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'1. \1:c slitll rrst'tlre follorvi rrg iri;lilfitirs l'ol a1t atit,lirrn grortp -4 r

r9(l) the,.roi:le. l1l(ri ) Iire 1orsion prirrj. ill"{ ) r }re nrarinurl riir-isible sttbet'riup"
-E(,4)thertidica,I(tlieF-r'rriiinisubgroup),J,Illel]-(urrlponerrt ([olatr]']x'irnci
uumber p) anii L(.,{) the lattite erf all su}rgr(iups of l. All 1.he nolirtns n'e
u,se &le standard.

fn this llaper', two t:iasses rf ahelian grou])s ale charalrterized: ilrtistt
whose Rcr:le is iI puro subg'r'ou1t ii,ntl l,]:ose rvhose radir:al (tire Jllaitilii
nubgroupi is :t, pule sul:grtup. }.ar t]:e sake of trrtmlrleterltrss lve filst l'erral}
tle fcll*s'ing kr:.own lesults

a. The onl.v prlr'er. essential sub{rt-ntp of -'{ is -{ itseif.
b. ,(l) is coinplernentr:rJ ;ft -'1- is an eJementaly ct'{}u}r.
i'. A torsion group f Jias the prtrperty that, eYery mixed 51i'oilp n'iilt

1,r:rr.ion p;ut, f splits iff it is a <lire<rt, slun uf n riivisible sroup ir.rttL a bountletl
grr.rup.

C. I'(-{) .=. n {:p-l ip prinre nurnhell.
e. lh.ery subfuncr',or 3'of the i<lentiiv lo-tuurlrtes u-ilh eiilt't't ,rilills..
f. ff in a 7/-group everf elernent, of ulrlrl ;i is of inJinii.e ireigirt then

'this group is dir.isibie.

*. The iirst ;;trihier:t is sclved h1" liie ne-x1 rlruli
:':' T.nnotrri 1. .,!'r;r' at; abel'latt !;t{iiip ': tltc .lrtllr,ri*17 r"tn<iilitttts (!!'(
e,qu.i.tr* {eri t :

ii) tlir sccle 8{.4 } is t Vture tu.byrtttlt rll ,L;
iii) ll:r: ti;r,':itn pctl ll(/) ,-r/,i ris tittit.r,t{{trry o?: tei'o.
Ilroo{'. If tire qrcu.li -'1 iir l,ol'sioit-f:'le litetr B(-{) .-. fi-4) .- 0 ii

txivi:r1iv'plili:! irr -1. 11 ,4 i-q a torsion grrluj). t.iitr sogie is esseut,ial irr -'l , scr

1i:at it $(.1 ) is iilso prtrc, usirrs (a) 8(-i ) .: -,.[ . Ilt'n<'e -r{ is rrlt,niertltr'.y. (-lon-

v{rri.ely, ii -.1 is elcmentar.\., }i.v (b) t}rcr }atl,ice 1,(-,1 )i,r t,ontplonented so t}rat,
(-r\-er-y subgroup is rt, tiileci, stttttttr:,r.ttri. Ii'irLall)', if -1 is tni-,;c'(i ancl N(,4) is
pru'c in. A, f{,1) being also purt, iir -'i. 8(,{) iir pure in f(,{). I3ut 8(L) iu
also e-qr*rrijtr) ilr f(,1).so th*t B(l) - f'('1)antl ?(;1) iii eiemerttiu.'.r-. Cort-
I tr'.':r:ly,;t S(.t) =- 

"(-1) 
ol B(.'1) =-- g, r9(''{)is tliyiail-v irt6e in .,1,.

T"leytstli. trt'e carr eirsilr crharacter'ize :rls<i the abelian groilps n-hose
glglg iri lr. diretrl, srrm:nit;rrl : (Jnly 'the rnixetl (:A,ser ne€ids ri lhattge : if :l is
r:ixcd rinti 8{-4) is a rlirect surliliirnti. i.e. -4 ..., ,Y (-{) @ /l 1\'e <leduce
r9(-I3i -= rg(,lli n ji : tl sri tltnt f(A) .., 0. Ilent:e -''l spliis *.nrl b-v (c) the:

)
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cla,qs u'e are looking for"is {or"mod'il-v the abelian groups 'Ehose torsion part
js a bounded elementarlr grou.J). flonvcrsel-y, if ? 1d)is bounded elementary,
,by (c) d splits arrcl B(4) : f @) so that S(-{) is ir, direct summand.

3. The churacteri'ra,tion uf rtrr r:l:eli:rn gr{)ups u'hr-rse Fratlini sub-
glxrrq) is a pure subgroup neeitrs irr,for.rnatiorts abolLt abeliarr groups \l.hose
lilaitini subgroup is zero. So rve si,t-r,.tt -,r'itir -some leilttnas about such
F1l1rlr1ls. \Ye ienuilk at once tha1, sut,h gx'otlps ar:e lettucetl' fncleed, using
{e) J.',(,l) .- f',(r(,{) C} lr) : rr(D(:t)) €)l'(li) :r(-'t) 6, l"(11) where R
i-* r'crlnt'crl, Jret'riuse the Fra'ttini subgroup of it grclup is the group itself
if,i' lhe gr()up is tlivisiirlc. Elence D{A) c f'(-4-) so that D(-4-) 4 0 implies
1,'i;{) r 0.

lrrnrMA 1. l,et trl be a 'reducad titt's'ion-Jree group. llllte l'rultini, sttb'
{Ji(}1,t}.i 1"(1l) .,. {\ i.fl'/ar eq,ch, ae Rthet:hs'racteristie y(u) contains a'n irtfin'ile
j,4 Dtlter' t,,: '-t l t,r'.

-{'t't.,t,|. it suffice,s to observe t,hat J/(Il) : {,r-. R .l l!r{*) 2 a for
r:ir..it plirrre trutnbcr'?i (see (d)). If atr eierrtent a has orrl-1- a finite numb+:r of
zeur iii:i{{lr1s aud ,r : {p prime )ho{,a} =- 0} then 0 + (fI) a, e1"(R).

2e)

l,tqriri r ). i,d Ii tte q rerlucerl tor'virtn group n'(/r) : 0 i,;fJ R i's els-

trttiltltl t it

.!,,rr,t,.! .ll ll js a tcrsion gl,otili, fi jras onlt, prirntl orclcl elements.
11-c tiistitrgttisir the followirtg tlelee cases:
ii) llrertis':rtt elerncnt a e Ii suth trha,t o(.a)-: 1t ar41 lrr(a) 

= 
y a

ir{}ri-zr^r"{} posililr irrleg'er. In this ctr,se therr: is an elerrent l e -Ii suchthat

;1tk* =. 1r rnil (lr'; is (r-rr{,lic of rirder;pr+1" llsing; (c) l'((b)) - p(b) l0 to

tlrirt, i'( lt) + {).
(ii) iii.,r,:is atr t'lt'ment n e fi snth that o(a) -:p.'1nc1 hr(a)is infinite,

l-rnt all ilrc demt n1r., in ,?[p] h&r.e zero or infinite heights ; it {J, l?+ .f,0
*ll1.iit,tL,rnenlsh:rveinfiniiu,h"ights.lTsing ("f)R, npf woulcl bedivisible,
n'hich is itrtpossiblc (11 is retluced).

(iji) ali thc elt'r,t',ts in -Iifpl har-e zero }eight-r, i'e' E tpl n 'pR : O'

rI this t'itsr' Ilris t'lt:rnentary soirrat ^q(E) ': f?-anc1 Ilis elemt't'ttar5'' goo-

ri-.r'rn'lr', if /r is clctrtorttarv, l'(fi) == {l'follows by (d)'

Lr,lllrt-\ ii. l,r'l li tte u, ntirul retlu1-'t:d, Sr{t'u;p. Il !(ru : () ihen f(F)
is eLe.ntr:n{ul,U. (.,oil.rers('ly, i.f T(R) i,s clementaiy b,iu,nded and, 4f &) satisfies
t!* rond'it'i,ttn .f rrtnt J.t'trttrtrt l, llten 1r'( L) : 0'

,Pt'ort,l. Tlrt'first ltltl't follows in a-u'ay liPil*'to,I.:omnta 2' As for the
,o,"ur,r{, if '11IJ) is elenrtllaly boundedr rr"u-(!) R t*P}it1.19,that according
t. T.erim:r :, l"(ri) ' l,'tr(Lr)) @ /r'(lri?(n)) :Oift I@lT(R)):0'One
ll0ls tls{'S LCttilrtir' I

\\'r' alt' r'eltrll' 1(l l)l'{)\'t' ortl' resutr.l

'lltt i.;rtrll lrt 2. I:'r,t' tt rt rritt'l.iutt $,raup
t qui,ttu,l t: ttt .

(i) .I'(-l ) i.t (t Ittt.rP xrrltqtutr p n.[ A ;

iiil -tt(-t ) ts rt'riit,'r'l xrt ttt tttrttrrl rtJ' il
( iii ) l:(,{ ) =.- ,li(,{ ) :

(iv) },("1,/J){J)) =" {):

:rhout pule Fr':lttini sul-rgroups :

A the 
"f 
oLlotoiri.lt conrlitions are

)
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_ (y) .l-:.I) S R witlt. ]L cti"r:i*ible t,nd R rdl,u,r:etl, Il sa,tij,{uing t'h,e
eondibiott, Ir(li) : 6.

*-!.*rf._!f.{t-ql is pu:,e in J, using (e1) ne cari elerlucre pi,(,{) - yA n
fl JF(i-).:,?'(,4)-for eal:h prime number p. I{enee }'(,4) is p-dilisibfe tor

e.aeh lrime number p, fio even rlivisible and },(-4) c DUI:lllre conl.el.ce
incllsion uas proved abo'r-e so rlral I)lA) - i'(-{)-antl },(R) o. },'ol lhe
implic'ation (v) * 1iv) one uses again (e) ; 1he rest is obvious.
* lfe fina,lly rec.old an opt'rn que'lt,icm : 1el /J be il, mixeer lt,trut eqr lvilh
f(Jt) elementary unbonnded. ?'iild sufficient conditinns for. jr'(e) : 0.

il.
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