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The objects

Let F be a type of (multi)algebras. A F-multialgebra A = (A,F )
consists of a set A and a family of multioperations F obtained by
associating a multioperation f A (or, simply, f ) on A to each
symbol f from F .

An n-ary multioperation f on a set A is:

I a mapping f : An → P(A) = {X | X ⊆ A}
⇒ any Σ-structure can be organized as such a multialgebra

I a mapping f : An → P∗(A) = {X ⊆ A | X 6= ∅}.
⇒ the factors of universal algebras modulo equivalence relations

(which are not necessarily congruences)
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(F. Marty, 1934) Let (G , ·) be a group, H ≤ G and
G/H = {xH | x ∈ G}. The equality

(xH)(yH) = {zH | z = x ′y ′, x ′ ∈ xH, y ′ ∈ yH}.

defines a binary multioperation

G/H × G/H → P∗(G/H)

which is an operation on G/H if and only if H E G .

(G/H, ·) is a particular hypergroup

(Grätzer, 1962) Any multialgebra A results from a universal algebra
B and an appropriate equivalence ρ of B as before, i.e. by taking

f (a1/ρ, . . . , an/ρ) = {b/ρ | b = f (b1, . . . , bn), aiρbi , i = 1, . . . , n}.
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The morphisms

Let A = (A,F ), B = (B,F ) be F-multialgebras and h : A→ B.

I h is a multialgebra homomorphism if for any n ∈ N, any
f ∈ Fn and any a1, . . . , an ∈ A,

h(f A(a1, . . . , an)) ⊆ f B(h(a1), . . . , h(an)).

(= the morphisms of F-Malg.)

I h is an ideal homomorphism if for any n ∈ N, any f ∈ Fn and
any a1, . . . , an ∈ A,

h(f A(a1, . . . , an)) = f B(h(a1), . . . , h(an)).

⇒ a subcategory F-Malg i of F-Malg

The multialgebra isomorphisms are the bijective ideal
homomorphisms.
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We studied:

Closure properties of the (sub)category F-Malg of F-multialgebras
in the corresponding category of Σ-structures with respect to:

I products

I directed colimits

I directed limits

Some functors from F-Malg into the category of F-algebras
(determined by the construction of the fundamental algebra)

Preservation properties of these functors with respect to products
and directed limits and colimits
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The fundamental relation of a multialgebra A

= the smalest equivalence relation of A for which the factor
multialgebra is a universal algebra

(P., 2001) The fundamental relation α∗A of the multialgebra A is
the transitive closure of the relation αA defined as follows

xαAy ⇔ ∃n ∈ N,∃t ∈ Clon(P∗(A)),∃a1, . . . , an ∈ A :

x , y ∈ tP
∗(A)(a1, . . . , an).

⇒ a functor from F-Malg into the category F-Alg of F-algebras
(the fundamental functor).

As a matter of fact...

The category of F-Alg is a reflective subcategory of the category
F-Malg and the fundamental functor is a reflector for F-Alg.
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Directed colimits

F-Malg is closed under the formation of directed colimits (in the
corresponding category of Σ-structures)

... and so is F-Malg i.

The fundamental functor preserves the existing colimits, thus it
preserves the directed colimits.

Any identity valid in the multialgebras of a directed system is valid
in the directed colimit. Any identity of a multialgebra holds in its
fundamental algebra.

⇒ the above results can be rephrased for particular multialgebras
such as: semihypergroups, hypergroups or hyperrings.
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Products

F-Malg is closed under the formation of (direct) products (in the
corresponding category of Σ-structures)

... but F-Malg i is not. More exactly, the direct product of two
multialgebras is the product in F-Malg i if and only if they are
algebras.

The fundamental functor does not preserve, in general, the (finite)
products.

Yet, the fundamental functor from the category of hypergroups
into the category of groups preserves the finite products, and
similar results hold for some particular categories of hyperrings.
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Directed limits
F-Malg is not closed under the formation of directed limits (in the
corresponding category of Σ-structures)

Let (I ,≤) be a directed set,

D : (I ,≥)→Malg(τ), D(i) = Di , D(i → j) = ϕi
j

an inverse system of F-multialgebras,

D∞ = {(ai )i∈I ∈
∏
i∈I

Di | ∀j , k ∈ I , j ≤ k, ϕk
j (ak) = aj}

the direct limit of the directed limit of sets obtained by “forgetting” the
multioperations of each multialgebra Di = (Di ,F ), i ∈ I .

If f ∈ Fn, the corresponding “multioperations” should be defined on D∞
by the equalities

f D∞((a1i )i∈I , ..., (a
n
i )i∈I ) =

∏
i∈I

f Di (a1i , ..., a
n
i ) ∩ D∞ = lim←−f

Di (a1i , ..., a
n
i ).
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An example of directed limit of monounary multialgebras which is a

relational system which is not a multialgebra

Higman and Stone (1954) gave an example of an inverse system of
(countable) sets, with surjective mappings and empty inverse limit:
Let ω1 be the first uncountable ordinal and for α < ω1,

Eα = {γ | γ ≤ α}, Fα = {g ∈ REα | g is strictly increasing};

and for α < β < ω1, let

θβα : Fβ → Fα, θ
β
α(g) = g |Eα (the restriction of g to Eα).

Higman and Stone define by transfinite induction a family of subsets Sα
of Fα for which

|Sα| = ℵ0 and θβα(Sβ) = Sα whenever α < β,

such that the inverse system (Sα | α < ω1) (with the corresponding

restrictions of the functions θβα) has the desired property.
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An example ...

Starting from Higman and Stone example, we take Dα = Sα ∪ {0Eα} for
each α < ω1, where 0Eα

: Eα → R, 0Eα
(γ) = 0, and

f Dα : Dα → P∗(Dα), f Dα(g) = Sα, ∀g ∈ Dα.

Consider
ϕβα : Dβ → Dα, ϕ

β
α(g) = g |Eα

(α < β).

Clearly, ϕβα|Sα = θβα|Sα and ϕβα are (ideal) homomorphisms, thus we
obtain an inverse system of monounary multialgebras.

The set D∞ is not empty since (0Eα)α<ω1 ∈ D∞ but

f D∞((0Eα
)α<ω1) = lim←−f

Dα(0Eα
) = lim←−Sα = ∅.
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For details, see ...
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