraction;
(ii) f is 0-condensing operator.
Then, Fr = {x*}.
Proof. From the condition (i) it follow that there exists a compact set X,

with the following properties:

e X is an invariant subset for f;
e X is compact;

° FfCXOO.

Now, the proof follows from the condition (ii) and Theorem 6.5.2.
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Fixed point structures with

the common fixed point

property

7.1 Commuting operators, common fixed points
and common invariant subsets

Let X be a nonempty set and f,g: X — X two operators. We have
Lemma 7.1.1. If fog=go f, then

(a) Fy, Fy € I(f) N 1(g);
(b) f(X),9(X) € I(f) N I(g).
Proof. (a) Let, for example, z € F,;. Then

So, f(z) € Fy.
(b) Tt is clear that f(X) € I(f). We have

9(f(X)) = f(g(X)) C f(X).
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So, f(X) € I(f)NI(g).
Lemma 7.1.2. If fog=go f, then

fX)ug(X)cZcCcX = ZelI(f)nli(g).

Lemma 7.1.3. Let X be a nonempty set, n : P(X) — P(X) a closure
operator, Y € F, and f,g: Y — Y such that fog=go f. Let Ay € P(Y).
Then there exists Ay CY such that:

(a) A1 C Ag;

(b) Ao € Fy;

(c) Ao € I(f) N I(g);

(d) n(f(Ao) Ug(Ao) U A1) = Ap.

Proof. Let B := {B C Y| B satisfies the conditions (a), (b) and (c)}.
From Lemma 1.4.1 we have that NB € B. This implies that NB is the least
element of the partially ordered set (B, C). Let us prove that Ag = NB.

We remark that n(f(A4o) U g(Ao) U A1) € B and n(f(Ao) U g(Ag)) C Ap.
These imply that n(f(Ap) U g(Ao) U A1) = Ap.

7.2 Fixed point structures with the common fixed

point property

Definition 7.2.1. A fixed point structure (X, S(X), M) is with the com-
mon fixed point property iff

YeSX), f,ge M(Y), fog=gof = FfﬁFg#@.

Example 7.2.1. The Tarski f.p.s. is with the common fixed point property.
Indeed, let (X, <) be an ordered set and ¥ C X a complete lattice. Let

f,9:Y — Y be increasing operators such that f og = go f. By the Tarski’s
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fixed point theorem we have that Fy # () and (Fy,<) is a complete lattice.
By Lemma 7.1.1, Fy € I,. By Tarski’s fixed point theorem the operator g|Ff :
Fy — Fy has at least a fixed point. So, Fy N Fy # 0.

More general we have

Example 7.2.2. Let (X, S(X), M) be a fixed point structure such that
YeSX), feM(Y) = FreS(X).

Then, (X, S(X), M) is with common fixed point property.

Example 7.2.3. A continuous function f : [0,1] — [0,1] is full if the
interval [0, 1] may be subdivided into a finite number I, ..., I, of subintervals
on each of which f|;, : I — [0, 1] is a topological isomorphism. Let X = [0, 1],
S(X) :={X} and M(X) := {f € C([0,1],]0,1])| f is full}. Then the triple
(X,S(X),M) is a large f.p.s. with the common fixed point property. This
follows from the following result

Theorem 7.2.1. (H. Cohen (1964)). Let f,g € C([0,1],[0,1]) be commut-
ing full functions. Then Fy N Fy # 0.

Remark 7.2.1. The following result is given by T. Suzuki in 2002:

Theorem 7.2.2. Let X be a Banach space, Y € Py o(X) and f,g:Y —
Y be nonexpansive operators with fog= go f. Then fory € Y, the following
statements are equivalent:

(1) ye FrnFy;

1 S
(i) liminf,, o e} Z Z f'9’(y) —y|| = 0.

i=1 j=1

7.3 (0, p)-contraction pair

Let X be a nonempty set, Y C X and 6 : Z — R, where Z C P(X),
Z # 0.
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Definition 7.3.1. A pair of operators f,g:Y — Y is a (6, ¢)-contraction
pair if

(i) ¢ : Ry — Ry is a comparison function;

(i) Ae PY)NZ = f(A)Ug(A) € Z;

(i) B(F(A) U g(A)) < p(8(A)), ¥ A€ I(f) N 1(g) 2.

If I € [0,1] and ¢(t) = ¢, then by (6,)-contraction pair we understand a
(0,1(-))-contraction pair.

Example 7.3.1. Let (X,d) be a metric space and aj the Kuratowski
measure of noncompactness on X. If f; : X — X is an (ag,l;)-contraction,
i = 1,2, then the pair fi, f2 is an (ax, max(ly,l2))-contraction pair.

We have

Theorem 7.3.1. Let (X, S(X), M) be a f.p.s. with the common fixed point
property and (0,m) (6 : Z — Ry) a compatible pair with (X,S(X),M). Let
Y en(Z) and f,g € M(Y). We suppose that

(i) 0]y(z) has the intersection property;

(i) fog=gof;

(iii) the pair (f,g) is a (0, p)-contraction pair.

Then:

(a) Fy 0 Fy #0;

(b) If Fy N Fy € Z, then §(Fy N Fy) = 0.

Proof. (a) Let Y7 :=n(f(Y)Ug(Y)),...,Yot1 :==n(f(Yn)Ug(Yy)), n € N.
From Lemma 7.1.2 we have that Y,, € I(f)N1(g), n € N. From the conditions
(i) and (iii) we have

0(Yni1) = 0(n(f(Yn) Ug(Yn))) = 0(f(Yn) Ug(Yn))
<O(Yy) < <@"THO(Y)) — 0 as n — oo.
From the condition (i) it follows that Y, := m Y, #0 and 0(Ys) =0. It

neN
is clear that 7(Yx) = Yoo and Yo € I(f) N 1(g). These imply that Yo € S(X)
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and so, Fy N F, # 0.
(b) This follows from

f(FyNFy) Ug(FrNFy) = FrNEy.

Theorem 7.3.2. Let (X,S(X),M) be a f.p.s. with common fized point
property and (8,n) a compatible pair with (X,S(X),M). Let Y € F,, f,g €
M) and f(Y)Ug(Y) € Z. We suppose that:

(i) 0|,(z) has the intersection property;

(ii) fog=gof;

(iii) the pair (f,g) is a (0, p)-contraction pair.

Then:

(a) Fr N Fy # 0;

(b) If FyNF, € Z, then 8(Ff N F,) = 0.

Proof. We apply Theorem 7.3.1 to the operators

Frg:n(f(Y)Ug(Y)) = n(f(Y)Ug(Y)).

Theorem 7.3.3. Let X be a strictly convex Banach space, Y € Py ¢ ¢, (X)

and f,g:Y =Y, two nonexpansive operators. We suppose that:

(i) fog=gof;
(i) the pair (f,g) is an (ag,p)-contraction pair.
Then:

(a) Fy N Fy #0;

(b) ax(FyNFy) =0.

Proof. We consider in the Theorem 7.3.1 the following f.p.s. on X, S(X) :=
Ppev(X)and M(Y) :={h: Y — Y| his a nonexpansive operator}. This f.p.s.
is as that in Example 7.2.2.
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7.4 6#-condensing pair

Let X be a nonempty set, Y C X and 0: Z - R, Z C P(X), Z # 0.

Definition 7.4.1. A pair of operators f,g:Y — Y is a #-condensing pair
iff:

() Aiez icl, (A#0 = (AieZ;

(i) Ac P(Y)NZ = F(A)Ug(A) € 7

(iii) (f(A)Ug(A)) < 8(A), for all A € I(f)NI(g)NZ such that O(A) # 0.

We have

Theorem 7.4.1. Let (X,S(X), M) be a f.p.s. with common fized point
property and (0,1) a compatible pair with (X,S(X),M). Let Y € n(Z) and
frg € M(Y). We suppose that:

(i)xeY, Ac Z imply AU{z} € Z and 0(AU{z}) =0(A);

(it) fog=gof;

(iii) the pair (f,g) is O-condensing pair.

Then:

(a) Fy (1 F, #0;

(b) if Fy N\ F, € Z, then 0(F; N F,) = 0.

Proof. (a) Let xp € Y. By Lemma 7.1.3 there exists Ay C Y such that
xg € Ag, Ao € By NI(f)N1I(g)NZ and n(f(Ao) U g(Ao) U{zo}) = Ap. From
the condition (iii) we have that 6(Ap) = 0. This implies that Ay € S(X). So,
FrnFy #0.

(b) From f(FyNFy)Ug(FrNF,) = FyNFgy, we have that 0(Fy N F,) = 0.

From the proof of Theorem 7.4.1 we have

Theorem 7.4.2. Let (X,S(X), M) be a f.p.s. with the common fized point
property and (6,m) (6 : Z — Ry) a compatible pair with (X,S(X),M). Let
YeF, f,gyec M(Y) and f(Y)Ug(Y) € Z. We suppose that

(i))xeY, Ac Z imply AU{z} € Z and (AU {z}) = 6(A);
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(ii) fog=gof;

(iii) the pair (f,g) is O-condensing pair.
Then:

(a) Fy N Fy # 0;

(b) if FfNF, € Z, then O(Fy N Fy) = 0.

Theorem 7.4.3. Let X be a strictly convex Banach space, Y € Pp ¢ cy(X)
and f,g:Y — Y two nonexpansive operators. We suppose that:

() fog=gof;

(ii) the pair (f,g) is an ag-condensing pair.

Then, FfNFy # 0 and ax(Fy N Fy) = 0.

Proof. We consider in Theorem 7.4.1 the fixed point structure S(X) :=
Popeo(X), M(Y) :={f :Y — Y| f is nonexpansive}, Z = P,(X), 0 = ag,
n(A) = coA.

Remark 7.4.1. We can put instead of ak, in Theorem 7.4.3, an app

measure of noncompactness.
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Chapter 8

Fixed point property and

coincidence property

8.1 Set-theoretic aspects of coincidence theory

The following remarks are useful in order to apply the technique of the
fixed point theory to the coincidence theory.

Remarks 8.1.1. Let U and V be two nonempty sets and f,g: U — V two
operators. If the operator ¢ is injective and f(U) C ¢g(U) then for a left-inverse
gfl : g(U) — V of the operator g, we consider the operator

gl_lof:U—>U.

Let ug € C(f,g) := {u € U| f(u) = g(u)}. Then we have that g; ' (f(uo)) =
ug.

Let up € Fgflof‘ Then gl_l(f(uo)) = up. But g : U — g(u) is a bijection.
Hence f(u0) = g(uo).

So, in the above conditions we have that
C(f,g) = Fgflof'
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Remark 8.1.2. Let f,g: U — V be two operators. We suppose that g is

surjective. Let g be a right-inverse of g. Then

8.2 Applications of the first general fixed point

principle

We have

Theorem 8.2.1. Let (X,S(X),M) be a f.p.s. and (0,n) (6 : Z - Ry) a
compatible pair with (X,S(X),M). Let U € n(Z) and f,g : U — U be two
operators. We suppose that:

(i) A € Z implies P(A) C Z;

(ii) 01,2y has the intersection property;

(iii) g has a left-inverse, gl_l, fU)cg(U) and gl_1 ofeMU);

(iv) there exist o, f € RY, av- f < 1, such that

(a) aB(g(A)) > 0(A), for all A € P(U) with f(A) C g(A);

(b) O(f(A)) < BO(A), for all A € P(U) with f(A) C g(A).
Then C(f,g) # 0 and 6(C(f,g)) = 0.

Proof. Let A € P(U) such that f(A) C g(A). From (iii) there exists
B C A such that f(A) = g(B), and

0(g; ' (f(4))) = 0(B) < ab(g(B)) = af(f(4)) < aBb(A).

Now the proof follows from Remark 8.1.1 and the first general fixed point
principle.

Theorem 8.2.2. Let (X,S(X), M) be a f.p.s. and (6,7n) a compatible pair
with (X, S(X),M). Let U be a set, Ve n(Z), f,g: U =V and o € [0,1[. We
suppose that

(i) A € Z implies P(A) C Z;
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(ii) 0], (z) has the intersection property;

(iii) g has a right inverse, g *, such that fog -t € M(V);

(iv) 0(f(A)) < a(f(g(A))), for all A€ P(U), such that f(A) C g(A).
Then, C(f,g) # 0.

Proof. Let B € P(V). From (iv) we have that

0(f(971(B))) < ab(B), for all B € P(V),

such that f(g,!(B)) C B. Now the proof follows from Remark 8.1.2 and the

first general fixed point principle.

8.3 Applications of the second general fixed point

principle

Theorem 8.3.1. Let (X, S(X), M) be a f.p.s. and (6,n) a compatible pair
with (X,8(X),M). Let U € n(Z) and f,g : U — U be two operators. We
suppose that:

(i) A € Z implies P(A) € Z;

(i) 0(AU{z}) = 0(A), for all Ac P(U), x € U;

(i1i) f(U) C g(U) and g has a left-inverse, gfl, such that gfl of € M(U);

(iv) 6(g(A)) > 6(A), for all A € P(U) such that f(A) C g(A);

(v) O(f(A)) < 0(A), for all A € P(U) such that f(A) C g(A), 6(A) # 0.
Then, C(f,g) # 0 and 6(C(fd,g)) = 0.

Proof. Let A € P(U) such that f(A) C g(A) and #(A) # 0. From the
condition (iii) there exists B C A such that f(A) = f(B). We have f(B) C
g(B) and

0(g; " (f(A))) = 0(B) < 8(g(B)) = (f(A)) < 6(A).

Now the proof follows from the Remark 8.1.1 and the second general fixed

point principle.
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Theorem 8.3.2. Let (X,S(X), M) be a f.p.s. and (8,n) a compatible pair
with (X,S(X),M). Let U be a set, V. € n(Z) and f,g : U — V be two
operators. We suppose that

(i) A € Z implies P(A) C Z;

(ii) g has a right inverse, g%, such that fog -t € M(V);

(i) 0(AU{z}) =0(A), YV Aec P(V), z € V;

(iv) A € P(U), f(A) C g(A) and 0(g(A)) # 0, imply that O(f(A)) <
0(g(4).

Then, C(f,g) # 0.

Proof. Let B € P(V). From (iv) we have that 8(f(g'(B))) < 0(B), for
all B such that 6(B) # 0 and f(g,*(B)) C B. Now the proof follows from
Remark 8.1.2 and the second general fixed point principle.

8.4 Fixed point structures with the coincidence
property

Definition 8.4.1. A f.p.s. (X, S(X), M) is with the coincidence property
it Y € S(X), f,ge M(Y), fog=gof = C(f.g) #0.

Example 8.4.1. Each f.p.s. with the common fixed point property is a
f.p.s. with the coincidence property.

Example 8.4.2. (W.A. Horn (1970)). Let X = R, S(X) := Pyp(R)
and M(Y) := C(Y,Y). Then (R, Py v(R), M) is a f.p.s. with the coincidence
property.

Proof. Let I C R be a compact interval and f,g € C(I,I) such that
fog=go f. If f is surjective then we consider the sets A := {z € I| f(z) <
g(x)} and B := {z € I| f(x) > g(x)}. Suppose C(f,g) = 0. It is clear that,
A and B are nonempty closed-open subsets of I and, I = AU B. So, in this
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case, C'(f,g) # 0. In the general case we consider the subset I, := ﬂ (D).

neN
It is clear that f(I~) = I~ and if there exists J C I such that f(J) = J, then

J C I. On the other hand we have

9Is) = 9(f(Ixs)) = f(9(Is0))-

This implies that g(Ix) C Io. Now we consider the functions

f|Iooag|Ioo oo = Io.

In this case I is a compact interval of R and f|7_ is a surjective function.

Problem 8.4.1. Which are the f.p.s. with the coincidence property?

The above problem has the following well known particular cases.

Horn’s conjecture. The Schauder f.p.s., (X, Pepco(X), M), is with the
coincidence property.

Schauder’s conjecture. Let X be a Banach space and Y € P ., (X). If
f:Y — Y is a continuous operator such that f™ is compact for some n € N*,
then f has at least a fixed point.

Remark 8.4.1. If the Horn conjecture is a theorem, then the Schauder
conjecture is a theorem.

Indeed, let f as in Schauder’s conjecture. Then the pair f7, f**! is as in
the Horn conjecture (f™|zpn(vy, [ espn(v))-

We have

Theorem 8.4.1. Let (X,S(X), M) be a f.p.s. with the coincidence prop-
erty, (0,m) a compatible pair with (X,S(X),M). Let Y € n(Z) and f,g €
M(Y) such that fog=go f.

We suppose that the pair (f,g) is a 0-condensing pair. Then, C(f,g) # 0.

Proof. Let Ay = Fy. From Lemma 7.1.3, there exists Ag C Y such that

n(f(Ao) Ug(Ao) U Fy) = Ap.
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This relation implies that, (Ap) = 0.

But Ag € F;,N Zy C S(X). So, C(f,g) # 0.

Theorem 8.4.2. The following statements are equivalent:

(i) (Horn’s congecture). LetY be a compact convex subset of a Banach space
X andlet f,g:Y =Y be commuting continuous operators. Then C(f,g) # 0.

(i) Let Y be a bounded closed conver subset of a Banach space X and
let f,g :' Y — Y be commuting continuous operators. If the pair (f,g) is
ak-condensing, then C(f,q) # 0.

Proof. It is clear that (ii) = (i). Let us prove that (i) = (ii). Consider
the fixed point structure of Schauder. From (i) it follows that this f.p.s. is with
the coincidence property. We are in the conditions of the Theorem 8.4.1 where

we take § = ax and n(A) = coA.

8.5 Coincidence structures

Let X be a nonempty set.
Definition 8.5.1. A triple (X, S(X), M) is a coincidence structure iff
(i) S(X) C P(X), S(X) #0;

(i) M: P(X) — | J M(Y),Y o M(Y) C M(Y), is an operator such
YEP(X)
that if Y7 C Y. "5 ;é @, then M(Y1> D) {f’yl : f S M(Y), f(Yl) C Yl};

(ili) Y € S(X), f.g € M(Y), fog=go fimply C(f,g) # 0.

Definition 8.5.2. Let (X, S(X), M) be a coincidence structure. A pair
(6,7) is compatible with (X, S(X), M) iff

(i) 0:Z — Ry, S(X)C Zc P(X);

(ii) n : P(X) — P(X) is a closure operator, S(X) C n(Z) C Z and
On(Y)) =6(Y), forall Y € Z;

(ili) F;, N Zy C S(X).

Example 8.5.1. A fixed point structure with the common fixed point
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property is a coincidence structure.

Example 8.5.2. A fixed point structure with the coincidence property is

a coincidence structure.

We have

Theorem 8.5.1. Let (X, S(X), M) be a coincidence structure and (6,1) a
compatible pair with (X, S(X),M). Let Y € n(Z) and f,g € M(Y') such that
fog=go f. We suppose that

(i) 0/ (A) U g(A)) < 6(A), for all A € I(f,g), 6(A) £0;

(ii) F # 0.
Then, C(f,g) # 0.

Proof. Let Ay = Fy. From Lemma 7.1.3 there exists Ag C Y such that

n(f(Ao) U g(Ao) U Fy) = Ao.
Since (#,7n) is a compatible pair with (X, S(X), M), it follows
0(n(f(Ao) U g(Ao) U Fy)) = 0(Ao).

This implies 0(Ag) = 0. So, Ay € F,, N Zy, which imply that C(f, g) # 0.
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Chapter 9

Fixed point theory for

retractible operators

9.1 Set-theoretic aspects for non self-operators

Let X be a nonempty set and Y C X a nonempty subset of X. An operator
p: X — Y is aset-retraction if p|y = 1y. An operator f : Y — X is retractible
w.r.t. the retraction p: X — Y iff F,op = F}.

Lemma 9.1.1. Let (X, S(X), M) be a fized point structure. Let Y € S(X),
p: X =Y a retraction and f:Y — X an operator. We suppose that:

(i) pofe MY); (i) f is retractible w.r.t. p.
Then, Fy # 0.

Proof. From (i) we have that F,or # 0. From (ii) it follows that Fy # (.

Remark 9.1.1. In the terminology of R.F. Brown, Lemma 9.1.1 is the
general retraction operator principle.

Theorem 9.1.1. Let (X,S5(X),M) be a f.p.s. and (6,n) (6 : Z - Ry) a
compatible pair with (X, S(X),M). LetY e n(Z), f:Y — X an operator and
p: X =Y a retraction. We suppose that:

111



112 Chapter 9

(i) 0\,y(z) is with the intersection property;

(ii) f is retractible w.r.t. p and po f € M(Y);

(#ii) p is (6,1)-Lipschitz (I € Ry);

(iv) f is a strong (0, p)-contraction;

(v) the function ly is a comparison function.

Then Fy # 0 and if Fy € Z, then §(Ff) = 0.

Proof. From the conditions (iii), (iv) and (v), the operator pof : Y — Y is
a strong (6,lp)-contraction. By Theorem 5.1.1, Fjo¢ # ). From the condition
(ii) it follows that Fy # (). From f(Fy) = Fy we have that 0(Fy) = 0.

Theorem 9.1.2. Let (X,S(X),M) be a f.p.s. and (0,n) (6 : Z - Ry) a
compatible pair with (X, S(X),M). LetY € n(Z), f : Y — X an operator and
p: X =Y a retraction. We suppose that:

(i) AcZ, xeY imply AU{z} € Z and 0(AU{x}) = 0(A);

(ii) f is retractible w.r.t. p and po f € M(Y);

(iii) p is (0,1)-Lipschitz;

(iv) f is strong 6-condensing.

Then, Fy # 0 and if Fy € Z, then (Fy) = 0.

Proof. From the conditions (iii) and (iv) the operator po f : Y — Y is
strong #-condensing. By the Theorem 6.1.1, F,o5 # (). From the condition (ii)
it follows that Fy # (. From Fy € Z, f(Fy) = Fy and the condition (iv) we
have that 0(F) = 0.

9.2 Retractible operators on ordered sets

In this section we shall give some fixed point theorem for retractible oper-
ators on ordered sets.

Theorem 9.2.1. Let (X, <) be an ordered set with the least element 0. Let
Y eP(X)and f:Y — X be such that
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(i) 0 €Y,

(ii) (Y, <) is a complete lattice;

(iii) f is increasing;

(iv) f(x) € X \'Y implies supy ([0, f(z)|NY) # x.
Then, Fy # 0.

Proof. Let (X,S(X),M) be the fixed point structure of Tarski, i.e.,
S(X):={A e P(X)| (4, <) is a complete lattice and M(A) :={f: A— A| f
is increasing}. We remark that ¥ € S(X) and the p: X — Y, defined by

x, if zeY

pla) = supy ([0,z]NY), if ze€ X\Y

is an ordered-set retraction. From (iv) it follows that f is a retractible operator
with respect to p. From (iii) we have that po f € M(Y"). Now the proof follows
from Lemma 9.1.1.

Theorem 9.2.2. Let (X, <) be an ordered set with the least element 0. Let
Y e P(X) and f:Y — X an operator. We suppose that:

(i)0€Y;

(ii) (Y, <) is a right inductive ordered set;

(iii) f is a progressive operator;

() f(z) € X \'Y implies x < supy ([0, f(z)]NY).

Then, Fy # (.

Proof. Consider the fixed point structure (X, S(X), M), where S(X) :=
{A € P(X)| (A, <) is a right inductive ordered set} and M(A) := {f: A —
A| f is progressive}. Let p : X — Y be the retraction from the proof of
Theorem 9.2.1. It is clear that f(z) € Y implies p(f(x)) = f(z) > z. If
f(z) € X \'Y, then by the condition (iv) we have that x < p(f(x)). Hence
pof € M(Y) and f is retractible w.r.t. p. Now the proof follows from Lemma
9.1.1.
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9.3 Retractible operators on metric spaces

In this section we consider fixed point structures on metric spaces.

Theorem 9.3.1. Let (X, d) be a complete metric space and o a measure of
noncompactness on X . Let (X, S(X), M) be a fized point structure and (o,n) a
compatible pair with (X, S(X),M). LetY € P, 4(X), f:Y — X an operator
and p: X =Y a retraction. We suppose that:

(i) f is a strong (a, p)-contraction;

(ii) f is retractible w.r.t. the retraction p and po f € M(Y);

(iii) p is («,1)-Lipschitz;

(iv) the function le is a comparison function.
Then, Fy # 0 and a(Fy) = 0.

Proof. We take in the Theorem 9.1.1, Z := Py(X), § = o and n(A) = A.

Theorem 9.3.2. Let (X, d) be a complete metric space and app a Danes-
Pasicki measure of noncompactness on X. Let (X,S(X), M) be a fized point
structure and (app,n) a compatible pair with (X, S(X),M). LetY € P, 4(X),
f:Y = X an operator and p: X — Y a retraction. We suppose that:

(i) f is strong app condensing;

(i) f is retractible w.r.t. the retraction p and po f € M(Y);

(iii) p is (app, 1)-Lipschitz.
Then, Fy # 0 and app(Fy) = 0.

Proof. We take in the Theorem 9.1.2, Z := Py(X), § = app and n(A) = A.

Theorem 9.3.3. Let (X, d) be a complete metric space, ag the Kuratowski
measure of noncompactness on X, Y € P, 4(X), p: X =Y a retraction and
f:Y — X an operator. We suppose that:

(i) f is a strong (ax, @)-contraction;

(ii) f is retractible w.r.t. the retraction p;

(iii) p is («,1)-Lipschitz;
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(iv) f is a contractive operator;

(v) the function ly is a comparison function.
Then, Fy = {x*}.

Proof. We take in the Theorem 9.3.1, the fixed point structure of
Nemytzki-Edelstein, o = ax and n(A) = A.

9.4 Retractible operators on Banach spaces

In this section we consider f.p.s. on Banach spaces.

Theorem 9.4.1. Let X be a Banach space, ak : Py(X) — Ry Kuratowski
measure of noncompactnes on X and f : B(0; R) — X a continuous operator.
We suppose that:

(i) f is a strong (ax, @)-contraction;

(ii) f is retractible w.r.t. the radial retraction.

Then, Fy # 0 and ax(Ff) =0.

Proof. We consider in the Theorem 9.1.1, the fixed point structure of
Schauder, Z = Py(X), 0 = ax, n(A) = @A and p the radial retraction. We
remark that the radial retraction is (a, 1)-Lipschitz.

Theorem 9.4.2. Let X be a Banach space and f : B(0;R) — X a con-
tinuous operator. We suppose that:

(i) f is ag-condensing;

(i) f is retractible w.r.t. the radial retraction.

Then, Fy # 0 and ag(Ff) =0.

Proof. We consider in the Theorem 9.1.2 the fixed point structure of
Schauder, Z = Py(X), 0 = ag, n(A) = coA.

Remark 9.4.1. Each of the following conditions implies the condition (ii)
in the Theorem 9.4.1 and 9.4.2:

(a) (Leray-Schauder). x € dB(0; R), f(z) = Az imply X < 1.
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(b) (E. Rothe). f(0B(0; R)) C B(0; R).

(c) (M. Altman). [|f(2) - 2]]2 > | f@)|>  |l2]]%, ¥ = € IB(0; ).

Remark 9.4.2. There are many other boundary conditions which appear
in fixed point theorems for non self-operator. The problem is if each of these
conditions imply the retractibility w.r.t. a suitable retraction.

Theorem 9.4.3. Let X be a Banach space and f : X — X a continuous
operator. We suppose that:

(i) f is ag-condensator;

(i1) f is quasibounded with |f| < 1.
Then, F¢ # (.

Proof. We consider the operator f|§(0;R)§(0;R) — X. Condition (ii)
implies that there exist a,b € R4, a < 1 such that

If(@)| < aljz||+b, VzeX.

This condition implies that there exists R > 0 such that the operator
f|§(0;R) is retractible w.r.t. the radial retraction p : X — B(0; R). So, we are
in the conditions of Theorem 9.4.2.

Theorem 9.4.4. Let X be a Banach space and f: X — X a continuous
operator. We suppose that:

(i) f is ag-condensing;

(i1) f is quasibounded with |f| < 1.

Then 1x — f : X — X is a surjective operator.

Proof. Let y € X. We consider the operator g, : X — X defined by
gy(x) :== f(x) +y. It is clear that g, is quasibounded with |g,| < 1 and there
exist a € [|f|,1[ and b > 0 such that

lgy (@)l < allz]| +b, ¥V z € X,

b _
This implies that, for R > 1o B(0; R) € I(gy). So, the proof follows

—a
from Theorem 9.4.2.
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Chapter 10

Background in multivalued

operator theory

10.1 Sets and multivalued operators

Let X and Y be nonempty sets. By definition an operator T': X — P(Y')
is a multivalued (or set-valued) operator from X to Y and we shall use the
notation 7" : X —o Y for such an operator. Let T': X — Y be a multivalued
operator, A C X and B C Y. Then:

G(T) :={(z,y)| = € X, y € T(x)} denotes the graph of the operator T}

T(A) = U T'(a) denotes the image of A under the operator T
acA
T~YB) :={a € A| T(a) N B # 0} the counter image of B under the operator

T.

From the above definitions we have

Lemma 10.1.1. Let X and Y be two nonempty sets, (A;)icr a family
of subsets of X and (Bj)ier a family of subsets of Y. If T : X — Y is a

multivalued operator, then:
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(i) T (U Az) = JT(4);

el el

(i) T (ﬂ Ai> C () T(A);

el el

(iii) T—1 (U Bi> =JT ' (By);

i€l iel

(iv) T~ (ﬂ Bl-> c(T'(By).
i€l i€l
If T : X — X is a multivalued operator, then:

T =T, T?:=ToT,..., Tt :=ToT", neN*
Fr:={x € X| z € T(z)} denotes the fixed point set of T

(SE)p :={x € X| T(x) = {z}} denotes the strict fixed point set of T
Let T : X — P(Y) and s : X — Y. The singlevalued operator s is a

selection of the multivalued operator 7' iff s(z) € T'(x), for all x € X. It is

clear that if s is a selection of T, then Fy C Fr.

Remark 10.1.1. For the invariant subsets of multivalued operators see

section 1.6.

10.2 Functionals on P(X) x P(X)

Let (X,d) be a metric space. We consider the following functionals on

P(X) x P(X):
1) D: P(X) x P(X) — R, defined by

A,B € P(X), D(A,B) :=inf{d(a,b)| a € A, b€ B}.

This functional is called the gap functional.

2)0: P(X)x P(X)— Ry U{+o0} defined by

A,B € P(X), 6(A,B) :=sup{d(a,b)| a € A, b € B}.

This functional is called the diameter functional with two arguments.
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3) p: P(X) x P(X) = Ry U{+oco}, defined by
A,B e P(X), p(A,B) :=sup{D(a,B)| a € A}.

This functional is called the excess functional.

4) H: P(X) x P(X) —» R4 U {400} defined by
A,B e P(X), H(A, B) := max(p(4, B), p(B, A)).

This functional is called the Pompeiu-Hausdorff functional.

From the definitions of these functionals we have:

Lemma 10.2.1. Let (X, d) be a metric space and D : P(X)x P(X) — Ry
the gap functional on (X, d). Then:

(a) the functional D(-, A) : X — R4 is nonexpansive for each A € P(X);

(b) the functional D(z,-) : (Pyq(X),H) — Ry is nonezpansive for each
x e X;

(c)ifv € X and A € P(X), then

D(z, A) =0 if and only if x € A.

Lemma 10.2.2. Let (X,d) be a metric space, A, B,C € Py(X) and ¢ :
P(X) x P(X) — Ry the diameter functional on (X,d). Then:

(a) 5(A,B) =0 & A=B={a};

(b) (A, B) = 5(B, A);

(c) 6(A,B) <6(B,C)+46(C, B);

(d) for every x € X and 0 < q < 1, there exists a € A such that gd(z, A) <
d(z,a).

Lemma 10.2.3. Let (X,d) be a metric space and H : P(X) x P(X) —
R4 U{+o0} the Pompeiu-Hausdorff functional on (X,d). Then:

(a) (Ppa(X),H) is a metric space;

(b) H(A,B) = inf{r > 0| V;.(A) D B,V,(B) D A};
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(¢) H(A,B) = sup{|D(z,A) — D(z,B)| | x € X};
(d) for e > 0 and a € A there exists b(e,a) € B such that d(a,b) <
H(A,B)+¢;
(e) for ¢ > 1 and a € A there ezists b(q,a) € B such that d(a,b) <
qH(A, B);
(f) if n > 0 is such that:
(1) for each a € A there exists b € B such that d(a,b) <n,
(2) for each b € B there exists a € A such that d(a,b) <n,
then H(A, B) <mn;
(g) if (X,d) is a complete metric space, then (Pyq(X),H) is a complete
metric space;
(h) if (X,d) is a complete metric space, then (P.p(X),H) is a complete
metric space;
(1) if (X,d) is a compact metric space, then (Pep(X),H) is a compact
metric space;
(G) if (X,d) is a complete metric space, then (Py(X),H) is a complete

generalized metric space.

10.3 Continuity

Let X and Y be two Hausdorff topological spaces and 7' : X — P(Y) be
a multivalued operator.

Definition 10.3.1. By definition 7" is upper semicontinuous (u.s.c.) iff for
each closed set A C Y, T71(A) is a closed subset of X.

Definition 10.3.2. By definition 7" is lower semicontinuous (l.s.c.) iff for
each open set A C Y, T~!(A) is an open subset of X.

Definition 10.3.3. By definition 7" is continuous iff it is both l.s.c. and

u.s.c.
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Definition 10.3.4. By definition T is closed iff the graph of T', G(T) C
X x Y is closed.

From the above definitions we have:

Theorem 10.3.1. If T is u.s.c. with closed values then T is closed.

Theorem 10.3.2. If T is closed and Y is compact then T is u.s.c.

Theorem 10.3.3. (i) If T is u.s.c. with compact values and X is compact,
then T'(X) is compact.

(ii) If T is u.s.c. or l.s.c., with connected values, and C € P.,(X), then
T(C) is connected.

Let (X,d) and (Y, p) be two metric spaces. An operator T : X — P, 4(Y)
is called Lipschitz (respective, contraction, contractive, nonexpansive, expan-
sive, dilatation,...) if the singlevalued operator T : (X,d) — (Ppq(X), H) is
Lipschitz (respective, contraction, contractive, nonexpansive, expansive, di-
latation,...).

Theorem 10.3.4. If an operator T': X — Py (X)) is Lipschitz, then T is
closed.

Let X be a Hausdorff topological space and (Y, d) a metric space.

Definition 10.3.5. An operator 7' : X — P(Y) is H-u.s.c. iff the func-
tional p(F(), F(x0)) : X — R4, & — p(F(z), F(xzg)) is continuous at z, for
all zg € X.

Definition 10.3.6. An operator T : X — P(Y') is H-1.s.c. iff the functional
p(F(xo), F(-)) : X — Ry, z — p(F(x), F(x)) is continuous at xg, for all
xg € X.

Definition 10.3.7. An operator T : X — P(Y') is H-continuous iff T is
H-u.s.c. and H-ls.c.

We have:

Theorem 10.3.5. Let (X,7) be a Hausdorff topological space, (Y,d) a
metric space and T : X — P(Y). Then:
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(a) If T is u.s.c., then T is H-u.s.c.

(b) If T is H-l.s.c., then T is l.s.c.

(c) If T(x) € Pyp(Y), ¥V o € X, then the converse of (a) and (b) hold.

(d) T : X — Pe,p(Y) is continuous if and only if T is H-continuous.

For the algebraic operations on multivalued operators we have

Theorem 10.3.6. Let X1, Xo and X3 be Hausdorff topological spaces and
T: X, — P(Xa), S: Xy — P(X3).

Then:

(a) T and S wu.s.c. imply SoT w.s.c.

(b) T and S Ls.c. imply SoT Ls.c.

Theorem 10.3.7. Let X be a Hausdorff topological space, Y a Hausdorff
linear topological space and T,S : X — P(Y'). Then:

(a) T(z) € Pop(Y), S(z) € Pop(Y), Ve € X and T, S w.s.c. imply T + S
u.s.c.

(b) T and S l.s.c. imply T + S l.s.c.

Theorem 10.3.8. Let X and Y be Hausdorff topological spaces and T, S :
X — P(Y). Then:

(a) T and S w.s.c. imply T U S u.s.c.

(b) T and S Ls.c. imply TUS Ls.c.

(¢) Y normal, T(z)NS(z) #0, Vae X and T and S w.s.c. imply TN S
u.s.c.

(d) T and S closed imply T NS closed.
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Fixed point structures for

multivalued operators

11.1 Definitions

Let X be a nonempty set.

Definition 11.1.1. A triple (X, S(X), MY) is a fixed point structure on
X (f.p.s.) iff:

(i) S(X) € P(X), S(X) 0

(i) M?: P(X) — U M°(Y), Y — M°(Y) c M°(Y) is an operator
YeP(X)
such that if Z C Y, Z # (), then M°(Z) D {T|z: T € M°(Y) and Z € I(T)};

(iii) every Y € S(X) has the fixed point property with respect to M%(Y),
ie,Y € S(X), T e MOY) imply Fr # (.

Definition 11.1.2. A triple (X, S(X), M°) which satisfies (i) and (iii) in
Definition 11.1.1 and the condition

(i) M:P(X)— ) MAY), Y — MO(Y) C M°(Y) is an operator;
YEP(X)
is called large fixed point structure (1.f.p.s.).
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Remark 11.1.1. In 1973 T.B. Muenzenberger and R.E. Smithson have
introduced another type of f.p.s. By Muenzenberger and Smithson a triple
(X,S(X), M) is a fixed point structure iff:

(a) For all z,y € X, there exists A € S(X) such that z,y € A.

(b)If Z C S(X), Z#0, then NZ =0 or NZ € S(X).

(c) For all A € S(X) there exist z,y € X such that A = [z,y]. Here [z, y]
is the minimal element in (S(X), C) containing z, y.

(d) The union of two chainable sets with nonempty intersection is chain-
able. By definition a subset A C X is chainable if and only if, for all x,y € A,
[z,y] C A.

(e) If Z € S(X) is nested (i.e. totally ordered), then there exists A € S(X)
such that UZ C A.

(f) If # # y, then [z, y] contains at least three points.

(g) Fix a point e € X and define a relation < by: z <y iff = € [e,y]. This
axiom states that if z <y, then T([z,y]) is chainable for all T € M°(X).

(h) A subset A C X is closed iff for all y, 2 € X withy < z, inf(ANJy, 2]) €
A and sup(A N[y, z]) € A whenever AN [y, z] # (. This axiom states that for
all T € M°(X), T(z) is closed for all z € X.

(i) For all T € MY(X) either T~!(z) is chainable or T *(z) is closed for
all x € X.

(j) T € M°(X) implies Fr # ().

In this f.p.s. the authors only consider the multivalued operators from X

to X.

11.2 Examples
Example 11.2.1. Trivial f.p.s. X is a nonempty set,

S(X):={{z}|ze X} s MY):=M>Y).
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Example 11.2.2. (I.A. Rus (2005)). Fixed point structure of pro-
gressive operators. Let (X, <) be a partially ordered set and A, B € P(X).
We denote A < Bifa € A, b€ B imply a < b. Let Y € P(X). By defi-
nition an operator T : Y — P(Y) is progressive if y < T(y), Vy € Y. Let
S(X):={Y € P(X)| (Y, <) is such that every chain in Y has an upper bound
in Y}, and M%(Y) :={T :Y — P(Y)| T is a progressive operator}. Then the
triple (X, S(X), M) is a f.p.s.

Example 11.2.3. The fixed point structure of contractions
(Avramescu-Markin-Nadler). (X,d) is a complete metric space, S(X) =
P,(X)and M°(Y) :={T :Y — P4(Y)| T is contraction, i.e. H(T(z),T(y)) <
ld(z,y),Vx,y €Y, with 0 <l < 1}.

Example 11.2.4. The fixed point structure of S. Reich (1972). (X, d)
is a complete metric space, S(X) := Py(X)and M(Y) :={T:Y — Py(Y)| T
is such that there exist a,b,c € Ry, a+b+c¢ < 1 and H(T(x),T(y)) <
ad(z,y) + bD(z,T(z)) + cD(y,T(y)), V z,y € X}.

Example 11.2.5. The fixed point structure of T. Wang (1989).
(X,d) is a complete metric space, S(X) := Py(X), M'(Y) == {T : Y —
P, (Y)| T is such that there exists a, b, c € Ry, a+b+c < land p(T(z),T(y)) <
ad(z,y) + bD(x,T(x)) + cD(y,T(y)), V x,y € Y'}.

Example 11.2.6. The f.p.s. of graphic contraction (I.A. Rus (1975)).
(X,d) is a complete metric space, S(X) := Py(X) and MY(Y) :={T:Y —
P, (Y)| there exist o, f € Ry, a4+ < 1, such that H(T'(z),T(y)) < ad(x,y)+
BD(y,T(y)), for every x € X and every y € T'(x), and T is closed}.

Example 11.2.7. The f.p.s. of nonexpansive operators (T.C. Lim
(1974)). X is a uniformly convex Banach space, S(X) := Py e (X) and
MO(Y):={T:Y — P, (Y)| T is nonexpansive}.

Example 11.2.8. The f.p.s. of contractive operators (R.E. Smithson
(1971)). (X, d) is a complete metric space, S(X) := P, (X) and M°(Y) :=
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{T:Y — P,(Y)| T is a contractive operator}.

Example 11.2.9. The f.p.s. of M. Frigon (2002). Let (X, (d;)icr) be
a sequentially complete Hausdorff gauge space and Y € P, (X). An operator
T:Y — Py(Y) is called admissible l;-contraction, i € I, if [; €]0,1[, Vi e I
and the following conditions are satisfied:

(a) Hy,(T'(z), T(y)) < lLidi(x,y), Vz,y €Y and Vi € [;

(b) for every z € Y and every ¢ €]1, +o0] there exists y € T'(x) such that
di(z,y) < ¢;Di(z,T(x)), for each i € I.

If we take S(X) := Py(X) and M(Y) := {T : Y — Py(Y)| T is an
admissible contraction}, then (X, Py(X), M?) is a f.p.s.

Example 11.2.10. The f.p.s. of S. Kakutani (1941). X =R", S(X) :=
Pepev(X) and MO(Y) :={T:Y — Popo(Y)|T is us.c.}.

Example 11.2.11. The f.p.s. of Bohnenblust-Karlin (1950). X is a
Banach space, S(X) := Pepe(X) and MO(Y) :={T : Y — Popo(Y)| T is
U.8.C. }.

Example 11.2.12. The f.p.s. of Fan-Glicksberg (1952). X is a Haus-
dorff locally convex topological space, S(X) := Pepeo(X) and MO(Y) := {T :
Y = Ppe(Y)| T is us.c.}.

Example 11.2.13. The f.p.s. of F.E. Browder (1968). X is a Haus-
dorff topological vector space, S(X) := Pupe(X) and MO(Y) == {T: Y —
P.,(Y)| T71(y) is an open subset in Y, Vy € Y}.

It is clear that for any fixed point theorem we have an example of a f.p.s.

or of a L.f.p.s.

11.3 Compatible pair with a fixed point structure

The following notion is fundamental in the f.p.s. theory.
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Definition 11.3.1. Let (X,S(X), M) be a f.p.s., S(X) C Z C P(X),
0:7Z — Ry and n: P(X)— P(X). The pair (6,7) is a compatible pair with
(X,S(X), M) iff:

(i) n is a closure operator, S(X) C n(Z) C Z and O(n(Y)) = 0(Y'), for all
Y € 7

(i) N Zp C S(X).

Example 11.3.1. Let (X, S(X), M?) be the f.p.s. in Example 11.2.7, Z =
Py(X), = ak or ay and n(A) = A. Then the pairs (ax,n) and (ag,n) are
compatible with (X, S(X), MP).

Example 11.3.2. Let (X,S(X), M°) be the f.p.s. in Example 11.2.10,
Z = Py(X), 0 = ax or ag and n(A) = coA. Then the pairs (ax,n), (amg,n)
are compatible with (X, S(X), M?).

11.4 Maximal fixed point structures

Let (X, S(X), M°% beaf.p.s. and S;(X) C P(X) such that S(X) C S1(X).

Definition 11.4.1. The f.p.s. (X,S(X), M) is maximal in S1(X) if we
have S(X) = {A € S1(X)| T € M°(A) = Fr #0}.

Example 11.4.1. (Generic example). Let (X,S(X),M) be a f.p.s. for
singlevalued operators. Let (X, S(X), M?) be a f.p.s. for multivalued operators.
Let f € M(Y). We consider the multivalued operator f : ¥ —o Y defined by
f(z) = {f(2)}, V2 € Y. We denote by M(Y) the set of multivalued operators
generated, in the above way, by the singlevalued operators from M(Y"). We
suppose that M(Y) C M°(Y) for all Y € S;(X). Then the maximality of
the f.p.s. (X, S(X), M), in S1(X), implies the maximality of (X, S(X), M°) in
S1(X).

From this example and for the examples given in section 2.3, we have

Example 11.4.2. The trivial f.p.s., (X, S(X), M?) is maximal in P(X).
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Example 11.4.3. Let X be a Banach space and (X, Pep ev(X), M) the
Bohnenblust-Karlin f.p.s. on X. This f.p.s. is maximal in P ¢ ¢, (X).
In spite of the above remarks, to establish if a given f.p.s. is maximal or

not, this is an open problem.
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Strict fixed point structures

12.1 Definitions and examples

Let X be a nonempty set.

Definition 12.1.1. A triple (X, S(X), M?) is a strict fixed point structure
on X (s.fp.s.)iff:

(i) S(X) C P(X), S(X) #0;

(i) M°: P(X) > ) MY), Y o M°(Y) C M°(Y) is an operator
YeP(X)
such that if Z C Y, Z # 0, then

MZ) > {T|z: T e M°(Y) and Z € I(T)};

(iii) every Y € S(X) has the strict fixed point property w.r.t. MO(Y).
Definition 12.1.2. A triple (X, S(X), M) which satisfies (i) and (iii) in
Definition 12.1.1 and the condition

(ii’) M?: P(X) —o U M°(Y), Y o MO(Y) € M%(Y) is an operator;
YeP(X)
is called large strict fixed point structure (l.s.f.p.s.).

Example 12.1.1. The trivial f.p.s. is a s.f.p.s.
Example 12.1.2. The s.f.p.s. of S. Reich (1972). (X, d) is a complete
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metric space, S(X) := Py(X) and M°(Y) := {T : Y — P,(X)| there exists
a,b,c € Ry, a+ b+ c < 1such that 6(T(z),T(y)) < ad(z,y) + bé(x,T(x)) +
co(y, T(y)), Va,yeY}.

Example 12.1.3. The s.f.p.s. of reflexive operators (S. Dancs, M.
Hegediis and P. Medvegyev (1983)). Let (X, d) be a complete metric space
and Y € P,(X). For an operator T : Y — P(Y) we consider the following
conditions:

)zeTl(x), Ve X;

(i) T(z) € Pu(X);

(iii) 2 € T(z1) = T(z2) C T(x1), V x1,22 € X

(iv) if (zp)nen is an orbit of T, ie., xpy1 € T(xy), V n € N, then
d(Tp, Tni1) — 0 as n — oo.

If we take S(X) := Py(X) and MO(Y) := {T : Y — P,(Y)| T satisfies
conditions (i)-(iv)}, then the triple (X, S(X), M) is a s.f.p.s.

Example 12.1.4. The s.f.p.s. of H-W. Corley (1986). (X, d) is a metric
space, S(X) = Pop(X) and MO(Y) = {T : Y — Py(Y)| T is reflexive,
antisymmetric and transitive}.

Example 12.1.5. The s.f.p.s. of reductible operators (I.A. Rus
(1990)). Let X be a nonempty set. A family U C P(X), U # 0, has the
intersection property if for any totally ordered subset V' C U (U is partial
ordered by the set inclusion) we have NV € U. By definition a multivalued
operator T' : X — P(X) is said to be reductible on U if for any A € U,
A € I(T) and cardA > 1, there exists B € I(T) N U, proper subset of A.

Let X be aset, U C P(X), U # 0, a family with the intersection property.
If we take S(X) := {2}, MO(X) = {T: X - P(X)| IY)NU # 0 and T is
reducible on U}, then (X, S(X), M) is a s.f.p.s.

Example 12.1.6. (X,d) is a complete metric space, S(X) := Py 4(X)
and M°(Y) :== {T : Y — P(Y)| T is a (4, ¢)-contraction}. By definition,
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T :Y — P(Y) is a (§,¢)-contraction iff ¢ : Ry — R, is a comparison
function and 6(T'(A)) < p(0(A)), ¥V A € I(T).

12.2 Compatible pair with a fixed point structures

Definition 12.2.1. Let (X, S(X), MY) be a s.f.p.s., S(X) C Z C P(X),
0:7Z — Ry and n: P(X)— P(X). The pair (6,7) is a compatible pair with
(X,S(X), MY) iff:

(i)  is a closure operator, S(X) C n(Z) C Z and (n(Y)) = 0(Y"), for all
Y e Z;

(i) F, N Zy C S(X).

Example 12.2.1. Let (X,S(X), M°) be the trivial s.f.p.s. on a metric
space (X,d), Z := Py(X), 6 := 6 and n(A) = A. Then the pair (6,7) is a
compatible pair with (X, S(X), M°).

12.3 Maximal strict fixed point structures

Let (X,S(X),M°) be a sfp.s. and S1(X) C P(X) such that S(X) C
S1(X).
Definition 12.3.1. The s.f.p.s. (X, S(X), M?) is maximal in S1(X) if we

have

S(X):={Ae€ S (X)|TecM(A) = (SF)r #0}.

Example 12.3.1. (Generic example). Let (X, S(X), M) be a f.p.s. for sin-
glevalued operators. Let (X, S(X), M) be a s.f.p.s. for multivalued operators.
Let f € M(Y). We consider the multivalued operator, f : ¥ —o Y defined
by f(z) = {f(x)}, V 2 € Y. It is clear that (SF)f = Fy = Fy. We denote
by M(Y) the set of multivalued operator generated, in the above way, by

the singlevalued operators from M (Y). We suppose that M (Y) c MO°(Y) for
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all Y € S1(X). Then the maximality of the s.f.p.s., (X,S(X),M), in S1(X)
implies the maximality of the s.f.p.s., (X, S(X), M?) in S;(X).
Remark 12.3.1. To establish if a given s.f.p.s. is maximal or not, this is

an open problem.
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Chapter 13

(8, p)-contractions and

f-condensing operators

13.1 (¢, ¢)-contractions

Let X be a nonempty set, Y € P(X) and Z € P(P(X)).

Definition 13.1.1. Let ¢ : Ry — Ry be a comparison function and
0 : Z — R, a functional. An operator T : ¥ — X is said to be strong
(0, p)-contraction iff:

(i) Ae P(Y)N Z implies T'(A) € Z;

(i) O(T'(A)) < p(0(A)), forall Aec P(Y)N Z.

Definition 13.1.2. An operator 7' : Y — Y is said to be a (6, ¢)-
contraction iff:

(i) Ae P(Y)N Z implies T'(A) € Z;

(i) O(T(A)) < (A(A)) for all Ae P(Y)NZNI(T).

Example 13.1.1. Let (X, d) be a metric space, d the diameter functional

on X, Z = Py(X), and ¢ : Ry — R, a comparison function. Then an operator
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T:Y = P(Y),Y € P(X), is a (J, p)-contraction iff
0(T(A) < p(6(A)), ¥ A e I(T).
The operator T is a strong (5, )-contraction iff
I(T(A) <p(6(A)), VAePY).

We have
Lemma 13.1.1. Let (X, d) be a metric space, ¢ : Ri — Ry a comparison
function, Y € Py(X) and T : Y — P(Y). If

6(T(x), T(y)) < ¢(d(z,y),0(x, T(x)),6(y, T(y)),0(x, T(y)), 6(y, T(x)))

for all x,y € Y, then T is a (6,1)-contraction, where § : Py(X) — R4 and
17/} : R—i— - R—i—; ¢(t) = (P(t,t,t,t,t)
Proof. Let A € I(T), and x,y € A. Then

6(T(x),T(y)) < ¢(6(A),0(A),5(A),6(A),0(A)),
for all z,y € A. This implies that
6(T(A)) < ¥(5(A)).

Lemma 13.1.2. Let T : Y — P(Y) be a strong (0, p)-contraction. Then
T is a singlevalued p-contraction.

Proof. Since T is a strong (4, ¢)-contraction we have that
6(T(A)) < ¢(6(A)), ¥V A e P(Y).

If we take A = {z}, z € Y, then 6(A) = 0 and we have §(T'(z)) = 0, i.e.
cardT' (z) = 1.
Now we take A = {z,y}, x,y € X. Then

d(T(x),T(y)) < pld(z,y)), ¥ 2,y €Y,
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i.e. T is a singlevalued ¢-contraction.
Example 13.1.2. Let (X, d) a metric space, Z = Py(X), a: Py(X) = Ry
an abstract measure of noncompactness on the metric space (X,d) and Y €

Py(X). Then T : Y — P(Y) is a strong («, ¢)-contraction iff
a(T(A)) < p(a(A)), ¥ A € B(X),

and T is an («, ¢)-contraction iff
a(T(A)) < p(alA)), ¥ A € I(T).

For example, if T is a compact operator, then T is a strong («,0)-
contraction.

Example 13.1.3. Let X be a Banach space, wp : Py(X) — Ry the De
Blasi measure of weak noncompactness on X and Y € P,(X).

Then T is a (wp, ¢)-contraction iff
wp(T'(A)) < ¢(wp(A)), V A€ I(T)
and T is a strong (wp, ¢)-contraction iff
wp(T(A)) < ¢p(wp(4)), V Ae P(Y).

For example, if T" is a weak compact operator, then T is a strong (wp,0)-
contraction.

Example 13.1.4. Let (X, d, W) be a convex metric space and 5 : Py(X) —
R4 an abstract measure of nonconvexity on X. Then an operator T': ¥ —

P(Y),Y € Py(X) is a (5, p)-contraction iff

B(T(A) < »(B(A)), vV Ae I(T)

and T is a strong (3, ¢)-contraction iff

B(T(A)) < p(B(A)), vV Ac PY).
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Remark 13.1.1. if T' is a strong (3, ¢)-contraction then

A€ P,(Y) = T(A) € Po(Y).

Example 13.1.5. Let X be a Banach space, Y € Py(X) and T : X —
P,y co(X) an [-contraction. Then T is a (aq,!) strong contraction on Y.

Indeed, let A € P(Y') and ay(A) = r. For € > 0 we choose {ai,...,am} C

m

X such that A C UB(ai,r + ¢). For each i € {1,...,m} we choose bé.,
=1
Z m(i)

j =1,m(i) such that T'(z;) C U B(b%, ). From this we have that

T(A) c | J | BO,i(r+¢) +e).

i=1 j=1
This implies that ay (T'(A)) < l(r+e)+e,Ve > 0. S0, ag(T(A)) < lay(A),
VAePY).
Example 13.1.6. Let X be a Banach space, Y € Py(X), T : X —
Py eo(X)and S :Y — Py p(X). We suppose that
(a) T is an l-contraction;
(b) S is a compact operator.

Then T'+ S is an (ap, [)-contraction.

13.2 6-condensing operators

Let X be a nonempty set, Y € P(X) and Z € P(P(X)). Let 0 : Z — R,
a setargument functional.

Definition 13.2.1. An operator T : ¥ — X is said to be strong 6-
condensing iff

(i) Ae P(Y)N Z implies T(A) € Z;

(i) Ae P(Y)NZ, §(A) # 0 implies (T (A)) < 6(A).
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Definition 13.2.2. An operator T : Y —o Y is said to be #-condensing iff

(i) A€ P(Y) N Z implies T(A) € Z;

(i) Ae I(T)N Z, 6(A) # 0 implies O(T(A)) < 0(A).

Example 13.2.1. Let (X, d) be a metric space, Y € P,(X)and T : Y —
P(Y). Then T is strong d-condensing iff

0(T(A)) <d(A), VAe P(Y), 6(A)#D0,
and T is d-condensing iff
0(T(A)) <d(A), VAeI(T), §(A)#O0.
Lemma 13.2.1. If T : Y — P(Y) is a strong §-condensing, then

(T(x)UT(y)) <d(z,y), YVx,y €Y, x#y.

Proof. We take A = {x,y} in Definition 13.2.1.
Example 13.2.2. Let (X, d) be a metric space and ag : Py(X) — Ry the
Kuratowski measure of noncompactness on X and Y € P,(X). Then T': Y —

P(Y) is a strong ax-condensing iff
ag(T(A)) <ag(A), V Ae P(Y) with ag(A) # 0,
and T is ag-condensing iff
ag(T(A) < ag(A), VAeI(T), akg(A)#0.

For example, if T' is compact, then T is strong ax-condensing.
Remark 13.2.1. Let (A, <) be an ordered set with the least element, 0.
If in Definition 13.2.1 and 13.2.2, instead of 8 : Z — Ry weput 0 : 7 — A

then we shall have different classes of condensing operators if we put instead
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of condition #(T(A)) < O(A) for all A € I(T) (A € P(Y)), with §(A) # 0 each
of the following conditions:

(ii") A e I(T)(P(Y)), (T (A)) > 0(A) implies §(A) = 0.

(ii”) Ae I(T)(P(Y)), 0(T(A)) = 0(A) implies 6(A) = 0.

For example, W.V. Petryshyn and P.M. Fitzpatrick (1974) work with the
following setargument operator.

Let (A, <) be a lattice with the first element, 0. Let X be a Hausdorff
locally convex topological vector space. An operator o : P(X) — A is called
a measure of noncompactness if it satisfies the following conditions:

(i) a(coA) = a(A), V A€ P(X);

(ii) a(A) = 0 iff A is precompact;

(iii) (AU B) = max(«a(A),a(B)), V A, B € P(X).

Let Y C X. An operator T': Y — P ¢,(X) is said to be a-condensing iff:

a(T(A) # a(A), ¥ A€ P(Y),

such that A is not precompact.
So, Petryshyn and Fitzpatrick (1974) work with strong a-condensing op-
erators. E. Tarafdar and R. Vyborny (1975) use a-condensing operators w.r.t.

a setargument operator.
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Chapter 14

First general fixed point
principle for multivalued

operators

14.1 First general fixed point principle

Let X be a nonempty set.

Theorem 14.1.1. (First general fixed point principle).

Let (X,S(X),M°) be a f.p.s. on the set X and (6,n) (0 : Z — Ry) a
compatible pair with (X,S(X), M°). Let Y € n(Z) and T € M°(Y). We
suppose that:

(i) 0|,(zy has the intersection property;

(ii) T is a (0, p)-contraction.

Then:

(a) Frp # 0;

(b) if Fr € Z and T(Fr) = Fr, then §(Fr) =0;

(c) if:

161
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(1) T is a strong (0, )-contraction;
(2) A, BeZ, ACB = 6(A) <6(B);
(3) Fr € Z;

then, 8(Fr) = 0.

Proof. (a) From Y € n(Z) we have that T(Y) € Z. Let YV} =
n(T(Y)),....,Yn := n(T(Y,—1)). From the definition of Y,, it follows that
Yor1CY,, Yo l(T)and Y, € F,ne N (Yy:=Y).

Let Yo := ﬂ Y,,. From the condition (ii) we have

neN

0(Y,) < p(0(Yn-1)) <---<¢"(0(Y)) - 0as n — oo.

Since 0 : n(Z) — Ry is a functional with the intersection property, it
follows that Yoo # 0, Yoo € N(Z), Yoo € I(T) and 6(Y) = 0. These imply that
Yoo € S(X) and Tly,, € M°(Yy), i.e., Pr # 0.

(b) From T'(Fr) = Fr, we have that

0(Fr) = 6(T(Fr)) < ¢(0(Fr)).

But ¢ is a comparison function, so, (Fr) = 0.

(c) From (1), (2) and (3) we have
0(Fr) < 6(T(Fr)) < ¢(0(Fr)).

Hence 0(Fr) = 0.

Remark 14.1.1. In Theorem 14.1.1 is not necessarily that M (A) be de-
fined for all A € P(X). It is sufficiently that M (A) be defined for A € n(Z).

Theorem 14.1.2. Let (X,S(X), M°) be a f.p.s. and (6,1) a compatible
pair with (X, S(X),M°). Let Y € F, and T € M°(Y) be such that T(Y) € Z.
In the conditions (i) and (ii) in Theorem 14.1.1 we have (a), (b) and (c) in

that theorem.
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Proof. First we remark that n(7'(Y)) € I(T) and T,y : n(T(Y)) —
n(T(Y)) is in the conditions of Theorem 14.1.1.

The proof follows from this theorem.

Remark 14.1.2. In Theorem 14.1.2 it is sufficiently that M (A) be defined
for A € F;,.

Remark 14.1.3. In terms of comparison operator ¢ : A — A (Definition
5.1.1) and of operator with intersection property 0 : Z — A (Definition 3.9.1),
Theorem 14.1.1 and 14.1.2 take the following form:

Theorem 14.1.1°. Let (X, S(X), M°) be a f.p.s., on the set X, and (0,7)
a compatible pair with (X,S(X),M°). Let Y € n(Z) and T € M°(Y). We
suppose that:

(i) the operator 01,7y : n(Z) — A has the intersection property;

(ii) T is a (0, p)-contraction, where ¢ : A — A.

Then:

(a) Fr # 0;

(b) if Fpr € Z and T(Fr) = Fp, then 8(Fr) = 0.

Theorem 14.1.2°. Let (X, S(X), M°) be a f.p.s. and (0,n) (0:Z — A) a
compatible pair with (X, S(X), M°). Let Y € F,, and T € M°(Y) be such that
T(Y) € Z. We suppose that:

(i) the operator 01,7y : n(Z) — A has the intersection property;

(11) T is a (0, @)-contraction, where ¢ : A — A.

Then:

(a) Pr # 0;

(b) if Fr € Z and T(Fr) = Fr, then 6(Fr) = 0.

Remark 14.1.4. If in addition, in Theorem 14.1.1° and 14.1.2’ T is a
strong (6, ¢)-contraction and Fr € Z, then 6(Fr) = 0. So, in this case for to
have 8(Fr) = 0 it is not necessarily that T'(Fr) = Fr.

Remark 14.1.5. The Theorems 14.1.1, 14.1.2, 14.1.1’ and 14.1.2’° are set-
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theoretical.

In what follow we shall present some consequences of these general results.

14.2 (o, ¢)-contraction principle

Let (X, d) be a metric space and « : P,(X) — R an abstract measure of
noncompactness on the metric space X (Definition 3.7.3).

Theorem 14.2.1. Let (X, d) be a bounded complete metric space and T :
X — Py(X). We suppose that:

(i) T is an (o, )-contraction;

(ii) T is contractive, i.e.,
H(T(2),T(y)) < d(x,y), Vz,y € X, z#y.

Then:

(a) Fr #0;

(b) if T(Fr) = Fp, then a(Fr) =0;

(c) if T is a strong («, ¢)-contraction, then o(Fr) = 0.

Proof. We consider, in Theorem 14.1.1, the f.p.s. of R.E. Smithson (see
Example 11.2.8), Z := Py(X), § :== o and n(4) = A.

Theorem 14.2.2. Let (X,d) be a complete metric space and T : X —
P, (X). We suppose that:

(i) T is an (o, )-contraction;

(ii) T is contractive;

(i1i) T(X) € Py(X).
Then:

(a) Fr #0;

(b) if T(Fr) = Fr, then o(Fr) =0;

(c) if T is a strong (a, ¢)-contraction, then a(Fr) = 0.
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Proof. We consider, in Theorem 14.1.2, the f.p.s. of R.E. Smithson, Z :=
Py(X), 0 := a and n(A) := A.

Theorem 14.2.3. Let X be a Banach space, Y € Py (X)) and a an
abstract measure of noncompactness on the Banach space X (Definition 3.7.1).
IfT:Y — Py op(Y) is u.s.c. and (o, @)-contraction, then Fr # 0. If T is a
strong (a, @)-contraction, then o(Fr) = 0.

Proof. We consider, in Theorem 14.1.1, the f.p.s. of Bohnenblust-Karlin
(see Example 11.2.11), Z := P,(X), 6 := o and n(A) := coA.

Theorem 14.2.4. Let X be a Banach space, Y € Py (X) and o an
abstract measure of noncompactness on the Banach space X. We suppose that:

(1)) T:Y — Pepop(Y) is u.s.c.;

(ii) T is an (o, p)-contraction;

(iii) T(Y) € Py(X).

Then, Fp # 0. If T is a strong (o, p)-contraction, then 6(Fr) = 0.

Proof. We take, in Theorem 14.1.2, the f.p.s. of Bohnenblust-Karlin, Z :=
Py(X), 0 := «a and n(A) := coA.

Theorem 14.2.5. (S. Czerwik (1980)). Let X be a Banach space, Y €
Py e(X) and T :Y — Pep (YY) an operator. We suppose that:

(i) T is u.s.c.;

(ii) T is an (am, p)-contraction.

Then:

(a) Fr #0;

(b) if T(Fr) = Fr, then ag(Fr) = 0;

(c) if T is a strong (ap, p)-contraction, then ap(Fr) = 0.

Proof. We take o := ag in Theorem 14.2.3.

Remark 14.2.1. We can take, in Theorem 14.2.5, Y € P ., (X) and
T:Y = Pepe(Y) with T(Y) € Py(X).
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Theorem 14.2.6. (W.V. Petryshyn and P.M. Fitzpatrick (1974)). Let X
be a Banach space, Y € Py ocp(X), T : X = Pepeo(X) and S 1Y — Ppp o (Y).
We suppose that:

(i) T is a strong (o, l)-contraction;

(1)) Y € I(T);

(i) T and S are w.s.c.;

(iv) S is compact;

(v) T(z)+S(x)eY, Ve eY.
Then, Fris # 0.

Proof. We remark that 7'+ S is a strong (ag,)-contraction. The proof
follows from Theorem 14.2.3.

Remark 14.2.2. We can take in Theorem 14.2.6 instead of condition (i)
the condition

(i) H(T(z), T(y)) < ld(z,y), V z,y € X.

14.3 (w, p)-contraction principle

Let X be a Banach space and w : P,(X) — Ry an abstract measure of
weak noncompactness on X. We have

Theorem 14.3.1. Let X be a Banach space, Y € Ppyec0(X) and T :
Y = Puycep,eo(Y). We suppose that:

(i) T is weakly u.s.c., i.e., T : (X, 7y) = (X, Tw) is u.s.c.;

(ii) T is an (w, p)-contraction.
Then:

(a) Fr #0;

(b) if Fr € I(T), then w(Fr) = 0;

(c) if T is strong (w, p)-contraction, then w(Fr) = 0.
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Proof. Let S(X) := Pyepen(X) and MO(A) :={T : A = Pyep(A) | T
is weakly u.s.c.}. Then (X, S(X), M?) is a f.p.s. on X (see J. Ewert (1986)).
Now, we take Z := Py(X), 0 := w and n(A) := co” A, in Theorem 14.1.1.

Theorem 14.3.2. Let X be a Banach space, Y € Py cp(X) and T : Y —
Pyep,ev(Y). We suppose that:

(i) T is weakly u.s.c.;

(ii) T is an (w,@)-contraction;

(i13) T(Y) € Py(X).
Then:

(a) Fr #0;

(b) if Fp € I(T), then w(Fr) = 0;

(c) if T is a strong (w, p)-contraction then, w(Fr) = 0.

Proof. We remark that ¢o®(T(Y")) € I(T). The proof follows from Theo-
rem 14.3.1.

Theorem 14.3.3. (J. Ewert (1986)). Let X be a Banach space, Y €
Py wet,co(X) and T 1Y — Pyepeo(Y). We suppose that:

(i) T is weakly u.s.c.;

(ii) T is an (wp,l)-contraction.
Then:

(a) Fr # 0;

(b) if Fr € I(T), then wp(Fr) = 0;

(c) if T is a strong (wp,l)-contraction, then wp(Fr) = 0.

Proof. We take w := wp and ¢(t) := It, in Theorem 14.3.1.

14.4 First general strict fixed point principle

Let X be a nonempty set.
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Theorem 14.4.1. Let (X, S(X), M°) be a s.f.p.s. and (6,m) (0 : Z — R,)
a compatible pair with (X,S(X), M°). Let Y € n(Z) and T € M°(Y). We
suppose that:

(i) 0\,y(z) has the intersection property;

(ii) T is a (0, p)-contraction.

Then:

(a) (SF)r #0;

(b) if (SF)r € Z, then 8((SF)r) = 0.

Proof. See the proof of Theorem 14.1.1.

Theorem 14.4.2. Let (X, S(X), M°) be a s.f.p.s. and (0,7) a compatible
pair with (X, S(X),M°). Let Y € F, and T € M°(Y) be such that T(Y) € Z.
We suppose that:

(i) 0|,(z) has the intersection property;

(ii) T is a (0, p)-contraction.

Then:

(a) (SF)r # 0;

(b) if (SF)p € Z, then 0((SF)r) = 0.

Proof. See the proof of Theorem 14.1.2.

Theorem 14.4.3. Let (X,d) be a bounded complete metric space and T :
X — P(X) a (0, )-contraction. Then:

(a) (SF)r =A{z"};

(b) Fr = (SF)r.

Proof. (a) We take in Theorem 14.4.1 the trivial s.f.p.s. on X, Z := By(X),
0 :=§ and n(A) := A.

(b) We remark that Fr C X (see the proof of Theorem 14.1.1) and
0(Xoo) =0.

Theorem 14.4.4. Let (X,d) be a complete metric space and T : X —
Py(X) a (6, ¢)-contraction. If T(X) € Py(X), then:
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(a) (SF)r = {z"};

(b) Fr = (SF)r.

Proof. We take in Theorem 14.4.2 the trivial s.f.p.s., Z := Py(X), 6 := ¢
and n(A) := A. See also the proof of Theorem 14.4.3.
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Chapter 15

Second general fixed point
principle for multivalued

operators

15.1 Second general fixed point principle

Let X be a nonempty set, Z € P(P(X)) and (O, <) an ordered set with
the first element, denoted by 0. Let 6 : Z — O be an operator.
Theorem 15.1.1. (Second general fixed point principle).
Let (X,S(X),M° be a fp.s. and (0,1) a compatible pair with
(X,9(X), M. let Y € n(Z) and T € M°(Y). We suppose that:
(1)) Ae Z, x €Y imply AU{z} € Z and (AU {x}) = 6(A);
(ii) T is 0-condensing, i.e.,
AeZ = T(A) e Z, and
AeZnNI(T), 0(T(A) >0(A) = 6(A)=0.
Then:
(a) Frr # 0;
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(b) ifFT € Z and T(FT) = Fp, then Q(FT) =0.
Proof. (a) Let yo € Y and A = {yo}. By Lemma 1.6.2 there exists Ay €
F, N I(T) such that n(T'(Ao) U {yo}) = Ao. From the condition (i) we have

0(n(T(Ao) U{yo}) = 0(T(Ao) U{yo}) = 0(T'(Ao)) = 0(Ao).

From the condition (ii) it follows that Ay € Zy. Thus, Ay € F;, N Zy and
T|a, € M°(Ap). Since (X, S(X), MY) is a f.p.s. and (#,n) is a compatible pair
with this f.p.s., we have Fr # 0.

(b) From T'(Fr) = Fr and the condition (ii) it follows that 0(Fr) = 0.

Remark 15.1.1. In the above theorem is not necessarily that M (A) be
defined for all A € P(X). It is sufficiently that M(A) be defined for A € n(Z).

Theorem 15.1.2. Let (X,S(X),M°) be a f.p.s. and (0,1) (0:Z — O) a
compatible pair with (X, S(X), M°). Let Y € F, and T € M°(Y) be such that
T(Y) € Z. We suppose that:

(1)) Ae Z, €Y imply AU{z} € Z and (AU {z}) = 6(A);

(ii) T is 0-condensing.
Then:

(a) Frp # 0;

(b) if Fr € Z and T(Fr) = Fr, then 0(Fr) = 0.

Proof. The operator T'|,, 7y : n(T(Y)) — n(T(Y')) is in the conditions
of Theorem 15.1.1.

Remark 15.1.2. In Theorem 15.1.2 is not necessarily that M (A) be de-
fined for all A € P(X). It is sufficiently that M (A) be defined for A € F),.

Remark 15.1.2. If O = R, then the condition (ii) in the above results
take the following form:

(i) AeZ = T(A) e Z,
and

A€ ZNI(T), 0(A) £0 = 0(T(A)) < 6(A).
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Remark 15.1.3. All terms in the above results are set-theoretic.

In what follow we shall present some consequences of these general results.

15.2 «a-condensing operators principle

Let X be a locally convex space and (p;);er a family of seminorms which
generate the topology on X. Let ax : Py(X) — M(I,R) be the operator
defined in Example 3.9.1, i.e., a(A)(i) = a%(A), A € Py(X), where o is the
Kuratowski measure of noncompactness w.r.t. the seminorm p;. We call this
operator the Kuratowski measure of noncompactness on X. In a similar way
we define the Hausdorff measure of noncompactness on X, ayy.

Theorem 15.2.1. Let X be a Hausdorff locally convex linear topological
space, Y € Py co(X) and T 1Y — Py oy(Y). We suppose that:

(i) T is u.s.c.;

(ii) T is a-condensing, where a« = ag or aupy.

Then, Fr is nonempty, and Fr is compact, if T(Fr) = Fr.

Proof. We take in Theorem 15.1.1, the Glicksberg-Fan f.p.s., Z := P,(X),
6 := o and n(A) = coA. From this theorem we have that Fr # () and o(Fr) =
0. But Fr = Fp, so Fr is a nonempty compact subset of Y.

Theorem 15.2.2. Let X be a Hausdorff locally convex linear topological
space, Y € Py oy(X) and T Y — Py, (Y). We suppose that:

(i) T is u.s.c.;

(ii) T is a-condensing, where a = ag or app;

(11i) T(Y) € Py(X).

Then Fr is a nonempty, and Fr is compact subset of Y if T(Fr) = Fr.

Proof. We take in the Theorem 15.1.2 the Glicksberg-Fan f.p.s.

Theorem 15.2.3. Let X be a Banach space, app : Py(X) — Ry the

Danes-Pasicki measure of noncompactness on X, Y € Py c(X) and T :
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Y — Py e(Y). We suppose that:

(i) T is u.s.c.;

(ii) T is app-condensing.

Then Fr is nonempty, and if T(Fr) = Fr, then app(Fr) = 0.

Proof. We take in Theorem 15.1.1 the Bohnenblust-Karlin f.p.s., Z =
Py(X), 0 := app and n(A) := coA. From this theorem we have that Fp # ()
and app(Fr) =0, if T(Fr) = Fr.

Theorem 15.2.4. Let X be a Banach space, Y € Py o(X) and T : Y —
P o(Y). We suppose that:

(i) T is u.s.c.;

(ii) T is app-condensing;

(iii) T(Y) € By(X).

Then Fr is a nonempty subset of Y.
Proof. We take in Theorem 15.1.2 the Bohnenblust-Karlin f.p.s.

15.3 w-condensing operators principle

Let X be a Banach and wp : Py(X) — Ry the De Blasi weak measure of
noncompactness on X.

Theorem 15.3.1. Let X be a Banach space, Y € Ppyec0(X) and T :
Y — Pyep,eo(X). We suppose that:

(i) T is weakly u.s.c.;

(ii) T is wp-condensing.
Then Fp # 0 and if T(Fr) = Fr, then wp(Fr) = 0.

Proof. Let S(X) := Pyeper(X) and MO(A) :={T : A = Pyepev(A) | T is
weakly w.s.c.}. Then (X, S(X), M?) is a f.p.s. Now we take in Theorem 15.1.1,
the above f.p.s., Z = Py(X), 6 := wp and n(A) :=co"”(A).
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Theorem 15.3.2. Let X be a Banach space, Y € Py cp(X) and T : Y —
Pyep,ev(X). We suppose that:

(i) T is weakly u.s.c.;

(i) T is wp-condensing;

(i1i) T(Y) € Py(X).
Then Fp # 0 and if T(Fr) = Fr, then wp(Fr) = 0.

Proof. We take in Theorem 15.1.2, S(X) := Pyepeo(X), Mo(A) :={T :
A — Pyepev(A) | T is weakly us.c.}, Z = Py(X), 6 = wp and n(A) = co"(A).

15.4 Second general strict fixed point principle

Let X be a nonempty set.

Theorem 15.4.1. (Second general strict fixed point principle). Let
(X,S(X),M° be a s.f.p.s., and (0,m) (0 : Z — O) a compatible pair with
(X,S(X),M°). LetY € n(Z) and T € M°(Y). We suppose that:

(i) AcZ, xeY imply AU{z} € Z and O(AU{x}) = 0(A);

(ii) T is 0-condensing.

Then:

(a) (SF)r #0;

(b) if (SF)r € Z, then 8((SF)r) = 0.

Proof. (a) See the proof of Theorem 15.1.1.

(b) We remark that T((SF)r) = (SF)pr. From (ii) we have that
0(SF)r) = 0.

Theorem 15.4.2. Let (X, S(X), M) be a s.f.p.s., and (0,1) (0 : Z — O) a
compatible pair with (X, S(X), M°). Let Y € F,, and T € M°(Y'). We suppose
that:

(i) Ae Z, x €Y imply AU{z} € Z and (AU {z}) = 6(A);

(ii) T is 0-condensing;
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(1ii) T(Y) € Z.
Then:

(a) (SF)r 1,

(b) if (SF)p € Z, then §((SF)z) = 0.

Proof. The proof is similar with that of Theorem 15.1.2.

Theorem 15.4.3. Let (X,d) be a bounded complete metric space and T :
X — P(X) a (6, p)-contraction. Then:

(a) (SF)r = {z"};

(b) Pr = (SF)r.

Proof. (a) We consider in Theorem 14.1.1 the trivial f.p.s., Z := P(X),
6 := § and n(A) := A. The proof follows from Theorem 14.1.1.

(b) We remark that Fp C X (see the proof of the Theorem 14.1.1) and
0(Xoo) =0.

Theorem 15.4.4. Let (X,d) a complete metric space and T : X — P(X)
a (0, p)-contraction with T(X) € Py(X). Then:

(a) (SF)r = {z"}; (b) Fr = (SF)r.

Proof. We apply Theorem 15.4.3 to the operator, T|m :T(X) = T(X).

Theorem 15.4.5. Let (X,d) a compact metric space and T : X — P(X)
a 0-condensing operator. Then, Fr = (SF)p = {z*}.

Proof. (a) By Martelli’s lemma (see Lemma 1.6.3) there exists a nonempty
closed subset Y € X such that Y = T(Y). Since Y € I(T) and §(Y) = §(T(Y))
it follows that 6(Y) = 0. So, z* € (SF)p. Since T((SF)r) = (SF)r we have
that (SF)p = {z*}.

(b) Now we shall prove that Frp = (SF)p. Let zy € Fr and consider the
following family of subsets of X, B(xo) :={B € Py(X) | B € I(T), z¢ € B}.
Let B(xo) := NB(zp). B(xo) is the first element of the ordered set (B(zo), C).
But, T(B(x0)) € B(zo) so, T(B(z)) = B(xo). Hence cardB(z¢) = 1. Since
T(xz¢) C B(xzg), hence T'(xo) = {zo}.
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Chapter 16

Common fixed point property
for a pair of multivalued

operators

16.1 Commuting operators, common fixed points

and common invariant subsets

Let X be a nonempty set and 7, S : X — P(X) two multivalued operators.
we have:

Lemma 16.1.1. Fr N Fg = Frng.

Remark 16.1.1. In general, {x € X | T'(x) N S(z) # 0} # X.

Lemma 16.1.2. I[fT oS = SoT, then:

(a) T(X),S(X) e I(T)NI(S);

) T(X)UuS(X)cZcCcX = ZeI(T)NI(S);

(c) S(Fr) C T(S(Fr)) and T(Fs) C S(T(Fs));

(d) If (SF)r # 0, then (SF)7 € Fy;
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~ ~

(e) Fz € I(S) and Fg € I(T).
Proof. (c¢) From Fr C T(Fr) it follows

S(Fr) C SoT(Fr)=T(S(Fr)).

(¢) We remark that 7o S = S o T. The proof follows from Lemma 7.1.1.

Lemma 16.1.3. Let X be a nonempty set, n : P(X) — P(X) a closure
operator, Y € Fy, andT,S : Y — P(Y) such that ToS = SoT. Let Ay € P(Y').
Then there exists Ag € Y such that:

(a) A1 C Ao;

(b) Ay € F;

(c) Ag € I(T)NI(S);

(d) n(T'(Ag) U S(Ag) U Ar) = Ap.

Proof. Let B := {B C Y | B satisfies the conditions (a), (b) and (c)}.
From Lemma 1.4.1 we have that NB € B. This implies that NB is the least
element of the partially ordered set (B, C). We shall prove that Ag = NB. We

remark that
U(T(Ao) U S(A(]) U Al) € B and n(T(A(]) U S(Ao) U Al) C Ap.

These imply that n(T'(Ap) U S(Ap) U A1) = Ap.

Example 16.1.1. Let (X,7) be a topological space, Y € P,(X) and
T,S:Y — P(Y) such that T oS = SoT. Let A; € P(Y). Then there exists
Ag C Y such that:

(a) A1 C Ay;

(b) Ag = Ay;

(c) Ag € I(T)NI(S);

(d) (T'(Aog) US(Ap) U Ay) = Ay.

Example 16.1.2. Let (X,+,R,7) be a linear topological space, Y €
Pycy(X) and T,S : Y — P(Y) such that 7o S = S oT. Then there ex-
ists Ap C Y such that:
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(a) A1 C Ao;
(b) Ao = coAy;
(c) Ao € I(T)NI(S);
(d) eo(T'(Ao) U S(Ag) U A1) = Ay.
The first problems in the common fixed point theory for multivalued op-
erators are the following.

Let X be a nonempty set and 7,5 : X — P(X). In which conditions we

have:

In this chapter we shall consider, in principal, the problems (P10) and
(P11).
16.2 Common fixed point structures

Let X be a nonempty set.
Definition 16.2.1. A fixed point structure (X,S(X), M°) is with the

common fixed point property iff

Y €S(X), T,S€c M°(Y), ToS=So0T = FrnFs#0.
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Definition 16.2.2. A strict fixed point structure (X,S(X), M?) is with

the common strict fixed point property iff
Y €S(X), T,Sc M°(Y), ToS=So0T = (SF)rN(SF)s # 0.

Definition 16.2.3. Let X be a nonempty set, S(X) C P(X), S(X) # 0
and (PM)° c (PM)° = {(T,S) | 7,8 € M(Y), Y C X}. A triple
(X,S(X), (PM)?) is a common fixed point structure iff

Y € S(X), (T,S) € (PM)*(Y) = FrnFg#0.

Definition 16.2.4. A triple (X,S(X),(PM)?) is a common strict fixed

point structure iff
Y € S(X), (T,S) € (PM)*(Y) = (SF)rN(SF)s # 0.

Example 16.2.1. Trivial f.p.s. (Example 11.2.1) is a f.p.s. with the com-
mon fixed point property.

Example 16.2.2. Let (X, d) be a complete metric space, S(X) := P (X)
and MO(Y) :={T:Y — P,(Y) | T is a multivalued contraction with (SF)p #
0}. The triple (X, Py(X), M%(Y)) is a s.p.p.s. with the common strict fixed
point property.

Indeed, from Theorem 8.5.1 in I.A. Rus [37] (p.87) (X, Pu(X), M°(Y)) is
asfps. Let Y € Py(X) and T,S € M°(Y) such that To S = SoT. We
have Fp = (SF)pr = {2*}, Fs = (SF)s = {y*}. From T 0o S = S o T it follows
x* = y*.

Example 16.2.3. Let X be a Banach, S(X) := P, (X) and
(PM)°(Y) :== {(T,9) | T,S : Y — Ppe(Y) are us.c. and T(x) N S(z) #
f, ¥V x € Y}. Then the triple (X, Py cy(X), (PM)?) is a common fixed point

structure.
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Indeed, let Y € Py cp(X) and T,S5 : Y — P,y us.c. such that T'(x) N
S(z) # 0. The operator T'NS satisfies the conditions of the fixed point theorem
of Bohnenblust-Karlin. It is clear that Fr N Fg = Frng # 0.

Example 16.2.4. (M. Avram (1975)) Let (X,d) be a complete metric
space, S(X) := P, q(X) and (PM)°(Y) := {(T,S) | T,S : Y — Ppa(Y)
and there exist a,b,c € Ry, a + 2b + 4¢ < 1 such that 6(T'(x),S(y)) <
ad(z,y) + blo (2, T(x)) + (3, S())] + cld(z, Sw)) + 8y, T(@))], ¥ 2,y € VY.
Then (X, P, (X), (PM)?) is a common strict fixed point structure.

Remark 16.2.1. For other examples of common fixed point structures and
of common strict fixed point structures see A. Sintamarian (2006, Sc. Math.
Japonicae).

Remark 16.2.2. To give examples of f.p.s. with the common fixed point

property is another open problem in the f.p.s. theory.

16.3 (0, p)-contraction pair

Let X be a nonempty set, Y C X and 6 : Z — R,, where Z C P(X),
Z # 0.

Definition 16.3.1. A pair of operators 7,5 : ¥ — P(Y) is a (0, ¢)-
contraction pair iff

(i) ¢ : Ry — R4 is a comparison function;

(i) AePY)NZ = T(A)US(A) € Z;

(iii) (T (A)US(A)) < p(0(A), VA I(T)NI(S)NZ.

If | € [0,1] and ¢(t) = It, then by (0,)-contraction pair we understand a
(0,1(-))-contraction pair.

We have

Theorem 16.3.1. Let (X,S(X), M°) be a f.p.s. with the common fized
point property and (0,m) (0 : Z — Ry) a compatible pair with (X,S(X), M).
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LetY € n(Z) and T, S € M°(Y). We suppose that:

(i) 0\,y(z) has the intersection property;

(i) ToS=SoT;

(iii) the pair (T, S) is a (0, p)-contraction pair.
Then, Fr N Fs # (.

Proof. Let Y1 :=n(T'(Y)US(Y)),...,Ynt1 == (T (Y,) US(Yy)), n € N.
From Lemma 16.1.2 we have that Y,, € I(T")NI(S), n € N. From the conditions
(ii) and (iii) we have that

H(YnJrl) = Q(H(T(Yn) U S(Yn))) = H(T(Yn) U S(Yn))
< B(Yy) < <"THO(Y)) = 0 as n — oo.

From the condition (i) it follows that Yy, := ﬂ Y, #0 and 0(Ys) =0. It

neN
is clear that n(Ys) = Yoo and Yoo € I(T)N1(S). These imply that Y, € S(X)

and so, Fr N Fs # ().

Theorem 16.3.2. Let (X,S(X), M°) be a f.p.s. with the common fized
point property and (6,n) (6 : Z — Ry) a compatible pair with (X,S(X), M°).
LetY € Fy and T, S € M°(Y) with T(Y)U S(Y) € Z. We suppose that:

(i) 0],(z) has the intersection property;

(i) ToS=SoT;

(iii) the pair (T,S) is a (0, p)-contraction pair.

Then, Fr N Fg # ().

Proof. We apply Theorem 16.3.1 to the pair 7,5 : n(T(Y)U S(Y)) —
POHT(Y) US(Y)).

In a similar way we have

Theorem 16.3.3. Let (X,S(X), M°) be a s.f.p.s. with the common fized
point property and (0,71) (6 : Z — R) a compatible pair with (X,S(X), MY).
LetY € n(Z) and T, S € M°(Y). We suppose that:

(i) 0\,y(z) has the intersection property;
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(i) ToS=SoT;

(iii) the pair (T, S) is a (0, p)-contraction pair.
Then, (SF)r N (SF)s # 0.

Theorem 16.3.4. Let (X,S(X), M°) be a s.f.p.s. with the common fized
point property and (0,1) (0 : Z — R) a compatible pair with (X,S(X), MY).
LetY € F, and T, S € M°(Y) with T(Y)U S(Y) € Z. We suppose that:

(i) 0\,y(z) has the intersection property;

(i) ToS=SoT;

(i) the pair (T, S) is a (0, p)-contraction pair.

Then, (SF)r N (SF)s # 0.

16.4 6#-condensing pair

Let X be a nonempty set, Y C X and 0 : Z — R} where Z C P(X),
Z # 0.

Definition 16.4.1. A pair 7,5 : Y — P(Y) is a #-condensing pair iff:

() A e Z, iel, ﬂAﬁé@ = ﬂAieZ;

(i) Ae PV N Z = T(A)US(A) € 7

(iii) O(T(A)US(A)) < 0(A), for all A € I(T)NI(S)NZ such that O(A) # (.

We have

Theorem 16.4.1. Let (X,S(X), M°) be a f.p.s. with common fived point
property and (0,71) a compatible pair with (X,S(X), M°). Let Y € n(Z) and
T,S € MO(Y).

We suppose that:

(i))xeY, Ac Z imply AU{z} € Z and (AU {z}) = 6(A);

(i) ToS=SoT;

(iii) the pair (T, S) is 6-condensing pair.
Then, Fr N Fg # 0.
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Proof. Let 9 € Y. By Lemma 16.1.3 there exists Ay C Y such that
xo € Ao, Ap € F, NI(T)NI(S)NZ and n(T'(Ag) US(Ao) U{zo}) = Ag. From
the condition (iii) we have that 6(Ap) = 0. This implies that Ay € S(X). So,
FrnFg #0.

From the proof of Theorem 16.4.1 we have

Theorem 16.4.2. Let (X,S(X), M°) be a f.p.s. with common fized point
property and (0,n) a compatible pair with (X,S(X),M°). Let Y € F, and
T,S € M°(Y) with T(Y)U S(Y) € Z.

We suppose that:

(i)xeY, Ac Z imply AU{z} € Z and 0(AU{z}) =0(A);

(i) ToS=SoT;

(iii) the pair (T, S) is O-condensing pair.

Then, Fr N Fg # (.

Theorem 16.4.3. Let (X,S(X), M?) be a s.f.p.s. with common fized point
property and (0,m) a compatible pair with (X,S(X), M°). Let Y € n(Z) and
T,S € M°(Y). We suppose that:

(i))xeY, Ac Z imply AU{z} € Z and (AU {z}) = 6(A);

(i) ToS=S8oT;

(i) the pair (T,S) is O-condensing pair.

Then, (SF)r N (SF)s # 0.

Theorem 16.4.4. Let (X,S(X), M?) be a s.f.p.s. with common fized point
property and (0,m) a compatible pair with (X,S(X), M"). Let Y € F, and
T,S € M°(Y) with T(Y)U S(Y) € Z. We suppose that:

(i))xeY, Ac Z imply AU{z} € Z and (AU {z}) = 6(A);

(i) ToS=SoT;

(iii) the pair (T, S) is 8-condensing pair.

Then, (SE)r N (SF)s # 0.
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Chapter 17

Fixed point property and

coincidence property

17.1 Fixed point structure with the coincidence
property

Definition 17.1.1. A f.p.s. (X, S(X), M°) on a nonempty set X is with

the coincidence property iff
Y €S(X), PLQe M°(Y), PoQ=QoP = C(P,Q) # 0.

Example 17.1.1. Each f.p.s. with the common fixed point property is a
f.p.s. with the coincidence property.
Example 17.1.2. Let (X, S(X), M) be a f.p.s. with the coincidence prop-
erty, in the case of singlevalued operators. For Y € S(X), let
M°(Y):={P:Y —Y | P(z) :={p(x)}, p€ M(Y)}.

Then (X, S(X), M°(Y)) is a f.p.s. with the coincidence property.
It is an open problem to establish if a given f.p.s. is or not with the coin-

cidence property. So, we have
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Problem 17.1.1. Which are the f.p.s. with the coincidence property?

This problem has the following particular cases.

Problem 17.1.2. For which Banach spaces X the f.p.s. of Bohnenblust-
Karlin, (X, Pep cp(X), M?) is with the coincidence property?

Problem 17.1.3. For which complete metric spaces, (X, d), the f.p.s. of
multivalued contractions, (X, Py(X), M?), is with the coincidence property?

Problem 17.1.4. Let X be a Banach space, Y € Py g ,(X) and P: Y —
P, oy(X) a multivalued operator. We suppose that

(i) P is u.s.c.;

(ii) there exists ng € N* such that Pm0(Y) € P.,(Y).

Does P have a fixed point?

Remark 17.1.1. For the case of singlevalued operators see Problem 8.4.1,
Horn’s conjecture and Schauder’s conjecture.

We have

Theorem 17.1.1. Let X be a nonempty set and Z C P(X) such that
A, B € Z implies AUB € Z. Let (X, S(X), M°) be a f.p.s. with the coincidence
property, (0,n) (0 : Z — R,) a compatible pair with (X,S(X), M°). Let Y €
n(Z) and P,Q € M°(Y) such that Po@Q = Q o P. We suppose that:

(i) (AU B) = max(6(A),6(B)), YV A,B € Z;

(i) P and Q are 6-condensing operators;

(ii) Fp € Z and P(Fp) = Fp.
Then C(P,Q) # 0.

Proof. First of all we remark that condition (ii) implies that Fp # () and
(i) and (iii) imply that (Fp) = 0.

Let A; := Fp. From Lemma 16.1.3 there exists Ag C Y such that A; C Ay,
Ay € I(P)NI(Q) N F, and n(P(Ag) UQ(Ag) U Fp) = Ap. If §(Ag) > 0, we
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have

0(Ao) = 0[n(P(Ag) U Q(Ag) U Fp)] = 8(P(Ag) UQ(Ag) U Fp)
= 0(P(A9) UQ(Ag)) = max(8(P(Ao)),0(Q(Ao))) < 0(Ao).

So, 6(Ap) = 0. Hence, Ay € F;, N Zy. But the pair (0,n) is a compatible
pair with (X, S(X), M?). From this we have that Ay € S(X) and P|a,,Q|a, €
MP(Ap). These imply that C(P, Q) # 0.

17.2 Coincidence producing singlevalued operators

Definition 17.2.1. Let (X,S(X), M) be a l.f.p.s. on a nonempty set X
and Y € S(X). An operator p : Y — Y is coincidence producing w.r.t.
(X,S(X),M) iff ¢ € M(Y) implies that C(p,q) # 0.

Remark 17.2.1. In 1964, W. Holsztynski gave the following definition:
Let X and Y be two topological spaces. A continuous operator p : X — Y
is universal iff ¢ € C(Y,Y) implies that C(p,q) # 0. In 1967, H. Schirmer
suggested to use ”coincidence producing” instead ”universal”.

Example 17.2.1. Let (R, P (R), M) be the f.p.s. of Brouwer on R.
Let Y € Py eo(R), ie., Y is compact interval of R. Then each surjective and
continuous function f : Y — Y is a coincidence producing function w.r.t.
(R, Pepcv(R), M).

Example 17.2.2. Let X be a Banach space, S(X) := {X} and M (X) :=
{f € C(X,X) | f(z) € Pp(X)}. Then (X, S(X), M) is a Lfp.s. By M. Furi,
M. Martelli and A. Vignoli (1978) a continuous operator g : X — X is a
strong surjection iff it is coincidence producing w.r.t. (X, S(X), M). So, each
example of strong surjection is an example of producing operator.

Example 17.2.3. (H. Schirmer (1966)). Consider on R™ the following
Lfp.s.: S(R™) := {I"}, where I = [-1,1] and M(I") = C(I",I"). If
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g € C(I™, I") maps the boundary of I"™ essentially onto itself, then ¢ is a
coincidence producing function.

Example 17.2.4. (L.J. Chu and C.Y. Lin (2002)).
Let (X, Pepco(X), M) be the f.p.s. of Tychonoff on a locally convex Hausdorff
topological vector space. Let Y € Py o,(X). Then a Vietoris operator g : Y —
Y is producing w.r.t. (X, Py co(X), M).

By definition ¢ € C(Y,Y) is Vietoris iff g(y) = y and g~ !(y) is acyclic
w.r.t. Cech homology with the coefficients in Q (ie., Hy(g ' (y)) =0 for g > 1
and Ho(g7'(y)) = Q), for each y € Y.

17.3 Coincidence producing multivalued operators

Definition 17.3.1. Let (X, S(X), M?) be a L.f.p.s. of a nonempty set X
and Y € S(X). An operator P : Y — Y is coincidence producing w.r.t.
(X, 9(X), MY iff Q € M°(Y) implies that C(P, Q) # 0.

Example 17.3.1. Let X be a locally convex Hausdorff topological vector
space and (X, Pcp,m,(X),MO) the f.p.s. of Glicksberg-Fan. Let Y € P, .y (X)
and P : Y — P, (Y) such that P~1(y) € P.,(Y), for each y € Y. Then the
operator P is coincidence producing w.r.t. (X, Pep e (X), M?).

Indeed, the following result of F.E. Browder (1968) is well known:

Theorem of Browder. Let X and E be two locally convex Hausdorff
topological vector spaces, Y € Pep o(X) and K € Py o(E). Let P,Q Y — K
be two multivalued operators. We suppose that:

(i) P:Y — Py cp(K) is u.s.c.;

(i) Q : Y — Po(K) is such that Q~(y) is a nonempty convex subset of
Y.

Then, C(P,Q) # 0.
We take in the above theorem £ = X and K =Y.
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The following problem is one of the basic problems in the coincidence
theory.

Problem 17.3.1. Let (X, S(X), M?) be a fixed point structure, Y € S(X)
and P : Y — Y. In which conditions the multivalued operator P is coincidence

producing w.r.t. (X,S(X), M°)?
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Chapter 18

Fixed point theory for
retractible multivalued

operators

18.1 Fixed point theorems

Let X be a nonempty set and Y € P(X). An operator p: X — Y is a
set-retraction if ply = ly. An operator T': Y — P(X) is retractible w.r.t. the
retraction p: X — Y iff Fjor = Fr.

We have

Lemma 18.1.1. Let (X,S(X),M°) be a l.fp.s. on X. Let Y € S(X),
p: X =Y aretraction and T : Y — P(X) an operator. We suppose that:

(i) poT € MO(Y);

(ii) T is retractible w.r.t. p.

Then, Fr # (.

Proof. Since (X,S(X),M°) is a f.p.s. and Y € S(X), from (i) we have

that F,or # (0. From (ii) it follows that Fp # (.
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Theorem 18.1.1. Let (X, S(X), M°) be a f.p.s. and (0,n) (0: Z - R}) a
compatible pair with (X, S(X), M°). LetY € n(Z), T : Y — P(X) an operator
and p: X =Y a retraction. We suppose that:

(i) 0\,y(z) is with the intersection property;

(ii) T is retractible w.r.t. p and poT € M(Y);

(iii) p is (6,1)-Lipschitz (1 € Ry);

(iv) T is a strong (0, @)-contraction;

(v) the function ly is a comparison function.

Then, Fr # (.

Proof. From the condition (iii), (iv) and (v) the operator poT : Y — Y is
a strong (6, l,)-contraction. By Theorem 14.1.1 we have that F,or # 0. From
the condition (ii) it follows Fr # .

Theorem 18.1.2. Let (X, S(X), M°) be a f.p.s. and (0,7) (0:Z - R,) a
compatible pair with (X, S(X),M°). LetY € n(Z), T : Y — P(X) an operator
and p: X =Y a retraction. We suppose that:

(i) AcZ, xeY imply AU{z} € Z and 0(AU {x}) = 0(A);

(ii) T is retractible w.r.t. p and poT € M(Y);

(iii) p is (0,1)-Lipschitz;

(iv) T is strong 0-condensing.

Then, Fr # (.

Proof. From the conditions (iii) and (iv) the operator poT : Y —o Y is
strong #-condensing. By Theorem 15.1.1, we have that Fpor # 0. From the
condition (ii) it follows that Fp # ().

From Theorem 18.1.1 we have

Theorem 18.1.3. (I.LA. Rus (1991)) Let X be a Hilbert space and T :
B(0; R) — P.,(X) a multivalued operator. We suppose that:

i) there exists a comparison function ¢ : Ry — Ry such that
PRy +

H(T(x),T(y)) < o(d(z,y)), ¥ x,y € B(0; R);
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(ii) T is retractible onto B(0; R) w.r.t. the radial retraction p : X —
B(0; R).
Then, Fr # (.

18.2 Strict fixed point theorems

As in section 18.1, we have:

Lemma 18.2.1. Let (X,S(X),M°) be a ls.f.p.s. on X. Let Y € S(X),
p: X — Y a retraction and T :' Y — P(X) a multivalued operator. We
suppose that:

(i) poT € MO(Y);

(i6) (SF)por = (SF)r.

Then, (SF)r # 0.

Theorem 18.2.1 Let (X, S(X), M°) be a s.f.p.s. and (0,1) (0:Z — R,)
a compatible pair with (X,S(X),M"). Let Y € n(Z), T : Y — P(X) an
operator and p : X — 'Y a retraction. We suppose that:

(i) 0|,z is with the intersection property;

(it) (SF)por = (SF)r and poT € M(Y);

(iii) p is (0,1)-Lipschitz;

(iv) T is a strong (0, ¢)-contraction;

(v) the function l, is a comparison function.

Then, (SF)p # 0.

Theorem 18.2.2. Let (X, S(X), M?) be a s.f.p.s. and (6,n) (0: Z — R,)
a compatible pair with (X,S(X),M°). Let Y € n(Z), T : Y — P(X) an
operator and p : X — Y a retraction. We suppose that:

(1)) Ae Z, x €Y imply AU{z} € Z and (AU {x}) = 6(A);

(11) (SF)por = (SF)r and poT € M(Y);

(iii) p is (0,1)-Lipschitz;
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(iv) T is strong 0-condensing.

Then, (SF)r # 0.
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