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In 1974 facovlev for"rntl neccssar)- antl sufficient coiiclitiols lor a
l:lttice to be isoniorphic to the lattice of all subgr.oups of a group. Thc same
problern fol abelian groups seems to be rnuch rror"'ditti"otT no 

-that 
rnean-

rvhile ser.eral authols (Hcarl, rrertesz, Dclanl-. Fritsche, Richter ana Stenil
have done an "abelian ther:r"l of lati,iccs", i.e. havc fountl re:lsonable col-
clitions for notions antl i:t-:.rults of the abealian group thcory to be ertendedin la,ttice"q.

The stancl,,r,rd *Igcbraic contlitions (modularity, upper contiluity 6r
cornpactly gene.ration) generall1 c1o rrot suffice toi''ttrijpurposcr, so,'- for
our Concelu - tht: nr:tlt clenrclrts - \vc pt'opose nL)1y conclitioni s'hich
rl'e call ((reslrictrrd socie contiitionsl' );"1'-anilogl- s-ith the ring theorv.

\\re refer to Ic-n ] a.nrl [s1l fol the l,ellhnorvn notions ot'esseutirl
tlement, ltseurlocomplepgrl.. iltorir, soc1e, rlppr]1.continuitr.r compact
o.lr'tttt'trf . colnl)'JrtlY g,'neraliorr. ;rrtirrir,n Iltf ire zt lril rrr,,rlular, ]aliicc.
\Yc call ri lllttire L atont,ir, it for er-er.v 0 s r_r, e r, the tluotient sufulattice
aiO contains aroms, torsion,.[D ] (rrnc inilcpender,r,t- priJ- l) if {or €yer]:
!.t' " e ,L thr., tluot,it'nt sul;itlttice 1ra cclntuins atorns-a-ritl itrruqty afo,,ttic
if for er-erl- u < b the quoiit'rrt subl:rttice D,ra contairrs a,toms. Air"elernent,
ri, e -1, is callctl neut lDl it rr has a com}lenit,n1 in s,u for el.er,.r atorr s
tryry 1@. rf rl is an rlenLcnt in ari uppei cuntirruous ia,ttice l, 1,11e1 thc set
of all the csseltial extorr;rions of a lJ inductir.-e and contains (b1. zorn,t
lenrnta) m:t,rilnill r'lementsr callerl qile,;:tJit0t.ol. r,ssen.tial et,ten,siiir.llts of rr, :
the elenrenl d, js cl,llccl t:tsen,liu,l closerl if a hlls no essrri.i,izll ertensiol ; a,in I.

l. Trrrionr-r-u. Eoch, vtirt,,t:i'ni,tti essttt,t.irtl, et:rt:nsittn o,f a,n, elent,enr
(in, gtarticttLur. enclr csserr,liti,i t:lrtsttd eletnent) i:; u, n,ettt elentent.

P'roof. rt;rr is not rroirt jn r.l.e sJrorv thrt e.: is not a marimal i:ssen-
tial extensiorL. From our ir,r.pothe,qisr there i,r a1 ,11-or., s in 11r such thilt
rhasnocomlilcmentln,r,u.iri--plo\-L.t,hatrisessential insio. If r x.erq.:
not cssential in ,vr0. thele $.ouirl Jre an elernrnt t + 0.1e siO such tiratr\,t :0. frr this ciis€ a,r i :.,r ! I a,nr1 I q,v irrrplie+ .r, V i <, \/ s :: s.so that r:',f t: s.(s a,tor:r in 1ia). llut, is nrtiv ir, cor:rplement of r.,
irr s/0, contratliclion. So. r is noi a rni_xim:l]" cssenr,i:ll exterlsiun.

2. l?cntarl,:s. Iior abeliarl groups, this,esutrt is rlue to ?. Sze1e.rt is knou'n that in a pseudocomplernent lattice, an element is a
pleudocotiplement if antl 9n11- it it is essential c1ostt1, so iha,; a pali
of this resulr cau bt-: derived fr,om [.D, tireorem 12l.
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fn orcler to get the eonverse of this result we consitler tlie following
(trestricted soclei conditions :

(Iil) For each a <b, n essentia'I 19 &/-0 =+ b/a contains atoms I

(nZ; for each a, 1b, a essential in I + bf a eontatns atoms I

(nS) nor each o * L, e essential in L => 1/a contains atoms.

3. ltemart,'s. If -L is a lattice with 0 and l the follorving implications
are obvious : artinian + strong'l1' atomic + El- '+ 112 + R'3'

rf -4 is an alrelian group-the lattice of a,il the subgroups L(-4) sa-

tisfies (-81).
In [c1 ve proved that in a modu].ar comp_act1,r,- generatecl lattice the

conctition (Bs) is equivalent with : (a essential in tr <+ s(r) < a and. Lf a

is a torsion sublatcice).'" '" 'ii;;"ii;;;;;s i';l conditions (taken from f-Ll and [Sz])-are sufficient
fior a ring -F in ortler to satisfr the condition 1R3) for Lhe'Iatticc of al]
the 'suhmodulesr of an ar'bitrar)' E-rnodule :

ati ,"]1;rr\zero le{t icleal of -tr can be rvritten as the product of a finite
nunrher of maxirnal left iclenls at R;
(S) ]7 is ia comrnutative, noetheria,n ring such that every prime id.eal is
rna:;imal .

4" fi{pcnnrr. f/ L i.s a tattice mith, (Rl.j etery tte.at elemenl is tL,

,w{anirual essewticr,l enie,nsion. }f oreoaer, ere?'y ?Leai element'is essenti,al closed,.

Proaf . we check that if r is not essentially closgrl then a is not
neat. In tliis case 6here,is an element b e L, r { b such that r is essential
l" fyO. tsmg (]31) b can be chosen as an atom iry\ln,Now, if r would he

""*t i, ;, i iUoiUd have a complem?tt y in b/0 th-at is b - a V-U 1nd
A: nAy.'Bu-t r,is essential in bid so that iU:A arrdb: ut contradiction.
Ilcnce ;' is not ncat in I.

Ileritru'k. Thc equival{'nce t'-aeal " - 
tte:sential r'1osed" rvas esta-

btishetl for ahealian grolllis in It].
5. I-rr:mlr,l.'[,et 7t, rn,b be e'l,enrents'fut a qnadwlar lultice f,. nl^P A a :

:pAb:0and,{i V;) A @Vb):ptiteru (oVb) lrF-*4.
The proof is an exercise.

6" ',-e \ffi'tA. L?t a, b e L suelt, l'ltal q, <b; rt is essenttiat'.in bl| if an(
onty i.f for et:ery ind,epend,ant finite set {a, &r,. . ., ao} th'e set {b, &t,"', on}

is i nd,ependlnl f,oo.
The proof can easily 

.F:e 
adaptecl trorn lHl.

?" Truuo-nerr. I'tt a mad,uiar lcdtire tuit'li (R2) lhe follouting aond,itions
are criui uol enl :

(i) Ir fs a pseud,oaamytlernent oJ n;
{'ii,) n A &: ArnV bis essentialinLand'bisneu;t'inL.
Proof . The oondition e; A b :0 holds hy cXefinition and n V b

essential. in J, is knor,vn from [S1]. ff s is a maximal essential extension
of b, the set {r, &} }:eing indtpendent,, 'using (6) we clerive r fl s : 0
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so thilt I; : s (b is a p.qeudocomplc,rnent ot,i,). Hcnce D is esserrtial closeid
ri,nd ncat (u.qing-l)). (,lonvelsc1y, suppost-. .t. /.,, h: 0, r ! b esscntial in .I,
a,nc1 b rreatin-[,but D is not a, psr.itLc,compleilent of .1,. Let, n ( c:lnd
,rAc : 0. lve obselle that c { ,r, v b becarise D. i,rcing a cornplcmrnt of .i,

11 (r -/. b)/0, is also a p.rrurlocolrllenrent. Usrng i,ii2), (["r V b) V c)i
l@ ri b) cont*i,s rnroms Jo,-i;l.morliriar,it.r,, c:f (t /y i, ,l Oi) : rit", cor.i,.iri
a,torrrs. rf r:'is an:ri,our irt.c:,rb, b irzlrl a conrpiernent ir.,.'10 lo is peat, in _L)
that, is, rn elernent a e {:'f t) such tlia.t t, 'l y : c,t l) ir lt'- 0. From iT <a j,' 

" 
r::inrl y /',, c 7 0 xe obltii;\ i): 1, .!/ == tt. Ttrcn '(,,r:'\/ 

,t:) n (D \l :|/) .:: !.r,Y y)A c'_- !/ 'v' (1:.4.r,'1_-= lt V 0: ii andrising(;),(i,'V iif  '.,1 .-: 0.Ilut r V b is essential in L, q: 0 atd ;:' b, corlT,ilriicUon. Hcncc D
is a lrson<I.oconrl-rlerric,nt of ri,.

l]. I?etnqrll" f n tr, r'rtotlit!u' luttice rolfir (R13) tlte r;n!r1 t:sscn.tict.! yr:ql.
ti.e,iittnt, is 1.Irrr'lrt,rl, using (l?3), if ;r: t' J, li,i,'coriiiriiril a,1,ciu,,.
rii s is an iritorn in 1,';r'and .r' js nt,Lt in t,, ,t. hiis:i cornplc,rncnt ir siO, i.r..
1,hel-'t is rtir eleu:t,t.t1 ri € ,\ {.t rurh thrli ,;,- 

,ii, 
.ir == ,t, anil ). i/,, .U: 0. If .r

is crsenriltl in 7,, li =: (.-i ilti(.[ r.r - s. l]r,nttr ,r, --. 1.

fi. !fli;,t,tll'-ir. llii o 'tirtciuiur upl.)(.i r:otrtiti,.urttis luttir:e ztrilil (J,iii) rrr
tl";t; ttti rt. e !, is: iili,:r,!rt!e.1,ry co,iti.picrii(,?i-!r..i 1or complolril corr;iiieineil.ril, riec
tls,l ,' j ,,; .:,tl.t! ..' t' b h (rt,tl l) t;,.,t ,:: l, i,,,i,li,: .* ,, lt 11,1t itt j .

-Prort,f .li irt torriiiioii is:reces-qalv u-ithonl ( ir',3) (sec Ili i). []on-,-e1r1ir..
It'1'?ii,.rit1;seudoluinllierutrntof a /1rt,irig^iil)pel coutinuousl,is also psr.1t1uI
tor:,i1,ler:rtrir.lrri). ilsil:t (i), .,u is neal in I ici br. hrpotirr,,ris u ,,1 

7i is lrlscrili'ril irr ,I,. liiri Q '.,, 1,i,, l,lsr, erii(,rli;rl in 1,, .*,, i.,,u.. irllor.t, r,t,rrrlttli itlirlies
{i,',,,t i.: .-. 1. Iirii(t{: t i,s ub.ioluieiy coirrplenri,rilrii.

'l-iiii; r'csuli sho.r-s rhat in f l)l theor.ern 24 is tr,uer rr,t *n11. in strrrrrg.a1r;l.rt iirttit,er:r i)11.1_ a1:ro iri {fi1,}) onel.
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