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SOCLE AND RADICAL AS PURE SUBGROUPS OF ABELIAN
GROUPS

GRIGORE G. CALUGAREANU

1. We shall use the following notations for an abelian group A4 :
S8(4) the socle, T(A) the torsion part, {4 ) the maximal divisible subgroup,
F(A) the rddlml (the Frattini subgroup), A , the p-component (for any prime
number p) and L(A4) the lattice of all subgroups of 4. All the notions we
uge are standard.

In this paper, two classes of abelian groups are chamctem?ed those-
whose socle is a pure subgroup and those whose radical (the Frattini
subgroup) is a pure subgroup. For the sake of completeness we first recall
the following known results

a. The only pure, essential subgroup of 4 is A itself.

b L(4) is complemented iff A4 is an elementary group.

. A torsion group T has the property that every mixed 010&[) with
mmmn part T splits iff it is a direct sum of a divisible group and a bounded.
group.

d. F(4) = n {p4 | p prime number}.

e. Every %ubfunctox F of the identity coramutes with direct sums..

f. If in a p-group every element of or der p is of infinite height then
this group is divisible.

2. The first pmblem is solved by the next result

THEOREM 1. For an abelian group A the following condilions are
equivalent :

(i) the socle S{A) s a pwr(’ subgroup of A

{ii) the torsion part T(A) uf A 18 elementary or zero.

Proof. If the group A is torsion-free then §(4) = T(4) =0 ia
trivially pure in 4. If A is a torsion group, the soc le is es.\gntmi in A
that if S(4) is also pure, using (a) S(A) = A. Hence 4 is elementary. Con—
versely, if A is elementary, by (3) the la thca J(A4)is com piementeﬁ so that
every subgroup is a direct summand. Finally, if 4 is mixed and S(4) is
pure in A4, T( 4) being also pure in A4, S(4) is pure in T(4). But S(4) is
also &,vemm in T(4).so that S(4) = T(A) and T(4) is elementary. Con-
versely, if §(4) = T(4) or S(4) = 0, S(4)is trivially purein 4.

Remark. We can easily characterize also the abelian groups whose
socle is a direct summand : cnly the mixed case needs a change : if 4 is
mixed and S(4) is a direct smnmand ie.Ad =84)® B we deduce
S8(B) = S(4) n B = 0 so that T(B) = 0. Hence A splits and by (c) the
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class we are looking for is formed by the abelian groups whose torsion part
is a bounded elementary group. Conversely, if T (A)is bounded elementary,
by (c) A splits and S(4) = T(A4) so that §(4) is a direct summand.

3. The characterization of ihe abelian groups whose Frattini sub-
group is a pure subgroup needs informations about abelian groups whose
Traltini subgroup is zero. So we start with some lemmas about such
groups. We remark at once that such groups are reduced. Indeed, using
(¢) F(A) =F(DA) @ R) = F(D(4)) ® F(R) = D(A) @& F(R) where R
is veduced, because the Frattini subgroup of a group is the group itself
iff the group is divisible. Hence D(A) = F(A) so that D(A) # 0 implies
F(d) # 0.

LeMMa 1. Let R be a reduced torsion-free growp. The Fratiint sub-
growp F(RY = 0 iff for each a € R the characteristic y (a) contains an infinite
wnumber of zeros. -

Proof. 1t suffices to observe that F(R) ={a € R | hy(a) > 1 for
each prime number p} (see (d)). If an element @ has only a finite number of
zero heights and § = {p prime |k, (a) = 0} then 0 # (J]) ¢ € F(R).

pES

LuMvA 2. Lei R be a reduced torsion group F(R) = 0 iff R is ele-
Wentary,

Proof. 1f R is a torsion group, £ has only prime order elements.

We distinguish the following three cases :

(i) thereis an element @ € R such that o(a) = p and h,(a) =k a
not-zero positive integer. In this case there is an element b € R such that
p*b = a and (b) is eyelic of order p*+t. Using (c) F(<b)) = p{b)> # 0 50
that F(R) # 0.

(ii) there ixan element a € R such that o(a) = p and hy(a) is infinite,
but all the elements in R[p] have zero or infinite heights;in R, npkk #0
all the elements have infinite heights. Using (f) R, npR would be divisible,
which is impossible (R is reduced). :

(iii) all the elements in R[p] have zero heights, ie. R{p] n pR = 0.
In this case I, is clementary so that S(E) = R and R is elementary. Con-
versely, if R is elementary, F(R) = 0 follows by (d). ‘

LA 3. Let B be a mized reduced group. If F(R) = 0 then T(R)
is elementary. Conversely, if T(R) is elementary bounded and R|T(R) satisfies
the condition from Lemma 1, then F(R) = 0.

Proof. The first part follows in a way similar to Lemma 2. As for the
second, if T(I) is elementary bounded, by (¢) R splits, so that according
to Lemma 2, F(R) = I'(T(R)) ® F(R/T(R)) = 0iff F(R|T(R)) = 0.0One
now uses Lemma 1. i

We are ready lo prove our result about pure Frattini subgroups :

TrrorEM 2. For an abelian group A the following conditions are
equivalent.

(1) F(A) is a pure subgroup of A;

(ii) F(A) 1s a direct summand of A

(iii) F(A) = D(A);:

(iv) F(4/D(4)) = 0;
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(V) A =D ® R with D divisible and R reduced, R satisfying the
eondition F(R) = 0.
Proof. If F(A) is pure in 4, using (d) we can deduce pF(A4) = pAn
N F(4) = F(A) for each prime number p. Hence F(4) is p-divisible for
each prime number p, s0 even divisible and F(4) < D(A4). The converse
inclusion was proved above so that D(4) =F(4) and F(R) — 0. For the
implication (v) = (iv) one uses again (e); the rest is abvious.
We finally record an open question : let R be a mixed reduced with
T(R) elementary unbounded. Find sufficient conditions for F(R) = 0.

REFERENCES

1. V.D1abh, The Fraltini subgroup of abelian groups, Czechoslovak Math. J., 10 (1960), 1 —16.
2. L. Fuchs, Infinite abelian groups, vol. 1, 1970 : vol. 2, 1973, Academic Press.
Received 8§.X11.1990 Faculty of Mathematics
University of Cluj-Napoca
3400 — Romania



