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Chapter 0

Course description

0.1 Topics of the course

The following topics will be discussed in this course.
- triangulated spaces and simplicial sets;
- chain complexes and homology;
- modules and algebras;
- categories, functors and natural transformations;
- derived functors.

0.2 Location

Class meets on Wednesdays 14:00 — 15:50 in Mathematicum Lecture Room e.

0.3 Grading

The students will get the grades according to the following rules.
1. The students will get points (from 0.5 to 2 or 3) for homeworks (exercises given during the course).
2. The points for an exercise or a program will be awarded to only one student, to avoid copying.

3. 10 points are equal with the grade 10 (and so one).



Chapter 1

Simplicial Sets

1.1 Triangulated Spaces

These spaces can be glued from simplices (points, segments, triangles, tetrahedrons,. .. higher dimensional sim-
plices). They can be described combinatorially, by giving:

(1) the number of simplices of any dimension;

(2) how they are glued together.

Definition 1.1.1 The n-dimensional simplex is the topological space

n
An ={(x0,.-.%n) ERM™T [} %=1, x>0 =0,...,n}
1=0

The point e; = (0,...,1,...,0) is the i-th vertex of A,,. The vertices are ordered as ep < €7 < --- < en. Denote
1
] ={0,1,2,...n}. If I C [n], then the I-th face of A, is

{(x0,...xn) EAR Xy =0Vig I}

Instead of a subset I C [n] we may take 0 < m < n and the increasing map f : [m] — [n] such that Imf = I,
where |I] = m 4 1. It is clear that there exists a unique linear map A¢ : A;n — A, that preserves the order of
vertices and has the I-th face as image.

Example 1.1.2 a) If I ={1,2} C [2], then the I-th face of A; is the segment egpe;.
4
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b) Let f : [1] — [2] be defined by f(0) = 0, f(1) = 2, so Imf = I = {0,2} € [2]. Then A¢ : R? — R?,
A¢(1,0) = (1,0,0), A¢(0,1) = (0,0, 1), and the matrix of A¢ is

[Af] =

Then Af: Ay — A; has as image the segment epeq.

Definition 1.1.3 A gluing data is the following set X, of structures:

a) What we glue: X(o)- points, X(q)-segments, X2)-triangles, ... X, )-n-dimensional simplices.

b) How to glue: for any pair {n:1C [n]}, Il = m + 1 a map : X)) — X(mm) is given that specifies which
m-dimensional simplex should be identified with the I-th face of the corresponding n-dimensional simplex.

More precisely, let a face correspond to an increasing map f : [m] — n]. Let X(f) : X1,y = X(m) be the
corresponding gluing map. The family {X(f)}; should satisfy the following conditions:

X(id) =1id, X(gof) = X(g) o X(f).
This means that two different elements of X(,,) correspond to different simplices and that a face of a simplex ...

Definition 1.1.4 For a simplicial set X, let |X| be the topological space with underlying set
X| = U (An X X(n))/p)

where p is the smallest equivalence relation that satisfies
(X»S)p(tﬂj) V(S,X) S AT‘I. X X(n)) (tvy) S A‘rn X X(m) ‘Y= X(f)xv S = Af(t)

for some increasing map f : [m] — [n]. The canonical topology on |X| is the weakest topology such that the
canonical projection T: [ J_(An X X(n)) = [X| is continuous.
c¢) The space |X| with the glumg data X, is called a triangulated space.

For instance, in the case of the 3-dimensional simplex, we have [X(o)] =4, [X(1)] =6, [X(2] =4, X3/ = 1.
Informally, we say that:

e Each point of |X| belongs to at least one simplex;

e Each point of |X| belongs to finitely many simplices;

e The set of points of two simplices is either the empty set or is a face or a face of a face ... of each simplex.

Example 1.1.5 Examples of triangulated spaces:
a) The n-dimensional simplex A,, with the standard triangulation:

X(i) = subsets of cardinality i+ 1 in [n] = increasing maps from [i] to [n].

If f: [i] — [j] is an increasing map then X(f) maps the simplex g : [j] — [n] into g o f: [i] — [n].
b) The sphere S™ is obtained from the standard triangulation of A, 41 by deleting the unique n+ 1-dimensional
simplex.

Exercise 1 Verify that A,, is indeed a triangulated space.

Proposition 1.1.6 Any triangulated space is the set theoretical disjoint union of the interior of its simplices.
Namely, let

3 = : t( )’ 21 'Ilt(A ) = {(X X ) €R ! \ E xi=1,%x>0, 1€ [TL]} n>1
1 i y X ) ’ :
n IO» 0) n 0, n i

i=0

Let (X(1), X(f)) be some gluing data. Let t:|Jn_o (An x X(n)) —IX| be the (continuous) triangulation map. Then
T induces the bijective map

U A x X(n)) = IX|
n=0
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Triangulations of some topological spaces

1.2 Simplicial Sets

Definition 1.2.1 A simplicial set X is a family of sets Xe = (Xn)n>0 and maps X(f) : X;, = X for each
nondecreasing map f : [m] — [n], such that

X(id) =id, X(gof)=X(g) o X(f).

(The difference with the gluing data introduced in 1.1.3 is that f need not be strictly increasing.)

The elements of X,, are called n-simplices. Instead of X, we often denote X.

For any nondecreasing map f : [m] — [n] define the f-th face A¢ as the linear map from A, into A, that maps
ei € A to ef(i) € An, Vi € [m]. (The difference to 1.1.1 is that A need not be embedding. If f is not strictly
increasing, then A¢ decreases the dimension since we glue together some vertices of Ay, .)

Definition 1.2.2 The geometric realization |X| of the simplicial set X, is the topological space with underlying

o0
set [X| = U (An X Xy)/p where p is the smallest equivalence relation that satisfies
n=0

(s,x)p(t,y) V(s,x) € An x Xn, (t,y) € Ay x Xin 0 Yy = X(f)x, s = A¢(t)

for some nondecreasing map f : [m] — [n]. The topology on |X| is the weakest one for which the canonical map
o0

U (An x Xn) — |X] is continuous.

n=0
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Remark 1.2.3 One can associate to each triangulation a simplicial set with the same geometric realization, but
the notion of simplicial set is more general.

1.3 Chains and cochains

The boundary of A; = (PoP1) is the difference Py — Py of its vertices. This is similar to the Newton-Leibnitz
formula

1
J f'(x)dx = f(1) — f(0)
0

Similarly, the boundary of A,, is the alternating sum of its n — 1 dimensional faces.

Definition 1.3.1 Let X be a simplicial set.
a) Let C,(X) be the free abelian group generated by all n-simplices of X

Ca(X)={ Z ayXx | ax € Z, a, # 0 for a finite number of simplices x},
XEXn

Thus C,(X) is the free Z-module with basis X,,. The elements of C,(X) are called n-chains of X.
b) Let a; : [n— 1] — [n] be the unique stricly increasing map whose image is [n] \ {i}.
¢) Let c =3  cx. axx € Cn(X) be a n-chain. The boundary of c is the n — 1-chain

n

dcfZaXZ (x)

X€EXn i=0

So d;, is Z-linear, i.e. morphism of abelian groups, and for all x € X;,

dnx =Y (=1)X(3%)(x).

i=0

This defines the boundary operator d,, : C;,(X) — C;,_1(X), which is a Z-linear map. For n =0 we let d, =0,
and C,(X) ={0} for n < 0.
d) We can generalize the definition to obtain chains with coefficients in an abelian group (A, +).

Cn(A,X)={ Z axX:ay € Al
XEXn

This means that Cy, (A, X) = C,,(X) ®z A. In particular, C,,(X) = C,,(X,Z).
Definition 1.3.2 a) We define cochains with coefficients in an abelian group (A, +).

CHA,X)={f|f: X, = A}
is called the group of n-cochains of X. So (C™(A, X), +) is also an abelian group, where

f+g: Xn—An, (f4+g)(x) =1(x)+ g(x).

b) The coboundary operator is the group homomorphism d™ : C*(A,X) — C™ (A, X) defined by

n+1

d™ : Xnpr = A, (dM)(x) =) (1) (X% ,4)(x)
i=0
Lemma 1.3.3 a) dy_10d, =0,Vn>1;
b) d**!'od™ =0, ¥Vn > 0.

Proof. a) Consider the dlagram Ca(X) Aoy Coy (X) dnoy Cn—2(X). Note first that for any 0 <j <i<n—1

we have 9% o a’ _,=0ho a’ _,. Let x € C,,(X). Then

(dn10dn)(x) = dn1()_ (= (x)
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Composition 9% o 61171 for different 1,j yields all increasing maps defined on [n — 2] into [n] and the map whose
image does not contain i and j appear exactly twice as 0% o 9}, with sign (=1)¥, and the second time as
it+j—1

ol o 61171 =9 0 a;:‘] with the opposite sign (—1) . Hence the sum is zero, i.e. dn_7 0odn =0. n

Exercise 2 Prove statement b).

1.4 Complexes and homology

The motivation for the concepts introduces below comes from the following idea: we associate to a complicated
object, say a topological space, something which is easier to study — an abelian group for instance. To the
simplicial set X we associate its (co)homology groups: H®(X) and He(X). If X ~ Y (there exists some equivalence
between them) then we must have an isomorphism H,(X) ~ He(Y) of abelian groups.

Definition 1.4.1 a) A chain complex is a sequence of abelian groups and homomorphisms with the property
that dy, o dyy1 =0.

Co=(—Cns1 o Sy =)

b) A cochain complex is a sequence of abelian groups and homomorphisms with the property that d"od™~' =

0.
n—1 n
Co=(-ocvt L o e 5
Remark 1.4.2 Any chain complex can be transformed into a cochain complex by letting D™ := C_,,,d™ =
d_n_1.

Definition 1.4.3 Let C, be a chain complex and C*® a cochain complex.
a) The group of n-cycles is

Zn(Ce)=Kerdn ={x € Cy | dn =0} < Cy,.
The group of n-boundaries is
Bn(Ce) =Imdny1 ={dni1lye Cny1} <Ch.

Note that B (Ce) < Zn(C,).
b) The group of n-cocycles is

Z"(C*) =Kerd"={xe C"|d"=0}<Cn
The group of n-coboundaries is
BM(C*) =Imd™ " ={d"'(y) [ye C" T} <C
c) If ¢,c¢’ € Cy, we say that c,c’ are homologous (c ~¢’) if
c—c €Bn(C)e3I"eCr': c—c' =dn(c”)
Similarly, if f,f’ € C™ are cohomologous (f ~ f') if
f—f eB™(C) &I eCh:f—f =d" (")
d) The homology groups of the chain complex C, are the factor groups
ker d,, Z.(C,)

T Imdni1  Bn(Cs)

Hn(Ce)

The cohomology groups of the cochain complex C® are factor groups

nier kerd™  ZM(C®)
A o T B (C*)

If X is a simplicial set, we denote Hyp (X, A) := Hn(Co(X, A)) (the n-th homology group of X with coefficients
in (A,4)), and H*(X, A) := H™(C*(X, A)) (the n-th cohomology group of X with coefficients in (A, +)).
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Recall that if B is a subgroup of (A, +), then
A/B={a+BlacAl=A/~,
where ~ is defined by a ~a’ & a—a’ € B.

Example 1.4.4 We calculate the homology of the sphere S2, space which is homeomorphic to the surface of the
tetrahedron PoP1P2P3. The groups of chains are

Co(S?) = (P, P1,P2,P3) = (MoPo + 1Py + P2 +n3P3 [Ny €Z,i=0,...,3],
C1(S%) = (PoP1,PoP2, PoP3, P1P2, P1P3, P2P3),
C2(S?) = (PoP1P2,PoP1P3, PoP2P3, P1P2P3)
Cn(S?) =0, Vnez\0,1,2).
Consider the complex

d d
42, 0, 4,

Co(SH) =(-—025C,
Let n = 0. We have
Zo = Kerdy Z{X € Co ‘ do(X) :O}: Co
Bo =Imd; = (d1(PoP1),d1(PoP2),...,d1(P2P3))
= (P1 —Po,P2 — Po,P3 — Po, P2 — P1,P3 — Py, P3 — P2)

Tt follows that {P; — Po, P, — Py, P3 — Po}is a Z -basis of By. Hence By ~ Z3. We want to show that Hy ~ (Z, +).
We use the first isomorphism theorem. The map

©:Zo—7Z, @mnoPo+mniP;+nyP24+n3P3)=mnp+n7+mn,+n3
is Z-linear, surjective, and By C Ker @. Conversely, let x = ngPy + n1P; +n2P2 + n3P3 belong to Ker @. This
means @(x) =0 and it follows immediately that x € Bo. Hence By = Ker @, and this implies the statement.
Let n = 1. By definition Hy = Z;/B7 = Kerd;/Imd,. Let
x =n1PoPy +n2PoP2 + n3PoP3 +nyP1P2 + nsP1P3 +ngP2P € Cy.

Then one easily calculates that

ny =-—mMj—ny
x€EZ1&dix)=08<ns =n;—ma
Ng =MN)+ Ny,

where ny,ny,nyg € Z are independent parameters. Then x is a 1-cycle if and only if

x =1nj(PoPy — PoP3 + P1P3) + ny(PoP2 — PoP3 + P,P3) + ny(P1P2, — P1P3 + P,P3)
=mn1dz(PoP1P3) +n2d2(PoP2P3) +1n4dy(P1P2P3)
= dy(n1PoP1P3 +1,PoP,P3 + 4P P,P3)

It follows that every 1-cycle is an 1-boundary, so Z; C By, hence By = Z;. Consequently, H; = Z;/B; ~ {0}
Let n = 2. By definition, Hy, = Z,/B; = Kerd;/Im d3. Since Im d3 = 0, we have H, ~ Kerd, = Z,. Let
x =noPoP1P2 +n1PoP1P3 +nyPoP2P3 +13P1P,P3 € Cs.
Then, by an easy calculation, we get
X € Z; & da(x) =0 & x =n(P1P2P3 — PoP2P3 + PoP1P3 — PoP1P2),

where n € Z. It follows that Z; = Kerd, = (Z,+), and Hy = Z,/B, = Z/{0} ~ (Z, +).
Finally, Hi(S%) = {0}, Vi € Z\ {0,1,2}.
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Exercise 3 Compute the homology with coefficients in Z of the simplicial sets corresponding to the following
triangulated spaces:
a) one point; union of two points; segment;
b) triangle;
c) the 1-dimensional sphere S'.
d) solid tetrahedron;
) the plane annular region between two concentric circles;
) two tangent 1-spheres;
) two tangent 2-spheres;
) the cylinder;
) the Mobius strip;
) the 2-dimensional torus.
i) the Klein bottle;
j) the real projective plane;
k) a circle touching a 2-sphere at one point;
1) a 2-sphere with an annular ring whose inner circle is a great circle of the 2-sphere;
m) the 2-sphere with two handles;
n) a 2-sphere touching a Klein bottle at one point;
0) the n-dimensional smlplex An;
p) the (n — 1)-sphere S™~ ' (i.e. the boundary of A,).

Exercise 4 Let X be a triangulated space. Prove that Ho(X) is isomorphic to the free abelian group generated
by the connected components of X.

Exercise 5 Let X and Y be disjoint triangulated spaces. Prove that Hi(X UY) ~ H;(X) & H;(Y).

Example 1.4.5 (singular homology) Let Y be a topological space. By definition, a singular n-simplex of Y
is a continuous map ¢ : A, — Y. The following data defines a simplicial set.

e Let X;, be the set of all singular n-simplices of Y, for n € N;

o Xi)(d) = b o A¢, where f: [m] — [n].

Let Cy (X, A) be the group of n-chains of X. Its homology is denoted HE 8 (Y, A), and it is called the singular
homology of Y with coefficients in the abelian group A. Similarly, one defines singular cohomology.

Exercise 6 Verify that X is indeed a simplicial set.

1.5 Coefficient systems

We may construct chains and cochains of a simplicial set using as coefficients objects which are more general then
the abelian groups. We introduce two types of coefficient systems: homological and cohomological.

Definition 1.5.1 a) A homological coefficient system A on a simplicial set X consists of a family of abelian
groups (Ax)xex,, nen and a family of group homomorphisms (A ¢ ), where x € X, n € N, f: [m] — [n]
non-decreasing, and A y) : Ax — Ax(f)x, such that the following two conditions are satisfied:

Agiax) =id, A(fogx) = A(g.x(f)x) © Af,x)

b) A homological coefficient system B on a simplicial set X consists of a family of abelian groups
(Bx)xex,, nen and a family of group homomorphisms (B¢ y)), where x € X,, n € N, f : [m] — [n] non-
decreasing, and B¢ x) Bx(f)x — Bx, such that the following two conditions are satisfied:

Biax) =1d,  B(fog,x) = Bt,x) © B(g x(f)x)-

Definition 1.5.2 a) Let A be a homological coefficient system on a simplicial set X. An n-dimensional chain of
X with coefficients in A is a formal linear combination ¢ =}  _y a(x)x, where ax € A. These chains form an
abelian group (under addition) which is denoted by Cy(X,.A). The boundary map is

dn: Ca(X,A) = Cui(X,A), duc= ) Z Aoy, (ax)X (1) (x).

x€EXn i=0

Exercise 7 Verify that C4(X,A) is a chain complex, i.e. dy_70d, =0.
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Homology groups of the complex Co(X,.A) are called the homology groups of the simplicial set X with coeffi-
cients in A; they are denoted by H, (X, A).

b) Let B be a cohomology coefficient system on X. Let C*(X,B) ={f | f: Xn — U
which is an abelian group under addition. The coboundary operator is

ex. By with f(x) € By,

n+1
d™: CM(X,B) = C"(X,B), (d™)(x) = Z(*UiB(a;H‘x)(ﬂX(aL]))X), x € Xn.
i=0

Exercise 8 Verify that C*(X,B) is a chain complex, i.e. d™*! o d™ =0.

Cohomology groups of the complex C®(X,B) are called the cohomology groups of the simplicial set X with
coefficients in B; they are denoted by H™ (X, B).

Example 1.5.3 Let A be an abelian group, A, := A for all x, and A ¢ 5y = id for all (f,x). This is the constant
coefficient system, and it is both homological and cohomological. Moreover, we have H, (X, A) = Hy (X, A)
and H™ (X, A) = H" (X, A).

Example 1.5.4 (coverings, Cech cohomology) Let Y be a topological space, U = (Uy)xea be a covering of
Y (either by open or by closed sets). We define a simplicial set called the nerve of the covering.
o Let Xp ={(to, ..., an) | Ugy N+ N Uy, # 0}
e For f:[m] — [n], let X(f)(xo,...,0tn) = (g0}, .-+ Xf(m))-
The following data form a cohomological coefficient system:
«y) 1s the group of continuous function (under addition) U, N---N Uy, — R,
«n)) Maps a function ¢ : Uo(f(o) N---N U(Xﬂm — R into its restriction to Uy, N--- N Uy, .

.....

)

Exercise 9 Verify that:
a) X is a simplicial set;
b) F is a cohomological coefficient system.

The cohomology groups H™ (X, F) are called the Cech cohomology groups of the sheaf of continuous on Y
w.r.t the covering U.

The simplicial set X reflects the combinatorial structure of a covering. One can show that if the covering U is
locally finite and all nonempty finite intersections Uy, N---N Uy, are contractible, then the geometric realization
IX] of X is homotopically equivalent to Y, so that the topology can be efficiently encoded into combinatorical data.

Note that to verify the axioms we need only trivial properties of the restriction of a function to a subset. So,
instead of all functions we can take a subset stable under addition and restriction, e.g., smooth functions for a
differentiable manifold, analytic functions for a complex manifold, etc. We can also take the group of invertible
functions under multiplication.

Example 1.5.5 ((co)homology of groups) Let G be a finite group, and let (BG), = G" =G x--- x G (n
times), and for f : [m] — [n] let (BG)(f)(g1,...,9n) = (h1,..., ), where

o T 0, i FE—1) < (D)
e, if f(i—1) = f(i).

Then BG is a simplicial set, and its geometric realizaton |BG| is called the classifying space of G.

In order to define coefficient systems on BG, let A be a ZG-module.

e Let By = A for all x € (BG)y; next, if f: [m] — [n], x = (g1,...,9n) € (BG)n, and a € A, define
Bfx)(a) = ha, where h:= Hf(:()]) g;.

e Let Ay, = A for all x € (BG)y; next, if f : [m] — ], x = (g1,...,9n) € (BG), and a € A, let
A(ix(a) =h Ta, where h:= [T g;.
Exercise 10 Verify that:

a) BG is a simplicial set;

b) A (respectively B) is a (co)homological coefficient system.

The groups H,, (BG, A) (respectively H"(BG, B)) are called the (co)homology groups of G with coefficients in A.
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The long exact sequence

We regard H, (X,.A) and H™(X, B) as functions of two variables. In some cases these groups can be computed
directly. In general, the main techniques to compute these groups apply only in the study of their behavior under
the change of X or the change of A and B.

2.1 Exact Sequences

Definition 2.1.1 a) An exact sequence (also called acyclic complex) of abelian groups is a complex

Co= (..ot 4 on 4 ent

with Ker d™ =Im d™~' V¥n € Z, or equivalently, H*(C®) =0 Vn € Z.

b) A short exact sequence is an exact sequence of the form

0sALBLCo0
Note that this means:
e iis injective (A ~Imi)
e p is surjective (Imp = C)

e Imi=Kerp (that is, by the 1st Isomorphism Theorem, p and i induce the isomorphism C ~ B/A).

Remark 2.1.2 1) The sequence 0 — A LAascHBCcoois exact, where
e A and C with are abelian groups;
e APpC=AxC={(a,c):acA,ceC}
e i(a) = (a,c) (hence A ~ A x {0});
e p(a,c) =c (hence C ~{0} x C).

Clearly, Imi = A x {0} = Kerp.

2) A short exact sequence is also called an extension of A by C (or of C by A). The previous remark shows
that there is an extension of A by C, but there can be several non-isomorphic extensions. For instance, there are
two non-isomorphic extensions of (Z;,+) by (Z2,+).

(1) 0—>Zy) >4Zyx7y —7Zy—0, wherei:a— (a,a), p:(arc)—c;

(2) 07y =74 557y -0, wherei(a)=2a, p(b)="0.
Clearly Zz X Zz 7& Z4.

3) Let f: A — B be a homomorphism of abelian groups. Then we have the exact sequence

05 KerfS5ASHBEB/Imf— 0,

where 1 is the inclusion and p is the canonical projection.

Exercise 11 Let 0 —» A 5 B £ C — 0 be a short exact sequence. Then the following statements are equivalent:
(i) there is a homomorphism s : C — B such that pos =T¢;
(ii) there is a homomorphism r: B — A such that roi=14;
(iii) there is an isomorphism B ~ A @ C induced by i and p.
In this case the above sequence is called a split sequence.
12
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Theorem 2.1.3 Let X be a simplicial set and let 0 — A LB 2 C =0 be a short exact sequence of abelian
groups. Then we have the following exact sequences (called long exact sequences ):

0> HO(X,A) = H°(X,B) = H°(X,C) = H'(X,A) = --- = H™(X,A) = H™(X,B) — H™(X,C) —» H™" " (X,A) — ...
o+ 5 HL(X,A) = Ho(X,B) = Ha (X, C) = Ha i (X,A) — -+« = H (X, C) = Ho(X,A) = Ho(X,B) — Ho(X,C) — 0

The proof of the theorem consists of two main steps:
(1) The construction of all homomorphisms;
(2) The proof of the exactness.
It is convenient to perform both steps in a more general setting. For this, we introduce new concepts.

2.2 Morphisms of Complexes
Let B®, C® be complexes.
Definition 2.2.1 A morphism f* : B®* — C*® of complexes is a family f* = (f™)¢z

dnfl an
..HBTL—.I HBnHBn+1 —_ ..

fn]l fnl fn+1i

...HCH71HCT1H“CH+IH...
dn—] d

such that for allm € Z
fn+l ° dn — dnfl ofn,

Remark 2.2.2 A morphism f® : B®* — C® of complexes induces a family H™(f*) : H™(B) — H™(C) of homomor-
phism of abelian groups, where for each [x] = x + B (Co) € H,(C,), with x € Ker d,

Indeed, let [b] € H™(B®), that is b € B™, d™(b) = 0, [b] = b+ B™(B®). We have f"*(b) € C™, d™ (f*(b)) =
f 1 (d™(b)) = 0. It follows that f™(b) € Z™(C®) is a cocycle.
By definition, let H™(f)([b]) = [f™(b)] = f™(b) + B™(C®). This is a good definition, that is it does not depend
on the choice of representatives. Indeed, let b’ € Z™(B*®) s.t.
bl =[b1&b-b €B™B*)=Im(d} ') & Ib”" B ':b-b' =d" ' (b")
We have to see that [f™(b)] = [{™(b")] & f™(b) — f™(b’) € B™(C®). Indeed
f*(b) — (b)) = (b —b") =" (d§ ' (b")) =d¢" " (f* ' (b")) € Imd™ .

Finally H™(f®) is a homomorphism of abelian groups:

H™(f*) ([b] + [b]) = H"(f*) ([b + b']) = [f" (b + b")] = [f"(b) + " (b')]
= [f"(b)] + [f"(b")] = H" (*) ([o]) + H" (f*) ([b'])..

Definition 2.2.3 a) If f* : B® — C*® is a morphism of complexes, then Ker f® := (Ker f™), ¢z, and Coker f® :=
(Coker ™) ez.
b) We say that

05 A B 2L 0 o0

is a short exact sequence of complexes, if for all n € Z, the sequence

n

0 A" Yy pn P e

of abelian group is exact.
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Example 2.2.4 (The mapping cone) 1) Let f, : B, = C, be a morphism of chain complexes. We define the
complex Cone(f)y = (Cone(f)n)nez, where Cone(f™) =B,,_1 & Cp, and

- = Cone(f)n 2 Cone(f)n_1 — ..., dn(b,c) = (—d(b),d(c) — f(b)),

—d® o0
dTL - |: 7][ dC :l .
Dually, if f* : B® — C*® is a morphism of cochain complexes, we define the cochain complex Cone (f)* =
(Cone(f)™), o5, where Cone (f*) = Bn 1 © Cyy

2) (The mapping cylinder) Let f, : B, — C, be a morphism of chain complexes. We define the complex
Cyl(f), = (Cyl(f)n) ez where Cyl (f*) = Bn @ By1 @ Cyy, and

i.e.

dn : Cyl(f)n = Cyl(fln—1, dn(b,b’,c) = (d(b) +b’,—d(b"),d(c) — (b)),

i.e.
dg 1Ig 0
d= 0 —dg O
0 —f dc¢

Exercise 12 (The 3 x 3 lemma) Consider the commutative diagram with exact colums:

0 0 0
0 A’ B’ C’ 0
0 A B C 0
O A// B// C// 0
0 0 0

a) If the first two rows are exact, then the third row is also exact.
b) If the last two rows are exact, then the first row is also exact.
c) If the first and the third rows are exact and the composed map A — C is zero, then the second row is also
exact.

2.3 Homotopic mappings of complexes

In addition to the long exact sequence, there exists another important tool to compute homology: change of
complexes that preserve homology.
Let fq, ge : Co — C. be morphisms of chain complexes:

d
= Gt - Gy G ——

fn+]ilgn+l fnllgn fn1li9n1
’

’
!/ / !
~~4>Cn+14>cn4>cn714>~-

Definition 2.3.1 a) We say that f, and g, are homotopic (f, ~ go) if there is ke = (kn : Cy = C},, {)Jnez such
that fn —gn =kn_10dn +d; ok, forallneZ.

d
S I G
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b) Similarly, if f*, g® : C* — C’® are morphisms of cochain complexes, then we say that f, and g, are homotopic
if Ik = (k™ : C™ — C™ 1) ¢z such that f* — gt =dok +kod.

d
Cn—] d Cn4>Cn+1 —  — ...
le
kn+'l
.. > C,nfl C/Tl C/n+1

a’ a’
Exercise 13 Prove that homotopy is an equivalence relation.
Lemma 2.3.2 If f, and go are homotopic, then Hy, (fe) = Hn(ge), VN € Z.
Proof. Let x € Z,(C,), so dpnx = 0. Since f®* ~ g*, we have
fr(x) = gn(x) = (dnq 0 kn)(X) + (kn—1 0dn)(x) =d} 1 knx € BL(C*).
It follows that

(Hn(fe) — Hn(go))[x] = Hn (fo)[x] — Hn(go)[x} = [fn(x)] — [gn(x)}
= [frn(x) = gn(x)] = [(fn — gn)(x)] = [d7,1+1 (kn(x))] = [0]

Consequently, Hy, (fe) = Hn(ge). -

Definition 2.3.3 Let C, and C, be chain complexes. We say that C, and C, are homotopic if there exist a
morphism of complexes f, : Cq — C_ and go : Co — C/ such that

g.Of.~1c_, foogo”]C‘
Exercise 14 Prove that homotopy is an equivalence relation between complexes.
Corollary 2.3.4 If C, and C. are homotopic, then H,(Co) =~ Hyp(Cl),V1 € Z.

Proof. We know that ge o fe ~ 1, and fe 0 ge ~ 1C;. We take homology on both sides and so we have the two
relations

Hn(go Of.) = Hn(g.) e} Hn(f.) and Hn”C.) = 1Hn(C.]~
Hence, H,, (fo) : Hn(Co) — H,(C.) is an isomorphism of abelian groups, with Hy, (gs),Vn € Z. n

Remark 2.3.5 a) There is a concept of homotopy in topology. Let ¢ and 1V : X — Y be two continuous maps
of topological spaces, and denote I := [0,1]. Then ¢ and psi are said to be homotopic (¢ ~ ) if there is a
continuous map F: X x I — Y such that F(x,0) = f(x) and F(x,1) = (x) for all x € X.

Assume that X, I are triangulated spaces and let ¢ and VP be continuous maps. Then ¢ and { induce morphism
of complexes Qq, Ve : Co(X) = Co(Y). If @ ~ 1, then @4 ~,.

b) The topological spaces X and Y are called homotopic (X~ Y), if 3¢ : X = Y and 1 : Y — X continuous
maps such that 1 o @ ~idx and ¢ o ~idy. Note that if X ~ Y (i.e. X and Y are homeomorphic), then X ~ Y.

If X ~Y, then Hy(X) >~ H,(Y) Vn € N*. Equivalently, if Hq(X) 2 Hq(Y), then X ¥ Y.



Chapter 3

Constructions with modules and
algebras

We want to construct more examples of complexes, and we shall consider homomorphisms and tensor products
in connection with exact sequences and complexes.

3.1 Review of modules

Throughout R will be a ring with 1. Recall that a left (respectively right) R-module is an abelian group (M, +)
together with a multiplication with scalars R x M — M (respectively M x R — M) such that the following axioms
hold:

Ex(x—l—li):ocx%— By (>(<—|—y)o)c:xoc—|—y[3

o+ B)x = ax+ By . x(ax+P) =xx+yp

(B )x = o(BX) respectively x(B) = (xo)
1-x=x, x-1=x,

for all &, 3 € R and x,y € M. By an R-module we shall mean a left R-module.
Let R and S be two rings. An (R, S)-bimodule is an abelian group (M, +) such that M is a left R-module, M
is a right S-module, and

e forallt € R, s €S, x € M we have (rx)s = r(xs).

We denote by M respectively My to emphasize that M is a left respectively right R-module, and ee denote an
(R, S)-bimodule by gkMs.
A map g: M — M’ is called R-linear or a homomorphism of R-modules if

gloox + Py) = ag(x) + Bg(y)

for all o, € R and x,y € M.
A nonempty subset N of M is a R-submodule, if it is closed under both operations. It is easy to see that if
g: M — M’ is an R-homomorphism, then the kernel

Kerf:={x e M |f(x) =0}
of f is an R-submodule of M, and the image
Imf:={f(x)|x € M}

is an R-submodule of M’.

If R is a field, then an R-module is a called an R-vector space. Note also that the concepts of abelian group
Z-module coincide.

A subset X of a (left) R-module M is called a basis of M is every map f : X — N, where N is another R-module,
can be uniquely extended to a R-linear map f : X — N. An R-module which has a basis is called free. Any vector
space is a free module, but in general, not any R-module is free.

More intuitively, R is a free R-module with the basis X if and only if any element of M can be expressed in a
unique way as a linear combination of finitely many elements of X. In this case,

M = {Z oxXx | ax € R, oy =0 for all but finitely many x € X}.
xeX

16
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Exercise 15 Let gkM, grM’ and gF be R-modules. Assume that f : M — M’ and p : M — F are R-
homomorphisms, and that p is surjective. Consider the following diagram.

M.

F 7 T
f

F<2—M

a) There is an R-homomorphism f : F — M’ such that f op = f if and only if Kerp C Ker f. Moreover, in this
case, f is unique;

b) f is injective if and only if Kerp = Ker f;

c) f is surjective if and only if f is surjective.

3.2 The group of R-homomorphisms

Let R be a ring (associative, with unit). If M, and N are (left) R-modules, then

Homg(M,N) :={f: M — N | f(x +x) = f(x) + f(x'), f(rx) = rf(x), ¥r € R, x,x’ € M},
is the set of R-linear maps. In fact (Homg(M,N), +) is an abelian group, where

f+g:M =N, (f+g)(x)=Tf(x)+glx).

Proposition 3.2.1 Let R,S, T be rings.
a) If kMs, RNt are bimodules, then Homg (M, N) is an (S, T)-bimodule;
b) If sMg, TN are bimodules, then Homg(M, N) is a (T, S)-bimodule.
Proof. a) For s € S,t € T, and f: M — N left R-linear, define
sf: M —= N, (sf)(x)="f(xs),
ft:M—= N, (ft)(x) ="f(x)t.
For x,y € M, (sf)(x +y) = f((x +y)s) = f(xs +ys) = f(xs) + f(ys) = (sf)(x) + (sf)(y), from which it follows
that sf is a homomorphism. Furthermore, for r € R (sf)(rx) = f((rx)s) = f(r(xs)) = rf(xs) = r(sf)(x), thus
st € Homg (M, N).

(ft)(x +y) = f(x +y)t = (f(x) + f(y))t = f(x)t + f(y)t = (ft)(x) + (ft)(y), hence ft is a homomorphism.
Furthermore, (ft)(rx) = f(rx)t = (rf(x))t = r(f(x)t) = r(ft)(x), thus tf € Homg(M, N).

Let - : S x Homg (M, N) — Homg (M, N) given by (s,f) — sf and "-": Homg (M, N) x T — Homg (M, N) given
by (f,t) — ft. We can easily check that Homg (M, N) is a left S-module and a right T-module. We have the maps
(sf)t, s(ft) : M — N, where

[(sf)tl(x) = (sf)(x) -t =f(sx) - t, [s(ft)](x) = (ft)(sx) = f(sx) - t.
Hence (sf)t = s(ft).
The proof of b) is similar. "

Remark 3.2.2 a) Fix kM and regard Homg(M, —) as a “function” of one “variable”. The “variable” can be
another module as an R-linear map.

If N is an R-module, then (Homg (M, N),+) was define above. Let f: M — N’ be an R-linear map. Then by
definition

Homg (M, f) : Homg (M, N) — Homp(M,N’), Homg (M, f)(x) =fo «, M —>N

We get a group homomorphism, since
Homg (M, f)(a+ B) =fo(x+B) =foa+fop =Homg(M,f)(ea) + Homg (M, )(B).

b) We can similarly regard Homg (—, M) as a “function”. If N is an R-module, then Homg (N, M), +) is defined
as above. Let f : N — N’ be an R-linear map. Then

Homg (f, M) : Homg(N’, M) — Homg(N,M), Homg(f,M)(«) = xof, N/ —=M

i

N

This also gives a group homomorphisms.
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3.3 The tensor product

Definition 3.3.1 Let RN and My be R-modules, and G an abelian group. Then a map ¢ : M x N — G is called
R-balanced if

@(x1 +x2,Y) = @(x1,Y) + @(x2,Y)
@(x,y1 +Y2) = o(x,y1) + ©(x,Y2)
o(ox,y) = @(x, ay)

for all x,x71,x2 € M, y,y1,yY2 € N and all & € R.

Exercise 16 For any modules kN and Mg and any abelian group G, if @ : M x N — G is R-balanced and
f: G — X is a group homomorphism, then fo ¢ : M x N — X is R-balanced.

Proposition 3.3.2 For any two R-modules kN and My there is an abelian group G and an R-balanced map
@ : M x N — G satisfying the following universal property.

G
e
£
X<=—MxN

For any abelian group (X,+) and any R-balanced map \p : M x N — X there is a unique group homomorphism
f:G — X such that b = f o @. Moreover this universal property determines G up to an isomorphism.

Proof. Let L be the free abelian group (i.e. free Z-module with basis M x N. This means that

L= Z Ax) (%Y) | Axy) €Z, a(x,y) =0 for almost all (x,y) € M x N
(x,y)EMXN

Let H be the subgroup of L generated by the elements
(X] +X2>U) - (X1 »U) - (XZay)y (XJJ] —I_yZ) - (X»lﬂ) - (XaHZ)) (X(X,U) - (X’ (Xy)»

where x,x1,%2 € M, Yy,y1,y2 € N, x € R. Weset G=L/Handlet p =poi: M x N — G, where M x N i

LY L/H = G are the inclusion map, respectively the canonical projection.
Let X be an abelian group and { : M x N — X an R-balanced map. As M x N is a basis for L, we get a unique
group homomorphism g : L — G such that g oi =1. In fact,

g Z a(x,y)(xay) = Z a(x,y)lb(xyy)'

(x,y)eMxN (x,y)EM XN

It is easy to show that Kerp = H and H C Ker g. So, due to Exercise 15, there is a unique f : G — X such that
fop =g. Therefore fo =fopoi=goi=1, and f is unique with this property.
Finally, Let X be an abelian group and 1\ a balanced map satisfying the same universal property as G and .

G G
7
f o £
(RS IR
XL MxN  X<LMxN
Then f'ofo@ =1"01 =@, and fof’ o = . It follows that f' o f =idg, and f o f’ =idx. n

Definition 3.3.3 The group constructed above is called the tensor product of M and N over R, and is denoted
by M ®gr N. We also denote x ® y := @(x,y), where @ : M x N — M ®g N is the canonical R-balanced map.

Remark 3.3.4 Theset {x®y | x € M,y € N} generates M®g N as an abelian group, that is, for each z € M®gN
thereare r > 1, x1,...,%: € M, y1,...,Yr € N, such that z =x; ®y1+---+x, ®y,. Note that such an expression
for z is not unique.

Let f: Mg — Mg+ and g: RN — grN’ be R-linear maps and denote:

MerRg: M@ N-=Mer N MErg=1idu®g
fRN:M®r N =M @ N, forN=f®idy.
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Lemma 3.3.5 a) If g is surjective then M ®g g is surjective.
b) If f is surjective then f g N is surjective.

Remark 3.3.6 If g is injective, it does not follow that M ®g g is injective. As an example, let R=7Z,1:Z - Q
and M = Z;. We see that M ® Z ~ M for all abelian groups M, but Z; ® Q = 0.

Definition 3.3.7 We say that the right R-module M is flat if M ®g g is injective whenever g : N — N’ is an
injective linear map (of left R-modules).

Proposition 3.3.8 Let R, S, T be rings and let sMg, RNt be bimodules. Then M ®@g N is an (S, T)-bimodule.
Proof. We define"-": S x (M ®g N) = M ®g N induced by

(s5,x®y) = s(x®y) =(sx) @Y
aIld"'":(M®RN) XT‘)M@RN inducedby

(x®@y,t) = (x@y)t =x® (yt),

where M@r N ={x®vy|x € M,y € N}

For s € S let s : M x N — M ®g N given by Ps(x,y) = (sx) ® y. We check that 1 is balanced. We
have s (x1 +x2,Y) = (s(x1 +%x2) ®Y) = (sx1 +5%2) @Y = sx1 @Y + sx2 @Y = Ps(x71,y) + Ps(x2,y). Also,
Ps(sx,y1+Y2) = (sx) @ (Y1 +Y2) = (sx) @Y1 +(s%) ®Yy2 = Ys (%, Y1) +Ps(x,y2). Finally Ps(xr,y) = s(xr) @y =
(sx)r®y = (sx)®@ry = Ps(x,Ty), showing that P is balanced. It follows that there exists an fg group isomorphism
on M ®g N. Then, for z€ M ®g N, sz = f(z).

It is easy to show that sM ®g Nt is a bimodule. n

Lemma 3.3.9 If N is a left R-module and G is an abelian group then
Homyz(N,G) ={f: N — G| fis Z linear } ={f : N — G | f is a group homomorphism}
has natural structure of a right R-module.

Proof. We define a multiplication with scalars Homz(N, G) x R — Homgz (N, G) by (f,r) — fr where fr: N — G,
fr(x) = f(rx). This multiplication is well defined, since fr € Homyz(N, G). n

Theorem 3.3.10 Let consider a right R-module M and a left R-module N and an abelian group G. Then there
18 a group tsomorphism

am N,G : Homg (M, Homz (N, G)) — Homz(M ®g N, G)

which is natural in M, N, G.
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