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ABSTRACT. Using a result by Chen and Nicholson, that is, finite products of
stable range one elements have stable range one, a simple direct proof is given
for the statement in the title.

1. INTRODUCTION

In [6], using results from [3], a proof is given for

Corollary 2.6 If R is a ring and e? = e € R then R is exchange (suitable) iff
eRe and (1 — e)R(1 — e) are both exchange.

From this paper we quote: “It would be of interest to see a direct ring-theoretic
proof of the fact that if R is a ring, e € R is an idempotent and eRe and (1 —
e)R(1 — e) are both exchange rings then R is also an exchange ring”.

After 31 years, such a proof was given in [1].

Also in [6], a proof is given for “the (finite) exchange property is a left-right
symmetric condition”. It took 20 years until Nicholson himself gave this direct
proof (see [7]).

Definition (see [4]). An element a in a unital ring is called unit-regular if there
exists a unit u such that a = aua. It follows easily that a is unit-regular iff it is a
left (or right) unit multiple of an idempotent.

In this note we start from

Theorem 3.2 ([5]) In any ring, unit-regular elements have stable range one. In
particular, all idempotents have stable range 1.

In [5], a proof is given using

Lemma 3.3. If a and da' are unit-reqular in a ring R, then aR = a'R iff
a’ = au for some u € U(R).

Nicholson’s Lemma 3.4. Let P be a projective right module over any ring R,
and let A, B be submodules of P such that A+ B = P. If A is a direct summand
of P, then there exists a submodule C C B such that P = A& C.

In section two we provide a (very simple) direct ring-theoretic proof (i.e., without
aid of Module Theory) for the theorem mentioned above.

2. THE DIRECT PROOF

Definition. An element a in a ring R is said to have right stable range 1 (for
short rsrl) if whenever aR + bR = R for some b € R, there is an element y such
that a + by € U(R). Equivalently, a has rsrl iff whenever ax + b = 1 for some
a,z,b € R, there exists y € R such that a + by € U(R), or else (we can eliminate
b), a has rsrl iff for every x there exists y such that a + (1 — az)y is a unit.
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To simplify the wording, the element y will be called a unitizer for a, depending
on x.

A symmetric definition is given for left stable range 1 elements. An element has
stable range 1 if it has right and left stable range 1.

By taking the unitizer y = 0, one sees that units have stable range 1.

First recall from [2], the following easy

Lemma 1. (i) If a has rsr1 and v € U(R) then au has rsri.
(iii) Right sr1 elements are invariant to conjugations.
(iv) If a has rsrl and v € U(R) then au has rsri.

Similar statements hold for the left stable range condition.

Next, recall from [8] (Lemma 17)

Proposition 2. Any finite product of left (or right) stable range 1 elements has
left (resp. right) stable range 1.

Further, we have
Lemma 3. In any ring, idempotents have stable range one.

Proof. For any given idempotent e, and an arbitrary x € R, we are searching for a
unitizer y, such that e + (1 — ex)y is a unit.

It suffices to take the unitizer y = € = 1 — e the complementary idempotent:
indeed, e+ (1 —ex)e=1—exe € 1+ N(R) CU(R).

Hence, idempotents have right stable range 1. The same unitizer suits well for
the left stable range condition. O

Finally
Theorem 4. In any ring, unit-reqular elements have stable range one.

Proof. The statement now follows from Lemma 1 and Lemma 3, since the unit-
regular are precisely the products eu for e = e and u € U(R). O

Added in proof. As direct as possible ! (but written for left stable range one).

Suppose a = aua with u € U(R) and z arbitrary in R. We show that a + (v~ —
a)(1 — za) € U(R), that is, a unitizer for a is (as simple as) u~! — a.

It suffices to replace a with auu™1:

a+(wt—a)(l—-za)=avu"t+ (u ! —avu=1)(1 - zauu=t) =

=auu '+ (1 —auw)u™ (1 —zauu™t) =u=t — (1 — au)utrauu=t =

= [1—(1—au)u " z(au)|u~t € U(R), since au is idempotent and (1—au)u~'z(au)
is square-zero.
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