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1. Preliminaries. Let Z be a lnodular lattice rvith 0 ard 1. In u'hat
{olierq.'s rve shail deal u'ith thc notion of p-ssufl..onrple111ent in tht' scnse
of Sterrstrom i7l, i.e., an elc.nrent c € l- is a fscttdoc0n1.l)letnt)rtl of an
elenrent qeL il an c:0 and .r is rnaxinralrviththispropertl". \\re
shall trentiou and use in the sequel scr.eral results from !7], rlrainll'con-
ta.ined in thc third chapter, section 6.

11,'e first pro\-e trvo uscful caracterizations
'xHEoRr,lM 1. lltc d,emettt c a I-'is ct fsau,docom?luttetlt of b in I- if

an,l, anly if bn c:{J and. b vc is es.sertt'ial in, .c, 1].
Proaf. Indeed, ii bnc-:A, lor every de lc, 1, d+ctlne fo11ol'ing
statenrcnts are equivalent:

{i) ln d+0; (rr) bndlc; (iii) rf cv(bn,l)-(bvc)r, .

Tr{EoREM 2. .\rtl>f>ostr f- is pscttdocomplentcrttad . I'he element c € I'
'is n"bset,r.docomt'ltmott rf b in I- if au.tl, rntllf if lt n c :0, b v c is tsstntiol
'in I- and c i.s r.sscrliall.-t, close d..

PrtrLf . The conclitions are clearlr- neces-si:ir\. (.1 . [7 1). Conr-erse11-, trsirrg
theorem l, rr.e sha1l 1)ro\-e that thel- irnplr' D vr: is essential iri ic, lL
L]sing the eclrrivtrlent condition (iii) abor.e, suppose d is an element in ;
suchthat o! r/ and (b v c) n d : c. Thc clernent c being essentialh- closed,
7r:t. d'e L be such that 01d'{ d arid cvd':0.'l'herr 0:r-'t,d':
:((1, vc)nd)nd':(b vc) n d'.'Lhis contradicts the condition lu vc is
es*{ential in L.
\Me first apply these results to the lattice L(il) of subgroups of an :rbelian
grotlp,.1, lattice rvhich has a1l the properties u.e nced.'I'raditionalh., rve
sal tlrat a subgroup C is B-high if C is a pseudocomplement of B in L(.J).

C o r-o 11 a r -y. If -1 is an abclian, grou,.J> and. B, C are d,isjoint su,b-

|you.f;s.,,f _,1-.(i.-r., F n C :0) thetr, the following condit,ions are eqttia:alcnt;
(l) C i.s B-high; (2) B + CIC is essential in -4-lC. (3) AIB * C'is torsion
and the socle S(AIC) i< B + CIC
Ilernark. The iniplication : ,,C is B-high = "1i tl i- C is a torsion group"
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is knou,rr from a iong tiure (12. and .6:), tue condition (13) above gir-es

arr atlcrluatc supplt l'6r an ttluii'alcrrcc
liem,tri. Iising (.1 o"" can easiil- irrpror.c the lemma 9.8 _ I 1_: il C is B-hig_h

"r-,,t 
,, i, a rclui.ielfree irrteger then a e .1 aud ntt e C implies fi. e B + C.

2. Mutual pseudocornplements.. Il I- is a rnodular latticc r"*ith 0 a6d
1 arei br, c :0, l, ", 

: f thcn & is a pseudocomplement of c and r is a
pscrrdocotnpiement of D. \Ve sha11 nou' ilrtroduce a 11t\v notion, a natural
gerrcralizatirin ol thc situation allove.- I),,finitiort. Itt 0. ntoduLar lttltict L aittt, (1 and 1 th,t: alcntents it, t = !-

,rr, ,,urrlual .pscudocom plcnr,L:nts if l; is a fiscutlttcotttpl.itnt.ent .for c and c is

tt ltstuclocompl.em,cnt of b.

tt'" tolto,"irig for results are takeu for the sake ol conpieteness froir'
7 irr .r 1,s"trr1o-.'otlt1rl,:tttetttcd 1,rt tiu'.:
' d) t1 tt ts l fs,ird,,cottt,pltntott of a in {., then lhera cxists a fiscH,i{,o'

cont'lcme-nt c of b it L such thal a { c',

' th) Il b is a psettdocomplcttettt of a in, L, c i; a l>seu,dacrsmple*ttttt
of lt'i'tt, L antt, o i ., tlrcrt' i is a m'sxirrtal esscntinl e -$tensiolL '{ lt' L ,' ,u ,r, ". 

Il,rtlt f'sttttlotutttfl.t,.tl ('tr, tquiualcn'!l-r', esscnlial clt;t I
,'1r 117, ttl ) lt,ts nl lc,rsl otrc rttttl ual f st'tt.do.comltlcut'ut'l '

iru,,.f 'O,e 
e,asi11'checks that i, it,;, A- it al.so a pseudocornplerne,t tor c,

becait,*t anh' + 0Ior D jD'irnplic-s fi'n c *0 sincc n g c'

Using theorem 2, rve easiil- gct- 
iloBo*Brr ll. Su.pfrtse -[- 

'rs 
,r ntodtilur, ltst:udctcotrr,t'lett,entctl lattice ut'itk

A arti 1.- T:ltc ,lrrncitis b, c e I- 'aith b n i:0 arc n'ut'ual 'pse*d.r.,c.oxrfi!":-

l,nr.lut., if and onl,), if l/tc_t, arc tssentiallt' closed, attd l; v c is essuttial in L.
C c,, o 1l a ir-.' T,ui esserLtiul clo{ed, disictittt_511hgroufs B, C of au,

qttcliart. groaf ,1 irr- ,l,*,Lual tiglt, i.f and ottl-t' if ,llB * f rs o trtrs'iort growp

(t)ti.Q( t) <B-c.
lle'nrutual high subgroups actuall-v gtrreralizes thc notion oi direct

srurr irr :ru abelian e.o*1rr. Ft,ri iustauce, irr Z, @.2": (rL, D) u'here,Sa :
:ZA:0 the subgio,tp= -4, - {O,h} and B, - {0'?n 1 b,4a,64 -; lr} are

routrrnl high and B, is riot o dir""i suinmand. It is- also kuorvn that ruutual

i;;;.itJ;.",;iplernelti (bcing essentially closed subgroups) arc :L1rva1-s direct
'srr,,,.r,1arr.1s'ir., u quasi-ilrjlctir-c abelian group' Next, \1'; shorv that in an

arbitrarl. abclian- grotlp there are subgiottlx having all the rnutu:1 high
subgroups d.irect stlrrlmands."-'.r*riooori,l. 

Let -4r be thc.firsi Ulrtt, str,bgrott,p of 1 If B is ntLtiu,al

Iti.glt. 'r,it/t, ,11 thut, A -- R @ ,1'.
P'i,,,,f rf lJ is -\l-higlr tlecrr g is pure in '{(ia; or.lL;,..}ttf:-26--.t''x' 12i'

f.rrrt "i it B is p.,rJir, '1 then B--y ,4r11t is 
-pure. 

in -{ /-{1 ( i1 l' :9, "} , 91"
Siit liteiug Birigh, using theorern 1, R + -1'/{ is also essential in.{1.{1"
H.*." B 1-''A'1,1t":.1 l.1l a,c1 B *.11 : -4. If -{ is a torsiorr group a

iittlc bit rrrorc can be saicl :

THEoRIllr 5. Lt:t A be a torsir.'rt abclian' grrtu'ft and 13 rt s'ttr'gtoub of
,1'. I.f C'is mtr,lttat higlt' with B then B @ C: I'-Proof. 

Siurilarll- rvitfr the proo^I of _theorem 4, rve oul1- [eed to check

that"C pure in"A (l5l) implies C + BIB pure in, J/E Suppose c 1- 8:
:n{r{ B for nn'inttger z. Hence c-n& e 'E ( At:nmA E ra-4 so

ti-ratc e y.4ant\c € cQn,.1.Fina11,v, Cbeingpureinl u'e have s e nc
arrrl c i ll €. n({.: y tllt.'1.



MUTUAL PSEUDOCOMPLEMENTS 239

A, th,evt
essential

- coro11ar.y. If_A is a torsion abelian group, any essential crosed.
subgrowp of Ar i,s a d.,irect surnmand of A.

3. Miseellanea. The foliowing two results are elementary:
pRoposrTrox 6. Suppose f is an endomorphi.sm of an abelian group A.

Tken :

(i) ket (/) O i- (/) : 0 <+ ker (/) : ker (/,) ;

(i,i) ker (/) + i* U) : e + im (/) : im (f,) ;

(iii,)' ker (/) O i* 0:.1 +f is left and. right regtilar in the ring End(A).
In this context rve finallv prove

pRoposrTroN 7. If f is an, end.ornorl>kisrn, of an abel,ian grotr,p
h,er lf'1 is irn (f)-hi,gh. if and onl'v if ker (.f) : ke. (f,) anA im (fi r-r
in, im t.f).

Fruof. II ae iru (/), a* O atdker (/; is irn (/)-high u.e nrust shon that
irrr {-fri f1 (a) + 0. No1v, if n : f (a'\ wc have a' 4 ker (/; arrd hence
((c') * ker (/)) fl irn (/) I 0.'I'hus, u,e have n e Z a:nd e",- (?r € .:tr sLlck
that t{t}.' { tt" :.f(o) + 0 rvith (t" e ket (/). So .f(na' a u") -/r(c,i = 0becan,*e ker (/) ..= ker (/r). But na : fr(ar) I 0 and hence irn (/r) 1l (a) + r)
Ccrrr,ersel).. il IJ is a'subgroup oi -1, ker (f) j A ancl irn (/r) ir essential
in inr t.f), rver rnu-st shol, that B f) irn U) + O.If c e B is such that .f(cr * 0
rve nrust have b1. hr-pothesis irn (/r) ) (f (s)) + 0. Ilcncc \ve carl get n e Z
arrrl ,r' e ,{ such tl,..at f2(a') .- ,r.J'@) : f(no;t I 0. So f (a') -nt e ker (/i<F
and hcnce./(a'\ * ll. Ilut.f(o') * 0 |ccalse ker (f) : ker (f.) arrri ttlq' + t\,
an<l so B ['1 im (f) + 0.
Ilsirrg again theorern 2, rver linallr- har.c

C o r o 11a r v. Su,fpose f is an cntlontorpltisnt oJ on ohclion qrt;uv ,1
stzl:h th.at ker (./) : ker (f,). Tlte subgroufis kcr (-/) and. i111-(J'1 art nrrituilt,
hygh if antl ortlt' if itn(-f'z) rs rssirilial 

''irt 
itn (f) and iur (/) i,s cssuzhrrl[y

closcd .

tll
rol
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