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A direct ring-theoretic proof for “if R is a ring, e is an idempotent and eRe and
(1 — e)R(1 — e) are both exchange rings then R is also an exchange ring” (left open
for the last 31 years) is given.
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0. Introduction

The exchange property was first (introduced and) studied for modules by Crawley
and Jénsson in [1]: for a given cardinal m, a right R-module Mg, has the m-exchange
property if whenever A = M © N = @,.; A; with |I| < m, there are submodules
A < A; with A = M @ (@, A}). If M has m-exchange for all cardinals m, we
say M has the full exchange property. If the same holds just for finite cardinals, we
say M has the finite exchange property. Further on, Warfield, Jr. in [5], considered
this property for rings (with identity): a ring R such that Rp has finite exchange
is called (right) ezchange ring, and this turned out to be a left-right symmetric
condition.

In his 1977 seminal paper “Lifting idempotents and exchange rings”, among
other things (starting point of clean rings theory, characterization of exchange rings
by lifting idempotents modulo one-sided ideals, etc), Nicholson calls a ring (right)
suitable if for each equation a + b = 1 there are (orthogonal) idempotents e € aR
and f € bR such that e + f = 1. Suitable rings and exchange rings coincide.

In the sequel, by exchange ring we mean right exchange (suitable) ring and
assume/check this last (equivalent) condition.
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From this paper we quote: “It would be of interest to see a direct ring-theoretic
proof of the fact that if R is a ring, e € R is an idempotent and eRe and
(1 —e)R(1 —e) are both exchange rings then R is also an exchange ring’. No such
direct proof seems to have appeared the last 31 years. This paper closes this gap.

1. The Claim
For convenience write 7 = 1 — r for each r € R. For an idempotent ¢ € R, we use
the Pierce decomposition of the ring R:

__|eRe eRe

~ |éRe eRe|’

Let A = [Z 2} € R. Since a € eRe (ring with identity e) is exchange, there are

b, c € eRe such that bab = b and (e —a)c = e —ab. The element ¢ can be chosen (see
Sec. 2(b)), such that ¢ = ¢(e —a)c. Consider a; = a—y(b—c)x € eRe. By exchange
property, there are 3,y € eRe such that fa18 = and (€ — aq)y =€ — a1 5. Once
again (by Sec. 2(b)), v = v(€ — a1)7 can be assumed.
Taking
o {c +ex(B—)ylb—c) —cx(B— 7)]
—7y(b—c) gl
and
B [b +bx(B—)y(b—c) —bx(8— 7)]
—By(b —c) 8 ’

one verifies the equalities

BAB=B and I,—AB=(l,—-A)/C

e 0
)

Therefore, E = AB € AR is an idempotent and Iy — E € (I — A)R, as desired.

where

2. The Verification

Since (despite the easy claim above), the verification of these two matrix equalities
is far from obvious, in this section we supply the necessary details.
We first recall some well-known relations which hold in any exchange ring.

(a) If e € aR is an idempotent, an element b € R can be chosen such that e = ab
and bab = b.

(b) If 1 — e € (1 — a)R is idempotent, an element ¢ € R can be chosen such that
1—e=(l—-a)cand ¢(l —a)ec=c.

(¢) cab =0 [using ¢(1 — a)c = ¢ and left multiplication by ¢ in 1 —ab = (1 — a)¢].
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Hence, replacing R by the corner ring eRe, these relations hold for the elements
a, b, and ¢ in the above claim (written e — ab = (e — a)c from now on denoted (a’)).

Similar properties hold for the Greek letters in the above claim (now replacing
R by eRe).

In order to simplify the writing, denote s = (8 —v) and t = y(b — ¢). Thus

b+ bst —b + cst —
B= [t planac=[Eg

Notice the following relations:

(d) cab = 0 implies tab = yb.

(e) Using g =a—txin (€ —aq)y =€ — a1, gives (€ — a)y =€ — aff + ts.
(f) Using it in fan 8 = B gives faf = [+ fBtzf.

(g) va1 8 =0 and finally yaf = vytzf.

2.1. The equality BAB = B

11-entry: b(e + st)ab(e + st) — b(e + st)xt — bsyb(e + st) + bsaft = b(e + st),
follows from bab = b (a), tab = yb (d) and s = (8 — 7).

12-entry: —b(e+ st)abs + b(e + st)x 5+ bsybs — bsas = —bs, follows from bab = b
(a), tab = yb (d), vaf = vtz (g) and faf = 5+ Btz (f).

21-entry: —(tab(e+ st)+ Staft+ Byb(e+ st) — Baft = — Gt follows from tab = yb
(d) and Baf = S+ ftag (f).

22-entry: Stabs — Btz — BybsPfaf = [ follows from tab = yb (d) and faf =
B+ ptap (f).

2.2. The equality I — AB = (I — A)C

11-entry: e—ab(e+st)+xf0t = (e—a)c(e+ st) +avyt follows from (e—a)c = e—ab
(a’) and s = z(0 — 7).

12-entry: abs — 28 = —(e — a)cs — xy follows from (e — a)c = e — ab (a’) and
s=x(f—").

21-entry: —yb(e + st) + aft = —yc(e + st) — (€ — a)yt follows from (€ — a)y =
e—af+ts (e) and t = y(b—c).

22-entry: ycs + (€ — a)y = € + ybs — af follows from (€ — a)y =€ —af +ts (e)
and t = y(b— ¢).

3. Final Remarks

(1) If eRe and eRe are both clean, then the elements considered above have (under-
standably, since clean rings are exchange) stronger properties: b — ¢ = uy is a unit
in eRe and so is § — v = v; (in eRe). If u is the inverse of uy, v is the inverse of vy

and € = —cu, g = —yv then A = {a f} decomposes into a sum of an idempotent

y [e3

and a unit: £+ U = [8 2} + {Z - y(mb _ C)I] As such, it is also clean.

In this way we recover the proof of Lemma 1 in [2].
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(2) Actually, in the above mentioned paper, Nicholson also asks for a direct
ring-theoretic proof for “the (finite) exchange property is a left-right symmetric
condition”. It took 20 years until Nicholson himself gave this direct proof (see [4]).
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