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RESTRICTED SOCLE CONDITIONS IN LATTICES
GRIGORE CALUGAREANU

In 1974 Tacovlev found necessary and sufficient conditions for a
lattice to be isomorphie to the lattice of all subgroups of a group. The same
problem for abelian groups seems to be much more difficult so that mean-
while several authors (Head, Kertesz, Delany, Fritsche, Richter and Stern)
have done an “‘abelian theory of lattices”, i.e. have found reasonable con-
ditions for notions and results of the abealian group theory to be extended
in lattices.

The standard algebraic conditions (modularity, upper continuity or
compactly generation) generally do not suffice for this purpose, so, for
our concern — the neat elements — we propose new conditions which
we call “‘restricted socle conditions” by analogy with the ring theory.

We refer to [ —D]and [81] for the wellknown notions of essential
element, pseudocomplement, atom, socle, upper continuity, compact
element, compactly generation, artinian lattice and modular lattice.
We call a lattice L atomic if for every 0 £ a e L the quotient sublattice
a/0 contains atoms, torsion [D] (and independently [C] !) if for every
1 # a e L the quotient sublattice 1/a contains atoms and strongly atomic
if for every @ << b the quotient sublattice b /a contains atoms. An element
n € L i3 called neat [D] it » has a complement in 5/0 for every atom s
from 1/n. If @ is an element in an upper continuous lattice I, then the set
of all the essential extensions of a it inductive and contains (by Zorn’s
lemma) maximal elements, called maximal essential extensions of a:
the element « is called essential closed if a has no essential extension # @
in L.

L. Turorem. Hach maximal essential extension of an  element
(tn particular, each essential closed element) is a neat element.

Proof. It x is not neat in I we show that z is not a maximal essen-
tial extension. From our hypothesis, there is an atom s in 1/» such that
x has no complement in s/0. We prove that x is essential in 5/0. If © were
not essential in s/0, there would be an element ¢ % 0, ¢ € $/0 such that
#A\t=0.In this case v. <2V ¢t and t < s implies 2 V t < 2V § =
= s o that w \/ ¢ = s (s atom in 1/a). But ¢ is now a complement of z
in /0, contradiction. So, « is not a maximal essential extension.

2. Remarks. For abelian groups, this result is due to T. Szele.

It is known that in a pseudocomplement lattice, an element is a
pseudocomplement if and only it it is essential closed, so that a part
of this result can be derived from [D, theorem 12].
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Tn order to get the converse of this result we consider the following
“pestricted socle’ conditions :

(R1) For each a < b, @ essential in b/0 = b/a contains atoms;

(R2) For each @ < b, a essential in L = b/a contains atoms;

(R3) For each a # 1, a essential in I = 1/a contains atoms.

3. Remarks. If I is a lattice with 0 and 1 the following implications
are obvious : artinian = strongly atomic = R1 = R2 = R3

If 4 is an abelian group the lattice of all the subgr oupb L(4) sa-
tisties (I1).

- In [C]weproved that in a modular compacth generated lattice the
condition (R3) is equivalent with : (@ essential in L < s(L) < @ and 1/a
is a torsion sublattice). '

The following two conditions (taken from [L] and [SQ])a‘re sufficient
for a ring R'in order to satisfy the condition (R3) for the Tattice of all
the submodules of an arbitrary F-module :

(L) any nonzero left ideal of L can be written as the product of a finite
uumber of maxima Is of

(8) R 'is a commuta th n ring such that every prime ideal is
maximal.
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%, TaworeM. If L is @ laitice with (R1) every meat element is @
mazimal essential extension. Moreover, every neat element 1s essential closed.

o

Proof. We cheek that if x is not (’\ sentially closed then z is mot

neat. In this case there is an element b € L, » < b such that x is essential
in /0. Using (R1) b can be chosen as an donx in 1/z. Now, if # would be
neat in L, x should have a complement y in /0 that is b =2V y and

= 2 A 7. But o is essential in /0 so that y = 0 and b =z, contradiction.
Henee x is not neab in L.

Remark. The equivalence ‘‘neat” — “essential closed” was esta-
blished for abealian groups in [L].

5. LumMA, Let p, @, b be elements in o modular Tum((»I [f P Aa=
=p AN b=20 and (p V a) A (pVb)=np ihe,z, (¢ Vb)) Np= 0.
The proot is an exercise

MMA. Let a,b el such thata << b;a 'fS essential in b/0 'z'f and
only if for ewrz/ independent finite set {a, a,,. .., a,) the set {b, ay,. .., a,}
is independent 1oo.

The proof can easily be adapted from [H].
7. TaroreM. In a modular lattice with (R2) the following conditions

are equivalent :

(i) b is a pseudocomplesnent of x

(ii) @ A b= 0,2\ bisessential in L and b is neat in L.

Proof. The condition 2 A b = 0 holds by definition and xV b
essential in L is known from [S1]. If s is 2 maximal essential extension

of b, the set {x, b being independent, using (6) we derive » A 5§ =0
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so that & = s (b is a pseudocomplement of z). Hence b is essential closed
and neat (using 1)). Conversely, suppose » A b =0,z \V bessential in L
and b neatin £ but b is not a pseudocomplement of z. Let z < ¢ and
/¢ = 0. We observe that ¢ < « \/ b because b, being a complement of »
in (xV 0)/0, is also a pseudocomplement. Using (R2), ((# V b) V ¢)/
[(@ \/ b) contains atoms so, by modularity, ¢/(c A (¢ \/ b)) = ¢/b contains
atoms. If ¢’ is an atom in ¢/b, b has a complement in ¢’ [0 (b is neat in L)
that is, an element y € ¢’/0 such that b \/ y=2¢,b N y=0. From y <
< ¢ < candy A ¢ = 0weobtain & A y = 0. Then (2 Vo) NGV Yy =
=@V PN =yV (@ Ac)=yV 0=yandusing(5),(xVb) A y =
= 0. But # \/ bisessential in L,y = 0 and ¢’ = b, contradiction. Hence b
is a pseudocomplement of .

8. Remark. In a modular lattice with (R3) the only essential neat
element is 1. Indeed, using (R3), if # # 1, 1/x contains atoms.
Ifsisan atom in'1/z and » is neat in L, » has a complement in s/0, i.e.
there is an element y e /0 such that 2 \/ y=s and z A y=0. If ¢
is essential in L, y = 0 and & = s. Hence o — 1.

G. Torcrry. In a modulor upper continuous lattice with (23) an
element @ € L is absolutely complemented (or completely complemented, see
(D)) if end only if @ \ b = 0 and b neat in L implies @ \/ b neat in L.

v

Proof. The condition is necessary without (E3) (see [D]). Conversely,
let p be apseudocomplement of a (being upper continuous L is also pseudo-
comp ented). Using (7), p is neat in L so by hypothesis @ \/ p is also
neat in L. But @ \/ p is also essential in I, so the above remark implies
a\/ p = 1. Hence a is absolutely complemented.

This result shows that in [D] theorem 24 is true not only in strong
atomic lattices but algo in (R3) ones.
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