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Fundamental relation (in hyperstructure theory) =

(specific) the smallest equivalence relation of a multialgebra for
which the factor multialgebra is a universal algebra;

(generic) an equivalence relation of a multialgebra (minimal with
respect to some property) for which the factor multialgebra is a
universal algebra;

commutative ~ of a (semi)hypergroup = the smallest equivalence
relation of a (semi)hypergroup for which the factor semihypergroup
is a commutative (semi)group;

T— ~ of a multialgebra = the smallest equivalence relation of a
multialgebra for which the factor multialgebra is a universal algebra
satisfying a given set of identities Z.
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Some tools:

e The universal algebra P*(A) of the nonempty subsets of A, given by

AL LA =@ an) | ai€ A =1, 0}
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Some tools:

e The universal algebra P*(A) of the nonempty subsets of A, given by
AL LA =@ an) | ai€ A =1, 0}
e The algebra (Pol,,(P*(A)), F) of the m-ary polynomial functions of

the algebra P*(A).

e The subuniverse Pols(P*(A)) of Pol,,(P*(A)) generated by
{c"|ae A} U{e}, where cJ',e" : P*(A)™ — P*(A) are given by

a i

(A1, ..., An) = {a} and €"(Aq, ..., An) = A;.
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Some tools:

The universal algebra P*(A) of the nonempty subsets of A, given by

AL LA =@ an) | ai€ A =1, 0}

The algebra (Pol,,(P*(A)), F) of the m-ary polynomial functions of
the algebra P*(A).

The subuniverse Pol (P*(A)) of Pol,,(P*(A)) generated by
{c"|ae A} U{e}, where cJ',e" : P*(A)™ — P*(A) are given by

a i

(A1, ..., An) = {a} and €"(Aq, ..., An) = A;.

The clone Clo(P*(A)) of the term functions of P*(A).
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Fundamental relation (specific)

(P., 2001) The fundamental relation o of the multialgebra A is the
transitive closure of the relation aa defined as follows

xapy < In e N,3p € PolA(P*(A)),3ay,...,a, € A:
x,y € p(a,...,an).
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Fundamental relation (specific)

(P., 2001) The fundamental relation o of the multialgebra A is the
transitive closure of the relation aa defined as follows

xapy < In e N,3p € PolA(P*(A)),3ay,...,a, € A:
x,y € p(a,...,an).
[or
xapy < dn € N3t € Clo,(P*(A)),3a1,...,a, € A:
x,y €t M(ay, ... a,). ]
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Fundamental relation (specific)
(P., 2001) The fundamental relation o of the multialgebra A is the
transitive closure of the relation aa defined as follows

xapy < In e N,3p € PolA(P*(A)),3ay,...,a, € A:
x,y € p(a,...,an).

xapy < dn € N3t € Clo,(P*(A)),3a1,...,a, € A:
x,y € 7 (ay,.. . a,). ]

(P., Purdea, 2006) The relation aj of the multialgebra A is the transitive
closure of the relation «a defined as follows

xaay < Ip € Pol}(P*(A)),Jac A: x,y € p(a).
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Fundamental relation (specific)

(P., 2001) The fundamental relation o of the multialgebra A is the
transitive closure of the relation aa defined as follows

xapy < In e N,3p € PolA(P*(A)),3ay,...,a, € A:
x,y € p(a,...,an).

xapy < dn € N3t € Clo,(P*(A)),3a1,...,a, € A:
x,y € 7 (ay,.. . a,). ]

(P., Purdea, 2006) The relation aj of the multialgebra A is the transitive
closure of the relation «a defined as follows

xaay < Ip € Pol}(P*(A)),Jac A: x,y € p(a).

For any p € Pol{(P*(A)), there exist me N, m > 1, by, ..., by € A and
t € Clo(P*(A)) such that

PP (A = P AN AL, by, ..., by), VA € P*(A).
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Fundamental relation (generic)

(P., Purdea, 2006) For an equivalence relation p of a multialgebra A, the
following conditions are equivalent:

(a) A/p is a universal algebra (p € E,2(A));
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Fundamental relation (generic)

(P., Purdea, 2006) For an equivalence relation p of a multialgebra A, the
following conditions are equivalent:

(a) A/p is a universal algebra (p € E,2(A));
(b)ifneN, feF, ab,xi,...,x, €A, apb, then, foralli=1,...,n,

A =cA )
FAX -y Xim1, @, X1y -+ Xn)PE (X1, -y Xim1, By X1, o5 Xn);
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Fundamental relation (generic)

(P., Purdea, 2006) For an equivalence relation p of a multialgebra A, the
following conditions are equivalent:

(a) A/p is a universal algebra (p € E,2(A));
(b)ifneN, feF, ab,xi,...,x, €A, apb, then, foralli=1,...,n,
FA(XL, oy Xim1, @, Xt 1 - X )F (XL, oy Xim 1, By Xi 1y« o s Xn);
(c)ifneN, f e F,, x,yi € Aand x;py; (i =1,...,n), then
PG - X)),
(d) if m €N, p € Pol2(P*(A)), xi,y; € A, xipy; (i =1,...,m), then

p(Xla'~'aXm)5p(y1a"'7ym);
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Fundamental relation (generic)

(P., Purdea, 2006) For an equivalence relation p of a multialgebra A, the
following conditions are equivalent:

(a) A/p is a universal algebra (p € E,2(A));
(b)ifneN, feF, ab,xi,...,x, €A, apb, then, foralli=1,...,n,
FA(XL, oy Xim1, @, Xt 1 - X )F (XL, oy Xim 1, By Xi 1y« o s Xn);
(c)ifneN, f e F,, x,yi € Aand x;py; (i =1,...,n), then
PG - X)),
(d) if m €N, p € Pol2(P*(A)), xi,y; € A, xipy; (i =1,...,m), then
p(x1, -, Xm) PP(Y1s - - s Yim)i
(e) if meN, tis an m-ary term, x;,y; € A, x;py; (i =1,...,m), then

tP*(A)(xl, . ,xm)ﬁtp*(A)(yl, e Ym);
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Fundamental relation (generic)

(P., Purdea, 2006) For an equivalence relation p of a multialgebra A, the
following conditions are equivalent:

(a) A/p is a universal algebra (p € E,2(A));
(b)ifneN, feF, ab,xi,...,x, €A, apb, then, foralli=1,...,n,
FA(XL, oy Xim1, @, Xt 1 - X )F (XL, oy Xim 1, By Xi 1y« o s Xn);

(c)ifneN, f e F,, x,yi € Aand x;py; (i =1,...,n), then
PG - X)),

(d) if m €N, p € Pol2(P*(A)), xi,y; € A, xipy; (i =1,...,m), then
p(x1, -, Xm) PP(Y1s - - s Yim)i

(e) if meN, tis an m-ary term, x;,y; € A, x;py; (i =1,...,m), then

tP A (xq, . xm) DT Ay, ym);
() if p € Pol(P*(A)), x,y € A and xpy then

p(x)7p(y).
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The Z-fundamental relation

(P., Purdea, 2006) ag, = the smallest relation from E,,(A) for
which the factor (multi)algebra satisfies the identity g = r
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The Z-fundamental relation

Theorem (P., Purdea, Stanca)

LetT={qi=ri|icl} (I #0, qi,r mi-ary terms of type F, i € ) and
let A = (A, F) be an F-multialgebra. The smallest equivalence relation
on A for which the factor multialgebra is a universal algebra satisfying all
the identities from I (i.e. the T-fundamental relation of A) is the
transitive closure oy of the relation az C A x A defined by:

xazy < 3Ji€l, Ip; € Polf(P*(A)), Jal,....a), € A:
A i A A i
xepl Mgl M.,y e pl BT ML, a)),
or yep, Mgl W(ai,....al)), x e pf BT W, a0,).

(P., Purdea, 2006) ag, = the smallest relation from E,,(A) for
which the factor (multi)algebra satisfies the identity g = r

* *
== o7 = \/ozqm_.
iel
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The general recipe

For an F-multialgebra A = (A, F), the poset (E,,(A),C) is an algebraic
closure system on A x A.
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The general recipe

For an F-multialgebra A = (A, F), the poset (E,,(A),C) is an algebraic
closure system on A x A. If a® is the corresponding closure operator then

Theorem (Pelea, 2013)

If C A x A, the relation o®(0) is defined as follows: (x,y) € o®(0) if
and only if there exist k € N*, a sequence x = tg, t1,...,tx =y of
elements from A, some pairs (by, c1), ..., {bk, ck) € 0 and some unary
polynomial functions py, ..., px from Pol{(P*(A)) such that for all
ied{l,... k},

(ti—1, ti) € pi(bi) x pi(ci) or (ti, ti—1) € pi(bi) x pi(c;).
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The general recipe

For an F-multialgebra A = (A, F), the poset (E,,(A),C) is an algebraic
closure system on A x A. If a® is the corresponding closure operator then
the Z-fundamental relation is o*(Rz), where

Rr = U{qf*(A)(al, ey am,)xrip*(A)(al, cesam) | A, am €ATE T}

thus o follows from the next result by taking 8 = Rz.

Theorem (Pelea, 2013)

If C A x A, the relation o®(0) is defined as follows: (x,y) € o®(0) if
and only if there exist k € N*, a sequence x = tg, t1,...,tx =y of
elements from A, some pairs (by, c1), ..., {bk, ck) € 0 and some unary
polynomial functions py, ..., px from Pol{(P*(A)) such that for all
ied{l,... k},

(ti—1, ti) € pi(bi) x pi(ci) or (ti, ti—1) € pi(bi) x pi(c;).
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Applications. ..
... to hypergroups
Let (H,-) be a hypergroup.
E..({H,-)) = the set of the strongly regular equivalence relations

The reproducibility condition defines the binary multioperations
/,\:H* = P*(H), bja={x € H|beEx-a},a\b={xeH|bca-x},

but
Eua((H,")) = Eua((H, ", /,\))
and (H/p,-) is a group for any p € E,,((H,")).
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Applications. ..
... to hypergroups
Let (H,-) be a hypergroup.
E..({H,-)) = the set of the strongly regular equivalence relations

The reproducibility condition defines the binary multioperations
/,\:H* = P*(H), bja={x € H|beEx-a},a\b={xeH|bca-x},

but
Eua((H,")) = Eua((H, ", /,\))
and (H/p,-) is a group for any p € E,,((H,")).

(Koskas, 1970) The fundamental relation of (H,-) is (the transitive
closure 3* of) the relation [ defined by

xBy & dneN* day,...,a, € H: x,y €ar-ap.
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Applications. ..
... to hypergroups and commutativity

Let (H,-) be a hypergroup.

(Freni, 2002) the commutative-fundamental relation of (H,-) is (the
transitive closure v* of) the relation ~ defined by

n n
xyy < 3dneN* 3z,...,z,e H,doc € S, : x € HZ,-,y € I_Iz(,(,-)7
i=1 i=1
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Applications. ..
... to hypergroups and commutativity

Let (H,-) be a hypergroup.

a{xlxzzxle} = U Yns
neN*

where v; = dy and for n > 1,
XYy & 37,z € H, Jie{l,...,n—1}:

X €zi---zi1(2izig1)Zig2  Zny ¥ € 21+ Zj—1(Zi412i)Ziy2 - -+ Zn.

the commutative-fundamental relation of (H, ) is (the
transitive closure v* of) the relation ~ defined by

n n
xyy < 3dneN* 3z,...,z,e H,doc € S, : x € HZ,-,y € I_Iz(,(,-)7
i=1 i=1
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Applications. ..
... to hypergroups and commutativity

Let (H,-) be a hypergroup.
Afx xo=x2x1} — U Yns
neN*

where v; = dy and for n > 1,
XYy & 37,z € H, Jie{l,...,n—1}:

X €zi---zi1(2izig1)Zig2  Zny ¥ € 21+ Zj—1(Zi412i)Ziy2 - -+ Zn.

The transitive closure of ay x,—x,x,} 1S
the commutative-fundamental relation of (H, ) is (the
transitive closure v* of) the relation ~ defined by

n n
xyy < 3dneN* 3z,...,z,e H,doc € S, : x € HZ,-,y € I_Iz(,(,-)7
i=1 i=1

since the cycles (12),(23),...,(n — 1 n) generate the symmetric group S,
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Applications. ..
...to n-(semi)hypergroups
Let (H,f) be an n-semihypergroup (n € N, n > 2).

(Davvaz, Fotea, 2008) the form of the fundamental relation of (H, )

(Davvaz, Dudek, Mirvakili, 2009) the commutative-fundamental relation
of (H,f)
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Applications. ..
...to n-(semi)hypergroups
Let (H,f) be an n-semihypergroup (n € N, n > 2).
Using the associativity of f one obtains the form of the term functions
from (P*(H), f) and from the characterization of the fundamental
relation of a (general) multialgebra one can immediately deduce
(Davvaz, Fotea, 2008) the form of the fundamental relation of (H, )
If we take Z = {f(x1,...,%n) = f(Xo(1), -, Xo(n)) | 0 € Sp}, then a7 is
(Davvaz, Dudek, Mirvakili, 2009) the commutative-fundamental relation
of (H,f)
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Applications. ..

...to n-(semi)hypergroups

Let (H,f) be an n-semihypergroup (n € N, n > 2).

Using the associativity of f one obtains the form of the term functions
from (P*(H), f) and from the characterization of the fundamental
relation of a (general) multialgebra one can immediately deduce

(Davvaz, Fotea, 2008) the form of the fundamental relation of (H, )

If we take Z = {f(x1,...,%n) = f(Xo(1), -, Xo(n)) | 0 € Sp}, then a7 is
(Davvaz, Dudek, Mirvakili, 2009) the commutative-fundamental relation
of (H,f)

o If (H,f) is n-hypergroup, it hides in its structure the multioperations
(a1, ..., a8i—1,b,ai41,...,ap) = {x | b€ f(ar,...,ai-1,X,8i+1,.--,an)}

but in the corresponding fundamental algebra the associativity of f and
the existence of a solution for (each of) the equation
b=f(ay,...,a-1,X%,3t1,...,4a,) implies its uniqueness, thus

Eua(<Ra f>) = Eua(<R7 f7 fl; ceey fn>)'
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Applications. ..

... to hyperrings

Let (A, +,-) be a hyperring.

(Vougiouklis, 1991) the fundamental relation ['* of (A, +, ) is the
transitive closure of the relation consisting of all the pairs (x, y) for which
there exist n, ki, ..., kn, € N*| x;1,...,xx, € A (i =1,...,n) such that

ki

n
X,yGZ HX,'J'

i=1 \j=1
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Applications. ..

... to hyperrings
Let (A, +,-) be a hyperring.

Since - is (sub)distributive with respect to +, any image of a term
function of (P*(A),+, ) is contained in a sum of products of nonempty
subsets of A, thus

the fundamental relation [* of (A, +,-) is the
transitive closure of the relation consisting of all the pairs (x, y) for which
there exist n, ki, ..., kn € N*| x;1,...,xi, € A (i =1,...,n) such that

ki

n
X,yGZ HX,'J'

i=1 \j=1

Cosmin Pelea Fundamental relations in multialgebras. A survey



Algebraic Hyperstructures and Applications (AHA 2014), September 2—7, 2014 Xanthi, Greece

Applications. ..
... to hyperrings and commutativity
Let (A, +,-) be a hyperring and Z = {x; + X2 = X2 + X1, X1 X2 = X2-X1}.
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Applications. ..
.to hyperrings and commutativity
Let (A, +,-) be a hyperring and Z = {x; + X2 = X2 + X1, X1 X2 = X2-X1}.

(Davvaz, Vougiouklis, 2007) a is the transitive closure a* of the relation
consisting of all the pairs (x, y) for which there exist n, ki, ..., k, € N*,
T €S, Xi1y -+ Xik; € A, and o; € Sk,-(i =1,..., n) such that

XEZ HXU andyez HX.,-,C,
i=1 \j=1 i=1 \j=1
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Applications. ..

.to hyperrings and commutativity
Let (A, +,-) be a hyperring and Z = {x; + X2 = X2 + X1, X1 X2 = X2-X1}.

(Davvaz, Vougiouklis, 2007) a is the transitive closure a* of the relation
consisting of all the pairs (x, y) for which there exist n, ki, ..., k, € N*,
T €S, Xi1y -+ Xik; € A, and o; € Sk,-(i =1,..., n) such that

XEZ HXU andyez HX.,-,C,
i=1 \j=1 i=1 \j=1

(P., Purdea, Stanca) o is the transitive closure of the union of all the
Cartesian products

t(a1, ..., am) X t'(ar,...,am),
where t(ay,...,am) is a sum of products of elements of A (we allow the
sum to have only one term and the products to have only one factor),
and t'(ay,...,am) is obtained from t(a1,...,an) either by permuting
two consecutive factors in a product or by permuting two consecutive
terms in the sum.
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Moreover. ..

Theorem (P., Purdea, Stanca)

The variety M(T) of the F-algebras which satisfy all the identities from
T is a reflective subcategory of the category of F-multialgebras.
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Moreover. ..

Theorem (P., Purdea, Stanca)

The variety M(T) of the F-algebras which satisfy all the identities from
T is a reflective subcategory of the category of F-multialgebras.

Some corollaries ...
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Moreover. ..

Theorem (P., Purdea, Stanca)

The variety M(T) of the F-algebras which satisfy all the identities from
T is a reflective subcategory of the category of F-multialgebras.

Some corollaries ...

e The factorization of F-multialgebras modulo o provides a functor Fz
which is a reflector for M(Z):
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Moreover. ..

Theorem (P., Purdea, Stanca)

The variety M(T) of the F-algebras which satisfy all the identities from
T is a reflective subcategory of the category of F-multialgebras.

Some corollaries ...

e The factorization of F-multialgebras modulo o provides a functor Fz
which is a reflector for M(Z):

» Fz is defined by Fz(A) = A/aZ on objects,
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Moreover. ..

Theorem (P., Purdea, Stanca)

The variety M(T) of the F-algebras which satisfy all the identities from
T is a reflective subcategory of the category of F-multialgebras.

Some corollaries ...

e The factorization of F-multialgebras modulo o provides a functor Fz
which is a reflector for M(Z):

» Fz is defined by Fz(A) = A/aZ on objects,
» Fz assigns to each multialgebra homomorphism h: A — B the unique
universal algebra homomorphism h which makes the diagram

A—" o B

Aot — o BJax

commutative (the vertical arrows are the canonical projections).
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Other corollaries ...

Let Z be a set of identities and let A = (A, F) be an F-multialgebra.
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Other corollaries ...

Let Z be a set of identities and let A = (A, F) be an F-multialgebra.

e F7 preserves the directed colimits.
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Other corollaries ...

Let Z be a set of identities and let A = (A, F) be an F-multialgebra.

e F7 preserves the directed colimits.

(One should notice that, as in the case of the “fundamental functor”
F = F{x—x}, in general Fz does not preserve the (finite) products.)
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Let Z be a set of identities and let A = (A, F) be an F-multialgebra.

e F7 preserves the directed colimits.

(One should notice that, as in the case of the “fundamental functor'
F = F{x—x}, in general Fz does not preserve the (finite) products.)

e A/az = (A/ap)/at.
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Let Z be a set of identities and let A = (A, F) be an F-multialgebra.

e F7 preserves the directed colimits.

(One should notice that, as in the case of the “fundamental functor”
F = F{x—x}, in general Fz does not preserve the (finite) products.)

e A/az = (A/ap)/at.

e The commutative-fundamental group of a hypergroup is the
abelianization of its fundamental group.
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Other corollaries ...

Let Z be a set of identities and let A = (A, F) be an F-multialgebra.

e F7 preserves the directed colimits.

(One should notice that, as in the case of the “fundamental functor”
F = F{x—x}, in general Fz does not preserve the (finite) products.)

e A/az = (A/ap)/at.

e The commutative-fundamental group of a hypergroup is the
abelianization of its fundamental group.

e For a hyperring (A, +, ) with + weak commutative or with a

multiplicative identity, its fundamental relation is az‘xﬁxz:xﬁxl},

*

_ *
a = a{Xl X2=X2X1 }

and the ring A/a* is isomorphic to the factor of the fundamental ring of
A over its commutator ideal.
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... and other applications ...

(Ameri, Nozari, 2010) the fundamental relation of a fuzzy hyperalgebra
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. and other applications ...

(Ameri, Nozari, 2010) the fundamental relation of a fuzzy hyperalgebra
(P., Purdea, Stanca) The category of F-multialgebras is isomorphic to a

reflective subcategory of the category of F-fuzzy hyperalgebras (with
fuzzy hyperalgebra homomorphisms and mapping composition).
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(Ameri, Nozari, 2010) the fundamental relation of a fuzzy hyperalgebra

(P., Purdea, Stanca) The category of F-multialgebras is isomorphic to a
reflective subcategory of the category of F-fuzzy hyperalgebras (with
fuzzy hyperalgebra homomorphisms and mapping composition).

= any variety of F-algebras is isomorphic to a reflective subcategory of
the category of F-fuzzy hyperalgebras.

= the composition of the isomorphism resulting from the proof with
the corresponding reflector provides a functor G from the category of
F-fuzzy hyperalgebras into the category of F-multialgebras.
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(P., Purdea, Stanca) The category of F-multialgebras is isomorphic to a
reflective subcategory of the category of F-fuzzy hyperalgebras (with
fuzzy hyperalgebra homomorphisms and mapping composition).

= any variety of F-algebras is isomorphic to a reflective subcategory of
the category of F-fuzzy hyperalgebras.

= the composition of the isomorphism resulting from the proof with
the corresponding reflector provides a functor G from the category of
F-fuzzy hyperalgebras into the category of F-multialgebras.

—> the fundamental algebra of a fuzzy hyperalgebra A is the algebra
(FoG)(A) (F = Fix=x})
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. and other applications ...

(Ameri, Nozari, 2010) the fundamental relation of a fuzzy hyperalgebra

(P., Purdea, Stanca) The category of F-multialgebras is isomorphic to a
reflective subcategory of the category of F-fuzzy hyperalgebras (with
fuzzy hyperalgebra homomorphisms and mapping composition).

= any variety of F-algebras is isomorphic to a reflective subcategory of
the category of F-fuzzy hyperalgebras.

= the composition of the isomorphism resulting from the proof with
the corresponding reflector provides a functor G from the category of
F-fuzzy hyperalgebras into the category of F-multialgebras.

—> the fundamental algebra of a fuzzy hyperalgebra A is the algebra
(FoG)(A) (F = Fix=x})

e Replacing F by Fz in the above statement opens up the possibility to
define the Z-fundamental algebra of a fuzzy multialgebra for any set Z of
identities.
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. and other applications

(P., Purdea, Stanca) If A is a multialgebra, 1 : A — [0,1] is a fuzzy
submultialgebra of A and p € E,5(A), then p, defined by

1o(y/p) = \/{u(x) | (x,y) € p}

is a fuzzy subalgebra of A/p.
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(P., Purdea, Stanca) If A is a multialgebra, 1 : A — [0,1] is a fuzzy
submultialgebra of A and p € E,5(A), then p, defined by

1o(y/p) = \/{u(x) | (x,y) € p}
is a fuzzy subalgebra of A/p.

= [la: is a fuzzy subalgebra of A/a7.
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. and other applications

(P., Purdea, Stanca) If A is a multialgebra, 1 : A — [0,1] is a fuzzy
submultialgebra of A and p € E,5(A), then p, defined by

1o(y/p) = \/{u(x) | (x,y) € p}
is a fuzzy subalgebra of A/p.
= [la: is a fuzzy subalgebra of A/a7.

= [laj is a fuzzy subalgebra of the fundamental algebra of A.
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