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Multialgebra

Let 7 = (n,),<o(r) be a sequence of nonnegative integers (o(7) is
an ordinal) and for any v < o(7), let f, be a symbol of an n,-ary
(multi)operation.

A multialgebra 2l of type T consists in a set A and a family of
multioperations (f;),<o(r), where

£, : A" — P*(A)

is the ny-ary multioperation which corresponds to the symbol f,.

Denote by
PO () = (PU(7), (£)y<0(r))
the algebra of the n-ary terms (of type 7).
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> A multialgebra 21 = (), <o(r) can be seen as a relational system
(A, (ry)y<o(r)), Where r, is the n, 4 1-ary relation defined by

(aO7 cee anﬂ,—l, an,y) S ry <~ ar,,Y € f,y(ao, ey an_y_l).

loan Purdea, Cosmin Pelea Term functions and polynomial functions in hyperstructure theory



Open problems in algebraic hyperstructure theory and applications, September 24-26, 2011, lasi, Romania

> A multialgebra 21 = (), <o(r) can be seen as a relational system
(A, (ry)y<o(r)), Where r, is the n, 4 1-ary relation defined by

(307---,an,\{—1,an7) S ry <~ ar,,Y € fry(ao,...,an,\{_l).

> The algebra of the nonempty subsets of a multialgebra (H. E.
Pickett):
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> A multialgebra 21 = (), <o(r) can be seen as a relational system
(A, (ry)y<o(r)), Where r, is the n, 4 1-ary relation defined by

(307"'aanw—1aan7) S ry <~ ar,,Y € ﬂ/(ao,...,an,\{_l).

> The algebra of the nonempty subsets of a multialgebra (H. E.
Pickett):

A multialgebra 2 determines a universal algebra B*(2() on P*(A)
defining for any Ao, ..., A, 1 € P*(A),

£,(Ao, s An, 1) = | J{F (a0, -r an, 1) | 3 € Ay i =0,y — 1}
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Identities

Let q,r € P(")(7) and let 2A be a multialgebra of type 7.
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Identities

Let q,r € P(")(7) and let 2A be a multialgebra of type 7.
> (Strong) identity: The n-ary (strong) identity

q=r
is satisfied on 2l if

q(ao,...,an-1) =r(ao,...,an—1), Vao,...,an—1 € A.
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Identities

Let q,r € P(")(7) and let 2A be a multialgebra of type 7.
> (Strong) identity: The n-ary (strong) identity

q=r
is satisfied on 2 if
q(ao,...,an-1) =r(ao,...,an—1), Vao,...,an—1 € A.
> Weak identity (T. Vougiouklis): The weak identity
qnr#0
is satisfied on 2 if

g(ao, ..., an-1)Nr(a,...,an-1) #0, Yag,...,an_1 € A.
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Identities

Let q,r € P(")(7) and let 2A be a multialgebra of type 7.
> (Strong) identity: The n-ary (strong) identity
q=r

is satisfied on 2l if

q(ao,...,an-1) =r(ao,...,an—1), Vao,...,an—1 € A.

> Weak identity (T. Vougiouklis): The weak identity

qnr#0

is satisfied on 2 if

g(ao, ..., an-1)Nr(a,...,an-1) #0, Yag,...,an_1 € A.

(g and r denotes the term functions induced by q and r on *(21).)
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The tools

» The algebra ‘,B(F:?(A)(‘ﬁ*(%)) of the n-ary polynomial functions
of the universal algebra P*(21).
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The tools

» The algebra ‘,B(F:?(A)(‘B*(Q[)) of the n-ary polynomial functions
of the universal algebra P*(21).

> The algebra B4 (P*(21)) which is the subalgebra of
’B'(,f?(A)(‘B*(Ql)) generated by
{c]|ac A} U{e|ie{0,...,n—1}},
where cJ, e : P*(A)" — P*(A) are defined by

ar-i

ci(Ao, ..., Anc1) = {a} and €/'(Ao, ..., A1) = A
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The tools

» The algebra ‘,B(Fi)(A)(‘ﬁ*(Q[)) of the n-ary polynomial functions
of the universal algebra P*(21).

> The algebra B4 (P*(21)) which is the subalgebra of
‘B'(,f?(A)(‘B*(Ql)) generated by
{c]|ac A} U{e|ie{0,...,n—1}},
where ¢, e : P*(A)" — P*(A) are defined by

ci(Ao, ..., Anc1) = {a} and €/'(Ao, ..., A1) = A

» The algebra P (P*(A)) of the n-ary term functions on
P*(A), which is the subalgebra of ‘B(A")(‘B*(Ql)) generated by

{e/"|ie{0,...,n—1}}.
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Our purpose ...
is to provide various samples to show how we can use these

tools when we are dealing with:

> the submultialgebras of 2;
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Our purpose ...

. is to provide various samples to show how we can use these
tools when we are dealing with:

> the submultialgebras of 2;

» multialgebra homomorphisms;
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Our purpose ...

. is to provide various samples to show how we can use these
tools when we are dealing with:

> the submultialgebras of 2,
» multialgebra homomorphisms;

» factor multialgebras;
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Our purpose ...

. is to provide various samples to show how we can use these
tools when we are dealing with:

> the submultialgebras of 2,

» multialgebra homomorphisms;

» factor multialgebras;

> the ideal equivalences of ;
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Our purpose ...

. is to provide various samples to show how we can use these
tools when we are dealing with:

> the submultialgebras of 2,

» multialgebra homomorphisms;

» factor multialgebras;

> the ideal equivalences of ;

e those equivalences for which the factor multialgebra of 2 is
a universal algebra;
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Our purpose ...

. is to provide various samples to show how we can use these
tools when we are dealing with:

> the submultialgebras of 2,

» multialgebra homomorphisms;

» factor multialgebras;

> the ideal equivalences of ;

e those equivalences for which the factor multialgebra of 2 is
a universal algebra;

e the fundamental relation of ;
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Our purpose ...

. is to provide various samples to show how we can use these
tools when we are dealing with:

v

the submultialgebras of 2

v

multialgebra homomorphisms;

v

factor multialgebras;

v

the ideal equivalences of 2,

e those equivalences for which the factor multialgebra of 2 is
a universal algebra;

e the fundamental relation of ;

v

direct products of multialgebras;
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Our purpose ...

. is to provide various samples to show how we can use these
tools when we are dealing with:

> the submultialgebras of 2,

» multialgebra homomorphisms;

» factor multialgebras;

» the ideal equivalences of %;

e those equivalences for which the factor multialgebra of 2 is
a universal algebra;

e the fundamental relation of ;
» direct products of multialgebras;

» direct limits of direct systems of multialgebras.
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In an overwhelming number of situations we apply term functions
or polynomial functions from PE\")(‘B*(EZK)) to one element sets.

= Question: Is it necessary to redefine term functions and
polynomial functions as some sort of special multioperations
for these special situations?

Example
For a hypergroupoid (H, o) and a, b, c € H, the nonempty subsets

ao(boc), (aob)o(aoc)

are, actually, compositions of sets.
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In an overwhelming number of situations we apply term functions
or polynomial functions from PE\")(‘B*(EZK)) to one element sets.
= Question: Is it necessary to redefine term functions and

polynomial functions as some sort of special multioperations
for these special situations?

Our opinion: No, since from a certain step of their
construction we operate sets, not elements. (Of course, they
are multioperations, but ignoring the fact that we are working
in P*(A) can be dangerous.)

Example
For a hypergroupoid (H, o) and a, b, c € H, the nonempty subsets

ao(boc), (aob)o(aoc)

are, actually, compositions of sets.

loan Purdea, Cosmin Pelea Term functions and polynomial functions in hyperstructure theory



Open problems in algebraic hyperstructure theory and applications, September 24-26, 2011, lasi, Romania

Submultialgebras
Let & = (A, (f;)y<o(r)) be a multialgebra.
A subset B C A is a submultialgebra of 2 if

£,(bo, - - - b, 1) € B, ¥y < o(7), Vbo, ..., by, 1€ B.

Theorem (Pickett)

A subset B C A is a submultialgebra of 2 if and only if P*(B) is a
subalgebra of P* ().
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Submultialgebras
Let & = (A, (f;)y<o(r)) be a multialgebra.
A subset B C A is a submultialgebra of 2 if

£,(bo, - - - b, 1) € B, ¥y < o(7), Vbo, ..., by, 1€ B.

Theorem (Pickett)

A subset B C A is a submultialgebra of 2 if and only if P*(B) is a
subalgebra of P* ().

= If B is a submultialgebra of 2, n € N, p € P("(L*(2A)) and

bg,...,bp—1 € B then
p(bo, .. bs-1) C B.
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Submultialgebras
Let & = (A, (f;)y<o(r)) be a multialgebra.
A subset B C A is a submultialgebra of 2 if

£,(bo, - - - b, 1) € B, ¥y < o(7), Vbo, ..., by, 1€ B.

Theorem (Pickett)

A subset B C A is a submultialgebra of 2 if and only if P*(B) is a
subalgebra of P* ().

= If B is a submultialgebra of 2, n € N, p € P("(L*(2A)) and
bg,...,bn_1 € B then

p(bo, ., bn1) C B.

= (Breaz, Pelea) If X C A then a € (X) if and only if there exist
neN, pe PMER*(2A)) and xo, ..., X,_1 € X such that

ac p(XO, R ,Xn_l).
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Homomorphisms

Let & = (A, (£,)y<o(r)) and B = (B, (f,)y<o(r)) be multialgebras
of type 7 and h: A— B.

> his a multialgebra homomorphism from 2l into ‘B if for any
v <o(r)and ap,...,an,—1 €A,

h(ﬂ/(ao, ey a,,v_l)) g ffy(h(ao), ey h(a,,w_l)).
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Homomorphisms

Let & = (A, (£,)y<o(r)) and B = (B, (f,)y<o(r)) be multialgebras
of type 7 and h: A— B.

> his a multialgebra homomorphism from 2l into ‘B if for any
v <o(r)and ap,...,an,—1 €A,

h(ﬂ/(ao, ey a,,v_l)) g ffy(h(ao), ey h(a,,w_l)).

» his an ideal homomorphism if for any v < o(7) and
ao, .- -,an,—1 € A,

h(ﬁy(ao, ey a,,w,l)) = f:y(h(ao), ceey h(a,,“/,l)).
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Homomorphisms

Let & = (A, (£,)y<o(r)) and B = (B, (f,)y<o(r)) be multialgebras
of type 7 and h: A— B.

> his a multialgebra homomorphism from 2l into ‘B if for any
v <o(r)and ap,...,an,—1 €A,

h(ﬁ,(ao, ey a,,v_l)) g ffy(h(ao), ey h(a,,w_l)).

» his an ideal homomorphism if for any v < o(7) and
ao, .- -,an,—1 € A,

h(ﬁ/(ao, ey a,,w,l)) = f:y(h(ao), ceey h(a,,“/,l)).

> the isomorphisms are the bijective ideal homomorphisms.
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The mapping h induces the mapping

hy : P*(A) = P*(B), h.(X) = h(X) = {h(x) | x € X}.

Theorem (Pickett)

h is a multialgebra ideal homomorphism if and only if h, is a
universal algebra homomorphism.

= If h: A— B is an ideal homomorphism, n€ N, p € P(")(T),
and ag,...,an_1 € A then

h(p(ao, - .., an-1)) = p(h(ao), ..., h(an-1)).
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The mapping h induces the mapping

hy : P*(A) = P*(B), h.(X) = h(X) = {h(x) | x € X}.

Theorem (Pickett)

h is a multialgebra ideal homomorphism if and only if h, is a
universal algebra homomorphism.

= If h: A— B is an ideal homomorphism, n€ N, p € P(")(T),
and ag,...,an_1 € A then

h(p(ao, - .., an-1)) = p(h(ao), ..., h(an-1)).

» If h: A— B is a multialgebra homomorphism, n € N,
p e P(r), and ag,...,a,_1 € A then

h(p(ao, ey a,,_l)) - p(h(ao), ey h(a,,_l)).
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» The mappings
A — PH(A), h— h,

define a covariant functor from the category of the
multialgebras of type 7 having the ideal homomorphisms as

morphisms into the category of the universal algebras of type
T.
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» The mappings
A — PH(A), h— h,

define a covariant functor from the category of the
multialgebras of type 7 having the ideal homomorphisms as
morphisms into the category of the universal algebras of type
T.

» QUESTION 1: Can we use these mappings or this functor to
establish other connections between universal algebras and
hyperstructure theory which can provide interesting and useful
results for both theories, especially for hyperstructure theory?
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Factor multialgebras

Let & = (A, (£,)y<o(r)) be a multialgebra of type 7 and let p be an
equivalence relation on A. Let p(x) be the class of x modulo p, and

Alp={p(x) | x € A}.
Defining for each v < o(7),
f’Y(p<aO>’ ""p<anw—1>) = {p<b>|b € f’Y(b07 ey bn«,—l)7 aipbia = 07 ny — l}a

one obtains a multialgebra 2/p on A/p called the factor
multialgebra of 2l modulo p.
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Factor multialgebras

Let & = (A, (£,)y<o(r)) be a multialgebra of type 7 and let p be an
equivalence relation on A. Let p(x) be the class of x modulo p, and

Alp={p(x) | x € A}.
Defining for each v < o(7),
£,(p(ao), ..., plan,—1)) = {p(b)|b € £,(bo, ..., bn 1), aipbi,i = 0, ny — 1},
one obtains a multialgebra 2/p on A/p called the factor

multialgebra of 2l modulo p.

» G. Gratzer proved that any multialgebra is a factor of a
universal algebra modulo an equivalence relation.
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Since the canonical map A — A/p is a multialgebra
homomorphism, for any n € N, p € P(")(7) and ag,...,a,_1 € A,

{r(a) [ a € (P)y=2)(a0; - - -, an-1)} S (P)gp=(21/0)(P{a0), - - - P(an-1))
This inclusion holds if we replace (p)qy-(2) and (P)q+(/p) bY
p e PE‘")(‘B*(QL)) and p' € PA';)p(‘B*(Ql/p)) respectively, where the
polynomial function p’ corresponding to p is given as follows:

(i) if p=cP, then p' = Coia);

So, we can write

{p(a) | a € plao,...,an-1)} € p'(p(a0),- .. plan-1)).
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Since the canonical map A — A/p is a multialgebra

homomorphism, for any n € N, p € P(")(7) and ag,...,a,_1 € A,
{r(a) | a € (p)yp-2)(a0, -5 an-1)} € (P)p=(a/p)(p(0), - -, plan-1))

This inclusion holds if we replace (p)qy-(2) and (P)q+(/p) bY

p e PE‘")(‘B*(QL)) and p' € P\ (B*(2U/p)) respectively, where the

Alp
polynomial function p’ corresponding to p is given as follows:

(i) if p=cg, then p' = c\ ;
(i) if p= e = (xi)p(a) then p' = e = (xi)p=21/p)i

So, we can write
/
{p<a> | ac p(aov SR anfl)} cp (P<30>, R p<anfl>)'
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Since the canonical map A — A/p is a multialgebra

homomorphism, for any n € N, p € P(")(7) and ag,...,a,_1 € A,
{r(a) [ a € (P)y=2)(a0; - - -, an-1)} S (P)gp=(21/0)(P{a0), - - - P(an-1))

This inclusion holds if we replace (p)qy-(2) and (P)q+(/p) bY

p e Pﬁ‘")(‘B*(Ql)) and p' € P\ (B*(2U/p)) respectively, where the

Alp
polynomial function p’ corresponding to p is given as follows:

N r o n /.
(|) !f p=cl, then p’ = Colay /
(ii) if p= & = (Xi)p=(a0), then p' = € = (x;)qp- (91//))'

(iii) if p=£,(po,...,pn,~1) and py, ..., pn 4 € PA/p(iB*(Ql/,o))
are the polynomial functions which correspond to po, - -,

Pn,—1 € P(")(m (21)) respectively, then
P ="£(Po:- - P, 1)

So, we can write

{p(a) | a € plao,...,an-1)} € p'(p(a0),- .. plan-1)).
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e Any identity of 2 is weakly satisfied on 2(/p.

e If 2 is a universal algebra the multioperations from 2(/p are
defined by the equalities

f’Y(p<aO>7 "'7p<an7—1>) = {p<b>‘b = f’y(b07 ) bn«,—l); aipbi7 = 07 ny — l}a

and taking an n-ary term p we have
P(p<30>, ...,p(a,,_1>) 2 {p<b>|b = p(bOa sy bn—l)a aipbia i=0,n— 1}

In general, this inclusion is not an equality and the identities of 2
are only weakly preserved by 2(/p.
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Example
If (Zs,+) is the cyclic group of order 5 and we take the equivalence

p=1{0,1} x {0,1} U {2} x {2} U {3,4} x {3,4}.

(Zs/p, +) is a hypergroupoid on Zs/p = {{0,1}, {2}, {3,4}} given by

+ {0,1} {2} {3,4}
{01} | {0,1},{2} | {2},{3,4} | {0,1},{3,4}
{2} | {2}, {34} {3,4} {0,1}
{3,411 {0,1},{3,4} | {0,1} [{0,1},{2},{3,4}

{p(c) [ ¢ =(bo + b1) + b, b = by = 2, by € {3,4}} = {p(2),p(3)}
(p(2) +p(2)) + p(3) = p@3) + p(3) = {p(0), p(2), P(3)},
and the associativity is only weakly satisfied on (Zs/p, +) since

p(2) + (p(2) + p@3)) = p(2) + p(0) = {p(2), p(3)}-
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> Yet, there are identities, like

f’y(XOa R 7anfl) = ’Y(XU(O)7 s 7xa(n.y—1)) (U € an)v

which characterize the commutativity of an n,-ary operation
of an algebra, which always hold in a strong manner in the
factor multialgebra.
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> Yet, there are identities, like

f’Y(XOa ce 7Xny*1) = ’Y(XU(O)7 s 7xa(n7—1)) (U € Snw)a

which characterize the commutativity of an n,-ary operation
of an algebra, which always hold in a strong manner in the
factor multialgebra.

» QUESTION 2: Can we determine/characterize the identities
of a (multi)algebra which are always strongly preserved by the
factor multialgebra?
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Example

(Roth) If (G, -) is a finite group and p is the conjugacy relation on G
then G/p is the set of the conjugacy classes of G, and the hypergroupoid
(G/p,-) is a canonical hypergroup having the identity element

p(1) = {1}, and for each conjugacy class C from G, the inverse element
is the class C~! which consists in the inverses of the elements of C. Let
1 be the nullary operation which points out the identity element, and 1
the unary operation which associates to each element its inverse. Then
p(1) and ~1 are operations on G/p, too, and both multialgebras
(G,-,1,7Y) and (G/p, -, p(1),71) satisfy the (strong) identities:

(Xo-Xl)‘XQZXO'(Xl'Xg), Xo'].:l-Xo:Xo.
QUESTION 3: Can we determine/identify classes of equivalence

relations in (multi)algebra which determine factor multialgebra which
strongly preserves certain (sets of) identities?
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Ideal equivalences

Let & = (A, (f,)y<o(r)) be a multialgebra. An equivalence relation
p on A determines on P*(A) the relations p and p defined by:

XpY ©VxeX,dyeY: xpyandVy €Y, Ix € X : xpy;
XpY & xpy, Vxe X, VyeVY & XxYCp.

The relation p is an ideal equivalence on 2L if for any v < o(7) and
any x;, yi € A for which x;py; for all i € {0,...,n, — 1} we have

acf(x...,xn,—1)=3be f(y0,...,¥n,—1): apb.
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Theorem (Pickett)

If p is an ideal equivalence on 2l then the canonical projection

Tt A= Alp, mp(a) = pla)

is an ideal homomorphism. Conversely, if h: A — B is an ideal
homomorphism from 2 into B, its kernel

kerh={(x,y) € Ax A| h(x) = h(y)}
is an ideal equivalence on 2. Moreover, the mapping
h(a) > Tker h(a)

is an multialgebra isomorphism between h(2() and A/ ker h.
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> (Breaz, Pelea) An equivalence relation p of the multialgebra
2 = (A, (fy)y<o(r)) is ideal if and only if p is a congruence
relation on P*(A).
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> (Breaz, Pelea) An equivalence relation p of the multialgebra
2 = (A, (fy)y<o(r)) is ideal if and only if p is a congruence
relation on P*(A).

» The equivalence relations p for which the factor multialgebra

20/p is a universal algebra are particular ideal equivalence
relations.
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Proposition
(Breaz, Pelea) Let 2 = (A, (f,)y<o(r)) be a multialgebra and let p be an
equivalence relation on A. The following conditions are equivalent:

(a) p is an ideal equivalence on 2;
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Proposition
(Breaz, Pelea) Let 2 = (A, (f,)y<o(r)) be a multialgebra and let p be an
equivalence relation on A. The following conditions are equivalent:

(a) p is an ideal equivalence on 2;

(b) for any v < o(7), and any x;,y; € A for which x;py; for all
i€{0,...,n, —1} we have

(%05 s Xn, —1)PE (Y05 - -+, Y, —1);
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Proposition

(Breaz, Pelea) Let 2 = (A, (f,)y<o(r)) be a multialgebra and let p be an
equivalence relation on A. The following conditions are equivalent:

(a) p is an ideal equivalence on 2;

(b) for any v < o(7), and any x;,y; € A for which x;py; for all
i€{0,...,n, —1} we have

(%05 s Xn, —1)PE (Y05 - -+, Y, —1);

(c) foranyy < o(r), any a,b,x; € A (i € {0,...,n, —1}) such that
apb, and any i € {0,...,n, — 1}, we have

f'*/(XOa sy Xi—1, 3, Xig1s - - 7Xn7—1)pf'y(X07 sy Xie1, b7 Xit1y--- aXnA,—l)
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Proposition

(Breaz, Pelea) Let 2 = (A, (f,)y<o(r)) be a multialgebra and let p be an
equivalence relation on A. The following conditions are equivalent:

(a) p is an ideal equivalence on 2;

(b) for any v < o(7), and any x;,y; € A for which x;py; for all
i€{0,...,n, —1} we have

(%05 s Xn, —1)PE (Y05 - -+, Y, —1);

(c) foranyy < o(r), any a,b,x; € A (i € {0,...,n, —1}) such that
apb, and any i € {0,...,n, — 1}, we have

f'*/(XOa sy Xi—1, 3, Xig1s - - 7Xn7—1)pf'y(X07 sy Xie1, b7 Xit1y--- aXnA,—l)

(d) forany n €N, any p € P{)(P*(L)), and any xi,y; € A with xipy;
(ie{0,...,n—1}) we have

p(X07 e 7Xn—1)ﬁp(}’0, e ayn—1)~
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Factor multialgebras which are universal algebras

Proposition
(Pelea, Purdea) The following conditions are equivalent:

a) A/p is a universal algebra;
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Factor multialgebras which are universal algebras

Proposition
(Pelea, Purdea) The following conditions are equivalent:

a) A/p is a universal algebra;
b) Ify<o(r), a,b,x; € A i€{0,...,ny — 1}, with apb, then
ﬁy(Xo, vy Xi—15 A, Xi+1, ...,an_l)?f:y(Xo, ey Xi—1, b, Xiglyeeey an—l)

for all i € {0,...,n, —1};
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Factor multialgebras which are universal algebras

Proposition
(Pelea, Purdea) The following conditions are equivalent:

a) A/p is a universal algebra;
b) Ify<o(r), a,b,x; € A i€{0,...,ny — 1}, with apb, then
f:y(Xo, vy Xi—15 A, Xi+1, ...,an_l)?f:y(Xo, ey Xi—1, b, Xiglyeeey an—l)
for all i € {0,...,n, —1};
c) Ify < o(r), xi,yi € A and x;py; for any i € {0,...,n, — 1}, then

£y (%05 - - Xn,—1)PF (Yo, - -+, Yn —1);
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Factor multialgebras which are universal algebras

Proposition
(Pelea, Purdea) The following conditions are equivalent:

a) A/p is a universal algebra;
b) Ify<o(r), a,b,x; € A i€{0,...,ny — 1}, with apb, then

f’y(XOa ey Xi—15 @y Xit1, "'7Xn7—1)5f'y(X0a sy Xi—1, b7 Xi+15 "'axnw—l)
for all i € {0,...,n, —1};
c) Ify < o(r), xi,yi € A and x;py; for any i € {0,...,n, — 1}, then
f’y(XOu e 7an—1)5f7(}’07 e a_yn.yfl);

d) IfneN, pe PR () and x.,yi € A with x;py; for any
i€{0,...,n—1}, then B
p(XOa cee aXn—l)ﬁp(y()v s 7}’n—1)-
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We denote by E,,(2l) be the set of the relations characterized above.
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We denote by E,,(2l) be the set of the relations characterized above.

> E,.(2) is an algebraic closure system on A x A.
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We denote by E,,(2l) be the set of the relations characterized above.
> E,.(2) is an algebraic closure system on A x A.

= the smallest relation from E,,(2() containing R C Ax Ais

o(R) = ip € Eu(®) | R € p}.
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We denote by E,,(2l) be the set of the relations characterized above.
> E,.(2) is an algebraic closure system on A x A.

= the smallest relation from E,,(2() containing R C Ax Ais
a(R)=({p € Eu() | R C p}.

> o = o)) = a(da) is the smallest element of E,,(2L) and it is
called the fundamental relation of L.
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We denote by E,,(2l) be the set of the relations characterized above.
> E,.(2) is an algebraic closure system on A x A.

= the smallest relation from E,,(2() containing R C Ax Ais
a(R)=({p € Eu() | R C p}.

> o = o)) = a(da) is the smallest element of E,,(2L) and it is
called the fundamental relation of L.

> If an identity N r # () holds in 2 and p € E,,() then g = r holds
in A/p.
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We denote by E,,(2l) be the set of the relations characterized above.
> E,.(2) is an algebraic closure system on A x A.

= the smallest relation from E,,(2() containing R C Ax Ais
a(R)=({p € Eu() | R C p}.
> o = o)) = a(da) is the smallest element of E,,(2L) and it is

called the fundamental relation of 2.

> If an identity N r # () holds in 2 and p € E,,() then g = r holds
in A/p.

= any identity (weak or strong) which holds on 2l is also satisfied in its
fundamental algebra 2 = A /a*.
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> Even if gNr # () is not satisfied on 2A we can obtain a factor
multialgebras of 2l which are universal algebras satisfying q = r by
factorizing it modulo relations from E,,(21) which contain

Rqr e LJ{q(ao7 ey a,,,l) X r(ao7 ey a,,,l) | ag, ..., dn—1 € A}
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> Even if gNr # () is not satisfied on 2A we can obtain a factor
multialgebras of 2l which are universal algebras satisfying q = r by
factorizing it modulo relations from E,,(21) which contain

Rqr e LJ{q(ao7 ey a,,,l) X r(ao7 ey a,,,l) | ag, ..., dn—1 € A}

> Each relation from E,,(2() which gives a factor multialgebra
satisfying the identity @ = r must contain the relation Ryg,.
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> Even if gNr # () is not satisfied on 2A we can obtain a factor
multialgebras of 2l which are universal algebras satisfying q = r by
factorizing it modulo relations from E,,(21) which contain

Rqr e LJ{q(ao7 ey a,,,l) X r(ao7 ey a,,,l) | ag, ..., dn—1 € A}

> Each relation from E,,(2() which gives a factor multialgebra
satisfying the identity @ = r must contain the relation Ryg,.

= the smallest relation from E,,(2() for which the factor multialgebra
is a universal algebra satisfying q = r is ag, = a(Ryr).
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> Even if gNr # () is not satisfied on 2A we can obtain a factor
multialgebras of 2l which are universal algebras satisfying q = r by
factorizing it modulo relations from E,,(21) which contain

Rqr = LJ{C](BO7 ey a,,,l) X r(ao7 ey a,,,l) | ag, ..., dn—1 € A}
> Each relation from E,,(2() which gives a factor multialgebra

satisfying the identity @ = r must contain the relation Ryg,.

= the smallest relation from E,,(2() for which the factor multialgebra
is a universal algebra satisfying q = r is ag, = a(Ryr).

. k %
(In particular, o* = ag . .)
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> Even if gNr # () is not satisfied on 2A we can obtain a factor
multialgebras of 2l which are universal algebras satisfying q = r by
factorizing it modulo relations from E,,(21) which contain

Rqr = LJ{C](BO7 ey a,,,l) X r(ao7 ey a,,,l) | ag, ..., dn—1 € A}
> Each relation from E,,(2() which gives a factor multialgebra

satisfying the identity @ = r must contain the relation Ryg,.

= the smallest relation from E,,(2() for which the factor multialgebra
is a universal algebra satisfying q = r is ag, = a(Ryr).
(In particular, o* = ag . .)

> (Pelea, Purdea) oy, is the transitive closure of the relation g,
defined by

xoqy © 3p€ PP (), Ja0,..., 2,1 €A
x € p(g(ao,.--,an-1)), y € p(r(ao,...,an—1)) or
y € p(qao,...,an 1)), x € p(r(ao,...,an-1)).
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The fundamental relation of a multialgebra
(Pelea) a* is the transitive closure of the relation o defined by

xay < dneN, dpe PI&")(‘B*@[)), Jag,...,a,—1 € A:
X,y € p(a())"'aan—l);

loan Purdea, Cosmin Pelea Term functions and polynomial functions in hyperstructure theory



Open problems in algebraic hyperstructure theory and applications, September 24-26, 2011, lasi, Romania

The fundamental relation of a multialgebra
(Pelea) a* is the transitive closure of the relation o defined by
xay < dneN, dpe PI&")(‘B*@[)), Jag,...,a,—1 € A:
X,y € p(ag, .- -,an—1);

» For any polynomial function p € PIE\")(&B*(Ql)) and any
ag,...,an_1 € A, thereexist me N, m>n, by,...,bn_1 € A and
a term function p’ € P(™(P*(A)) such that

P(ao, e an—l) = p/(b07 L) bm—l)-
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The fundamental relation of a multialgebra
(Pelea) a* is the transitive closure of the relation o defined by
xay < dneN, dpe P&")(‘B*(Ql)), Jag,...,a,—1 € A:

X,y € p(a()) sy an—l);

» For any polynomial function p € PIE\")(&B*(Ql)) and any
ag,...,an_1 € A, thereexist me N, m>n, by,...,bn_1 € A and
a term function p’ € P(™(P*(A)) such that

p(ao,.--yan_1) = p'(bos- -, bm_1).
=- we can redefine « as follows
xay < dneN, Ipe PM(P*(A)), Jag,...,a,_1 €A:
x,y € p(ag, .- .,an—1)
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The fundamental relation of a multialgebra
(Pelea) a* is the transitive closure of the relation o defined by

xay < dneN, dpe PIE\")(‘B*@[)), Jag,...,a,—1 € A:
X,y € p(a())"'aan—l);

» For any polynomial function p € PIE\")(&B*(Ql)) and any
ag,...,an_1 € A, thereexist me N, m>n, by,...,bn_1 € A and
a term function p’ € P(™(P*(A)) such that

p(ao,.--yan_1) = p'(bos- -, bm_1).
=- we can redefine « as follows
xay < dneN, Ipe PM(P*(A)), Jag,...,a,_1 €A:
x,y € p(ag, .- .,an—1)

> (Pelea, Purdea) a* is also the transitive closure of the relation

xa'y < 3pe PUO(R*(R)), Jac A: x,y € p(a).
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Let *B be a universal algebra and p an equivalence relation on B. Denote
by 6(p) the smallest congruence relation on B containing p.

> (Pelea, Purdea) Forne N, p € P‘,(s"/)p(%*(%/p)) and
X, ¥y 20,---,2Zn—1 € B we have

p(x), ply) € p(p(20), - - -, p{zn-1)) = x0(p)y.
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Let *B be a universal algebra and p an equivalence relation on B. Denote
by 6(p) the smallest congruence relation on B containing p.

> (Pelea, Purdea) Forne N, p € P‘,(s"/)p(%*(%/p)) and
X, ¥y 20,---,2Zn—1 € B we have

p(x), ply) € p(p(20), - - -, p{zn-1)) = x0(p)y.

= (Pelea, Purdea) -
B/p=B/0(p).
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Example
Let (G,-) be a group, H a subgroup of G,

G/H={xH|x € G}

and
(xH)(yH) ={zH | z=X'y', X' € xH, y' € yH}.

The hypergroupoid (G/H,-) is a hypergroup (Marty).

If G/H is the fundamental group of the hypergroup G/H and H is
the smallest normal subgroup of G which contains H then

G/H =~ G/H.
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Direct products of multialgebras

Let (A; | i € 1) be a family of multialgebras of type 7. The

Cartesian product [];., A; with the multioperations

E((@ier- - (@7 Mie) = [[ A& a0 ),
iel

is a multialgebra called the direct product of the multialgebras
(A |iel).
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Direct products of multialgebras

Let (A; | i € 1) be a family of multialgebras of type 7. The

Cartesian product [];., A; with the multioperations

E((@ier- - (@7 Mie) = [[ A& a0 ),

iel

is a multialgebra called the direct product of the multialgebras
(A |iel).

> If pe PO)(7) and (a0)ics, - -, (a7 1)ies € [1;c; Ai then

p((a?)i€/7'-'a ,' IGI HP ?7"-7 ,n 1)'

iel
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Direct products of multialgebras

Let (A; | i € 1) be a family of multialgebras of type 7. The

Cartesian product [];., A; with the multioperations

E((@ier- - (@7 Mie) = [[ A& a0 ),

iel

is a multialgebra called the direct product of the multialgebras
(A |iel).

> If pe PO)(7) and (a0)ics, - -, (a7 1)ies € [1;c; Ai then

p((a?)i€/7'-'a ,' IGI HP ?7"-7 ,n 1)'

iel

» The direct product of a family of multialgebras which satisfy a
certain identity (weak or strong) satisfies the same identity.
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Direct limits of direct systems of multialgebras

Let A= ((Ai|iel),(gjl|i,jel, i <Jj)) beadirect system of
multialgebras and let A, be the direct limit of the direct system of
their supporting sets.

Let us remind that:
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Direct limits of direct systems of multialgebras

Let A= ((Ai|iel),(gjl|i,jel, i <Jj)) beadirect system of
multialgebras and let A, be the direct limit of the direct system of
their supporting sets.

Let us remind that:

» (/,<) is a directed preordered set;
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Direct limits of direct systems of multialgebras

Let A= (i |iel),(pijl|i,jel, i<j)) bea direct system of
multialgebras and let A, be the direct limit of the direct system of
their supporting sets.
Let us remind that:
» (/,<) is a directed preordered set;

> the set A is the factor of the disjoint union A of the sets A;
modulo the equivalence relation = defined as follows: for any
X,y € A there exist i,j € |, such that x € A;, y € A;, and

x=y & dkel, i<k j<k: pulx)=qgily).
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We define the multioperations £, on A = {X | x € A} as follows:

if X0,...,Xn,—1 € A and for any j € {0,...,n, — 1} we consider
that x; € A;; (ij € 1) then

ﬁ,(%,...,ﬁ):{ﬁeAmyamel,iogm,...,i,,w_lgm,

ac fw(()@iom(aO)a cee 7(an,y—1m(a”«/—1))}'

The multialgebra Ao = (Aco; (£;)y<o(r)) is called the direct limit
of the direct system A.
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We define the multioperations £, on A = {X | x € A} as follows:
if X0,...,Xn,—1 € A and for any j € {0,...,n, — 1} we consider
that x; € A;; (ij € 1) then

£,(30,-- - an,—1)={3€ A |Ime g <m,... in_1<m,

ac fw(()@iom(aO)a cee 7(an,y—1m(a”«/—1))}'

The multialgebra Ao = (Aco; (£;)y<o(r)) is called the direct limit
of the direct system A.

» Ifpe P(”)(T), ag,...,apn—1 € Aand ig,...,in_1 € | are such
that a; € A; for all j € {0,...,n— 1} then

p(aO7yan/?1):{/a\€Aoo|Elm€/a iOva"'7in—1Sma

a € p(@ism(a0), - - -+ Pi_ym(an—1))}-
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We define the multioperations £, on A = {X | x € A} as follows:
if X0,...,Xn,—1 € A and for any j € {0,...,n, — 1} we consider
that x; € A;; (ij € 1) then

ﬁ,(%,...,ﬁ):{ﬁeAmyamel,iogm,...,i,,w_lgm,

ac fw(()@iom(aO)a cee 790!',17—1!77(3”«/—1))}'

The multialgebra Ao = (Aco; (£;)y<o(r)) is called the direct limit
of the direct system A.

» Ifpe P(”)(T), ag,...,apn—1 € Aand ig,...,in_1 € | are such
that a; € A; for all j € {0,...,n— 1} then

~

p(aO7"~7al1/—\1):{3€Aoo | dm e /a iO < m,..., i,-,_l < m,
a € p(@im(a0); - - -, @i,_im(an-1))}-
» The direct limit of a direct system of multialgebras which

satisfy a certain identity (weak or strong) satisfies the same
identity.
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