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We rvi1l woik within a complcte lattice I, rvith smallest and lar-
gest elemerts denoted bv 0 resp. 1.

1. Terrninolog;,. An element a is essential h L if a Ac + 0 holds
for every c + 0 in 1-. An elemeat c is a pseu,doconl>lent.ent of an element
b in L if b n c : 0 and c is nia::imal ivith this property. The lattice Z
is .fseud,ocornpletnented. if for every intervai I c L bnd every b e -I, there
is a pseudocomplenent of. q, in 1. Fol a < b elements in Z we shall use
the notation bla:{x eLla{x <b}. A non-zero element a of Lis
an atoru if. b < a irnplies & : g. Tlne socle s(I) of I is the join of all
atoms of .I-.

A lattice L is noetherian.f artinianlit L satisfies the ascend.ing chain
(or lhq maximum) cold.itiorlresp. the descending chain (or the minimum)
condition/. r rviil be ca1led stomic if for every non-zero element a, the
sublattice a/0 coirtains atoms a:nd strongly atont,ic if for every a {b, the
sublattice bf a contains atoms.

I rvi11 be calied toysion if for everv a. * l, the sublattice lfa con-
tains atorns.

2. Well-known results.
(,a) The essential elements form a filter in Z.
(B) If l._is modular-and compactly generated, the socle s(I) is equai

to the meet of a1i essentiai elernents of I.
(c) rf z is atomic the socle s(r) is essential. The fiiter mentioned
_ i1 (,4) ir then principal, generated by s(I).

(D) If 
-Z, -il.modular, c is a pseudocompiement of b iff b ffc:O

Vnd b \,/ c is essential in Llc.
\E_) L_ is strongiy atomic iff b * 1 implies llb atomic.
(F) 9very artinian lattice is strongiy atomic. Every strongly atomic

lattice is torsion.
(G) Every noetherian torsion lattice is artinian.
3. Results concerning torsion.
PRoPosrrroN t Eaei'y modu,lar l:seu.docomplemented. torsion l,attice is

atontic.
Procf. l.et a be a non-zero

ment of a. According to (D),
elertrerit in Z and b be a pseudocomple-
aV b is essential in llb and an b:0.
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Therefore b + 1 (otherwise a : 0) andI being torsiou, lfb contains atoms.
If c is an atorn in tlb, @Y b) Ac * b implies (aY b) A c: b and then
c = (aV blb). Using a u,e11-knorvn isomorphism theorem in mod.ular 7at-
tices we have aV blb z ala \b: al}. Ifetrce & Ac is atom in alU and
Z is atomic.

Remarh. Every superior continuous modular lattice is pseud.ocom-
plemented. I{ence, for such lattices the foiior,ving implications are valid:
artinian + strongiy atomic =+ torsion + atomic.

PROPOSITION 2 [-et & be a,t?, element of a ruod,u,lar lseudocontpletnerttetl
lattice. Thetl L'is tars'icn iff bcfh snblatiices afA and lfa are torsion.

Proof .I torsion implies l/a torsron is clear. If b < a then alb c- 1lb. The
last sublatice being torsiol, \.v-e rlse prop. 1 in order to find atoms in
afb. Corwersely, 1et- b + L be eieinent in Z. If b Aa .: a then b e lla
and lf a being torsiau lfb contains atoms. Il b n q. * o. the* al} torsion
impiies ala A D contaii.s atoms. The rest is irot' done by the above men-
tioned isomorphism.

Definiti.on. An eiernent a af tr is cailed torsion if the interval af}
is torsion. W'e sha11 denote by f(f.) the set of the torsiorr eiements of
Z. Trivialiy, T(L) contains ai I the atoms of Z and 0.

Rernark,. If I is a moduiar pseudocompiemented iattice s-e easily
recover the u'e11-kco\'vn pioperties Ior a hereditary sinlle torsion theor-v.

(71) If b 4 a and q. e 7'(L) then b = T(L) ar,d alb is torsion.
(22) Converseiy, if. b e T(L), a ) b and a.ib is torsion theu rz e

e T(I-).
(73) If {a,};.r= T(L) then ! a, e T(L)'

As for (T3), if 0 < c aY,o, there is a i .1 such that a, {c.
fn this case a! A c { a, and. a, being torsiofl arf q I c contains atorns.
But then a, \ cf c and hence V a, lc contains atoms.

Defini,tion. The torsion part of a lattice I, denoted l(I) is the' ioin
of all the torsion elements of 1,.

PRoPoSrTroN 3. # L is q. contplete r.todulay latti,ce then T(L) i,s a !r.incit'ol
'id,eal, generated. by t(L).

Easy consequence of (T3).
pRoposrriox + s(I) < t(I) and s(L) _ 0 i.f"f t(L) : 0.

Clear.
PROPOSITION s.Thetorsion part has the "rad.ica/," .proi>erty, i.e. t(llt(L'1) :

- 
o\L),

Proof. We show that s(llt(LD: t(L). I,e+" b be an aton iii llt(L).
We sha1l prove that b e T(L), which r,r,i1i be a contradictioir.

I.et a be such that b > q. Il a: t(.L) then b is atorn it bia ara
if. a 1t(L), t(L)la and consequently bf a contairls atoms. l'i tire rem:riiiiirg
case, a 1t(L), 1ve har.e t(L) < a\/ t(L) < b ald hencr: ar/ t@) -- b.
Again, using the isomorphism theorem bla,: a\/ t{L)la = it,t,) n 1\t(L-)
and all these intervals contain atoms.

Reruark. Moreover, if for an element c of I- r;,,q fo61rs t(\ lc) -- c theii
t(1.) < c.



Proof. If there is au element a e. T(L) such that a 4 c, then a 7\
Ic < a-and, c<a. ! c so that af a At s alA artd a\l clc.c llc and all
these intervals contain atoms. IIence s(Llc) r c a::d t(lld + t.

Defini.tion. 'Ihe lattice I satisfies the restrictcd socle condit'ioro (l?'SC)
if b +'7, D esential in .I- implies llb coutains atoms (s(l/b) I b).

PROPOSIT:ION 6 ^,4 madular atam,ic lattice is tors'ion i,f;f it is RSC.
Proaf. Ouly orre nay needs cornments. \\re pro:;e that if L is atomic

and RSC then L is torsion. Ir'or an eiement b * \ of I only two cases
are possible : & e,ssential in l. or there is an non-zero element et, af L
such that a Ab:0. In the first case, J?'t'C eLssures; that lib c_ontains
atoms and in the second one lve harre alO : ala A & = a\/ blb- L being
atomic all these contaiu atoru.s ancl so is erlso il&. Heirce I is torsior:.

PItoFOSITIoN 7 If L is a cori,t.pactly generoletl, rnod.ular l*ttice aith RSC
then tl'te ;t'ollou,ing prolerties are aqu'iaalent:

(r.) .s Ls essci'ttial in L; (il) s(1-) { s attd lfs'is torsioto.
Proof . If s is essential in Ltt is knoivl from [3] that .s(I) < s. Further

if .s ( a d 1 then a is essential in I a:id Ilsc impiies that l/a contains
atoms. Ilence l/s is torsion.

Conr.ersely, let s satisfy (ii) but :io'c (l)' There is a * 0 such thai
s n a:0. \\e again har.e a/0 = s V af s tnd 1/s being atomic, 7et a'
be'atorr. in aiA.-;lhe cotidllions a'(4, s(1-) {s and an s:0imply
that a'r\ s(f") ...0. l}ri thel. ct''1 t(I-), u'hicir is a contradiction.

C o r c 11a r 1'. lf t. i:; * cunl:o,i:ll3i 1t:;rcrattC tnodu,Ictr latti.ce with RSC
titen llte followi.n.g 't'rctperiies ct;.c tiatit:c-lettt :

(a".\ i is a t'ieildciornllentent C it in I', (/t) b\/ t i,s essential in 7lc;
(cj s(l/c) < A V c and llbY c is tcrsiotr,.
Conscquentl:,, if -lli is a left rriod'Lile o\i(.L thc rilg R, aud ,&/ satisfies
RSC for sribtrodulcs;, thc sr.rbnicdL.Lle Cl i.s i,L pscttdocomi:lernent of the
subrnod.ule B ifi S(,ilic) < B O C a'.d il,t i f) s C is seiniartinian'

Retnark. For Z-rlodules, i.e. aheliau groulis "rhe restricted. socle con-
dition is alrvays true, and the coaditious rnenticned. above (semiartinian :
: torsion) caracterize pseudocolllplements (or B-high subgroups) of abelian
groups.
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