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Self-c-Injective Abelian Groups (*).

SIMION BREAZ (¥*) - GRIGORE CALUGAREANU (¥*¥)

ABSTRACT - Using suitable bibliography, torsion self-c-injective Abelian groups can
be characterized, and torsion free self-c-injective Abelian groups turn out to
coincide with a widely studied class: the quasi-pure-injective groups. In this
paper the mixed case is dealt with: we prove that an honest mixed Abelian group
is self-c-injective if and only if it is a direct sum of a divisible group, a quasi-pure-
injective torsion free group, and a fully invariant subdirect product of a rigid
family of reduced quasi-injective primary groups.

1. Introduction and background.

Recently (2000 and 2004), modules which are self-injective relative to
closed submodules were considered by C. Santa-Clara and P.F. Smith (see
[13] and [14]) and some Abelian group examples given. The aim of this
paper is to determine, up to the infinite rank torsion-free case, the self-c-
injective Abelian groups. All the groups we consider in the sequel are
Abelian groups. If A is such a group, T'(A) denotes the torsion part of A,
T,(A) is the p-component of A, p(4) is the set of all primes p such that
T,(A) # 0, and d(A) is the set of all primes p such that A is p-divisible. If
x € A we denote by &,(x) the p-height of x. P denotes the set of all prime
numbers, which we usually denote by p or q. A subgroup C < A is a closed
subgroup if it has no proper essential extensions in A. All unexplained
notions and notations can be found in [6] and [5].
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If P is a property the submodules of an R-module N may have (e.g.,
closed, pure, essential, uniform), a module M is called N-P-injective if
every module homomorphism f : K — M from a submodule K of N having
property P can be extended to an endomorphism of M (i.e., there exists a
homomorphism f : N — M such that f|, = f). If M = N then M is called
quasi- P-injective (or self-P-injective). Therefore

e for P = closed submodule, N-c-injective and self-c-injective modules
(considered in the above mentioned papers) are defined,

e for P = pure submodule, N-pure-injective and quasi-pure-injective
modules are defined,

e for P = any submodule, N-injective and quasi-injective (or self-in-
Jjective) modules are defined.

Similar notions, defined merely for Abelian groups, were intensively
studied in the late 70’s. In what follows, we recall some of these, since this
will be useful in the sequel:

e for P = p-pure subgroup, the quasi-p-pure-injective groups are de-
fined,

e for P = neat subgroup, the quasi-neat-injective groups are defined,

e for P = p-neat subgroup, the quasi-p-neat-injective groups are de-
fined.

Here, for a given prime p, a subgroup H of a group G is p-neat if
pH = H N pG, p-pure if p"H = H N p"G holds for every positive integer n
and is neat (pure) if it is p-neat (respectively p-pure) for all prime numbers p.

As it is well-known, the closed subgroups (Z-submodules) are exactly
the neat subgroups ([12] and [11]). Thus, an alternate denomination for
self-c-injective Abelian groups (in the spirit of the late 70’s) is quasi-neat-
mjective.

We recall some results which are often used without explicit mention.

LemMa 1.1, If H is a neat fully invariant subgroup of a self-c-injective
group G then H is self-c-injective.

LemMaA 1.2. [13, Lemma 2.5]. Let G be a group and let A;, 1 € I, be a
Sfamily of groups. Then | [;.; A; is G -c-injective if and only if each A; is G-c-
mjective.

LemMa 1.3. [13, Corollary 2.6]. A direct summand of a self-c-injective
group s a self-c-injective group.
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Torsion self-c-injective groups. By standard arguments, in the torsion
case we can reduce our problem to p -groups. Indeed, it is readily checked
that if G = @, G is the primary decomposition of a torsion group, then
G 1s self-c-injective if and only if G, are self-c-injective for all primes p.
Note that for the proof of this result, the fact that for every subgroup H of
G, we have Hom(H, @p 44 Gp) = 0 is essential, that is, the fully invariant
property of all the primary components alone is not sufficient in order to
complete a proof. Actually, as a consequence of Theorem 2.2 we can see
that the group Z” @ (Z(p?) @ Z(p)) is not self-c-injective but it is a direct
sum of two fully invariant subgroups which are self-c-injective (here
7P = {m/p* | m,k € 7.}).

Obviously, a subgroup of a p-group is p-neat if and only if it is neat.
Hence a p-group is quasi-p-neat-injective if and only if it is quasi-neat-
injective. As quasi-neat injective = self-c-injective, a p-group is self-c-in-
jective if and only if it is quasi-p-neat-injective.

In [4], the torsion quasi-p-neat injective groups were characterized:

THEOREM 1.4. A torsion group G is quasi-p-neat-injective if and only
if Gp 1s the divect sum of two quasi-injective groups and Gq is quasi-in-
jective for every prime q # p.

In order to have the whole picture, also recall (see [10] and [7]):

THEOREM 1.5. The following conditions are equivalent for a group G:
i) G is quasi-injective;
i) G s a fully mvariant subgroup of a divisible (injective) group;
iii) G is either injective or a torsion group whose p-components are
direct sums of isomorphic cocyclic groups.

Therefore, the quasi-injective p-groups are the homogeneous p-groups,
i.e. direct sums of isomorphic cocyclic p-groups (Z(p*) with 1 < k < o),
and a self-c-injective p-group is a direct sum of at most two homogeneous
p-groups. We can state a complete characterization for torsion self-c-in-
jective groups.

THEOREM 1.6. A torsion group is self-c-injective if and only if every
primary p -component is a direct sum of at most two homogeneous p-
groups.

From Lemma 1.1 and the previous theorem we obtain
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CoROLLARY 1.7. If G is a self-c-injective group then T(G) is a self-c-
mjective group. Consequently, every p-component of G is a direct sum-
mand of G.

Torsion free self-c-injective groups. For torsion-free groups, neat-
ness and purity are equivalent. Hence, the self-c-injective torsion free
groups are exactly the quasi-pure-injective torsion free groups.

This class was intensively studied in the last 30 years (though a com-
plete characterization does not exist): rank two self-c-injective torsion-free
groups were characterized in [1], completely decomposable self-c-injective
groups were characterized in [3] and finally, finite rank self-c-injective
torsion free groups were characterized in [2]. Generalizations of this notion
were studied in [15], [8], and [9].

2. Mixed self-c-injective Abelian groups.

According to [6, Exercise 31.17] or [12, Section 1.6] every subgroup of a
group can be embedded in a neat subgroup which is minimal with respect
to this property. For reader’s convenience we construct such a subgroup in
a particular case.

LEmMA 2.1.  Let G be a group and p a prime number. If x € G is an
element of infinite order such that h,(x) = 0 then there exists a neat sub-
group [x] of G such that x € [x], and [x] is a rank 1 torsion free group which
s not p-divisible.

Proor. Let D be the divisible hull of G. We consider a direct de-
composition D =T(D)® K such that x € K. If U={yeK|IneZ,
(n,p) =1:mk € (x)} NG, we prove that U is a neat subgroup of G. If
z € G is such that pz € U, writing z =t ® k with t € T(D) and k € K, we
observe that pt = 0 and hence ¢ € G. Therefore we can supposez € KNG
and there exist m,n € 7 such that (n,p) =1 and npz = mx. Since
hy(x) =0, p divides m. We obtain in K the equality npz = m/px which
yields nz = m/x € (x) and so z € U. Hence U is p-neatin G. If ¢ #p is a
prime and gz € U (z € () a similar proof allows us to suppose z € KN G.
In this context using the definition of U we obtain z € U. It is not dif-
ficult to observe that [x] = U verifies the required conditions. O

Recall that a group is a honest mixed group if it is neither torsion nor
torsion free, and it is torsion reduced if its torsion part is reduced.



Self-c-injective Abelian groups 197

THEOREM 2.2. Let G be a torsion reduced honest mixed group which

18 self-c-injective. Then

a) If p is a prime such that T)(G) # 0 then G/T,(G) ts p-divisible.

b) For every prime p the p-component T,(G) is a quasi-injective
group.

¢) There exists a direct decomposition G = H @ K where H is a
torsion-free group which is p-divisible for all p € p(G) and K is a subdirect
product of Hp T,(G).

Proor. a) Since every p-component of 7 is a bounded direct summand,
it suffices to prove that if H is not torsion, H is not p-divisible and
T,(H) = 0, then for every integer n > 0 the group G’ = Z(p") & H is not
self-c-injective. Since H is not p -divisible, there exists 7 € H an element of
infinite order such that %,(k) = 0. If ¢ be a generator for Z(p") then
x = ¢+ p"h is of infinite order. Since T,(H) = 0 we have h,(p"h) =n. In
what follows we use the neat subgroup [x] < G'.

Let n: G’ — H be the canonical projection. We consider an element
u € [x]. Then there exist q,r € Z, (r,p) =1 such that ru = gx. Thus
rr(u) = qr(x) = gp™h and, since 7 is coprime with p, we obtain n(u) € p"H.
Moreover, since T,(H) = 0, for each u € U , there exists only one element
Yu € H such that p"(y,) = n(u) , and the correspondence u—y, defines a
homomorphism « : [x] — H. Note that a(x) = k.

If G’ were self-c-injective there would exist f : G — H which extends a.
This leads to a contradiction since 2n < hp(/)’(pznh)) = hypla(p"x)) =
= hy(®@"h) = n.

b) Assume that for a prime p the p-component 7),(G) # 0 is not quasi-
injective. Then we can find a direct summand of G isomorphic to a group of
the form L = 7(p™) & 7Z(p") & H with 0 < m < n < oo, and H a non tor-
sion group with T,,(/{) = 0. This group is self-c-injective as a direct sum-
mand of a self-c-injective group, hence a) shows that H is p-divisible.
Therefore, every equation p*y = h € H has a unique solution in H, denoted
p~*h. We consider an element & = a + p" b + ¢ where a is a generator
for Z(p™), b is a generator for Z(p"), ¢ € H an infinite order element and
the neat subgroup [«]. Then [x]/p"[x] = Z(p") is generated by the coset of
2 and there exists a homomorphism a : [x] — L such that a(x) = b. Since L
is self-c-injective there exists f:L — L extending a. If p(p™ "c) =
=ka +1b+d, where k,l are integers, and d € H then 0 # p™b=
a(p™x) = a(p™c) = P(p™c) = p™d, a contradiction since p"d is of finite or-
der if and only if d = 0.

c¢) For each prime p we consider a direct decomposition G = T',(G) @
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@ G(p) with the canonical projection 7, : G — T',(G) (note that the de-
composition is unique as a consequence of a)), and we view 7, as en-
domorphisms of G; actually these are central endomorphisms. The family of
all 7, induces a homomorphism y : G — Hp Ty(@), w(g) = (my(9)),. Denot-
ing by H = ker(y) = (), G(p), we claim that H is a pure subgroup of G. To
prove this, we consider g € p(G), » > 0 an integer and g € G such that
q"g = h € H. Wewriteg = g, + 9(¢) with g, € T, (G) and g(¢) € G(q). Using
h € G(q) we obtain q"g, = 0, hence we can suppose g € G(¢). Taking an-
other prime p # ¢ and the decomposition g = g, + g(p) with g, € T),(G) and
9(p) € G(p), since h = q"g = q"g, + q"g(p) € G(p), we obtain g, = 0 and so
g € Gy. Therefore g € H and H is g-pure for all ¢ € p(G). Similarly one can
see that H is g-pure for all ¢¢ p(G), hence H is a pure subgroup of G.
Then H + T(G) = H ® T(G) is a pure subgroup of G (see [6, Exercise
26.5]). Since G is self-c-injective, it follows that there exists an endomor-
phismg : G — G which extends the homomorphism 15 ®0: H ® T(G) —
— H @ T(G). Moreover, since p(H) C H, we can consider the endomorphism
9:G/H — G/H,p(g + H) = ¢(g) + H. Then p induces the endomorphism ¢*
of (@ by ¢*(my(@)),) = (T, (p(@))), = (p(my(9))), = Oforallg € G.Therefore
@ = 0,hence p(G) C H, and this shows that ¢ is an idempotent endomorphism
of G. Then H = ¢(@G) is a direct summand, and G = H & y(G). O

LEmMA 2.3. Let G = A @ B be a group such that:

(1) for every neat subgroup K < G,
KN B Cradg(A) = [ {Ker(f) | f: K — A},

and
(2) A is injective relative to the exact sequence 0 — na(K) — A (here
ny : G — A denotes the canonical projection).

Then A is G-c-injective.

Proor. Let K be a neat subgroup of G, and f: K — A a homo-
morphism. We denote by p: K — K/K N B the canonical epimorphism.
Since K N B C radg(A) we have K N B < Ker(f), and so there exists a
homomorphism f* : K/K N B — A such that f = f*p. Moreover, there ex-
ists 7 : K/K N B — A such that ma, = n°p. It is not difficult to prove that
7* is a monomorphism, and 7*(K /K N B) = n4(K). Then by (2) there exists
Ji A — A such that f* = fir*. It follows that f = f*p = fin*p = fina,. We
view the canonical projections 74 : G — A and np : G — B as endomorph-
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isms of G. If f:G — A is defined by frma =fi, and frg =0 we obtain
fik =f(ma +mp)k = fra, =fina, = [, hence A is G-c-injective. O

REMARK 2.4. Generally 74(K) is not a neat subgroup. For example, if
A =7 and B = 7Z(p) then K = {(p, 1)) is aneat subgroupin G = A @ B, but
na(K) = p’Z is not a neat subgroup in A = 7.

COROLLARY 2.5. Let G = A® B be a group such that for every neat
subgroup K < G, KN B C radg(A). If
a) A is quasi-injective, or
b) A is a self-c-injective torsion free group and d(A) Ud(B) = P,

then A is G-c-injective.

ProoOF. a) is obvious, so we only prove that b) is a consequence of the
previous lemma. Let p be a prime such that B is p-divisible. If K is a neat
subgroup of G and a € A is such that pa € n4(K) then there exist k € K and
b € B such that k = pa + b. Since B is p-divisible, p divides k, and there
exists ¥’ € K such that pk’ = k. Then there exists o' € ms(K) such that
pa = pa’. Therefore 74 (K) is p-pure in A (A is torsion free) for all primes p
for which A is not p-divisible. Thus the pure hull of 74 (K), as a subgroup of
A, is na(K), = Zgma(K) = {(m/n)x | m/n € Zg, x € na(K)}, where S is
the set of all primes p such that A is p-divisible, and 7g = {m/n | (n,p) = 1
for all p¢ S}. If a : 14 (K) — A is a homomorphism then al: ma(K), — A,
a*((m/n)x) = (m/n)a(x) is well defined and extends a. Since A is self-c-in-
jective we can extend a? to a homomorphism a* : A — A, and the proof is
complete. O

LeEMMA 2.6. If A is a reduced quasi-injective p-group, and B is a p-
divisible group then A is A ® B-c-injective.

Proor. Let#n > 1 (the case n = 0 is obvious) be the exponent of the p-
group A (i.e.A = @ Z(p™)), K aneat subgroupof G =A@ Banda: K — A
a homomorphism. If l € K N B, then [ is divisible by p in G and there exists
l; € K such that pl; = I. If 74 : G — A is the canonical projection, we have
pra(ly) = 0. In the hypothesis n > 1, I; is divisible by p, hence we can
continue this procedure in order to construct lp € K such that ply = I.
Continuing in the same way we obtain a sequence ly = [, 1, ..., [, in K such
that for all ¢ € {1,...,n} we have pl; =[;_;. Then KNB C p"K and
K N B C rady(K) follows and finally we use Corollary 2.5 in order to con-
clude that A is A ® B-c-injective O
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The next result is a generalization of [14, Theorem 6].

COROLLARY 2.7. Let S be an infinite set of primes. If for each prime
p € S T, denotes a non-zero reduced p-group, then the group Hpe Ty 1s
self-c-injective if and only if every T, is a quasi-injective group.

Proor. Using Lemma 1.1 it suffices to prove that each T is [ .5 T'p-c-
injective, and this is a consequence of Lemma 2.6. Conversely, the result
follows from Theorem 2.2 since S is an infinite set. O

We are now able to characterize the direct summands K which appear
in Theorem 2.2, c).

THEOREM 2.8. Let G be a group such that G < [, T(G), and each p-
component Ty(G) is a reduced quasi-injective group. The following con-
ditions are equivalent:

i) G s a self-c-injective group;
i) G is a fully invariant pure subgroup of T, Tp(G);
iii) G 1s a fully invariant subgroup of Hp T,(G).

Proor. 1i)=ii) Using Theorem 2.2 a), G/T,(G) is p-divisible for all
p € p(@) and so G/T(G) is p-divisible for all p € p(G). Hence it is p-pure in
Hp T,(@)/T(G), and it is not difficult to prove that G is p-pure in Hp T,(G)
for all p € p(G).

Since G/T(G) is p-divisible for all p € p(G) we have

Hom(G/T(G),G) < Hom(G/T(G), [[ T»(G)) = 0.
P

Therefore the exact sequence
0 = Hom(G/T(G),G) — Hom(G, G) — Hom(T(G), G)

proves that two endomorphism a, § of G coincide if and only if a7y = Br().
Note that [, 7,(G) has the same property.

Let ¢¢ p(G). The homomorphism a : T(G) — T(G) given by qa(x) = x is
well defined. Since G is self-c-injective there exists f: G — G which ex-
tends a. Then ¢fjp@ = 1jr@ and, using the previous paragraph, this
proves that the multiplication by ¢ is an automorphism of G. Therefore G is
q -divisible, and so g-pure in Hp T,(G).

In order to prove that G is fully invariant we consider an endomorphism
a:[], Tp(G) — [, Tp(G). Then there exists f:G — G which extends
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1) Moreover by Corollary 2.7, [ [, T)(G) is self-c-injective and G is pure
in Hp T,(G), hence there exists y : Hp T,(G) — Hp T,(G) which extends f.
Since a7y = 77 We obtain a =y, and so a(G) C G.

The implication ii) = iii) is obvious. As for iii) = ii) observe that for every
q¢ p(G) the homomorphism a : [, T,(G) — [], T»(G) given by qa(x) = x is
well defined. Since a(G) C G we obtain qG = G, so that G is g-divisible. If
q € p(G) we consider a : Hp T,G) — Hp T,(G) defined by a(Ty(G)) =0
and qa(x) =« for all x € ]_[p 44 T,(G) and the direct decomposition
G=Ty(@ & GN]],., TpG). It follows that a(GN]], ., Tp(@) < GN
ﬁ]_[p 4q T,(G), and this shows that Gn Hp £q T,(G) is g-divisible. Then
G/T(G) is g-pure in (Hp T,(G))/T(G), hence G is g-pure in Hp T,(G).

ii) = 1) is a consequence of Corollary 2.7 and Lemma 1.1. |

An honest mixed group G which verifies the conditions in the previous
theorem is called a proper mixed self-c-injective group.

COROLLARY 2.9. If G is a proper mixed self-c-injective group then
G/T(Q) is divisible and G is p-divisible whenever T,(G) = 0.

Recall that a group G is a splitting group if T(G) is a direct summand
of G.

COROLLARY 2.10. A self-c-injective group G with ro(G) <Ry is a
splitting group.

Proor. Using Theorem 2.2, if a self-c-injective group is not splitting, it
has a direct summand which is a proper mixed self-c-injective group.
Therefore, it suffices to prove that a proper mixed self-c-injective group has
the torsion free rank at least 2%.

Let G be a proper mixed self-c-injective group. We consider the group
H = Hp T,(G) together with the canonical projections n, : H — T,(G). For
an element x € H we consider the characteristic y(x) = (h,(m,(x))),. Since
each 7T(G) is a homogeneous bounded p-group, there exists C,(x) a cyclic
direct summand of T,(G) which contains 7,(x). Therefore x € Hp Cp(x)
which is a direct summand of H. Thus, for two elements x,y € H there
exists an endomorphism of H which maps « into y if and only if y(x) < x(y).

Therefore if x € G is an infinite order element, y(x) has ¥, finite com-
ponents. If y = (x,), is a characteristic, for each set S C I we consider the
characteristic 5 = (x3), with 7 = oo for all p € S and 5 = y,, for all p¢ S.
If y=y(x), then ){5 is the characteristic of x5 e T( Hp Cp(x)) with
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m,(@S) = 0 for all p € S, and 7,(@%) = 7,(x) for all p¢ S. It follows that the
cardinality of G N Hp Cp(x) is 2% and since 7 Hp Cp(x)) is a countable
group, the cardinality of (G N ], C,(®)/T(G N ], Cp()) is 2% and this is
possible if and only if the torsion free rank of G is at least 2%, O

THEOREM 2.11. Let G be an honest mixed group. Then G is self-c-in-
jective if and only if G = D & H & R such that

1) D is a divisible group,
ii) R is a self-c-injective reduced torsion free group which is p-divi-
sible for all p € p(H), and
iii) H is a proper mixed self-c-injective group or it is a quasi-injective
reduced torsion group.

Proor. If G is self-c-injective then G has the mentioned form (con-
sequence of Theorem 2.2). If G has this form then G is a pure fully invariant
subgroup of G =D & R & ( Hp T,(H)). Therefore, in order to prove the
converse it suffices to show that G’ is self-c-injective.

Since D is divisible, D is G’-c-injective. Let K be a neat subgroup of ¢/,
and f : K — R a homomorphism. If ¢ is a prime such that q¢ p(H) then
D @ H is g-divisible. Let x € KN (D @ H). Then q divides « in G/, and so
there exists ¥ € K such that qy = «. Writing y = r + 2, with » € R and
ze€ Do H , we obtain gr = 0, hence » = 0, since R is torsion free. Then
y € KN(D & H) and it follows that f(K N (D @ H)) is ¢-divisible for all
q¢ p(H). Therefore f(K N (D @® H)) is contained in ﬂq ¢ p(H) q“R. However,
since R is p-divisible for all p € p(H) we obtain ﬂqép(H) q“R as the divisible
part of the reduced group R. Hence, f(KN(D & R)) =0, and R is G'-c-
injective as a consequence of Theorem 2.2, Theorem 2.8, and Corollary 2.5.
Since T,(H) is G'-c-injective by Lemma 2.6, an application of Lemma 1.1
completes the proof. O
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