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1 Introduction

Expressing the idempotency of a 3 x 3 matrix amounts to a quadratic system
of 9 equations with 9 unknowns, which is clearly hard to handle. As examples
in this note show, Cayley-Hamilton’s theorem, which for a 3 x 3 matrix A
is

A3 —Tr(A)A? + %(TYQ(A) — Tr(A?))A — det(A)I3 = 03,
does not characterize the idempotents. Therefore a characterization in terms
of trace, determinant and rank could be useful.

We did not find any reference for a characterization of the 3 x 3 idempotent
matrices, not over Z, nor over more general conditions on the base ring. In
this paper we complete this gap over some special integral (commutative)
domains.

We say that a ring R is an ID ring (see [5]) if every idempotent matrix
over R is similar to a diagonal one. Examples of I D rings include: division
rings, local rings, projective-free rings, PID’s, elementary divisor rings, unit-
regular rings and serial rings.

Recall (see [1]) that, since a matrix over an integral domain may be viewed
over the corresponding field of fractions, the definition and properties of the
rank are the usual ones, well-known from Linear Algebra.

Since diagonal idempotent matrices over domains have only 0 or 1 on
the diagonal, and idempotency is invariant to conjugations (similarity, as
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for square matrices), it follows that a necessary condition for a matrix E
(over an ID domain) to be idempotent is rank(E) = Tr(E), that is, the rank
equals the trace. Actually, this is the motive for considering in the sequel
only matrices over ID domains.

An integral domain is a GCD domain if every pair a, b of nonzero elements
has a greatest common divisor, denoted by ged(a, b). GCD domains include
unique factorization domains, Bezout domains and valuation domains.

In Section 2, our main result is the characterization of the idempotent
3 x 3 matrices over ID, GCD (commutative) domains (e.g. Z). With this
new tool in hand, in Section 3 and 4 we revisit a conjecture made in [3]:
Every nil-clean 3 x 3 integral matrix is exchange.

2 The characterization

First recall the Sylvester’s rank inequality: if F'is a field and A, B € M, (F)
then rank(A) 4 rank(B) — n < rank(AB).

As already mentioned, if R is an integral domain with quotient field F'
and A € M,,(R), rankp(A) = rankp(A) is the largest integer ¢ such that
A contains a t x t submatrix whose determinant is nonzero. Equivalently,
this is the maximum number of linearly independent rows (or columns)
of A. Therefore Sylvester’s rank inequality holds for matrices over integral
domains.

So is the subadditivity of the rank, that is, rank(A + B) < rank(A) +
rank(B).

Next we mention a predictable

Lemma 2.1 Let R be a GCD (commutative) domain and let Cy, Cs be two
3 x 1 nonzero columns. If Cy, Cs are linearly dependent over R there exists
a column C and elements a1,as € R such that C; = a;C, i € {1,2}.

Ci1
Ci2
Ci3
0#0b; € R, i€ {1,2}. Without loss of generality, suppose ¢1;7 # 0 and so
Co1 7é 0. Let dl = ng(Cll; 021) and C11 — lldl, Co1 — lgdl with ng(ll, lg) =1.

Since [, Iy are coprime, from byly = bsls, I7 divides by and Iy divides by,
say by = laa, by = 11 8. From byly = bsls it follows that o = 5. Further,
since bycio = bocos, we obtain locio = l1coo. Again, since [y, l5 are coprime,
[ divides ¢15 and Iy divides cg2, which we can write (say), c12 = l1dy and
Coo — l2d2. Slmllarly, since b1613 = b2023 we show that ll divides C13 and l2
divides c93, which we can write ¢;3 = l1d3 and co3 = lods for some dz € R.
dy
dg] then indeed, C; = [;C, as desired. O
ds3

Proof. Denote C; = , 1 € {1,2} and assume b1C; = byCy for some

Finally, if C =

An analogous procedure, takes care of the case with three columns.
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Recall that for any n x n matrix A, up to sign, the first three coefficients
of the characteristic polynomial are 1, Tr(A4), 3(Tr*(A4) — Tr(A?)) and the
last is det(A). The third coefficient equals the sum of the diagonal 2 x 2

a11 @12 a1 a13 22 A23
a21 a22 as1 as3 a32 ass
a11a22 + a11a33 + ag2a33 — A12021 — 413031 — A23G432. To sunphfy the Writing,
this coefficient will be denoted by t or even ¢ 4, if we need to emphasize the
matrix A.

Now we can prove our main result.

minors of A, and for n = 3 this is

Theorem 2.2 A 3 x 3 matriz E over an ID, GCD domain R is nontrivial
idempotent if and only if det(E) = 0, rank(E) = Tr(E) = 1+ 3(Tv*(E) —
Tr(E?)) and rank(E) + rank(I3 — E) = 3.

Proof. Suppose E = [e;5], 1 < 4,5 < 3. Then t := tg = ej1e2 + e11€33 +
€22€33 — €12€21 — €13€31 — €23€32.
By Cayley-Hamilton’s theorem, we can write

E?® —Tr(E)E? +tE —det E - I3 = 0.

To show the conditions are necessary, suppose E = E%. Then det(F)? =
det(E) € {0,1} and by replacement we get

(1—Tr(E)+t)E =det E - Is.

We go into two cases.

If 1 —Tr(E) +t # 0, then FE is a scalar matrix and we can show that
E € {03, I3}. Indeed, either det(F) = 0 and then E = 03, or else, det(E) = 1
and if £ = als, the equality F = E? gives a = a? and sincedet E =1, a = 1
and E = I3 follow.

In the remaining case, 1 — Tr(E) + ¢t = 0 and so det(F) = 0, i.e. all
nontrivial idempotents satisfy these two (necessary) conditions.

As for the third condition, we use the Sylvester’s rank inequality rank(E)+
rank(l3 — E) —3 < rank(E (I3 — E)) = 0, for rank(E) +rank(/3 — F) < 3 and
the subadditivity rank(E+I3—F) = rank([3) = 3 < rank(E)+rank(l3—E),
for the opposite inequality.

Next, we show the conditions are sufficient. Since det(F) = 0, rank(E) <
2. Further, Tr(E) = 1 + ¢ shows that E # 03, so rank(E) € {1, 2}.

In the first case, notice that if rank(E) = 1 then ¢t = 0 and so Tr(E) =1
follows from Tr(E) = 1+ t¢.

In this case, by Cayley-Hamilton’s theorem, we have E3 = E? which
generally does not imply E? = E (see example 4 below).

However, if rank(E) = Tr(E) = 1, it does.

A 3x3 matrix A has rank 1 if and only if any two (say) columns are linearly
dependent. As shown in the previous lemma, the columns are multiples
of a common column. Simplifying the writing, we can suppose E has one
of the three following forms: [C, sC,vC], [0,C,sC], [0,0,C] where s and v
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are elements of R and C' is a column with at least one nonzero entry. If
ai

a2] and we fulfill the condition Tr(E) = 1, it follows that E is in one
a3

of the following three forms:

C:

1 — sas —vag s(1 — sag — vag) v(1 — sag — vag)
F = as Sao Va9 ] ,
as Sasg vas
0 a; saq 00a
Ey = |01—sa3s(l—sa3z)|, E5= |00 b]. It can be checked that all
0 as sas 001

these (rank 1) matrices are indeed, idempotent.

Notice that in this case, we do not use rank(FE) + rank(l3 — E) = 3.

In the second case, rank(E) = Tr(E) = 2 and Tr(E) = 1 + tg yields
tp = 1.

Observe that in this case Tr(I3 — E) =3—-2=1and t,_g =tg +3 —
2Tr(E) = 0.

Since rank(FE) = 2 implies rank(I35 — E') = 1 by the additional hypothesis,
this case reduces to the first one. This is because, if I3 — E is idempotent,
so is E (its complementary idempotent).

In this case, by Cayley-Hamilton’s theorem, we have E(E — I3)? = 03
which generally does not imply E? = E (see example 5 below). 0O

By E;j we denote the 3 x 3 matrix with all entries zero excepting the (i, 5)
entry which is 1.

100
Examples. 1) Eyy + Ea3 = [0 0 1] has trace 1 but rank 2 so it is not
000
idempotent: the square is F1;.
200
2) 2FE11 + E23 = |00 1| has both trace and rank 2, but ¢ = 0 so it is not
000
idempotent: the square is 4F7;.
100
3) E = FEy11 + E9s + E33 = |01 1] has both trace and rank 2 and also
000
00 0
t = 1. Moreover, I3 — FE = |00 —1| so rank(E) +rank(Is—F) =241 = 3.
00 1
It is (indeed) idempotent.
10 1
4) Take A = |00 0 |. Then A3 = A? = Ey; + E33 # A (i.e. A is not
00-1

idempotent) but Tr(A) = 2 = rank(A), t = 1 but rank(A) = rank(I3— A) =
2.
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110

01 0] has both trace and rank 2 and also ¢t = 1.
000

It verifies C(C — I3)? = 03 but it is not idempotent. Again, rank(C) =
rank(ls — C) = 2.

5) The matrix C' =

lab
Actually, all matrices of type C' = |01 c] satisfy rank(C) = Tr(C) = 2
000
12a b+ ac
andt=1butC?>= {01 ¢ = C' for many choices of a, b, c.
00 O

6) Observe that if char(R) = 2, there are idempotents E # 03 with

011 211

det(E) = Tr(E) = 0. An example is E = |101| with 2 = |[121],
110 112

det E = Tr(E) = 0 and Tr(E?) =2 = 0.

3 A conjecture revisited

In [3], we can find the following
Congecture 3.1 Every nil-clean 3 x 3 integral matrix is exchange.

When writing the paper, this characterization of 3 x 3 idempotents was
not known to the authors.

The characterization allows a different approach in order to prove this
conjecture. Indeed, idempotents appear twice in this conjecture: in the def-
inition of nil-clean matrices, i.e. these are sums of idempotents and nilpo-
tents, and in the characterization of exchange elements, i.e. in a ring R,
a € R is exchange if and only if there exists m € R (called exchanger in [3])
such that a + m(a — a?) is idempotent.

Since

Proposition 3.2 Let R be any ring, a € R, and suppose that a = e 4+t
where €2 = e and t> = 0. Then a is exchange in R.

in the remaining nonzero case, we will assume the nilpotent, in the nil-
clean decomposition of the matrix A, has index 3, i.e. A = E + T with
E? = E and T? # 03 = T3. As for E we can suppose it is nontrivial
idempotent: indeed, nilpotents and unipotents are clean and so exchange.

Recall that every nilpotent matrix over a field is similar to a block diago-
By 0 - 0
0 By--- 0

nal matrix | . . . . |, where each block B; is a shift matrix (possibly

00 - B
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of different sizes). Actually, this form is a special case of the Jordan canon-
ical form for matrices. A shift matrix has 1’s along the superdiagonal and

010---0
001---0
0’s everywhere else, i.e. = | . 1], asn X n matrix.
000---1
000---0

The following result is proved in [4]:

Theorem 3.3 The following are equivalent for a ring R:

(i) Every nilpotent matriz over R is similar to a block diagonal matrix
with each block a shift matriz (possibly of different sizes).

(ii) R is a division ring.

In the sequel, we prove the conjecture for all nil-clean matrices whose
nilpotent (of index 3) is similar to the 3 x 3 shift.

This is a special case (over Z), because over any commutative domain D,
there are plenty of nilpotent nonzero matrices which are not similar to the

corresponding shift. For example, [8 g] is a nonzero nilpotent of My (Z)

which is not similar to E1,, the nonzero 2 x 2 shift.
However, it can be proved that

Proposition 3.4 Every nonzero nilpotent 2 X 2 matriz over a commutative
GCD domain R is stmilar to rE1o, for some r € R.

Proof. We are looking for an invertible matrix U = (u;;) such that TU =
U(rEyy) with T = [;” _yx} and 22 4+ yz = 0.

Let d = ged(z;y) and denote x = dz1, y = dy; with ged(z1;y1) = 1. Then
d*x? = —dy;z and since ged(z1;y1) = 1 implies ged(x3;y1) = 1, it follows y;

2 2
O _ _ | T1y1y2 Yiy2 _ iy Y1 _
divides d. Set d = andso T = = =
v yrie —atYs —T1Y1Y2 vz —af —961211]
yQT/.

Since ged(z1;y1) = 1 there exist s,t € R such that sz; + ty; = 1. Take

U= [ Yy 5} which is invertible (indeed, U~! = [ t _8] ). One can check
—x1 t 1 %N

T/U: |:O _y11:| :UElg, SO T = Y2. a

The 3 x 3 analogue is

Proposition 3.5 Every index 3 nilpotent 3 x 3 matriz over a commutative
GCD domain R is similar to rE1o + uFo3, for some r,u € R.
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Notice that the possible nonzero 3 x 3 block diagonal matrices with each

000 000

two and only S has index three (5% = Ey3 # 03).
Here is what we prove

010 010
block a shift matrix are S = |001| and S’= [000 |, where S” has index

Theorem 3.6 The nil-clean 3 X3 integral matrices whose nilpotent (of index
3) is similar to the shift S, are exchange.

Proof. For A = E + S we have to find an exchanger M such that A +
M (A — A?) is an idempotent. As observed in the previous section, it suffices
to consider E any (nontrivial) trace = rank = 1, 3 x 3 idempotent matrix.
Also noticed in the previous section, it suffices to find exchangers for F, any
of the following matrices: [0,0,C], [0,C, sC], [C, sC,vC] where s and v are
some integers and C' is a column with at least one nonzero entry.

There are three cases to discuss.

00a
Case 1. The idempotent is of form [0,0,C], that is, E = |00b | and
001
01 a 000
A= [0014b|. Here ES = 05, SE = |001]|, A2 = E+ SE + Ey3 =
00 1 000
00a+b+1 01-1-0
00 b+1 |,A—-A2=|00 0 . Denoting M = [m;;], 1 <1,j <3
00 1 00 O

01+m11 a—(1+b)m11
0 mo1 (L+0b)(1—ma)|. We chose mo; =
0 ms3 1— (1 + b)m31

we get A+ M(A — A?) =

mg1; = 0 in order to have trace = 1, and m1; = —1 in order to vanish the sec-
ond column. Since the second and third columns of M play no réle, we chose
—-100 00a+b+1
these zero. Hence for M = | 0 00|, A+ M(A—-A4%)= |00 b+1
000 00 1
which is indeed idempotent of the same type as E.
0 a saq
Case 2. Take F = [0,C,sC] = |01 —sa3 s(1 —sa3) |. Now A — A? =
0 as sas
0 sag —1 —a; — s(1 — sas)
(E+S)—(E+S)2:S—Elg—ES—SE: O—ag 0 ]
0 0 —as

and, denoting b := —1 — a; — s(1 — sas) we obtain
0 (m11s —miz)az mi1b — myzas
M(A — A2) = [O (m218 - m22)a3 m21b - m23a3] .
0 (m315 — m32)az mz1b — mazaz
Here Tr(M (A — A2%)) = (ma18 —mas —m33)az +mz1b. An exchanger must
be found for arbitrary a1, az and s. For any choice such that ag and b are not
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coprime, there are no m;;’s such that Tr(M (A — A?)) =1 (e.g., a1 = —3,
ag =2, s=0and so b =2).

Hence the m;;’s must be chosen to give Tr(M (A — A?)) = 0 for arbitrary
ay, az and s. Hence

M91S = Moo + ma3 and m3; = 0.
Moreover, since then Tr(A+ M (A — A?)) = 1 we also need rank(A+ M (A —

A?)) = 1.
Here A+ M (A — A?) =

01 + aj + (mlls - mlg)ag Saq + mllb — mi130as
0 1+ (m33 — 8)&3 1+ 8(1 — 8&3) 4+ mo1b — magas
0 (1 — m32)a3 (8 — m33)a3

has trace 1. For rank 1, we need dependent columns (or rows).

We will chose the other entries in the third row of M, in order to have
zero 3-rd row in A + M(A — A?), that is m3p = 1 and ma3 = s.

Then may = (mo; — 1)s and A+ M(A — A?) =

014 ay + (mi1s —mi2)as say +mi1b —myzas
0 1 1 +8(1 —Sag) +m21b—m23a3
0 0 0

and we have to chose m1,m12,m13, Mo and mog in order to get the rank
1, that is,

dot [ 1+ a1+ (mus — miz)as sar +mib — mizaz } _

1 1+ s(1 — saz) + ma1b — mosas

Equivalently, sa; + m11b — myzaz = [1 + a1 + (my1s — mi2)as][l + s(1 —
sa3) + ma1b — maozas).

Further we chose

mo1 = 1 and mi1 = ay

(and so mgy = 0). The equality reduces to sa; —a1[l + a1 + s(1 — sas)] —

mi3as = [1 +ay + (a13 — mlg)ag](—al — m23a3) and, by taking

maz =0

to (dividing by as) mi3 = s?a; + sa? — misa; with infinitely many possible
choices for mqq. For
mio — 0

we get mi3 = sai(s+ ay).

ay 0 say(s+aq)
Hence finally M = [ 10 0 and
01 s
01—+ ay+ sajas —a1(1 +ap + 8&1&3)
A+ M(A - A?%) = 1 —ay . The condi-
0 0 0

tions in Theorem 2.2 can be easily checked: rank = trace =1, ¢ = 0 and

page 8



An. Stiint. Univ. Al I. Cuza lasi Mat. (N.S.)

A conjecture on 3 X 3 nil-clean matrices 9

—11+4 ay + sajas —a1(1 + a1 + Salag)
rank (| 0 0 —ay =2.
0 0 -1

0c—ayc 2 0c—ajc

One can verify directly that [O 1 —ag ] = [0 1 —aq ], so matrices of
00 O 00 O

this form are indeed idempotent, of the same type as E.

Case 3. Take E = [C, sC,v(] =

1 — sas —wvaz s(1 — saz — vaz) v(l — say — vas)
— [ as Sa9 Vag and so
as sasg vas
1 — sag —wag 1+ s(1 — sag — vag) v(1 — sas — vas)
A:E+S:[ as Sa9 1+ vag . As
as Sasg vas

above A— A>=S—FE,3—ES—SE =

—as vas —1 —s(1 — sag — vaz) — vay
[—ag —a9 — Sas 1 — sas — vas ] and denoting b = 1 — say —

0 —ag —sag

vas,

—a3 —ay — Sas b

0 —as —sas
Finally the columns of A + M (A — A?) are
1 — Sy —vagz — MmMi1adg — m12a3]

[—ag vas -1 sb—va2]

G2 — M2102 — MM220a3
a3 —Mm3i1az — M320a3

[1+ s(1 — sas — vag) + myjvag — mya(az + sasz) — mysas
sas + mojvas — mag(as + sas) — mazas ] and
L sas + maivasz — maa(as + saz) — mazas
[v(1 — sag —vas) — my1 (1 + sb+ vas) + mi2b — mizsag
1+ vas — may (1 4 sb+ vag) + masb — maogsas ]

vaz —m31 (1 4 sb+ vag) + mga2b — msgsas

Using computer aid, we chose M = [1 0 v] .
010

Replacing we get A + M(A — A?) = [0 sag —s(1 — sag)] with (so far)
0—as 1—say
the same first row.
Moreover with my; = —s, mis = —v we obtain A + M(A — A?) =

11+ s+ (v—s5%)as — (sv+mi3z)az s[l + s+ (v —s52)as — (sv + mi3)as]
0 sas —s(1 — saq) .
0 —asg 1— sas

page 9



An. Stiint. Univ. Al. I. Cuza lasi Mat. (N.S.)

10G. Calugareanu

1l « s
Finally m,3 is arbitrary since matrices of type [0 sag —s(1 — saz)
0—ax 1-—sas
idempotent for any a. Indeed Tr(A+ M (A— A?)) = rank(A+M(A—A
2,t=1and Tr(I3s — A — M(A — A?)) = rank(I3 — A — M(A — A?%)) =

are

[N I |

Therefore (choosing mi3 = 0) the exchanger in this case is M = [ 1 0 vl.

0 10
]
—13 —25 -39 —2-3-3
Example. For A = 1 2 4 and M = [ 1 0 3 ] we have
4 8 12 0 1 0
14 15 19 1-10 20
M(A—-A?)=|-10 -2 ,A—i—M(A—AQ):[O 2 2] (here ag =1,
—4 -9 —13 0 -1 -1

a3 =4,s=2,v=3;b=—-13).

As already noticed in the previous section, any 3 x 3 index 3 nilpotent is
similar to a generalized shift Sy = rFE5 + uls3.

In trying to prove the (whole) conjecture, one has to replace the shift S
by Sy.

We were able to do this in the first case of the previous proof, and made
some progress with the second and third case.

Proposition 3.7 The nil-clean 3 x 3 integral matrices with idempotent of
form [0,0,C] are exchange.

Proof. The proof goes along the lines of the (previous) special case r = v =
00a 0r0
00b| and Sy = [00u

1. Take A = E + S, with & = (Sg = ruEss).

001 000
00rb 0r —r(u+b)
Then ES, = 03, SyE = [00u |, A— A% = |00 0 . Denoting
000 00 0

M =[my;], 1 <i4,5 <3 we get

07“+7“mn a—r(u—i—b)mn
A+ M(A - AQ) =10 rmo; b+s —r(u—l—b)mgl]. We chose mo; =
0 rmsy 1 —r(u+b)ms
ms3; = 0 in order to have trace = 1, and my; = —1 in order to vanish
the second column. Since the second and third columns of M play no role,
—100
we chose these zero. Hence for M = [ 00 0] (the same exchanger), A +
000

00a+7r(b+u)
M(A—A?) =00 b+u
00 1

which is an idempotent of the same type

as E. 0O
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4 The other cases

The second (general) case. E = [0,C,sC] =

0 a saq
01—sazs(l— sag)] and
0 as sas

A = FE+S,, again going along the lines of the previous proof, the following
can be done.

0ro0 0 r+4+a saq
For S, = [00u], Sy =ruF3, A= |01~saz3u+s(l—sa3)|, ESy; =
000 0 as sag
00 wua 07(1—sas) rs(1— sas)
[O 0wu(l— 8@3)] and SgF = [0 a3 usas ]
00 uas 0 0 0

So A—A?=S,—ruE;3 — ES, — S,E =

0 rsas —ua; —rs(l — saz) —ru
[0 —uas 0 . Denoting M = [my;], 1 < i,j <3
0 0 —uas
and b = —uay — rs(1 — sas) — ru we get

0 (mnrs — mlgu)ag mnb — mijzuas
M(A — A?) = |0 (ma1rs — magu)as ma1b — moguas | and A + M(A —
0 (m317“8 — m32u)a3 m3lb — m33uas

A?) =
0 r+4ay + (m11rs — migu)ag saj +mi1b — misuas
01— sag + (ma1rs — magu)as u + s(1 — sag) + ma1b — maguas |.
0 as+ (m31rs — msau)as sas + ms1b — mssuas

Here Tr(M (A — A?)) = (ma17s — masu — masu)az + ms1b. An exchanger
must be found for arbitrary ai, az and s. For any choice such that ag and
b are not coprime, there are no my;’s such that Tr(M (A — A?)) =1 (e.g.,
ap =—3,a3 =2and s =0: b=2).

Hence the m;;’s must be chosen to give Tr(M (A — A?%)) = 0 for arbitrary
ai, az and s. Hence

mao17s = (Mmoo + ma3)v and msz; = 0.

Moreover, since then Tr(A + M(A — A?)) = 1 we also need rank(A +

M(A— A?%)) =1.
Here A+ M (A — A?) =
074 aj + (my1rs — mygu)as sa; +mi1b — misuas
0 1+ (m33u — s)ag u+ s(1— sag) + ma1b — m23ua3]
0 (1 —mgau)as (s — mszu)as

has trace 1. For rank 1, we need dependent columns (or rows).
This reduces to
dot | " + a1 + (my1rs — mygu)as say + my1b — mysuas |
et =
(1 —mgau)as (s — mszu)as
1+ (mgsu — s)az u+ s(1 — sag) + ma1b — moguag
(1 — mgou)as (s — masu)as

det [ } = 0, that is

page 11
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[r+ay 4+ (mi1rs —misu)asl(s —mssu) = [sa; +my1b—mizuas](1 —mgau)
and

[1+4 (mssu—s)as](s —mszu) = [u+s(1— saz) +ma1b—maoguas](1 —mgau)
[both equalities divided by ag].

Notice that, as in the special r = u = 1 case, the vanishing of the third
row of A+ M(A — A?) cannot be done, unless u = 1.

We were not able to determine the entries of a suitable exchanger.

By computer aid, the third row of M, [0, mgz2, m33] could be [0,1,1] or
[0,1,s] or [0,1,0] or some others. In each case, computation yields a com-
plementary condition on aq, a3, 7, u and s.

Trying to find a counterexample for the conjecture, with E = [0,C, sC]
and S; = rEi3 + uF>3, we have successively gathered the following non-
conditions:

u # 1, u not dividing s, ag not dividing u, az not dividing rs, a3 not
dividing u 4+ s — 2, s + u # a3 and a3 not dividing ua; — 1.

The selection a1 = 2, a3 =7, s = 3,7 = 2 and u = 5 satisfies all these. The

0 4 6
resulting 3 x 3 matrix is A = | 0 —20 —55] which still is exchange: among
0 7 21
—1lz y
the exchangers we find [ 00 —2] with [z,y] € {[-2,—2],[2, —5],[—6, 1]}
010

Next attempt: mzo = 1, mgz3 = 0 = mo;.

The second equation: (1 — sag)s = [v+ s(1 — sag) +ma1b — maguas](1 —v)
or v + ma1b — moguaz = u[u + s(1 — sas) + ma1b — maoguas]

If mo; = 0 (as in example), 1 —mogas = u+ s(1 — sag) — moguas (divided
by u). Or (1 —u)(1 — maszas) = s(1 — saz) so now 1 — u divides s(1 — sas).

Here a1 =2, a3 =7, s =3, r =2 and u = 5: indeed 4 divides 20.

So we add another non-condition: 1 — u not dividing s(1 — sas): u = 10.

0 4 6
So A=]0-20-50|.

0 7 21

636
Nothing until z = 6 (inclusive), but for z = 7 we found M = [0 3 4],

725
7T x
but also M = [—5 -5 —y7] [z,y] € {[-5,5],[-2,—6], [1, 7]}
-7 1 -6

We did not continue our attempts in this case.
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The third case. The computation goes along the lines of the r = u =1

1 —sag —vag r+ s(1 — sag — vaz) v(1 — say — vas)
case. A =FE+ 8, = as sas U+ vas ,
as Sasg vas
07(1 — say —vag) us(l — saz — vas)
ES; =10 ras USao ,
0 ras usasg
rag TSGy TVAY
S¢E = | uas usaz uvaz | and A — A? = Sg —ruEi3 — ES; — SgE =
0 0 0
—ras rvas —us(l — sag — vag) — rvas — ru
—uas —ray — USas u(l — sag — vag)
0 —rasg —usas
Denoting b = u(1 — sas — vaz) we have
—7ray rvas —sb — rvag — ru
A — A% = | —uaz —ray — usag b . Denoting M = [m;;],
0 —ras —usas

1 <4,7 <3 the columns
of A+ M(A — A?) are
1 — sas — vas — mi1ras — misuas
a2 — M217Taz — M22uUas
[ a3z — mgziraz — Mmszauas

9

Sag + maoyrvaz — mag(rag + usag) — megras
sas + mgirvaz — msa(ras + usas) — mssgras

)

r+ s(1 — sas — vag) + myirvag — mya(ras + usaz) — mlgrag,]

v(1l — sas — vag) — my1(sb + rvas + ru) + mi2b — mygusas
and [ u 4 vag — moy(sb + rvas + ru) + masb — mogusas ]
vag — ms1(sb + rvag + ru) + mgab — mazusas
100
010
[unlikely to get rank=trace =2]: A + M (A — A?) =

Continuation with M = is not very bad but seems not likely

[(1 —.T)ag SC.LQ (=s+r—1u+ [3 + (1 —r)v]a ]

(1 —wu)ag —raz + (1 —u)sas u(l — saz) + (1 — u)vas

For r = u = 1 this was already A + M (A — A?) =

O sag —s(1— 3&2)]
0—ay 1—say
We did not continue our attempts in this case.

In trying to find a counterexample for the conjecture, we made the fol-
lowing selection:

Example. A=FE+ S, =
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[—13 —26 —39 050 13 21 39
1 2 3 00 6] [ 1 ] no exchanger until (incl.)
L 4 8 12 000 4
z=11. Here ap = l,a3 = 4,s = 2,v = r—5u-63ndb—u(1—sa2—
vaz) = —78. Now A — A% =
[ —7ras rvas —8b —rvas —ru -5 60 111
—uas —ras — usas b ] [—24 —53 —78] .
. 0 —rasg —usas 0 —20—48
Denoting M = [m;;], 1 < 4,5 <3 we get M(A — A?%) =
'—5m11 - 24m12 60m11 - 53m12 - 20m13 111m11 - 78m12b - 48m13
—5m21 — 24m22 60m21 — 53m22 — 20m23 111m21 — 78m226 — 48m23]
_—5m31 — 24m32 60m31 — 53m32 — 20m33 111m31 — 78m326 — 48m33

and the columns of D := A+ M(A — A?) are

[—13 — 5mq1 — 24mq9 —21 + 60mq1 — 53mi2 — 20mq3

1 — 5mor — 24moe ] s 2 4+ 60mo1; — 53magy — 20mag ] and
| 4 —5mg; — 24mgo 8 + 60m31 — b3mszs — 20ms3

[—39 + 111mqq — 78mq9b — 48m13]

9+ 111mo; — 78mogb — 48mas3
| 12+ 111m31 — 78m32b — 4833

The trace is

Tr(D) = 1+ Tr(M(A — A?%) = 1 — bmyy — 24maz + 60ma; — 53mag —
20mog 4+ 111mgy — 78magob — 48mss.

T‘I’(I3 — D) =2— ’I‘I’(M(A — A2) =2— (—5m11 — 24m12 +60mso; —53mos —
20mog 4+ 111mgy — 78mageb — 48m33).

How to prove this cannot be idempotent ?

In [3], the nil-clean matrices discussed had (by similarity) the idempotent
Eq1 or Eqp + Eas.

Since Tr(F) = rank(E) = 1, E is similar to Eq;. We look for a conjugation.

EU = UFE;; amounts to

—13(U11 + 2U21 + 3U31) —13(U12 + 2U22 + 3u;32) —13(U13 + QUQg + 3U33)
u11 + 2u91 + 3us; U1 + 2ug2 + 3usz2 u13 + 2u23 + 3uss ]
A(urr + 2u9r +3ugr)  4(ui2 + 2uge + 3usa)  4(uig + 2ugs + 3uss)
Uil 00
= [uzl 00| with det(U) = £1. Hence
Uus1 00

—13(U11 + 2u21 + 3U31) = U1 Or 14U11 + 26U21 + 39U31 =0

u11 + 2u21 + 3uzy = ugq Or Uiy + U2 +3uzy =0

4(U11 + 2u91 + 3U31) = ugy or 4uy1 + 8ugy + 11lug; =0

and

u12 + 2u2 + 3uszz = u13 + 2uz3 + 3uzz = 0.

The first 3 equation form a homogeneous linear system with zero deter-
minant, so we can chose only

w11 + u21 + 3ug; = 0 (multiplied by —4 and added to the next)

4.U11 + 8u21 + 11U31 =0or
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4UQ1 = U31 and Uyl = —13U21.
—-13 2 -1 123
An example is U = 1 —1-1| for which U7'E = |[000]| and
4 0 1 000
U'EU = Er;.
Then the similar nil-clean matrix with F;; idempotent is A’ = Eq; +
5 =5 7
U 'S,U=FE;1+ | 241 =25 29
—212 20 —28
120 0 30
Here Sz = | 600 0 150 | and (indeed) S3 = 0s.
—4800 —120
5 =5 7
However, for A’ = | 241 —25 29 |, an exchanger was fast found for
—212 20 —28
1 0 0
z=6: M=]5 —16
-4 0 -1
—-119 -5 —-23
The idempotent is A’ + M (A" — A?) = | 2856 120 552
0O 0 0
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