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PU}TE SUBGROTIPS OF MIXED ABE,LIAN GROUPS
INCLIJDING THE TORSION PART

GRIGT]TTE CALUGAREANU
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1. Introduction

Inwhatfollows, foranabeliangroup Gand anarbiharysubset X c. G we shall

use the following notation P(G,X)={g.CllreN*;zg.(X)}, that is, rhe elements
that depend onX We will study the ele'mendry properties of thtse subgroups recover-
ing several well-known results. These subgroups appear [2] in aparticular case but no
relevantuse of them is made. Sometimes we shall denote by 1" the torsionpart 1"(G).

2. Elementary Results

LEMMA 2.1 P(G, X) is a pure subgroup of G.

trndeed, if g,h e P(G,X) and ng,mh e (X) for n,m €N* then nm e N*
and ,*(s-n)elx). Hence s-h€P(C,k). Further, if for ze N.,
g e nG n P(G, X), then there is an element x e G such thatg: nx and r.l e N"
such that mg e (Xl . So mnx e (X) with mn eN* and hence x e p(G, X) and

E = nx e nP(G.'x) -:
Obviously X cY = P(C,X)< p(G,I).Moreover

LEMMA 2.2 p(G.a)=,r(c,o) =r(G)s p(G,x)= r(c,(x)) s p(G,G): G
and r(G r(x))= P(G,x)t (x) I

LEMMA 2.3 P(G,X)=r(G)<+ X c r(G) .

. Indeed.clearly X c P(G,X) = f(C) . Convenely, if X c f(C) then f(C, X) c
c r(c,r (c)) : r(c) lrrom 11 c, rgil r r i61: r(G t r Gt:o).'.

Leuua z.+ r(e(c,x))= r(c)

_,il.d..td. PlG 
; 
X) 

= 

G.=r( r(c" x)) e I(G) ; conversely r(G) c: p(G, X) =>

==> 
r(r(G)) =r(G)=r(r(c,x)). r

LeMMa 2.s P(G,x)= r(c,x t z(c)) .

Indee,d, P(G,x \ r(G)) c' r(c,x) being ctear, tet g e p(G,x) tt ng e (x\
with z eN- let x, eT(G) and y, eX\Z(G) such that ng eZ!,x,+ I]=,y,.'For
1= gcd\orrlxr,...,ordx*) we have nry e(x \f(G)) with m e N- .'o thut
g e P(G,x \ r(G)). n
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Lr'.uru,q 2.6 tj' X c G titen P{G, X) is the smallest pure sul:group oi'G

o*hich int'ludes X $nd T(G).
Indeed, let H be a plrre subgroup of G which contains x and I(G) anc

g ep{rG,X).Then n.g =(,X) c. H andng e H)nG = nH.Thereisanelement

hcll suchthat n(g*h):A andhence g-h€f(C)cH. Butso g e 11 .[J

ConsequenaeT.l Let us clenote by S,,lG) = lp@,X)iX e P(G)i Tht set

<l'ull the ltrtre- subgroups ',,t'hic'h carttttin T{G) is exacfi7' Sp(G)

Incleoil. il,P is a plre subgroqr of G rvirich contains I(G) then I1G, P \ f(G)) c P

b,v the pre,ious leurma. Conversely, P -- (P \ f(G))Ur(G) c: r(G,P \ 7'(6))

fcrliorvs by 2.2 so that P: P(G,P\ f(6)):P(G, P) try" 2.$. ir

Remttrle 2.1 Ij' G is a torsioru gr{}Lrp, the r,'onstrucl.i.on has no irieresl hecattse

PjG,X):G for eut:lt X :G.lf G is torsion-frec:, P(G, X'1 is the sttbgrouX:

pturely generatetl by X (the smallest put'e sr,tbgt'or,tp whick fuclucles X). See also lhr:

nexl s:ecti.ott^

Lrturua 2.7 IJ" A ls a subgroup rf G ilrcr f,G.,lt - .1 c.>Gi A is torsion-.fi"ec.

Ir"rdeed. this fo1lor.vs immediateiy trorn P( G, A) i A : T( G / A ): A . i1

Now, i1 fblior,vs easily that

C.onseqtLenr:e 2.2 G/A torsion-free +> A is pure i.n G and inc:ludes TiG'y.

Lnutaa 2"s (X) is essential i.n P(G,x) o s(G) < (x)

Intleed e(.c,x1l (x) rs a tnrsion grotrp and s(r(c,x))= s(c)Qr'(c,x)='

= S(G)< (X)because s(c)< T'(G')a P(G,X'), :)

Conseqttenc'e 2.3 In torsion-Jree groups (X)^ essential in P(G, X) Jbr c-ach

subset X cG .

PRoPosITloNL.l Let .f:G -+ H atnorPhism tdgroups suchthat J c f(C)'
Then P1f1G\. f(u\j:ftPtG, "))

obviously ng i 
|1r1 

* nf{e). lnr)) so that f (r1c ,)) e r(f G), /(o))
Convenely, ii nfu;)-:mf(cil for ,1 e N. imd m e Z then rg - ma € ter f q I(G)

Hence k(ng-ma):0 fora k e N. and so (nk)g e (o)fo. nk * A .J
The non-full subcategory f, of Ab which consists only of the morphisms of

groups f :G -+ lf such that ker J' g rlc) (i.e. vanishes on finite order ele-

ments) will be studied elsewhere. This could be a 1seful tool on mixed groups.

consequenceZ.4 P(G/T, a-T):P(G, a)lT is truefor each element of infi-
ni.te order u.

Indeed. theequality follorvs for f: pr:G -+ G I T thecanonic epimorphisrn.
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PnoposirloN2.2 The subgroup P(G, a) is isoepe and r,,(P(G, a)):1.lbr
each infinite order element a e G ,

trncieed. by a well-known result of Megibben ([3]) the factor group
G I P(G.a) =(G lr) l(P(G,a) tr) is rorsior-f,reelike GrI becau.sep(G, a)/T
is pure in GIT (see the previous consequence). For the second assertion, we have
r,,(P(G,a)):r(P(G,a)lT):1 hecause (again by the previous conseqllence) tliese
are exactly allthe elements (of the torsion-free group G/O that depend of a+7.:l

Consequerce 2.5 G l P(G,,) i s torsi on-.fi.ee arud r o(G l p(G, a))+ l:r r,(G ) .

Consequence2.6 The factor group PtG,a)lT L^ indecomposable (torsion-/ree).

LrtvlNr,c 2.9 P(G, a)lT can be embedded in Q .fbr eac:h infinite order element a.

Indeed ([a]), this is clear by the above propr.rsition. In particular if G is a

torsion-free group and .r I 0 tire llnction ! . PG.r) -+ Q ,Jetlneci b'y {G'i = !7

iff ng-ntx with r e N* is an embetldirrg. -

PnopostttrlN2.*1 Each 7tto"e subgrr.tup S qf G vthiclt inclucles f((11 ancl hus

torsion-fi'ee runli otte has theJbrnt P(G, a).li;,t" each a e S \ f(G) .

Indeed. if a. e S \ fiG) then P(G,a) c,S foilolvs bv lemma 2.6. Con-
veniely,if r e ,S ha-sinfiniteorder(-t e I(G) 3 .r € P(.G,a) rsobviousbylemn:a
2.2) tiren i.l a) is a dependent set (of infinite order elements) so that-r: depcnds on

{a}and xe P(.G,c'1.Jt

Consequence 2.7 (i) P(G,a\= G €> 6(G) = 1

(,i) is<cirfclqs,z',(s) =t,s purre inGj={e@,a1lc e c\r(c)i. ll
PRoposIrIoN2.4If ord(a) = co then r(c,a) = ,{o < Gla e H, ro(H1 = 111 .

One inclusion is obvious because a e p(G,a) anci rr(f (C,a1)= I . As for the

second, let a,b e H, r,,(H'\ = 1, If b ef(G) c p(G,c) nothing is to be provecl. If
ord(b)=.o then {a, b} is dependent and hence 6 e p(C,a) .t.'t

We recall from [1] that a subset is called pure-independent if it is indepen-
dent and generates a pure subgroup. Equivalently, {,r,},.-, is pure-independent iff
mb:n ra r+ . . *tt 

ka k implies n.,ar:mn jar,

PnoposrrroN 2.5 P(G, X) + f(G,f) < f(C, X Uy) for every subsets X ancl
Y of G; the equality holds if XUy is pure-independent.

Proof, If g: g r+g, with g, e p(G,X) and g" e p(G.),) and ,,g, . (X).
nzgz €(f) tnen n4x2g = nr(nrg,)+nr(nrg.) e (XUf) so that g e p(G,XUy).

Conversely, if g e P(G,XUI) and ng = L',_rn,x, + Lt;_1mi! 1with 7x s I\*,
XUY being pure-independent, n,x, = nn',x, and m j! j = n.m'.1 li and hence
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g= gt+gz+ri wirere gr=21=.1'ix,.(X), g1=L'i--1m'i11 and ueT(.G). Hence

s e P(G, x) + t:(G,I) (indeed, u e r(G) c P(G,v)1. I
Ilven for independent sets of infinite order elements, a characterization of

pure-independence seems out of reach using the subgroups P(G, X)'
In the above-mentioned category f, it is naturai to consider the order

epirnorphisrn a,:e(G) -+sr(C),,pr(x) = p(G,X') 
.

If /..G -+ 11 is tr morphism of groups such that I c r\G') then the following

diagram

ec>

(P ant

cornmutes, the vertical maps being induced by f
s"(c)
I

s"(/(c)

(G)
J

4H)

)

pRoposrrroN 2.6 P(G, xn v) < r((x)n(r)) = P(c, x))r(c,r) .

Indeed. P(G , X n r) < r(c, (x)) = P(G ,x) and similarly for )'. conversely,

if g e P(G.x)}P(G,Y) and ng.(x), ms =(r) then nmg e(x)l(r) ana

hence g e P(c,(x)n(r)). n
By the previous propositions we now derive

RemarkL.2 (S"(C),-c) is anupper directed lower semi-lattice.J

3. Relativization

lf H is a subgroup of G the construction we have studipd in the previous scctio+l

can be relativized. We use the same definition P(H ,X)=ln.Al=, e N*:rfr .(X)j
where X c G. We have easy generalizations of the elementary results in the

previous section (surely P(H, X) = H n P(G, X)),

LEMMA 3. 1 r(H) = P(H,o) = p(n,0) c r(u,X), (x)na c r(H,x) c
cr(w,c)= H and. r(u r((x)na\)= r(u,x)/((x)na). r

LEMMA 3.2 p(H 
, x) = r(u) <+ (x)n,rl e r(H) .

One implication being obvious, if (X) n H < f (H ).one has to use the canonic

epimorphism H t((x)n H) -+ H t r(H) to obtain r(a t ((x)nfl))= 0 r.o*
T(HlT{I{]:0 and hence P(H,n:T(m.Z

Lruue 33 re]r, n):r(H).t)
PRoPosITIoN 3. 1 P(H, X) is the smallest pure (in G) subgroup of H which

contains (x)na and T(It).
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Indeed, if K is a pure (in G) subgroup of Ilwhich contains (X)[-f ff ana

I(FI) then he P(H,X) =fr e N': nne (X)fiH+ nhe K)nG=nK=+

= ffr e K.nh= nk * n.(h- k) = 0 * h- k ef(H) c K = h e K.l)

PRoposrrrom 3 .2 Let A be a subgroup ol G. P(H, A) = H ) I <> H I (H n A) i s

torsion-free.

Indeed, this follows imrnediately from P(H,A) l(H)A)=T(n t(an,t)). i,:

Consequence3.l If A is a subgroup of H then P(H,A)=Arr>H lA is

torsion-fi'ee,

PRopostuoN 3.3 Let P be ctn arbitretry pure suhgroup of G. P:P(P, P) so

that the relative construction gives all the pure subgroups from G.

4. Non-standard Splitting

Following [4] we can consider the lbllowing class of rnixed abelian groups:

I e']\ if G has non-triviai torsion-free direct summands. Moreover. we add the

tbllorving classes: g e Ct rf there is an intinite order element a e G such that
P(G, a) is a direct summand of G and more generally G e C., if there is a subset

X cG. XfV(G\=Acard X:u such that P(G,X) is a direct summand of G.

in this section we record some connections between the classes C, and lv ,
and the class J' of all the splitting rnixed.

We first recall from [4] the following results:

Lsupra 4 1 If G e 97, **ith 0* B torsion-free direct sttmmand and GIT(G)

is divisible then B is divisible too.

For the proof, if B is a torsion-free direct surnrnand, using a well-known
decompositionof ?"(G) (tullyinvariantsubgroupof G), r(G)=(r(G)n,a)O(r(C)nr)
we derive r(C)s A andso G / e =(c I T(G)) I (,t t r(C)) is divisible togetherwith
Glf(q. Hence B=G I A is divisible too.tl

Consequence 4.1 lffor a reduced group G thefactor group GIT is divisible
then G e !M1.

LElaua 4.2 IJ'G e M3 with 0+ B torsi.on-free direct surnntand and Glf(G)
is indecomposable then G is splitting (rnoreover G = f(G)@ B ).

lndeed, with the above notations, I(Q being fully invariant, one ha.s G I f (G)=
= ((,n *r(c))rr1c))o(( a +r(c)) tr(c)) rhe factor sroup Gtr(G) being inde-
composable we derive ,B:0 or G = f(C)O f . I

JJ
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Consequence 4.2 If for a non-splitting group G thefactor group GIT is
indecomposable then G e'4.

Consequence 4.3 IJ'G €Ct and GIT i.s indecomposable then G is splitting. i

Lnuue 4.3 Ever1, direcl. summartcl of'u splil.ting ruixetl grolrp is splitting. I

A[ol.eprecis,1tll,,i{,aisad.irectsuntmandoJ-GandG-A@B=r(G)@Ht,hen
.1--r(;)e1(ria)*H\aA). , I

Consequence 4.4 [f G = A@ B antl A is non-splitting tlten G is non-splittittg lcto.

We continue with exarnples of mixed groups using the following notation:

-rt={]-15 (here-lis thesetofallthesplittinggroups): if G=T@ H=P(G.s)CIf I

using Lemma 2.4 and the above Lernma rve obtain P(G,a):f @(.P{C,a))ff)
and {-}:TCn(P(G,c)la)OF . Here P(G.df)H is a torsion-fiee group of rank I

1, Nloreovcr.

PROPOSITION 4.1 Let F l:e a ranlc I torsian-.free direct, sumtnand o-/'G. For
et/{:r.)l 0eF v;ehuve P(G,a)=Igf ,

As direct summand of G, F and hence IOI is pure in G and contains a.

But r;(7of)=r(f)=1 so that P(G,a)=T@F tiom the Proposition 2.3. i-)

Consequence 4.5 If GIT has a ranlc I direct summand SIT lhen S:P(G, a)for
each ae,S\I.

Indeed, if we apply the above Proposition for the torsion-free group G/7'we
derive P(GIT. a + T): S/7 and S:p(C, a) from the Consequence 2.4.t-)

Consequence 4.6 Let: G e5,@.g. G=P(G,a')@F). Then G splits (i.e.

G e A ) ilf P{G,a) e 94, (i.e. has torsion-free direct summands).

if G splits fiom Lemma 4.3, P(G,a)f)U is a torsion-free direct summand

of P(G, c). Conversely, if P(G,a)=K@ L for a torsion-free subgroup Z then

l--rr,{P{.G,c)):r,,(tr]+r,,(I) so thatrs(O:0 and hence Kq7. But TcP(G,a)
irnplies the equality K: T.a

Consequence 4.7 IJ'G e C't @.g. G = P(G.a)@ F ) then G splits {J'P(G,a) spltts
Frorn the above Consequence we see that the torsion-fiee direct summands

of the pure subgroups P(G, a) need concern. Obviously these are all isomorphic to
subgroups ofQ.

Examples.l. G=Z(p')@Q@Q e A=S)Ct.
Indeed, for every ae Q we have (according to Proposition 4.1)

P(G,ct) = z(p)@Q and hence G= P(G,a)oQ ecr obviously G e-1 .

2. Let 1be an indecomposable torsion-free group of rank 2. Then
G=Zr@1e .s\C,.



'i Puro subgroups

indeed, G e -l bcing clear, if we would lrave also G e C, then (r,vith the
aboye notations - see l) I =G lz(p)=(r(c,afit 1o F contratlicting the inrle-
ci.mposability of 1.

3. For G=T1o+Z(t:) anrl a:(T,T,...,1,...) tet H=F(G,alGe We have
1/ e C \.1.

Indeed, PlG,a)€J' (see [4]) implies ]1g5 (from Consequence 4.4) and
P(H, a): P(G, c) so that ,1 eCt.

4. t.'onjecture: let Ubc anonsplitting mixeci group such that Lj € ,t14. and l
as above (indecomposable torsiorr-free of rank 2). Then LI @ I e ,,r4, t (s LJq ) .
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