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A recipe:

The first example of multialgebra (hypergroup) was in-
troduced by Marty at The 8th Congress of the Scandi-
navian Mathematicians (Stockholm, 1934) as follows:

Let (G,-) be a group, H < G and
G/H = {zH | x € G}.

The equality
(1) (zH)(yH) ={zH | z =42y, 2’ € zH, v € yH}.
defines an operation on G/H if and only if H < G.
Otherwise, (1) defines a function

G/H x G/H — P*(G/H)
called binary multioperation (on G/H).

A multialgebra A = (A, (f)y<o(r)) CONsists in a set A and
a family of multioperations

fy i A" = P (A), v <o(7)

(fy is @ multioperation of arity n, that corresponds to a
symbol f,).



The recipe:

Later, in ‘A representation theorem for multi-algebras’,
Arch. Math., 3 1962, 452—456, Gratzer proved that:

Any multialgebra 2 results from a universal algebra B
and an appropriate equivalence on B as before, i.e. by
considering

f(plao), .- ., plan—1)) = {p(b) | b € fy(bo,...,bn 1), aipbi,
i€{0,...,ny—1}}.

= the importance of factor multialgebras in multialgebra
theory.



The start:

M. Dresher, O. Ore, ‘Theory of multigroups’, Amer. J.
Math., 60 1938, 705—733.

T. Vougiouklis, ‘Representations of hypergroups by gen-
eralized permutations’, Algebra Universalis, 29 1992,
172—183.

D. Freni, ‘A new characterization of the derived hyper-
group via strongly regular equivalences’, Comm. Alge-
bra, 30 2002, 3977—3989.

— among the equivalence relations of (semi)hypergroups,
a great importance have those equivalence relations for
which the factor hypergroup(oid) is a group (strongly
regular equivalences)



Let (H,-) be a (semi)hypergroup.

e the smallest strongly regular equivalence of (H,:) =
the fundamental relation of (H,-) = the transitive clo-
sure B* of the relation

Py < dn e N, Jai,...,an € H: z,y€ai---an
(if (H,-) is a hypergroup, then g* = 3)
e the smallest strongly regular equivalence of (H,-) for

which the factor hypergroup is a commutative group =
the transitive closure v* of the relation

Y= U'Yna

neN*
where v1 = dy and, for any n > 1, ~, is defined by

n n
xynYy < dz1,...,2n € Hydo € S, . x € sz‘,ZyE Hza(i)

(if (H,-) is a hypergroup, then v* = «)



The problems:

1. Define the fundamental relation o* for a (general)
multialgebra and prove that

(B/p)/a" =B/0(p),

where B is a universal algebra, p € E(B), and 6(p) is the
smallest congruence relation on B which contains p.

2. Given q,r € P(7) (n € N), determine the small-
est equivalence relation ag, of a (general) multialgebra
for which the factor multialgebra is a universal algebra
satisfying the identity

q=r
and prove that
(B/p)/ g = B/0(par),

where B is a universal algebra, p € E(B), pq is the
smallest equivalence on B containing p and all the pairs

(q(bg, Ceey bn—l), T(bo, Cee bn—l)), bo, Cee b,—1 € B,

O(pqr) IS the smallest congruence relation on B which
contains p and gives (after factorization) a universal al-
gebra satisfying the identity q = r (i.e. the smallest
congruence relation on 8 containing

p U {(q(bo, oy bno1),r(bo, ..., bn1)) | bo, ..., bn—1 € B})



The tools:
Let A = (A, (f1)y<o(r)) b€ a multialgebra.

e the (universal) algebra P*(RA) of the nonempty subsets
of 2, defined by

fr(Ag,.. ., An 1) =
L H{ A (ao, .. an 1) | ai€ Ai, i€40,...,ny — 1}};

e the algebra P (P*(A)) of the n-ary term functions of
the universal algebra L*(R);

e the algebra ap%)(m*(m)) of the n-ary polynomial func-

tions of the universal algebra L*(20);

e the subalgebra ‘B;”)(‘B*(Ql)) of ‘Bgﬁ)(A)(m*(Ql)) generated
by

{ci |a€e At U{e! |ie{0,...,n—1}},
where ¢, el 1 P*(A)" — P*(A) are given by
CZ(Ao, ceey An—l) = {CL} and e?(Ao, Ceey An—l) = Ai;
e the set F,,(2) of the equivalence relations p on A for

which 20/p is a universal algebra (which proves to be an
algebraic closure system on A x A).



T he results:

e the fundamental relation o* of the multialgebra A =
the smallest element from E,,(2) = the transitive clo-
sure of the relation o defined by

ray < x,y € plag,...,an_1)
for some n € N, p € PM(P*(A)) and ao,...,an_1 € A;

e the smallest equivalence relation «f, from E,. () for
which the factor multialgebra is a universal algebra sat-
isfying the identity q = r is the transitive closure of the
relation

Tagy < dp € Pjgl)(‘li*(%l)), d ag,...,an—1 € A:
x ep(Q(CLOa"')an—l))) Yy Ep(r(aoa"'van—l)) or
y Ep(Q(a07'°'7an—1))7 x Ep(r(ao,...,an_l));

= the fundamental relation o* of a multialgebra 2 is,
also, the transitive closure of the relation

za'y < 3p € P{U(P (), 3a € A : 2,y € p(a);

e the correspondence

(B/p)/cgq — B/0(pqr), ag(p(a)) — 0(pqr)(a)
IS @ universal algebra isomorphism.



A return to hypergroups:

e Let (H, ) be a hypergroup. The strongly regular rela-
tion v* = ~ is the transitive closure of

!
Y = Oxoxy,x1%0
i.e.
; /
Y=
neN*

where v = éy and for n > 1,

ryy < Iz1,...,zn € H, Jie{l,...,n—1}:
xr ez zi_l(zizi+1)zi+2 Tt Zn,
Y € 21 2i—1(Zi41%i) Zid2 "+ Zn,

which is, clearly, (the transitive closure of) the relation

Y= Ufyn7

neN*

with v1 = dy and, for any n > 1,

n n
Yy < dz1,...,zn € Hydo € S, i x € HZz‘,y S Hza(i)a

since the cycles (1,2),(2,3),...,(n — 1,n) generate the
symmetric group (S, o).



The derived subhypergroup of a hypergroup (K,-) is

D(K) = o (1x/),

where ¢ : K — K/~ is the canonical projection and
1x/y is the identity of the group (K/v,:).

e Let (G,-) be a group, G’ its derived subgroup, H < G
and (G/H,-) the hypergroup defined by

(1)  (eH)(yH) = {zH | 2 = 'y, &’ € zH, v € yH).

Let 7y : G — G/H and ¢g/g : G/H — (G/H)/~v be the
canonical projections. The group isomorphism

h:(G/H)/y— G/(G'H), h(v(zH)) = «(G'H)

helped us to establish a connection between the derived
subhypergroup of G/H and the derived subgroup of G

D(G/H) = (ho wayn) (G'H) = (G'H)/H = 7 ().
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