
RINGS WHOSE IDEMPOTENTS FORM A SUBRING OR AN

IDEAL

There are several papers describing rings for which the nilpotents form a subring
(called NR rings; see [2]) or form an ideal (called NI rings; see [1]).

We could wonder what are the analogues for the set of all de idempotents of a
ring.

Recently Y. Zhou ([3]) gave a simple characterization for the subring case.
Proposition 4.5. The following are equivalent for a ring R:
(1) R is an Abelian ring with char(R) = 2.
(2) idem(R) is a subring of R.
(3) idem(R) is additively closed.
Proof. (1)⇒(2)⇒(3) The implications are clear.
(3)⇒(1) By (3), 22 = (1 + 1)2 = 1+ 1 = 2, showing that 2 = 0. Let e2 = e ∈ R.

For x ∈ R, ex(1− e) = e+(e+ ex(1− e)) is an idempotent by (3), so ex(1− e) = 0.
Similarly, (1− e)xe = 0. It follows that ex = xe.

The ideal analogue is trivial.
Exercise. The set idem(R) is a (left or right or) ideal of R iff R is Boolean.
Solution. 1) For every r ∈ R and 1 ∈ idem(R), r = r · 1 = 1 · r ∈ idem(R).
2) Alternatively, since 1 ∈ idem(R), idem(R) contains a unit, so is the whole

ring.
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