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FULLY INVARIANT ELEMENTS IN LATTICES

GRJGORE CAIUCANPEiVU

Abstract. For a firlly invaria.nt subgroup A of an abelian group G : H @ K
the equality A = (A n I/) O (An K) holds. This leads to a weaker definition of
fully invariant elements in lattices. Among other things, it is proved that, even
in decent conditions, the socle of a lattice and the terms of the so-called Loewy
series are (in this sense) fully invariant.

1. PRELIMINARY DEFINITIONS AND R^ESULTS

In this paper, .L will be a complete lattice, 0 and L denoting as usually
the smallest and the largest elements. .L is called uppe.r continuous if a A
(V D) : V @ A d) holds for every a € ,L and every upper directed subset (or,

deD
equivalently, for every chain) D e L. An element a is called atom if it covers
the smallest element. A lattice is called atomic if each quotient sublattice a/0
(our notations follow [2]) contains an atom for each a > 0 respectively atom
generated if each element is a join of atoms. If. a e L, an element at e L is
called a complement of. a if. a A a' :0 a"nd aY at : f. In this situation we
shall also use the notation a @ a'l : 1 and will catl this a direct sum. A join
(also called "r-) V ba is called direct if bj A ( V bt) : 0, holds for each

i€I i€I,jTi
j e L The lattice .L is called complernented if each elernent in tr has at ieast
one cornplement.

Follovring [1], a lattice.L satisfies the condition (B) it for any chain {b;}n.,
and for any a €.L such that a Abi * 0, V,i € 1, the following holds aA (V Ur) :

0. It is called inductive if all its quotient sublattices (intervals) *ffi ,n"
condition (B). Obviously, intervals of inductive lattices are inductive and each
upper continuous lattice is inductive. Moreover, lattices of finite length are
inductive.

An elernent c is called a pseudocomplement of b in L if bAc:0 and c
is maximal with this property. The lattice tr is called pseudocomplemented
if every element in y', has at least one pseudocomplernent. Every inductive
lattice is pseudocomplemented.

For the sake of completeness recall the following known resuits.
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Tnponrrr 1.7. A latti,ce tr is mod,ular if and only i,f a I c andaAb: c\br
aYb: cVb+ a:cfareueryatb,ce L"

Lpuua 1.1. (t5]) In a mod,ular latti,ce aith zero, p : (p v o) n (p V b),
p A a :pn b : Q impl,g p A {aV b) : 0.

Lsl{r{a 1.2. ([1]) In a modular lattice L i,f a 1b and, a 'is a d,i,rect summand
in L then a'is alsa a direct summand, i,nbll"

2. WEAKLY FULLY INVARTANT ELEMENTS

DprrNttloN. We cali a e L a weakly fully invariant elememt if for each

direct decomposition L : Obo oo" has o : @(o n br).

i€I i.€I

C1early, , > ${rnt;) hold.s for arbitrary elernents a, {br,}rcr in every iattice.
Itt

PRopnRtIns. 1-) The weaHy fully invafiant pruperty is transitive"
Indeed, let a be weakly fuliy invariant in bll {a < b) and & be weakiy fully

invariant in .L. Then o, is weakly fully invariant in I because

1 : Q b,i + b: e(a^ br) e bll +o : Q(oA (b^ b;)') :@(anbr).
iel i€I ie.tr i€I

2) A weakly fully invariant element contained in a d.irect suntmand is weaHy
fwlly invariant in it.

Indeed, iet o be a weakly fully invariant element in 1, and for o ( b, let

b0 c : 1. Then if b : 0q we derive
ieI

I : (@ 
",) 

@ 
" 
+ a - (aA c) o (0(" 

^ 
c,)) : Q(*n o).

ieI ieI zt.t

3) In a disfributive lattice, the weakly {ully invariant elements fatm an upper
semiiattice.

Indeed, if a,c are u'eakly fully invariant in.L then for each direct decom-

posirion t : Ob; we have , : Q(oA b,;) and " 
: S(o/r b;). Hence

i€I
ay c: (@tr^bi))v (@("n b)) : Vit"Abi)v (cnb1)) : V((ovc) ^bi) 

:
ieI

Sll, v c) n b;), using the distributivity"
ieI

DprrNtrtox. A complete iattice .L is called meet infinitely distributive if
o A (V an) : V(, A b.;) hoids for arbitrary elements a, {ba}.;4 i* L"

zeJ ?e /

4) In a meet infinitely distributive lattice the weakly fully invariant elements
form a sublattice.

Indeecl, with the above notations a A c :(S1" A bi)) A (0(" A bj)) :
i€I :€I

d€I

i€I

i8I

xet

ieI
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Vf@fr^bi)) ^ 
(c nb): V(rAcA bi) : O((r^c) ^ 

bi).
i€I jeI ieI

PRoposIrtoN 2.1. In a bounded, modul,ar lattice the joi,n of two weakly fully
inuariant direct suntmands zs also a d,i.rect summand"

Proof " Let o, b be weakly fully invariant direct surnmanris in ,L. Then l- :
afi at : bO &r for suitable elements &,br €,L and & : b A 1 : bl', (o O o') :
(a n b) 0 (a' n b) and symrnetrlcaily o : (a n b) 0 (a A b/).

Now a V 6 : (aA b) V (a, n b') v (or n b) and we verify that this surn is direct.
(r) (" 

^ 
b/) A ((c n b) O (o'A b)) < b'A b: 0;

(b) ("'^b) 
^((ane)0(oAb')) 

<o,'n a:0;
(.) (r A b) A ((o'n b) e (o n b/)) : 0 ftillows using the Lemma 1"1; indeed"

((anb) e (anb')) n ((oAb) o (ai nb)) : (aA (bob')) /i ((oo a') nb): aAb
and (aAb) A (a' r, b) ( aA a' : A,(anb) A (aA b') SUA, b/ : 0.

Hence aYb: (anb)O(aAbt)A(a' Ab) : a@(a' /rb) . But n'n bisadirect
summand rn blA and so also in ,t (b being a direct summand in I). Hence hy
Lemma 1"2, at /r b is also a rlirect summand in or so that aY b : a@ (or n&) is
a direr:t summand in L. I

PRoposIrtoN 2.2. If the uteakly full.y inuari,ant elemenis fomt a subl,atti,ce

af L then the set FS of all the weaklg fully i,nuari,ant d'irect summands forrn.s
a d,i,stributiue sublattice af L

Proof. Let o,,b,c be weakly fuily invariant direct summands in I,. Oniy
the distributivity requires a proof. If we take c' : (a V b) A c, aY b being
a direct summand in tr (see the previous Froposition) and cr being weakly
fully invariant in L. ct is aiso weakly fully invariant in a V b. Hence c/ :
(aAcl)0 {a,/n bAct) < (c.Ac) v (bAc) (using c' 1c, the moduiarity and the
equality aY b: a@ (a'V b) obtained in the previous Proposition). X

We can partlv recover a result frorn [4].

TunoRptrn 2.i" In a complete lattzce L let a be a d,i,rect summand an,d. {c",}rr,
at| tke elements of L such, that, a A q : tr-" Then fia canta'i,ns all 'the wealcl.y

x€l
fully i.nuari,ant elem.ents e such, th,at aA e : 0.

Praof . Indeed, e being weakly fullv invariant frorn a @ ca : I we derive

":(*no) @(eAc6) :eAciandso eActforeveryie 1. Ilencee {4c,.
i€I

Ciearly a /', c; :0, Vi € ,[ impiy a.lt (fl a) - 0. Observe that a V (A 
",) 

:  
r€I

does not generali3, hold.

3. WEAKLY FULLY INVARIANT SOCLE

l,et L be a laitice with zero.

i€I
tr

ieI

)
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DerlNtrtoN. The join of all the atoms of ,L, denoted s(tr), is called the
socle of. the lattice tr.

PRoppRups. (a) s(al}) ! a;
(b) 

" 
< b + s(al\) < s(bl0);

(") ,((A 
"t)lo) < (n s@ill));

i€I ie I
(d) (Vs(o;/o)) < "((V "ilo).id i€I
DBrINtrtox. A lattice ,L is called with enough (or ample) pseudocomple-

ments if o A b : 0 implies that a has a pseudocomplement c € -L such that
b ( c. Then

Lnltute 3.1. Euery inducti,ue latti,ce has enough pseudocompl.ements.

Proof.Indeed, set C: {r e Lla An:0,b < z};this is a nonempty subset
of ,L containing b €C. L being inductive, it is readily checked that each chain
in C has its upper bound in C. Hence, by Zorn's Lemma, C has at ieast
a maximai elemerrt c. Manifestlrv, this is also maxirnal only relative to the
propertv al..c:0, and hence it is a pseudocompiement of. ain L. D

DnnrxItioN. (11]) A complete lattice -L is ca1led reducible (or semiatomic)
if its socle s(f,) : 1.

Tnponplra 3.1. ([1]) A modular, reducible and i,nducti,ue latti,ce is comple-
mented and atar"n generated.

Lpr.tvre 3.2. {,et L be i,nducti,ae and a /-b. Therr, s(af 0) : s(b/0) n a.

Froof" Clearly s(al}) < -s(b/0) and s(a/0) ( a and so s(al0) < s(b/0) A o.

But s(b/0)/0 is reducible and inductive and hence (by Theorem 3.L) s(bl0)na
is a joinof atoms. If s is such an atom, then s ( s(b/0) Aa implies s ( o or
s < s(o/0). Hence s(b/0) A a ( s@l$ and the required equaiity. tr

Lptvtlre 3.3. In a modular, inducti,ae latti,ce [,, for arbi,trary elements a,b €
L the equaliiy av (s(tla) n b) : s((a v b)lb) holds.

PT oof. One uses the modularity and the previous Lemma: av (s(lla)n b) :
(a v b) n s(Lla): s((a v b)/b). tr

Recall an important result:

PRopostuoN 3.1. (ltl) Let {ot}rs be an i,nd,epend,ent subset of an ind,uc-

tiue, mod,ular lattice L. Then r((O ci|l$: O sfuilO).
i<I i€I

Lpntue 3.4. For a wealcly fully dnuariant elementb e L i,n a modular lattice,
if Qrcr cli:7 then {aatl blrcr 'is i,ndependent in 7f b.
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Proof. Wepresent the case lll:Z that is, a,@c:1,b: (bAa) e (bnc)
irnply b: {b v a) n (b V c).

Indeed, by moduiarity (bva)A (bVc) : bv (aA (bVc)) : b is equivalent with
an (bV c) < b. This is verified using the hypothesis and again the modularity,
as follows:

aA{bvc):on((bna) O(bnc) Vc) :an((b'aa) vc)
: (bn o) v (cAa) : (bno) V0 : b Aa 1 b.

n

The constructior. of the socle in an arbitrary lattice with zero yields by
transfi.nite induction an ascending chain of eiements, named the Loewy serjes
associated to [.,,

ro(I) < si(r) 5 ... < s"(tr) < s"+r(tr) < .."
defined as follows:

s6(I) : 0, sr (tr) : s(tr) and for an arbitrary ordinai o, s6a1(L): s(1/s"(I))
or, if o is a limit ordinal, so(L) : V ,.(Z).

a<(I

Tuponnla 3.2. The sacle s(L) of an i,nduct,iue, modular lattice L i,s weakly

fully inuariant. Moreouerl sa are the terms of the Loeuy sequence.

Proof" First notice that s(I) Aa: s(alA) hoids in an inductive lattice (see

Lemma 3.2). Then, by Proposition 3.1, for 1: Oo, we have
ieI

s(tr) : s(I) n (@ r,) : ,((O 
"r,)la): 

(€) s@610)): ${'{r) n oo),

iel i€I deI iel
i.e., s(tr) is weakly fully invariant.

Tlds is true also for each term of the Loewy series. By the way of contra-
diction, suppose that this is not true. Then there exists a least ordinal o such
that s"(tr) is not weakly fully invariant. Notice that o ) 0 and o is not a lirnit
ordinal. Then for each 1 : O oi the equality

ieI

s,-l(tr) : so_.(L) A (@ oi) : 0(s ,a(L) A aa)

i€I i€{

holds. The contradiction we obtain is s,(-L) : @(",(Z) n a;) i.e.
i€tr

b : s(7lso-r(,1)) =-= Sir{l/",_r(r)) n a;) : a.
i€I

Tlivially b ) a holds. Using the modularity of the lattice tr and Theorem 1.1,
it sullces to verify aY c: bV c,aAc: bAc where c: so-1(L). The equalities
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bVc: s(7ls6a(L)) and bAc:s"-l(L) followimmediatelybyc( b. Next,

ay c: (${rit7r"-r(r)) n.ot))v so-l(L)
let

: [{{"{t/r,-r(r)) A 0i) v r"-r(r))
ztt

: ${r{t7r"-o(r))A (ai V r"-i(r)))
i.e I

: Is((a, v s"a@\lr,-r(I))
ieI

: s(1/s"-r(I))

using the case or: L in the quotient sublattice Lls"a(L) (indeed, note that

{o6 v s,-1( L)} a is independent in 7l s"a(L) - see the previous Lemma 3'4)

and the Lemma 3.3.
Finaliy, o. h c: (S{r{t7""-i(.L)) n ,n)) A so-1(r) : so-t(L) is equivalent

ieI
with so-.1(I) { O;.r(r(1/s"-i(I))n ai) which foilows at once from so-1(tr) :
@r.r("o-r(I) n a.;). tr
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