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In 1], nrcus provecl the fo11ou'in'g simple result:

I,ernnla - I-et B 4.4 andlet C bc Btt'i'glt''-Tlt'ut', '4x:B@ C

satisJtiei, $y e1s,x is tt torsion grott.f>', (b) (.1/l*) lpl ry (p.1+C)aBll'jB
fat eue rv brinr,c /..

irr',u't*t foiloots n'e generalise this result and. prol'e the coril'erse.

For this purpose ,r,e make Jn immediate application.of the ,,snake" lemma,

rveil-kno*,n result of homological algeb?i. A11 the groups are abeli.an

i"t Ba,d C be subgroops 5f the gr"oup ,{. The canonic homomorphism

A -.-l * AIC is easihl "-b"dd"d 
in tt'e exact sequence 0 + B I C *

uB*AlC*Al@+C) *0.
I,et i be an'endomorphism of ,'1 -such that f (B) < B, /(C) < C ?1d

B n b j 0. Orr" can natirrally extend the abovc exact senclence to the

foliorving commutatir.'c diagram rvith cxact rolvs :

0 _ > B 
-------> 

.|lc -,.A1@ @ c) -- 0

trll0*(/(/) +'c) n B*(.f(A)a{:)lc *G---->0

rvlrerc G : (f (A) + c)l(f (A) + c) n (B @ C) : (/('1) -l- c) + (B @ C)/(B @ C)

and. the r.ertical hornornorphisurs are trivia111- iuduced by /'
ii,ir 1mt diagrarn is approliriate to thc application of the ,,snake" leurrna.

Thus, r,r,e obtain the follor'i'irrg cxact sequellce :

-B1l Ker (f)*f-,(c)lC "' , f-'(B@C)l@@ C)-Di-) (.f (-4)+C))Blf (B)*O

Here ar@*C):o+(B@C) and 8i(u+(B@C)) :xo(f ta))+f @)

n'here xu.. B O C * B is the canonic projcction from the direct sum.

I{ence, we can state our generalisation as follows

pRoposrf.rux - Iel B anrl c fu iLisjt,irtt str.bgrouJ>s oJ' the gror,tl> A.
l/ i i; ),, ,,,iiiorplttsrtt. n;f I ttclt thnt-,I(S) <. fi nyd /!t i S L tltttt.ar:
, t ittt,:r,\l,iittt 8r; /-'r{B O) ('r (B O f 1-' I,f(.lr !.t f t.P'llB' nltu.''s r.risls'
.llt,rtol ?). o'. r's isornnrl'ltisttr tlJl' f-t1'1.'{^ -< (B @ f ')7f-
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The last assertion follorvs simpiy usi,g the exactness of the ,,con-necting" seqlrence. .Irrdced, . 8r is isornorp[ism iff Ker D1 : im ar : 0,
and one easily checks that im ar : 0 is equivalent with the statetl con-
dition. g

Remark. - 7f f-.1(C^U.C < S(,{lC) and C is B-high then D, is iso-
rnorphism. rndeed, this folioll,s imniediately the fol1olr'ing three conditiorrs
being equivaient :

(i) C is B-high; (ii) B @ C/C is essential in AIC ;

(iii) AIB @ C is torsion and S(AIC) < R @ClC.
A special case is norn' obtainccl by taking f to be the multiplication by a
posiiir.e_integer m. The epiinorp},lsm "8*: (AlB @ C)lw)J* gl + Cjn
) BlmB is an isomorphism iff (Alc)fml < B @ CIC.' Ifence, if nx'i;
scluare-free and C is B-high then 3,,, is isomorphism.

Norv u-e are able to prove the converse of Fuchs's lemma
pRoposrrrori. - Let B, C be d.isjoi,nt subgroups of A. If ,4lB @ C

is tors'ion and all tke epimorphisnt,s 8n, for euery-pri.tne !, tt, ,iiomorpk,isms
then C is B-high.

One has only to use S(,4/C) : @r(Alc)lp1 and the condition (iii)
mentioned above.!

The ,,connecting" epimorphisms 8, are also present in cnArz4n
iemma L2, pp. 491 which is in this rviy straightfoir,vard

I,emma. - Let C be B-h,igh,ito,1. A: B @C r,ff for eaery prim.e
1, 8p rs trr,aial.fi

lfelce, B is an absolute direct surnmand iff for every B-high sub-
group C, all thc 8, are trivial.
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