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Some temporary chat

This is the notes as they are on 29 November 2008. I will update this document quite
frequently. There are another two or three chapters to be added.

This material covers the first three or four few lectures. There is also quite a lot of
material that is not done in the lectures. Of this extra material you should choose those
parts which you think will help you the most.

There are many exercises. You should not try to do them all immediately. Again
choose the ones that you think will help you the most. Solutions to exercises will appear
about one week after the relevant material is done in the lectures.

The material in theses chapter should not change (unless I find some typos or a silly
mistake). The preamble will change. The Contents pages and Index will be updated. I
may change the Introduction, and add to the Bibliography. (In fact, at the moment the
Index and Bibliography are in the wrong position, but that won’t be corrected until the
course is finished.)

[ suggest you run off a copy from page 2 (this page). That will put the page numbers
on the correct side.

My email address is

hsimmons AT manchester.ac.uk

and my web page is at

http://www.cs.man.ac.uk /~hsimmons

Or you can google ‘harold simmons’ and I come at near the top. There are other Harold
Simmons in this world, but if you remember I am not a Texan then you should get to me.

My web page contains a version of these notes, and other stuff not related to category
theory that you may find useful.
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A short introduction to the basics of category theory

This draft will be updated as the course proceeds.
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Introduction

This book is an introduction to Category Theory and is specifically designed for the
beginning postgraduate student in Mathematics. It assumes you, the reader, has a de-
cent understanding of undergraduate mathematics, but does not require any specialized
knowledge in any depth.

Of course, this does not mean that the book is unsuitable for a more advanced reader.
If you don’t know any category theory and want to learn some, then this is the book to
start with. You may find some parts a bit slow or laboured, but you will know how to
skip over these.

Mathematics
Access

Grid
Instruction

Collarboration

is a cooperative of several Departments/Schools of Mathematics in several Universities.
It puts on courses for their combined body of postgraduate students. The lectures are
broadcast from various centres, and the whole package of courses runs throughout the
academic year.

One of these courses is a 10 hour introduction to category theory. This book is designed
to complement the lectures. (It is up to the audience to compliment the lecturer.)

I am well aware that many postgraduates have to study in small groups, or even in
isolation. I have written this book with that in mind. Thus it is not written in the style
of a reference book, rather I try to lead you, the reader, into understanding the ideas.
This, of course, may become a little grating once the understanding is achieved. (I hope
it doesn’t become a big grating, because then you might fall through it.)

As someone once said, mathematics is not a spectator sport. You can only learn
mathematics by doing it. Accordingly I have included some 170 [at last count -- 29
November 2008| or so exercises. These are of varying difficulty and interest, but they do
provide something to get your teeth into.

Category theory is used in several parts of mathematics, often as a simplifying tool.
By expressing the material in categorical language some of the technical details that are
not immediately relevant can be surpressed, to be uncovered later when they are needed.
Such material can provide interesting examples of category theory at work. Unfortunately,
most of these examples are not suitable for a first course in category theory, simply because
you will probably not know the relavant background material. With this in mind I have
based many of the examples and exercises in two rather simple parts of mathematics, the
study of posets (and presets) and the study of monoid sets.

Each partially ordered set (and each pre-ordered set) is a rather pathetic example of a
topological space. However, many topological constructions can be mimicked with posets
without having to carry around the topological baggage.

vil



viii Introduction

A monoid is like a group without inverses. It is a ring without the additive structure.
A monoid set is like at module over a ring without addition. Many module constructions
can be mimicked using monoid sets.

The nice thing about these two topics is that, from a categorical perspective, there
is nothing very sophisticated going on. Even if you don’t know the notions it is easy to
learn the basics quite quickly.

Many of the examples and exercises are taken from one or other of these topics. Of
course, I give all the relevent definitions
[Do we want two separate chapters].

There are also illustrations from other parts of mathematics, but if you don’t know the
relevent background then you can skip these.

There is nothing worse than an exercises with no hint of a solution, or even an indi-
cation of its difficulty. With this in mind I have provided a fair number of solutions.

This book consists of [sort out|four chapters. Each chapter is divided into several
sections, and some of these are divided into blocks (subsections). The Contents pages
indicates this global structure.

Items such as Definitions, Examples, Theorems, . .. are numbered consecutively through-
out each chapter. Thus X.y refers to the y*" item in Chapter X.

At the end of each section or block there is a collection of exercises. These are num-
bered consecutively throughout that section. Thus Exercise X.y.z occurs in Chapter X,
Section y, and is the z" one in the section. This is the case even when a section is divided
into blocks.

Solutions to the exercises are given at the end of the book.

At the time of writing — 29 November 2008— some solutions are
missing. These will be inserted in due course.

Every now and then you will see a few words IN THIS FONT. This indicates a notion
not yet defined. It may be defined later when more details are required, or it may not be
defined if the notion does not play an essential part in this book. However, the notion is
used in more advanced category theory.

I have included a list of various texts which you should know about and may find
useful. I will not comment on these for I am not too impressed by some of them, but you
should at least be aware of them.

[At the moment this bibliography is immediately after this introduction.
It may increase as the course develops.]

Also every now and then you will find a remark <n this ugly font. Each such
remark indicates one of two things.

It may be a reminder to me that something needs to be done. Something needs to be
re-done, or perhaps something extra needs to be inserted.

It may be a reference to more advanced material not yet written. The parent 10 hour
course is not long enough to contain all the basic category theory that you should know.
I plan to write an account of this material, probably as a second volume. But that won’t
be done in 2007.

This is the first draft of the book, and there are bound to be parts that need to be
re-done, or material I have not yet included.
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1
Categories

This chapter gives the definition of ‘category’ in Section 1.1, and follows that by four
sections devoted entirely to examples of categories of various kinds.

If you have never met the notion of a category before, you should quite quickly read
through Definition 1.1 and then go to Section 1.2. There you will find some examples of
categories that you are familar with, although you may not have recognized the categorical
structure before. In this way you will begin to see what Definition 1.1 is getting at. After
that you can move around the chapter as you see fit.

Remember that it is probably better not to start at page 3 (this page) and read each
word, sentence, paragraph, ..., in turn. Jump about a bit. If there is something you
don’t understand, or don’t see the point of, then leave it for a while and come back to it
later.

Life isn’t linear, but written words are.

1.1 Categories defined

This section contains the definition of ‘category’, follows that with a few bits and pieces,
and concludes with a discussion of some examples. No examples are looked at in detail,
that is done in the remaining four sections. Section 1.2 contains a collection of simpler
examples, some of which you will know already. You might want to dip into that section
as you read this section. In the first instance you should find a couple of examples that
you already know. As you become familiar with the categorical ideas you should look at
some of the more complicated examples given in the later sections.

1.1 DEFINITION. A category C consists of

e a collection Obj of entities called objects

e a collection Arw of entities called arrows
source

e two assignments Arw Obj
target

. .d
e an assignment Oby Arw
e a partial composition Arw x Arw —— Arw
where this data is subjected to certain restrictions as described below. [

Before we look at the restriction on this data let’s fix some notation.

e Welet A, B,C, ... range over objects.
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e Welet f,g,h,... range over arrows.
This convention isn’t always used. For instance, sometimes a, b, c, ... range over objects,
and o, 3,7,... or 0,¢,1,... range over arrows. The notation used depends on what is

convenient at the time and what is the custom in the topic under discussion. Here we will
take the above convention as the norm, but from time to time we will use other notations.
There are two assignments
source target

each of which attaches an object to an arrow. We write

f

A B

to indicate that f is an arrow with source A and target B. This is a small example of a
diagram. Later we will see some slightly bigger ones.
This terminology isn’t universally accepted. Sometimes combinations of

A / B
source arrow target
domain morphism codomain
map

are used. Certainly morphisms (such as group morphisms) and maps (such as continuous
maps) usually are examples of arrows in some category. However, it is better to use
‘arrow’ for the abstract notion, and so distinguish between the general and the particular.
The word ‘domain’ already has other meanings in mathematics. Why bother with
this and ‘codomain’ when there are two perfectly good words that capture the idea quite
neatly.
You will also see

f:A—B
used to name the arrow above. This notation helps to spread the confusion between
arrows and functions.
All three of the notations

A tdy idy 1y A

are used for the identity arrow assigned to the object A. We will tend to use 2d 4. Notice
that the source and the target of id 4 are both the parent object A. Quite often when
there is not much danger of confusion zd is written for ¢d 4. You will also find in the
literature that some people write ‘A’ for the arrow 2d 4. This is a notation so ridiculous
that it should be laughed at in the street.

Certain pairs of arrows are compatible for composition to form another arrow. Two
arrows

f g

A By By C

are composible, in that order, precisely when B; and By are the same object, and then
an arrow

A C
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is formed. For arrows

both of the notations

gof gf

A C

are used for the composite arrow. Read this as
g after f

and be careful with the order of composition. Here we will write g o f for the composite.
Composition of arrows is associative as far as it can be.
For three arrows

P N S R
various composites are possible, as follows.
P (hog)of .
A f B hog D
A f B g C h D
A gof C h D
A D
ho(go f)

It is required that the two extreme arrows are equal
(hog)of=ho(gof)

and we usually write
hogof

for this composite. This is the first of the axioms restricting the data.
The second axiom says that identity arrows are just that. Consider

id A fo s

A A

an arbitrary arrow and the two compatible identity arrows. Then
tdpof=[f=/foid,s

must hold.
Given two objects A and B in an arbitrary category C, there may be no arrows from
A to B, or there may be many. We write

C[A,B] or C(A,B)
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for the collection of all such arrows. For historical reasons this is usually called the
hom-set

from A to B, although
arrow-class

would be better. Some people insist that C[A, B] should be a set, not a class. Here such
niceties will not trouble us too much.
As usual, there are some variants of this notation. We often write

[A,B] for CIA,B|
especially when it is clear which category C' is intended. Some people write
Hom¢[A, B]

for this hom-set, but that is a waste of space. Whenever possible don’t hide an important
feature of a notation as a subscript.

We have seen above one very small diagram. Composition gives us a slightly larger
one. Consider three arrows

arrange in a triangle, as shown. Here we haven’t given each object a name, because we
don’t need to. However, the notation does not mean that the three objects are the same.

For this small diagram, the triangle, the composite g o f exists to give us a parallel
pair

gof
h

of arrows across the bottom of the triangle. These two arrows may or may not be the
same. When they are

h=gof
we say the triangle commutes. We look at some more commuting diagrams in Section 2.1,
and other examples occur throughout the book.

Examples of categories

In the remaining sections of this chapter we look at a fair selection of examples of cate-
gories. Roughly speaking these particular examples are of four kinds.

The first collection is listed in Table 1.1. These all have a similar nature and are
examples of the most common kind of category we meet in practice. In each an object is
a structured set, a set furnished with some extra gadgetry. An arrow between two objects
is a function between the carrying sets where the function ‘respects’ the carried structure.



1.1. Categories defined

Category Objects Arrows

Set sets total functions

Pfn sets partial functions

Set | pointed sets point preserving functions

RelH sets with a relation relation respecting functions

Sgp semigroups morphism

Mon monoids morphism

CMon  commutative monoids morphism

Grp groups morphism

AGrp abelian groups morphism

Rng rings morphism

CRng commutative rings morphism

Pre pre-ordered sets monotone maps

Pos posets monotone maps

Sup complete posets \/-preserving momotone functions
Join posets with all finitary joins V-preserving monotone functions
Inf complete posets /\-preserving momotone functions

Meet posets with all finitary meets  A-preserving monotone functions

Top topological spaces continuous maps
Top, pointed topological spaces point preserving continuous maps
Top°*"  topological spaces continuous open maps

vectors spaces over

Vect a given field K linear transformations
ith a righ i . ) :
Set-R sets wit & 118 ¢ ac‘tlon action preserving functions
from a given monoid R
t ith a left acti . . .
R-Set Bets Wit & fett action action preserving functions
from a given monoid R
Mod-R  right R-modules over a ring £ morphisms
R-Mod left R-modules over a ring £  morphisms

Table 1.1: Categories of structured sets and structure preserving functions

Arrow composition is then just function composition. We look at the details of a couple
of these categories in Section 1.2.

Some categories listed in Table 1.1 are not defined in this chapter. Some are used later
to illustrate various facets of category theory, in which case each is defined when it first
appears. Some categories are listed but not used in this book, but you should be able to
fill in the details when you need to.

These simple examples tend to give the impression that in any category an object is a
structured set and an arrow is a function of a certain kind. This is a false impression, and
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Category Objects Arrows

RelA sets binary relations

Pos” posets poset adjunctions

Pos?? posets projection embedding pairs
S presheaves on a given poset S natural transformations

/C\ presheaves on a given category C' natural transformations

Ch(Mod-R) chain complexes

Find some more

Put in categories of diagrams

Table 1.2: More complicated categories

in Section 1.3 we look at some examples to illustrate this. In particular, these examples
show that an arrow need not be a function (of the kind you first thought of).

Section 1.4 contains a couple of examples to show that the objects of a category can
have a rather complicated internal structure, and the arrows are just as complicated.
Both these examples are important in various parts of mathematics, but you shouldn’t
worry if you can not get to grips with them immediately.

Table 1.2 lists some of these more complicated examples looked at in Sections 1.3 and
1.4.

Finally in Section 1.5 we look at two very simple kinds of categories. These examples
could be given now, but in some ways it is better if we leave them for a while.

Exercises

1.1.1 Observe the sets and functions do form a category Set.

1.1.2 Can you see that each poset is a category, and each monoid is a category? Read
that again.

1.2 Categories of structured sets

The categories we first meet usually have a rather simple structure. Each object is a
structured set

(A’ )

a set furnished with some extra gadgetry, and each arrow

is a (total) function
f:A—B

between the two carrying sets which respects the carried structure (in some appropriate
sense).
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More often than not these structured sets are ‘algebras’. Thus the furnishings carried
by A are a selection of nominated elements, and a selection of nominated operations on
A. These operations are usually binary or singulary, but other arities do occur.

You have already met

Grp Rng Vecty

but you may not have realized that each of these is a category. You should make sure
that you understand the workings of each of these as a category of ‘algebras’. You may
have to puzzle a bit over Vectg, but later we look at some more general examples of this
nature, and that should help clear away the mist.

To help with the general idea, in the first part of this section we look at the category
Mon of monoids. This has all the typical properties of an ‘algebraic’ category. You may
not have met monoids before, so this example will serve as an introduction.

Monoids are quite important in category theory. They can tell us quite a lot about
the structure of a particular category. Also, they can be used to illustrate many facets of
category theory.

The exercises for the first part of this section look at several other categories of struc-
tured sets, some of which are not ‘algebraic’ in this intuitive sense. One of these

Top
is particularly important, and you should make sure you understand it.
1.2 EXAMPLE. A monoid is a structure
(R, %, 1)

where R is a set, x is a binary operation on R (usually written as an infix), 1 is a nominated
element of R, and where

(rxs)*xt=rx(sxt) lxr=r=rxl

for all r;s,t € R. In other words, the operation is associative and the nominated element
is a unit for the operation.

Monoids are sometimes referred to as unital semigroups, or even semigroups. (Strictly
speaking a semigroup is a structure (R, x) where % is an associative binary operation on
the set R. Such a structure need not have a unit.)

Usually we omit the operation symbol and write

rs for rxs

but for the time being we will stick to the official notation.
A monoid morphism

R S

between two monoids is a function that respects the furnishings, that is

P(rxs) =o(r)xo(s) (1) =1
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for all r;s € R. (Notice that here we have overloaded the operation symbol and the unit
symbol. That shouldn’t cause a problem here, but every now and then it is a good idea
to distinguish between the source and target furnishings.)

It is routine to check that for two morphisms

¢ Y

R S T

between monoids the function composite

Poog

R T

is a morphism.

This gives us the category Momn of monoids (as objects) and monoid morphisms (as
arrows). The verification of the axioms is almost trivial. Given a monoid R the identity
arrow

idp

R R

is just the identity function on R viewed as a morphism. [

As suggested above many categories fit into this form. Each object is a structured set,
and each arrow (usually called a morphism or a map) is a structure respecting function.
Almost all of the categories in Table 1.1 fit into this kind, but one or two don’t.

In a sense the study of monoids is the study of composition in the miniature. There
is a corresponding study of comparison in the miniature. That is the topic of the next
example.

1.3 EXAMPLE. A pre-order < on a set S is a binary relation that is both reflexive and
transitive. (Sometimes a pre-order is called a quasi-order.) A partial order is a pre-order

that is also anti-symmetric.
A
preset poset

is a set S furnished with a
pre-order partial order

respectively. Thus each poset is a preset, but not conversely.
When comparing two such structures

(R, <g) (S, <s)

we use the carrying sets R and S to refer to the structures and write < for both the
carried comparisons. Rarely does this cause any confusion, but when it does we are a bit
more careful with the notation.

Given a pair R, S of presets a monotone map

p 1
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is a function, as indicated, such that

z<y= f(x) < fy)
for all z,y € R. It is routine to check that for two monotone maps

f g

R S T

between presets the function composition g o f is also monotone.
This gives us two categories
Pre Pos

where the objects are
presets posets

respectively, and in both cases the arrows are the monotone maps. Each identity arrow
is the corresponding identity function viewed as a monotone map. ]

Consider a pair R and S of posets. Each is a preset, so we have the two collections of
arrows

Pre|R, S] Pos|R, S|

in the categories. A few moment’s thought shows that, as functions, these two are the
same set. Technically, this shows that Pos is a FULL SUBCATEGORY OF Pre.

The study of monoids is the study of composition in the miniature.

The study of presets is the study of comparison in the miniature.

What should we do to study these two notion together and in the large? Category
theory!

In a sense every category is an amalgam of certain monoids and presets, and that is a
good enough reason why we should always keep these two simple notions in mind.

From the examples we have seen so far it is easy to get the impression that certain
things always happen. The next example shows that some categories can be awkward
(and sometimes cantankerous).

1.4 EXAMPLE. We enlarge the category Set of sets and total functions to the category
Pfn of sets and partial functions.
The objects of Pfn are just sets

A B,C,...

as in Set. However, an arrow

A B

is a partial function from A to B. In other words, an arrow is a total function

A B

=
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from a subset X of the source A. (This is an example where the use of the word ‘domain’
for source can be confusing. The set X is the domain of definition of the partial function.)
Notice that we need to distinguish between the total function f and the arrow f it
determines. The notation has been chosen to emphasize that distinction.

We wish to show that these objects and arrows form a category Pfn. To do that
we must first produce a composition of arrows. (The naming of categories is a curious
thing. Category theory emphasizes that although the objects are important, the arrows
that compare objects are more important. Therefore the arrows should provide the name
of any particular category. For historical reasons this rarely happens. Here I have used
the arrows to name the category. I am not sure if this particular category has a standard

name.)
Consider a pair of partial functions.
A g9 e
| 4
X Y

How might we compose these? We somehow want to stick f and g together, but these
functions are not composition compatible.
We extract a subset U C A by

aclU<+=acXand fla) €Y
(for a € A). Trivially, f is defined on the whole of U, so we may restrict f to U.
f g

S —

Now we do have composition compatible functions. Thus we take

gof

to be that arrow (partial function) determined by

gof=90fu

to produce a composition of arrows in Pfn.

Notice here how the symbol ‘o’ is overloaded. On the right it is the standard compo-
sition of total functions. On the left it is the defined operation on partial functions. If at
first you find this confusing then write ‘@’ for the defined operation. Thus

gef=90fu

is its definition.
Of course, there is still some work to be done. For instance, we need to show that this
composition of arrows is associative. That is left as an exercise. [
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Once we get used to it the step from Set to Pfn is not so great. An arrow is still a
function, and we just have to take a little more care with composition.

We began this section by looking at the category Mon of monoids. We conclude by
looking at two categories attached to each monoid.

1.5 EXAMPLE. Let R be a fixed, but arbitrary, monoid. A
left right

R-set is a set A together with an action

R,A A AR A
r,a ——7ra a,r ————— ar
where
s(ra) = (sr)a (ar)s = a(rs)
la=a a=al

for each a € A and r,s € R. Of course, here the two definition are given in parallel.
These R-sets are the objects of two categories

R-Set Set-R

with left R-sets on the left and right R-sets on the right.
Given two R-sets A and B of the same handedness, a morphism

f

A B

is a function f such that

flra) =rf(a) flar) = f(a)r

for each a € A and r € R. These are the arrows of the two categories. ]

This may look a quite simple example but it is useful. Many facets of category theory
can be illustrated with these categories. We use them quite a lot in this book.

There are also module categories in miniature. We can replace the monoid R by a
ring and replace each set A by an abelian group. This gives the categories

R-Mod Mod-R

of left and right modules over R, respectively. These categories have quite a bit more
associated structure, and we won’t delve into that so much in this book.

Exercises

1.2.1 The category Pno described in this exercise may look to be less than exciting,
but it has an important role to play in mathematics. (This was originally discovered by
Dedekind without the categorical paraphernalia.)
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The objects of Pno are the structures (A, «,a) where A is aset, a : A—— Ais a
function, and a € A is a nominated element. Given two such structures a morphism

(4, @, a) (B,65,b)

is a function f : A —— B which preserves the structure in the sense that

foa=pof  fla)=b

hold.
(a) Verify that Pno is a category.
(b) Show that (N, succ,0) is a Pno-object (where succ is the successor function).
(c) Show that for each Pno-object (A, «, a) there is a unique arrow

(N, suce, 0) (A, a,a)

and describe the behaviour of the carrying function.

1.2.2 Consider pairs (A, X') where A is a set and X C A. For two such pairs a morphism

(4.x) 1

(B,Y)
is a function f: A —— B that respects the selected subsets, that is
flz)eY

for each z € X.

Show that such pairs and morphisms form a category.

We won’t give this category a name, but we will refer to at as the category of sets with
a distinguished subset.

1.2.3 Consider pairs (A, R) where A is a set and R C A x A is a binary relation on A.
Show that these pairs are the objects of a category. You must find a sensible notion of
morphism for such pairs.

1.2.4 A topological space (S, OS) is a set S furnished with a certain family OS of subsets
of S (called the open sets of the space). This family is required to contain both () and S,
be closed under N (binary intersection), and be closed under | J (arbitrary unions).

A continuous map

(S,08) ¢ (T,0T)
between two such spaces is a function
¢p:S—T
such that
(V) e OS

for each V€ OT'. Here ¢~ is the inverse image map given by
r€d (V)<= ¢(x) €V

for each V€ OT and x € S.
Show that topological space and continuous maps form a category Top.
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1.2.5 Let A be an arbitrary object of an arbitrary category C. Show that C[A, A] is a
monoid under composition.

1.2.6 Fill in the details missing from the description of Pfn. In particular, you should
show that composition of partial functions is associative.

1.2.7 A pointed set is a set S with a nominated element which we usually write as L.
An arrow

° .t

S

between two such pointed sets is a function ¢ : S —— T which respects the nominated
points, that is ¢(L) = L.

Almost trivially pointed sets with these arrows form a category Set .

Try to show that Set, and Pfn are ‘essentially the same’ category.

1.2.8 Verify that for each monoid R both
R-Set Set-R

are categories.
Can you see how each is a category of structured sets?

1.3 An arrow need not be a function

Strictly speaking the header of this section should be
An arrow need not be a single function in the way you first think of it

but you could fall asleep reading that. In this section we look first at a couple of examples
to show that arrows may not be the simple kind of things we have seen so far. Then we
look at a couple of general constructions for turning an old category into a new one.

In the next example an arrow is still a function, but not where you might expect it to

be.

1.6 EXAMPLE. The objects of this category are the finite sets. An arrow

f

A B

is a function
f:AxB—R

(with no imposed conditions). For each pair

f

A B

of arrows we define
gof:Ax(C—R

by
(9o f)la,0) = {fla,y)g(y.c)|y € B}

for a € A,b € B. With a little work we see that this produces a category. [



16 1. Categories

Notice that we did not give this category a name. That is because in the general
scheme of things it is not that important. It is merely an example to illustrate that an
arrow need not be a function in the way you might expect it to be.

1.7 EXAMPLE. We have seen that the category Set of sets and functions can be extended
to Pfn by adding more arrows but keeping the same objects. There is also a different
extension to the category RelA.

Again the objects of RelA are just sets. However, a RelA-arrow

F

A B

is a subset F' C B x A which we can think of as a relation from A to B. In other words,
RelA[A, B] is just this set of all such relations from A to B. You should note the way
the source and target have been set up. This is not a mistake, nor is it to be perverse. It
leads to a neater description of the category.

Before we can claim this is a category we must define the composition of these arrows,
and then check that the axioms are satisfied.

Consider an arrow I’ as above, so FF C B x A. For a € A and b € B we write bF'a for
(b,a) € F. For two composible arrows

A F B ¢ C

we defined the composition G o F' by
¢(G o F)a <= (3b € B)[cGbFd]

fora € A,b € B. Thus we show that a is G o F related to ¢ by passing through a common
element b € B.

It is now straight forward to check that this composition is associative, and that the
equality relation on a set gives the identity arrow.

These two categories Set and RelA are connected in a certain way (which will be
explained in more detail later). There is a canonical way

f L'(f)

A B —_— A B

of converting a Set-arrow into a RelA-arrow with the same source and target. We simply
take the graph of the function, that is we let

bI(f)a <= b= f(a)
fora € A, b€ B. [ |

The next example is important in itself, and also provides a miniature version of a
central notion of category theory, that of an ADJUNCTION.

1.8 EXAMPLE. We modify the category Pos of posets, described in Example 1.3, to
produce a new category Pos”.
As with Pos, the object of Pos™ are posets, but the arrows are different.
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Given a pair S, T of posets, an adjunction from S to T is a pair of monotone maps

such that

for alla € S and b € T. We call
f the left adjoint g the right adjoint

of the pair, and sometimes write

fy
to indicate an adjunction. Sometimes using two letters can be a bit wasteful. So we write
f*
S T
[

to indicate an adjunction f* - f,. Sometimes a harpoon arrow

*_|*

is used to indicate an adjunction. As here, by convention, an adjunction points in the
direction of its left component. Thus S is the source and T is the target. (You are warned
that in some of the older literature this convention hadn’t yet been established. Also,
some of the current ignoscenti only think they know what they are doing.)

Poset adjunction are the arrows of Pos™.

This gives us the object and arrows of Pos™, but we still have some work to do before
we know we have a category.

Consider a pair of adjunctions.

R frAf g--g

S T

which ought to be composible. How should the composite

(9" g.)o(f Hf)

R T

be formed? The two left hand components are monotone maps that compose to give
a monotone map. Similarly the two right hand components are monotone maps that
compose to give a monotone map. Thus we have a pair of monotone maps
g of”
R T
J 0 g.

going in opposite directions. We check that this is an adjunction and take that as the
composite
Almost trivially, this composition is associative, and so we do obtain a category. W
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It is not so surprising that any given monotone map may or may not have a left
adjoint, and it may or may not have a right adjoint. It can have neither, and it can have
one without the other. What is a little surprising is that it can have both adjoints where
these are not the same. In fact, arbitrarily longs strings of adjoints can be produced. A
particularly simple example of this is an important gadget in homotopy theory.

Once we get used to working with categories we find that old categories can be used
to produce new categories. Let’s look at a few examples of this.

1.9 EXAMPLE. Consider categories C' and D. To help us distinguish between these let
us write

A, B,C... for objects of C f,g,h... for arrows of C
R,S,T ... for objects of D 0,¢,1... for arrows of D

respectively. We form a new category, the product
CxD

of C' and D as follows.
Each new object is an ordered pair

(A, R)
of old objects, an object A from C and and object R from D. A new arrow
(4, R) — (B,5)

is a pair of old arrows

0
A / B R S
from the given categories. For composible new arrows
6

the composite

0

(A, R) (gofi¢o0) (C,T)
is formed using composition in the old categories.
Almost trivially, this does give a category. ]

That’s not the most exciting example you have ever seen, is it? The construction is
useful because it can help to show that seemingly different notions are instances of the
same notion.

Here is a a more interesting construction.

1.10 EXAMPLE. 1t is possible to form a new category where the new objects are the
arrows of an old category C'. This is sometimes called the arrow category of C.
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Consider the small graph

(1)
1

with two nodes, here labelled 0 and 1, and with one edge.
Let C be an arbitrary category. We can use () to convert C into a new category

Ci

the category of (|)-diagrams in C. We think of (|) as a template for diagrams in C,
and these diagrams are the objects of C'. Thus a new object is a pair of old objects

Ao
|
«
'

Ay

and an old arrow between them. Given two such new objects a new arrow

AO BO
| |
o —f—f
} f
Al B1
is a pair of old arrows
AT g,
| |
Cf ? Jica=pofp
Ay 7 By

such that the square commutes. Composition of new arrows is performed in the obvious
way, we compose the two component old arrows. You should check that this does give a
category. |

This is a simple example of a much more general construction, that of a FUNCTOR
CATEGORY. We look at this once we know what a FUNCTOR is. A couple more simple
examples of this construction are given in the exercises.

The idea of the previous example is to view all the arrows of the old category as the
objects of the new category. Sometimes we want to do a similar thing but using only
some old arrows.

1.11 EXAMPLE. Given a category C' and an object S we form the two slice categories

(C1S) (51C)
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of objects
over under

S. Each object of the new category is an arrow

to S from S
A S
| |
Q@ Q@
} }
S A
of C. An arrow of the new category
A B S S
| | | |
0 —f— 3 o —f— 3
} } } }
S S A B
is an arrow of C
A / B S
o &
o p
S A B
f
for which the indicated triangle commutes. Composition of the new arrows is obtained
from composition of arrows in C' ]

As with Example 1.10 this construction is a particular case of a more general construc-
tion, that of a COMMA CATEGORY. Before we can explain that we need to understand
the notion of a FUNCTOR.

Exercises

1.3.1 Consider the strictly positive integers 1,2,3,--- as object. For two such integers
m,n let an arrow

n m

be an m x n matrix A (with real entries). Given two compatible matrices

B A
k k

let the composite

Ao B

be the matrix product AB.
Show that this gives a category.
Can you show that this example is a bit of a cheat?
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1.3.2 A directed graph, or simply a graph for short, is a pair

(N, E)
of sets together with a pair of assignments
o
E 1%
T

(as with a category). Each member of N is a node, and each member of F is an edge.
For each edge e € E we call
ole)  7(e)

the source node and the target node of e, and we write

e

b

a

to indicate that o(e) = a and 7(e) = b. In general there are no other conditions on
these edges and nodes. In particular, there is no notion of composing edges. Notice that
(modulo the size) each category is a graph.

A graph morphism

(v, E) L (. )

is a pair of functions

fo h

N M E F

such that
cofi=fooo Tofi=foorT
hold. Of course, here there are two different source and two different target assignments.

Show that, with the appropriate notion of composition, graphs and their morphisms
form a category.

(There is a common notation whereby the collections of objects and arrows of a cat-
egory C are Cy and C, respectively. Some of this notation as been taken over here.
There are extensions of the notion of a category, to those of a 2-category, a 3-category,
4-category,. .., an w-category, in which there are collections Cy, Cy, Cs, Cs, ... with in-
teracting properties. Believe me, you don’t want to know about these just yet.)

1.3.3 Consider any pair of categories A and S. We form a new category. The objects

are pairs
(A, R)

where A is an A-object and R is a S-object. An arrow

(4,r) L (5 g

is a pair of arrows

f ¢

A B R S

from the two component categories where the S-arrow goes backwards.
Show that with the obvious commposition this does form a category.
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1.3.4 As in Exercise 1.2.8, each monoid R gives us a category Set-R of (right) R-sets.
We can also vary R to produce a larger category.

Each object is a pair
(4, R)

where R is a monoid and A is an R-set. Each arrow

(4,7 L9 g g

is a pair

f

A B R

where ¢ is a monoid morphism and f is a function with

flag(s)) = f(a)s

for each a € A and s € S.
Using the obvious composition, show that this does give a category.

1.3.5 Consider the category RelA of Example 1.7.
Show that the defined composition is associative, and hence it is a category.
Show also that

I'(go f)=T(g)oT'(f)
for each pair of composable Set-arrows.

(This result more or less shows that I" is a COVARIANT FUNCTOR from Set to RelA.
This notion is discussed in the Chapter 3.)

1.3.6 Consider any pair

of Pos-arrows.
(a) Show that f - g precisely when both ids < go f and f o g < idy, where the two
comparisons are pointwise.

(b) Show that if f 4 g then
fogof=f gofog=y
and hence g o f is a closure operation on A and f o g is a coclosure operation on B.

1.3.7 Posets and certain adjoint pairs form another category Pos".
The objects of Pos?” are again just posets. A Pos"’-arrow

A (f.9) B

is a Pos -arrow

_|
Afg

B
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for which g o f = 2d 4. The arrows of Pos" are sometimes called projection pairs.

Show that these projection pairs are closed under composition, and hence Pos™ is a
category.

(You see here a useful little trick. It is sometimes helpful to draw arrows in different,
but related, categories in a different way. Thus here we have

Pos
Pos”
POSPP _

for the three different kinds of arrows.)

1.3.8 Consider the ordered sets Z and R as posets, and let

L

Z R
be the insertion.
(a) Show there are (unique) maps
A
R Z
p
such that
tp A
Z R Z

are adjunctions.

(c) Show also that this composite is #dz in Pos™ and the other composite, on R, is
idempotent.

(d) Show that ¢ - p is a PosP-arrow, but A\ - ¢ is not.

1.3.9 For a poset S let LS be the poset of lower sections under inclusion. (A lower
section of S is a subset X C S such that

y<reX=yelX

for all z,y € S.)
(a) For a monotone map

¢

T S

between posets, show that setting f = ¢~ (the inverse image map) produces a monotone
map
f=9¢"

LT LS

in the opposite direction.
(b) Show that f has both a left adjoint and a right adjoint

A5

where, in general, these are different.
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1.3.10 Let C be an arbitrary category. In Example 1.10 we used (]) as a template to
obtain a category C' of certain diagrams from C. The same idea can be used with other
templates.

A wedge in a category C is a pair or arrows

Ao
A Ay
as shown. A wedge morphism
\ Ay —f1i— By
Ay T By

is a triple of arrows, as indicated, which make the two associated squares commute.
(a) Show that wedges and wedge morphisms form a category.
(b) This wedge example uses

SO\

as the template. Play around with other templates to produce other examples of cate-
gories. For example, consider each of

SN N N
N\

and worry about which cells are required to commute.

1.3.11 Let 1 and 2 be the l-element set and the 2-element set, respectively. Describe
the categories

(Set | 1) (1| Set) (Set|2) (2| Set)

and show that you have met two of them already together with near relatives of the other
two.
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1.3.12 Given a category C and two object S, T we form

S (S1C1LT)
|s the butty category between S and T. Each object of the
01 new category is an object A of C together with a pair of
) arrows from S and to T'. An arrow of the new category is
| an arrow [ of C to make the two triangles commute.
ar S
1 oS 35
T
A——f——B
NN
S S T
| | a) Show that with the appropriate notion of compo-
aS ﬂS
l l saition this gives a category.
(b) Can you show that for an appropriate parent cate-
A—f——B } )
| | gory C' both the slice categories
T T (c1T) (51¢)
T T

are instance of the butty construction?

1.4 More complicated categories

From the examples we have seen so far you might conclude that category theory is making
a bit of a fuss. It is true that objects are not just structured sets and arrows are not just
functions, but the examples seem to suggest that we don’t move too far from those ideas.
Of course, as yet far we have seen only comparatively simple examples of categories.

One of the original aims of category theory was to organize and analyse what we now
see as rather complicated categories. The simpler examples came along later.

In this section we look at a couple of examples of the more complicated kind of
category. You probably won’t understand these at a first reading, but you should give it
a go. You should come back to these examples as you learn more about category theory.

1.12 EXAMPLE. Let S be any partially ordered set. We describe the category S of
PRESHEAVES ON S. There is a more general notion where S is replaced by an arbitrary
category, but we save that for later.

We may think of S as the category of ‘sets developing over S’. At first sight the
structure of S looks quite complicated, but you will soon get used to it.

We think of S as a store of indexes i, j, k, . .. partially ordered

J <

to form a poset.
A presheaf on S is an S-indexed family of sets

A (A(@) |ie S)
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together with a family of connecting functions

A A 20

one for each comparison 7 < i. Note these functions progress down the poset. These
functions have to fit together in a coherent fashion. Thus

A(i,1) = id ag)
for each index i € S, and the triangle
Ak, i
( ’7/) A(k)

Ak, 7)o A(, 1) = A(k, i
m)% (k.9) 0 A ) = Alk, )

A(j

A(i)

commutes for all £ < j < i. These are the objects of S. (Take note of the way the
connecting functions are indexed. Many people still make a mess of this.)
An arrow

f

A B

between two presheaves is an S-indexed family of functions

A(i) Ji B(i)
such that
A(i) Ji B(i)
AUJW j<i lBUJ) fioA(j,i) = B(j.i) o f;
A(j) f,-Mﬁ

commutes for all comparisons 7 <17 in S.

These arrows are composed in the obvious way, we compose the corresponding func-
tions at each index. Of course, we have to show that the resulting squares commute, and
that this composition is associative, but that is straight forward. |

In this example we used a poset S to index the constructed category S. There is also
a_more general construction which converts an arbitrary category C into the category
C' of presheaves of C. We look at that briefly in Section 3.5. Such presheaf categories
occur in many places, and are not always recognized as such. Believe it or not Set-R and
Mod-R are two such categories.

The next example is important in homology.

1.13 EXAMPLE. Let R be a fixed ring and consider the category

Mod-R
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of right R-modules. If you are not yet happy with Mod-R then you can replaced it by
the category AGrp of abelian groups. Also, if you are feeling confident then you can
replace Mod-R be any ABELIAN CATEGORY.

We are going to construct a new category

Ch(Mod-R)

out of the objects and arrows of Mod-R.
A chain complex, or sometimes just a complex, over R is a Z indexed family

A

A1 Qap
AnJrl An Anfl

of objects and connecting arrows taken from Mod-R. These arrows have to satisfy a
certain condition which we come to in a moment.

Note the indexing of the objects. The indexes become smaller as we

move along the chain to the right. For this reason it is sometimes

A convenient to think of the chain as progressing downwards. However,
ntl for obvious reasons, a chain is rarely printed in this form.

Qpi1 Also, it is customary to write d, for each connecting arrow a, but as

A, we will see, in the first instance that can be confusing.

The value of each index is important. Thus if we re-index by moving

Qn each object 1-step along, then we get a different complex. In particular,

A, the object Ag plays a special role in the complex. If we change the

1 indexing then that role is give to a different object, and so we have a

different complex.

The connecting arrows «, must interact in a simple way.
Given objects B and C' of Mod-R the zero arrow

0

B C

sends each element of B to the zero element of C. (Strictly speaking, we should label
each zero arrow with its source and target, but that gets a bit cumbersome.) Consecutive
connecting arrows in the complex are required to compose to 0, that is

Qp O Qpy1 = 0

for each n € Z.

Each complex A is an object of the new category Ch(Mod-R). Let’s call it an Object
to distinguish it from an object of Mod-R.

Given two Objects A and B, complexes from Mod-R, what is an Arrow

f
A
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in Ch(Mod-R)? It is an indexed family of arrows of Mod-R

An+1 _fn—i-l - Bn+1

Opt1 ﬁn+1
Qn Bn

An—l _fn—l_> Bn—l

such that at each step the corresponding square commutes, that is

fn O lpy1 = ﬁn—i—l o fn+1

for each n € Z. (This is why we choose to write a rather than the customary d for the
connecting arrows.)

The structure of Ch(Mod-R) is now more or less obvious.

Given a pair

A g & ¢
of Arrows, we have commuting squares
Apt1 — fot1— Brs1 — g1~ Cppa Apta In+1 © fop1— Cpta
nt1 5n|+1 Tn+1 Qnt1 \ Tn+1
A, fn B, In Ch A, ————gno fn Ch

as on the left, and these horizontal components of these compose in Mod-R to give
commuting squares as on the right. All these composites in Mod-R provide the composite

gof

A C

in Ch(Mod-R).
Verifying that Ch(Mod-R) is a category is now straight forward. It is a simple
exercise in diagram chasing which we look at in Section 2.1. |

The gadget Ch(Mod-R) is central to homology theory. But what is the point of
setting it up as a category? It is because some of its properties can be analysed by arrow-
theoretic methods without getting inside the internal structure of its Objects and Arrows.
This is beyond the scope of this book, but not that far beyond.

Exercises
1.4.1 Try to get to grips with Example 1.12. To help with this consider the particular

cases where S is a 2-element set partially ordered in the two different ways.

1.42 Try to get to grips with Example 1.13. To help with this consider the complexes
A where only A_;, Ay, A; are non-trivial.
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1.5 Two simple categories and a bonus

As we are going to see in a moment, every monoid is a category with a simple object
structure, and ever preset is a category with a simple arrow structure. Every category
is a certain kind of amalgam of monoids and presets. Thus whenever you meet a new
categorical notion it is worth trying it out on monoids and presets. Sometimes this gives
a little bit of insight and sometimes not.

1.14 EXAMPLE. Each monoid (R, -, 1) can be viewed as a category with just one object.
It doesn’t matter what this object is, and it doesn’t have any internal structure. Let’s
use

*

for this symbolic object. Don’t confuse this with the monoid R.
For each r € R there is an arrow

*

*

and again this has no internal structure. In other words the arrows of the category are
the elements of R.
Composition of arrows is just the carried operation of R.

*
/ X
* *
sor =sr
The identity arrow
idy =1

is just the unit of R.
This construction does produce a category because the operation on R is associative
and 1 is a unit. [ ]

On its own this example is rather trite, but later we will add to it to illustrate several
aspects of category theory.

1.15 EXAMPLE. Each pre-ordered set (S, <) can be viewed as a category.
The objects are the elements

of S.
Given a pair of objects 7, 7 there is an arrow

P

precisely when ¢ < 7. Thus between any two objects there is at most one arrow. The exis-
tence of the arrow indicates a comparison between the objects. It is sometimes convenient
to write

(4, 2)

P
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for this arrow.

We have
id; = (i,i) since <1
(k,j)o (j,i) = (k,i) since i<j<k=i<k
so the construction does give a category. n

Again this example looks rather feeble, but again we will add to it later to produce
more interesting structures. In fact, we have already used a preset as a category. Perhaps
you can spot where we did this.

In Section 1.3 and 1.4 we saw various ways of producing a new category out of old
categories. There is one very simple example of such a construction. This could have
been done earlier, but we have saved it until last (at least for this chapter).

1.16 EXAMPLE. Each category C is a collection of objects and a collection of arrows
with certain properties. In particular, each arrow

f

A B

has an assigned source and an assigned target. A formal trick converts C into another
category C™ called the opposite of C'. This category C*" has the same objects as C.
Each arrow f of C, as above, is turned into its formal dual

1

B A

to produce an arrow of C™. The formal composition of these formal arrows is defined by

fOP oop gOP — (g o f)OP
for each composible pair

f

A B

C

of arrows from the parent category C.
A routine exercise (which you should go through at least once in your life) shows that
C™ is a category. [ |

The process f —— f we doesn’t actually do anything to the arrows. We merely
decide that the words ‘source’ and ‘target’ should mean their exact opposites. Thus the
change is merely formal rather than actual.

This trick shows there is a lot of duality in category theory. Notions often come in
dual pairs

dog god

where a dog of a category C is nothing more than a god of its opposite C*". We will see
many example of this.

Sometimes the opposite category C*" has properties rather different to the parent C.
For instance Set” is isomorphic to the category of complete, atomic boolean algebra and
complete morphisms. As a simpler version of this the opposite of the category of finite
sets is the category of finite boolean algebras. (Both of these observations are instances
of Stone duality.)
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Exercises

1.5.1 (a) Let R and S be monoids viewed as categories. What is the product category?
(a) Let R and S be presets viewed as categories. What is the product category?

1.5.2 Let S be a preset viewed as a category.
For an arbitrary element s € S what are the slice categories (S | s) and (s | S)?

For an arbitrary elements s,t € S what is the butty category (s | S | ¢)? Be careful.

1.5.3 Each poset S is a category. What is the opposite S*?
Each monoid R is a category. What is the opposite R™?

1.5.4 Give a short and precise description of the category constructed in Exercise 1.3.3.

[There are 28 ezercises in this chapter]






2
Basic gadgetry

As the title says, in this chapter we describe some of the basic gadgets of category theory.
We meet notions such as

diagram
monic epic
split monic split epic
isomorphism
initial final
wedge
product coproduct
equalizer coequalizer
pullback pushout

universal solution

some of which are discussed only informally.

All of these notions are important, and have to be put somewhere in the book. It is
more convenient to have them together in one place, and here seems the ‘logical’ place to
put them.

However, that does not mean you should plod through this chapter section by section.
[ suggest you get a rough idea of the notions involved, and then go to Chapter 3 (which
discusses more important ideas). You can come back to this chapter several times to fill
in the missing details.

2.1 Diagram chasing

As in many part of mathematics, in category theory we sometimes have to show that two
things are equal. We don’t often, or even ever, have to show that two objects are the
same, but we often have to show that two arrows are equal. The main technique for doing
that is diagram chasing.

Roughly speaking, a diagram in a category is a collection of objects together with a
collection of arrows between these objects.

For instance, the following diagram

=
.

@ +—T—— @

&‘.
T

33
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has four objects (unnamed) and five arrows f, g, h,k,l. There are also five composite
arrows

gof hof lohof loh lok

and some of these may be equal.
This diagram has three cells; the left hand triangle, the right hand triangle, and the
outer rectangle (lozenge). Some of these cells may commute.

e The left hand triangle commutes if ho f = k.
e The right hand triangle commutes if [ o h = g.
e The outer cell commutes if go f =10 k.

Roughly speaking a diagram chase is a process by which we show that a particular
cell commutes knowing that other cells commute and using certain other properties of the
diagram.

2.1 EXAMPLE. For the diagram above, if the two triangles commute then the outside
cell commutes. We are given that

hof=k loh=g

and we must show that

gof=lok

holds.
We can do that by equational reasoning. Thus

gof=(oh)of=lo(hof)=lok

is a more or less trivial calculation.
However, it is more common to do this by chasing round the diagram and noting that
certain composites are equal. Thus

is what we trace out with our pencil and think whilst we are doing it. |

Since this example is so trivial it doesn’t matter which method we use. However, for
larger diagrams the chase is often easier to explain when we are talking to someone. This
is a bit unfortunate since no-one has yet devised a method of writing down a diagram
chase in an efficient manner.

Even with this simple diagram there are other problems which might arise.

2.2 EXAMPLE. Consider the small diagram above.
(a) If the outer cell commutes then neither of the two triangles need commute. This
is because we could replace h by some other arrow without altering f, g, k, (.
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(b) If the outer cell commutes and the right hand triangle commutes, then the left
hand triangle need not commute. It is not hard to find an appropriate example in Set.
Simply let [ collapse a lot of elements to the same element.

(c) If the outer cell commutes, the right hand triangle commutes, and [ is MONIC, then
the left hand triangle also commutes. We deal with this in the next section.

(b) If the outer cell commutes and the left hand triangle commutes, then the right
hand triangle need not commute. It is not hard to find an appropriate example in Set.
Simply let the range of f be a small part of its target.

(e) If the outer cell commutes, the left hand triangle commutes, and f is EPIC, then
the right hand triangle also commutes. We deal with this in the next section. |

In due course we will take part in many diagram chases. For now I leave you with a

couple of simple exercises and one that you might think is a bit devilish.

Exercises

2.1.1 Consider the following diagram.

/\/\
\/

Show that if the four inner triangles commute, then so does the outer cell.
Write down the argument in the form of equational reasoning and in a pictorial form
of the diagram chase.

2.1.2 Consider the triangular pyramid of arrows.
[ ]
./ \ .
\ ./

Given that the three other faces commute, show that the back face also commutes.

2.1.3 Consider a pentagram inscribed in a pentagon.

/V ~
) .
) .
) .
) .
) .
) .
) .
) .
) .
) .
) .
) .
94 1
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Suppose that the triangles
123 345 512 234 451
commute. Show that a trip twice round the pentagram is equivalent to a trip once round

the pentagon.!

2.2 Monics and epics

It is clear, as they say, that in the great categorical menagerie all arrows have equal status,
but some have more status than others. In this section we look at some of these special
arrows.

2.3 DEFINITION. In a category an arrow

m e
B A A B
is, respectively,
monic epic

if for each parallel pair of arrows

f f

X B B X

Y g

we have
mOf:mog:}f:g foe:goe:}x:y

as appropriate. |

What are we getting at here? The following example gives the precursors of monics
and epics, but you mustn’t read too much into it. Later we will see that it can suggest
quite a false story.

2.4 EXAMPLE. Consider one of the categories of structured sets. Thus each arrow is
(carried by) a total function between the carriers of the two objects.

(m) If

B A

is injective as a function then it is monic as an arrow. To see this suppose
mof=mog

for some parallel pair

X B

B — e

9

Tt isn’t well know that a pentagram can bring you good luck. All you have to do is hop round it
twice without once thinking of a frog.
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of arrows. We require f = ¢g. Thus, since f and g are total functions it suffices to show

f(z) = g(x)

for each z € X.
We have

m(f(x)) = (mo f)(x) = (mog)(x) =m(g(x))

for each such x. But m is injective, that is
m(b1> = m(bg) — b1 = bg

for by, by € B, to give the required result.
(e) If

A B

is surjective as a function then it is epic as an arrow. To see this suppose

foe=goe

for some parallel pair

of arrows. We require f = g, that is

for each b € B.
Consider any such b € B. Since e is surjective we have b = e(a) for some a € A. But
now

f(0) = f(e(a)) = (f ee)(a) = (goe)(a) = gle(a)) = g(b)
to give the required result. [ ]

These examples show that
injective = monic surjective = epic

for appropriately nice categories. However, you are warned. Even in nice categories these
implications can be far from equivalences.

There are several quite common categories of structured sets in which an epic arrow
need not be surjective. Roughly speaking an arrow

e

A B

is epic if the range e[A] of e is a ‘large part’ of B. Exercises 2.2.5, 2.2.6, and 2.2.8 give
some examples of this. Of course, in many (most) categories the notions of ‘injective
arrow’ and ‘surjective arrow’ don’t make sense.

Monics and epics are those arrows that can be cancelled on one side or the other. If
an arrow has a 1-sided inverse than it can be cancelled on the appropriate side. This gives
us special classes of monics and epics.
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2.5 DEFINITION. A pair of arrows

S r

B A A B
such that
ros=1dpg
are a
section retraction
respectively (as indicated by the initial letter). |

It is not too hard to show that each section is monic and each retraction is epic. For
this reason each such arrow is often referred to has a

split monic split epic

respectively. In some ways this is better terminology.
As we said at the beginning of Section 2.1 rarely do we need to show that two objects
of a category are the same. But we often have to show they are isomorphic.

2.6 DEFINITION. A couple of arrows

B—Y9 .4 a—1 .
such that
gof =id, fog=idy
form an inverse pair of isomorphisms and each component is an isomorphism. |

An arrow is an isomorphism if it has a 2-sided inverse, and hence each isomorphism
is both a split monic and a split epic. This gives us a short hierarchy of kinds of arrows.

Arrow

Monic Epic

~,

Bimorphism

Split monic Split epic

\/

[somorphism

It is easy to see that an arrow that is both a split monic and a split epic is automatically
an isomorphism (and there is a stronger result). However, an arrow that is both monic
and epic need not be an isomorphism.

2.7 DEFINITION. A bimorphism is an arrow that is both monic and epic.

Each isomorphism is a bimorphism, but there can be bimorphisms which are not
isomorphisms.

A category is balanced if each bimorphism is an isomorphism. |

Monic and epics often have a role to play in a diagram chase. There are a couple of
exercises to illustrate this.
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Exercises
221 (a) Show that

section = monic retraction = epic
section+epic = iso retraction+monic = iso

that is show that if an arrow satisfies the hypothesis then it satisfies the conclusion.
(b) Show that if arrows

B A B A

satisfy
hof=1dy fog=1dp

then g = h, and each arrow is an isomorphism.

2.2.2 Consider a preset as a category.
(a) Show that every arrow is a bimorphism.
(b) When is the preset balanced?

2.2.3 Consider a monoid as a category.

Which of the elements (when viewed as arrows) are monic, epic, a retraction, a section,
iso?

What is a balanced monoid?

2.2.4 Consider a composible pair of arrows.

m n
[ ] [ ] [ J

Show that if both m and n are monic, then so is the composite n o m.

Show that if the composite n o m is monic, then so is m.

Find an example where the composite n o m is monic but n is not.

State the corresponding results for epics.

Obtain similar results (where possible) for the other classes of arrows discussed in this
section.

2.2.5 Consider the category Mon of monoids, and view N and Z as additively written
monoids. Show that the insertion

is epic.

2.2.6 Consider the category Rng of rings. Show that the insertion

is epic.
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2.2.7 (a) Let C be a category of structured sets. Suppose C has a particular object S
which has a special element * (usually not part of the official furnishings) such that for
each object A and element a € A, there is a unique arrow

«

S A

with a(x) = a.

(This is a particular instance of a more general notion called a selector, or sometimes
a generator.)

Show that in C' each monic is injective.

(b) Show that in
Set, Pos, Top, Mon, Grp, Rng, Set-R
each monic is injective.

228 (a) In Top an isomorphism is usually called something else. What is the name
used?

Show that in Top each monic is injective.

Show that an arrow of Top that is bijective as a function need not be an isomorphism.

(b) Let Top, be the category of hausdorff spaces and continuous maps.
Show that the insertion

Q;Q,R

is epic in this category.
More generally, show that if

T S

is an arrow of Top, where the range €[T'] is dense in the target S, then e is epic.
If you are brave you can show that this result does not hold for Top;.

2.2.9 Consider the following cube of arrows a,b, ..., [, m.
J
[ J [
y m‘ &
f ° °
c
b
° : ° d
\ X
e
a
[ J [ ]

(e) Show that if e is epic and if the other five faces commute, then the back face
commutes.

(m) Show that if m is monic and if the other five faces commute, then the bottom
face commutes.
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2.2.10 Consider the diagram

NV
|

|

and suppose the four trapeziums commute.

(a) Show that if the inner square commutes then so does the outer square.

(b) Conversely, show that if e is epic, m is monic, and the outer square commutes,
then so does the inner square.

2.3 Simple limits and colimits

Limits and colimits (of the categorical kind) occur all over mathematics, and concrete
examples of these notions were being used before category theory was invented. Differ-
ent areas of mathematics tend to use different terminology, mainly because of historical
reasons than natural cussedness, but that is not too important. It was one of the first
achievements of category theory to codify and extract the essential content of these no-
tions.

In the next four section we look at the basic examples of these notions, as given in
Table 2.1. These examples can be set in a more general context, but we don’t attempt
that just yet. However, we can look at a particular case of the general notion which you
already know about.

Let S be a poset viewed as a category. It is usual to think of the comparison as
progressing upwards, that is ¢ < j means that i is below j. However, to fit in with the
categorical picture we think of the comparison as progressing to the right. Thus

1<y P

mean the same thing.
Let X be a subset of S. A

left solution right solution
for X is an element a € S such that
a<zx z<a
for each x € X. A
limit colimit
is a ‘best possible’ solution on the appropriate side. In other words, it is a solution a such

that
b<a a<b

for each solution b of the appropriate handedness.
You should recognize these notions under different names.
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Limit Template Colimit

(1)  final object initial object

(2) binary product binary coproduct

(3) equalizer ) ) co-equalizer

(4) pullback

pushout

Table 2.1: Some simple limits and colimits

Exercises
2.3.1 What are these notions for a poset usually called?
What happens if X is empty?
What happens if X is a singleton?
What happens if X is a pair of elements?
What differences might occur if S is a preset?
2.4 Initial and final objects

In some categories some objects play special roles because they take up extreme positions.
2.8 DEFINITION. An object S of a category C' is, respectively

initial final
if for each object A there is a unique arrow

S A A

as indicated. Here the uniqueness is important.
Sometimes a final object is said to be terminal. |

You may not know this terminology, but you already know some examples of these
two notions.
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2.9 EXAMPLE. (a) Consider the category Set of sets and let
1={x}
be a singleton set. For each set A there is a unique arrow

A 1

the function that collapses everything to x. Thus 1 is a final object of Set.
Let () be the empty set. (What else can it be?) You will probably have to think about
this, but for each set A there is a unique arrow

0

A

(since the function doesn’t have any requirements that it must satisfy). Thus () is an
initial object of Set.
(b) Consider the category AGrp of abelian groups. Let O be the trivial group. For

each abelian group A, the group O is uniquely embedded in A, and there is a unique
morphism

A O

to O. Thus O is both initial and final in AGrp. |

A category C may or may not have an initial object. It may or may not have a final
object. It can have one without the other. It can have both. If it has both then these
objects may or may not be the same. An object that is both initial and final is often
called a zero object.

It is easy to show that any two initial objects of a category are uniquely isomorphic.
For this reason we usually speak of the initial object rather than an initial object. In the
same way and two final objects are uniquely isomorphic, and we speak of the final object.

It common to let 1 be the final object of a category (assuming this does exists).
Because of certain special cases where they arise quite naturally, an arrow

a

1 A

to an object A is a global element of A. For instance, in Set these pick out the members
of a set in the usual sense. In more structured categories these can pick out a special kind
of member of an object.

Exercises

2.4.1 Show that in a category any two initial objects are uniquely isomorphic. That
is, if I, J are two initial objects, then there is a unique arrow I —— J, and this is an
isomorphism.

State and prove the dual result concerning final objects.

2.4.2 Suppose that [ is initial in C. Show that each C-arrow of the form

A I
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is a retraction, and prove the corresponding result for final objects. Hence show that if
C has both an initial object I and a final object F' and there is an arrow

F 1

then I and F' are isomorphic. In such a case we have a zero object.

2.4.3 Show that the category Pno has an interesting initial object but a boring final
object. What are these objects?

2.4.4 Show that the category Grp of groups has both an initial and a final object, and
these are the same.

Show that the category Rng of unital rings has both an initial and a final object, and
these are not the same.

What about the categories Idm and Fld of integral domains and fields?

2.4.5 Show that for each set A there is a bijection between the elements of A and the
Set-arrows 1 —— A.
Show further that for each pair of Set-arrows

f

A B 1

where the second represents the element a € A, the composite

f

1 A B

represents the element f(a) € B.

246 Let S be a poset and consider the category S of presheaves over S (as described
in Example 1.13).

(a) Show that this category has a final object 1.

(b) Show that for a presheaf A = (A, A) over S a global element 1 —— A is a kind of
choice function for the family A. It ‘threads’ its way through the component sets A(s).
You should make precise this notion of ‘thread’.

2.5 Products and coproducts

We all know how to form the cartesian product
Ax B

of two sets A and B, the set of all ordered pairs
(a,b)

for a € A and b € B. We also know that often when A and B carry structures of a similar
kind then the product A x B can be furnished with the same kind of structure. Groups,
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rings, topological spaces, ... provide examples of this construction. In these cases we find
that the two projections

(a,b)

7N

are arrows in the appropriate category.

a A

There is also a dual process which is not so clear.
Given two sets A and B we can form the disjoint union (sum)

A+ B

of the sets, a larger set that includes copies of A and B with minimal interference. Tech-
nically, we tag the elements of A and B to remember their origin, and take the union of
the tagged versions of the sets.

A+ B=(Ax{0})uU(Bx{1})

We then find that the two embeddings

N

) A+ B (

locate disjoint copies of the parent sets within the sum.

What about this dual process for structured sets?

Given two groups, or two rings, A and B, can we find a group or ring that includes
copies of A and B with minimal interference? It can be done but we have to think a bit
before we spot the construction. If you don’t know how to do this then you should worry
about it for a while.

What we can do here is look at a variant of this dual problem.

Given two abelian groups A and B we wish to find an abelian group that includes
copies of A and B with minimal interference. This construction is much easier.

Let’s suppose the two abelian groups are written multiplicatively. Thus

are the two structures. Let
Ax B

be the cartesian product of these two groups. This, of course, is also an abelian group.
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We have four morphisms.

a A\ /B b
(a,0) Ax B (b,1)
W\
A a/ \b B

The lower two are the projections. The upper two are the embeddings which solve our
problem.

There is something going on here, isn’t there? Category theory can help to explain
this. In all cases we are looking for a universal solution to a particular kind of problem
which comes in two forms, a left handed version and a right handed version.

For the remainder of this section we fix a category C, and we fix a pair of objects A
and B of C'. We place these as

A

B

to help with various diagrams we draw. (Just why we do this will become clear when we
look at more general constructions in Chapter 5.)

We are going to look at the left handed version and the right handed version of the
problem in parallel. Thus each definition and result that we give is really two definitions
or results in one. The left hand side gives the left version and the right hand side gives
the right version (in the sense of ‘dexterous’ not ‘correct’).

2.10 DEFINITION. Given a pair A, B of objects of a category C, a wedge
to from

the pair A, B is an object X together with a pair of arrows
A A

AN

X X

NS

B B
in the parent category C'. |

Often a wedge of this kind is called a

cone cocone
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depending on which side of the pair it lies. However, it is hardly worth remembering
which is which so we call both a wedge.

For any given pair there may be many wedges on one side or the other. We look for
a ‘best possible’” wedge, one that is as ‘near to’ the pair as possible. Technically, we look
for a universal wedge. You will probably need to read this next definition several times.
Remember also that it is two definitions in one, so in the first instance concentrate on
one side or other.

2.11 DEFINITION. Given a pair A, B of objects of a category C, a

product coproduct
of the pair is a wedge
A A
N
S S
Q /f;
B B

with the following universal property.
For each wedge

N
P

B B

X

there is a unique arrow

X

such that

fa

DA A

RS
A

7
o PE B
B B

commutes. This arrow m is the mediating arrow (or mediator) for the wedge on X. W

There are a couple of things about this definition that you should notice.

Firstly, a product or coproduct is not just an object. It is an object furnished with a
pair of arrows.

Secondly, the mediator is unique for the given wedge on X. This has some important
consequences.
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2.12 LEMMA. Let

A A
AN
S S
N4
B B
be a
product coproduct
wedge in the category C'. Let
k
S S
be any endo-arrow of S for which
po:pook koio:io

where o ranges over {A, B}. Then k = idg.

Proof. We consider the given wedge both as a special wedge and an arbitrary wedge.
Thus there is a unique arrow, the mediator, such that

A A
S—m— S S —m— S
B B

commutes. Since 2dg makes these diagram commute we see that m = #dg. But the given
arrow k makes this diagram commute, and hence k£ = idgs. ]

This result leads to the essential uniqueness of the universal solution.

2.13 LEMMA. For object A, B in a category C let

A g
PB B
B jA
k
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be a pair of

product coproduct
wedges. Then
P Q 1,J
are uniquely isomorphic over the wedges. In other words, there are unique arrows
P 1
fl |9 f \ g
Q J
such that
(1) pa=qaof pp=gqpof (3) ia=goja ip=gojns
(2) ga=pacg gqp=ppoyg (4) ja=foia jp=foip

and in particular f and g are an inverse pair of isomorphisms.
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Proof. We look at the product, left hand, version and leave the coproduct version as

an exercise.

The object @ and the pair g4, gg form a product wedge for A, B. The object P and
the pair p4,pp form an arbitrary wedge for A, B. Thus there is a unique mediator f

satisfying (1).

By reversing the roles of P and @) we see there is a unique mediator satisfying (2).

From (1, 2) we have
Pe0gof=qeo f=ps

where e is each of A and B. A use of Lemma 2.12 gives
gof=ridp

and
fog=idg

follows by a similar argument.

The left hand part of this result shows that if a pair of objects has a product then
that gadget is essentially unique. Thus we often speak of the product of a pair. Similarly,

from the right hand part of this result, we speak of the coproduct of a pair of objects.

Of course, in some categories not all products or coproducts exist. A pair of objects
may have one of these gadgets without the other. The pair may have both, or it may
have neither. The existence of products and coproducts in som eparticular categories is
looked at in Exercises 2.5.1 and 2.5.2. For now we look at a simple result which relates
the categorical notions to the concrete construction we discussed at the beginning of this

section.

2.14 LEMMA. Let A and B be a pair of sets. Then the

cartesian product disjoint union

AXx B A+ B
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furnished with the canonical functions forms the
product coproduct
of the pair in Set.

Proof. We look at the right hand, coproduct, version and leave the left hand version
as an exercise.

The elements of
A+ B

are of two kinds
(a,0) fora e A (b,0) for b € B

where the tag 0 or 1 records the parent of the element. The canonical embeddings

A
iAJ z'A(a) = (a,O)
A+ B
in] i) =(01)
B

merely tag the input. We must show that these form a coproduct wedge.
Consider any wedge

A

%

X

i

B
to some set X. We define

A+ B X

b
' m(a,0) = fala) — m(b,1) = fp(b)
for a € A and b € B. Trivially, the diagram
A
fa

1A
A+B—m— X

B

commutes. We must show that m is the only function that makes this diagram commute.
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Consider any function

A+ B X

with
hoig= fa hoip=fp
that is h makes the diagram commute. For a € A and b € B we have
h(a,0) = h(ia(a)) = (hoia)(a) = fala) = m(a,0)
h(b,1) = h(ip(b)) = (hoip)(b) = fr(b) =m(b,1)

and hence h = m, as required. [ |

We conclude this section with a few remarks on terminology and notation.
Strictly speaking the two notions we have described here are the

binary product binary coproduct

respectively. There are more general notions that deal with an arbitrary number of
objects, not just two.

The notations
Ax B A+ B

AllB AUB

are used for the object associated with the constructed wedge. Of course, a use of ‘x’
does not mean that the object is constructed using a cartesian product.

In some categories the product and the coproduct produce the same object (but not
the same structuring arrows). For such cases

A®B

is a common notation, and this is often referred to as a biproduct. Yes, I really mean that.

Exercises

2.5.1 Choose a selection of the categories
Set, CMon, Mon, AGrp, Grp, CRng, Rng, Set-R, Mod-R, Pos, Top

and make sure you include Top.
Show that each category has all binary products, and that each is given by a cartesian
product with the obvious projections.

2.5.2 Show that each of
Set, Pos, CMon, AGrp, Set-R, Mod-R, Top

has all binary coproducts.
Can you spot any similarities between the various constructions?
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2.5.3 FEach poset is a category.
What is the product of two elements?
What is the coproduct of two elements?

2.5.4 Show that Set, has all binary products and all binary coproducts.

2.5.5 Consider the category of sets with a distinguished subset.
Does this category have binary products.
Does it have binary coproducts.

2.5.6 Consider the category RelA of sets and relations of Example 1.7. Show that this
has all binary products and coproducts and give a precise description of these. (The
product is not given by a cartesian product.)

2.5.7 Let C be a category with a final object 1 and all binary products.
(a) Show that for each object A the three objects 1 x A, A, A x 1 are isomorphic.
(b) Show that for each triple A, B, C' of objects, the two objects

(AxB)xC Ax(BxC)
are isomorphic.

2.5.8 Let C be a category with all binary products and coproducts. For objects A, B, C
let
L=AxC+BxC R=(A+B)xC

to form two more objects.
Show there is an arrow

L R

and find an example to show that there need not be an arrow R —— L.

2.5.9 In the category AGrp of abelian groups the cartesian product of two objects
implements both the product and the coproduct.

Does this work in Grp?

Consider the cartesian product A x B of two abelian groups. This gives the coproduct
of A and B in AGrp.

Does this give the coproduct of A and B in Grp?

2.6 Equalizers and coequalizers

When we first see their categorical definition, equalizers and coequalizers are not some-
thing we immediately relate to our previous mathematical experience. However, once
we become familiar with the categorical idea we do begin to realize that we have seen
particular instances of the notions.

There are two notions here, the left notion and the right notion. We develop the two
version in parallel. For instance, the following definition is two definitions in one.
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2.15 DEFINITION. Given a parallel pair

f
A B
g
of arrows in a category C, an arrow
h h
X A B X
makes equal the parallel pair if
foh=goh hof=hog
that is, the two composite arrows
foh hof
X B A X
goh hog
agree. ]

Depending on the circumstances any given parallel pair could be made equal, on one
side or the other, by many different arrows. We look for a ‘best possible’ coalescing arrow.

2.16 DEFINITION. Given a parallel pair

S
A B

g

of arrows in a category C,
an equalizer a coequalizer
is an arrow
k k
S A B S

which makes equal f and ¢, and has the following universal property.
For each arrow

h h
X A B X
which makes equal the parallel pair, there is a unique arrow
X m S S m x
such that
h=kom h=mok

holds. This arrow m is the mediating arrow (or mediator) for the arrow h. [
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Read this definition a couple of times and compare it with Definition 2.11. Later,
in Chapter 7?7, we will see that both notions are particular instances of a more general
notion.

For now we develop the idea of Definition 2.16. We follow a path quite similar to that
in Section 2.5. Here is the analogue of Lemma 2.12.

2.17 LEMMA. FEach equalizer is monic. Fach coequalizer is epic.

The proof of this is quite similar to that of Lemma 2.12, so we leave it as an exercise.
We use the result to obtain the analogue of Lemma 2.13.

2.18 LEMMA. For a parallel pair

s
Sy

of arrows in a category C' let
S S
&\ y
A B
/ \
T T
be a pair of

equalizers coequalizers

respectively. Then S, T are uniquely isomorphic over the wedges, In other words, there
are unique arrows

S

such that
(1) I =kom (3) Il =mok

(2) k=lon (4) k=nol

and in particular m and n are an inverse pair of isomorphisms.

Proof. We look at the coequalizer, right hand, version and leave the equalizer version
as an exercise.
The arrow [ makes equal f and g. The arrow k is the coequalizer of f and g. Thus
there is a unique mediator m satisfying (3).
By reversing the roles of [ and k we see there is a unique mediator n satisfying (4).
From (3, 4) we have
nomok=nol=k=1dgok
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and hence
nom = tdg

since k is epic. Similarly
mon = ’LdT

to show that m and n are an inverse pair of isomorphisms. |

The left hand part of this result shows that if a pair of arrows has an equalizer then
that gadget is essentially unique. Thus we often speak of the equalizer of a pair. Similarly,
from the right hand part of this result, we speak of the coequalizer of a pair of arrows.

Let’s now look at a few examples.

Of course, any given pair of arrows need not have an equalizer, nor a coequalizer. In
contrast to this for some categories these gadgets always exist.

2.19 EXAMPLE. Let

f
A B

9

be a parallel pair of functions, arrows in Set. Let

S={aecAlf(a) =g(a)}
be the set of elements of A which f and g treat equally. Then the insertion
7

Se—— A

is the equalizer of f and g.
To see that suppose the function

X

makes equal f and g. For each z € X we have

f(h(x)) = (f o h)(x) = (g © h)(x) = g(h(x))
so that h(z) € S, and hence the function

X S
r ———— h(x)

is the required mediator. [ |

A similar idea can be used in several other categories.

The category Set also has all coequalizers. To obtain these we combine two standard
construction which, at first sight, seem to have little to do with category theory.

Almost certainly you will know the essential content of the following example, but you
may not have seen it set out like this.
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2.20 EXAMPLE. Let S be an arbitrary set, and let ~ be an equivalence relation on S.
This relation partitions S into blocks (equivalence classes). For each s € S let [s] be the
block in which s lives, and let

S/~
be the set of all such blocks. Let

g

S S/~
s —— 5]

be the induced surjection.
Let

h

S X

be any function. The kernel of h is the relation ~ on S given by
So RS9 <= h(s1) = h(s2)

for s1,s9 € S. Trivially, this is an equivalence relation.
Now suppose = includes ~, that is

s1 ~ S9 = h(s1) = h(sq)

for s1,s9 € S. Under these conditions there is a commuting triangle

h
S X
N A
S/~
for some unique function hA*. This function is given by

1 ([s]) = h(s)
for s € S. The only problem is to show that h* is well-defined. ]

To produce a coequalizer we generate a certain equivalence relation.

2.21 EXAMPLE. Let

f
A B

9

be a parallel pair of functions, arrows in Set. Let ~» be the relation on B given by

by ~ by <= (Ja € A)[by = f(a) and by = g(a)]

for by,by € B. Let ~ be the equivalence relation on B generated by ~-. (You might try
to find an explicit description of ~ sometime. It’s not as easy as it looks.)
Using the construction of Example 2.20 we may check that the canonical quotient

B B/~

is the coequalizer of the pair f, g (in Set). |

A modification of this construction can be used in several other categories.



2.6. Fqualizers and coequalizers o7

Exercises

2.6.1 Prove Lemma 2.17, and complete the proof of Lemma 2.18.

2.6.2 Complete the proof of Example 2.19. In other words, show that the function m
does make the relevant triangle commute, and it is the only function to make that triangle
commute.

2.6.3 Let

f
A B

—_—

9

be a parallel pair of morphisms between groups (written multiplicatively).
(a) Let
E={aecAlf(a)=g(a)}

and let S be the subgroup of A generated by E. Show that the insertion

Se—— A

is the equalizer of f and g in Grp.
(b) Let
F={f(a)g(a)" [a € A}

and let K be the normal subgroup generated by F'. Show that the canonical quotient

B

B/K
is the coequalizer of f and g in Grp.

2.6.4 Write down the details missing from Example 2.20. (None of these details are
difficult, but you should at least list what is missing.)

2.6.5 Write down the details missing from Example 2.21.

2.6.6 Let

¢
S T

¥

be a parallel pair of continuous maps between topological spaces. Let

0
T

T/~

be the coequalizer in Set of the pair of functions ¢ and .
Show there is a suitable topology on 7'/~ for which § becomes the coequalizer of the

pair ¢, in Top.
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2.6.7 Consider the forgetful functor

Pre Pos

from posets to presets. Eventually we will see that this exercise produces the left adjoint
to this functor.

(a) Let S is a pre-ordered set and consider the relation ~ on S given by
a~b<—a<b<a

(for a,b € 9).
Show that ~ is an equivalence relation on the set S.
Show that S is a poset precisely when ~ is equality.

(b) Let S/ ~ be the set of blocks of ~ and let
Ui

S S/~

be the canonical quotient.
Show that
la] < [b] <= a<b

for a,b € S produces a well-defined partial order on S/~.
Show that the function 7 is monotone.

(c) Consider any monotone map

S

from the preset S to a poset T'.
Show that

a~b= f(a) = f(b)
for all a,b € S.
Show there is a unique monotone map f* such that the

S / T
XS/N%

triangle commutes.

2.6.8 Consider a diagram

Y q
where the bottom and top composites are identity arrows.
Show that e is the equalizer of f and g.
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2.7 Pullbacks and pushouts

As I said in Section 2.3, the notions discussed in Sections 2.4, 2.5, 2.6, and this section
are all particular cases of a more general notion, that of a

limit colimit

of a diagram. In this section we begin to use the terminology and the ideas behind this
more general notion. This is not essential here, but it will help when we look at the more
general notion in Chapter 5.

Each of the gadgets we are interested in is the universal solution of a certain problem
posed by a diagram. For the simple gadgets of this chapter the shape of the diagram -
the template - determines the name of the gadget. These templates are given in Table
3.1 alongside the name of the

left universal solution right universal solution
for that shape. (Don’t worry if you can’t see the template for row (1). It is there, but it’s
empty.)

The diagram for a
pullback pushout

is a
left wedge right wedge

as shown in the table. Such a wedge poses a problem on the appropriate side.
As before, we develop the two notions in parallel. So each definition or result is two
for the price of one. (And unlike Tescbury’s it isn’t just a con to make you buy more.)

2.22 DEFINITION. Let
A\ A
/C C\
B B
be a wedge in a category C. A solution for the

left right

problem posed by the wedge is a wedge
A A\
X \ X
B B
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(of the opposite handedness) such that the square

VANV AN
NN S

Notice that we haven’t given each arrow a name. We are beginning to work more and
more in terms of diagrams, and we name an arrow only when it becomes necessary. (It is
also the case that we need not name the objects, but let’s not go that far just yet.)

The problem posed by a wedge can have many different solutions. We look for a ‘best
possible’ solution.

2.23 DEFINITION. Let
A\ A
/C C\
B B

be a wedge in a category C. A
pullback pushout

for the wedge is a solution

S/A A\S
N

with the following universal property.

For each solution
A A
X X
B B
there is a unique arrow

X
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such that the diagram

commutes. This arrow m is the mediating arrow (or mediator) for the wedge on X. N

As always, each universal solution is essentially unique. To prove this here we first
obtain the analogue of Lemma 2.12.

NN
NN

pullback pushout

be a

square in the category C. Let

S S

be any endo-arrow of S for which the two triangles

N £

commute. Then k = idg.

You should be able to see the proof of this immediately. We use the result to obtain
the analogue of Lemma 2.13.

2.25 LEMMA. For a wedge

A\O C/A
B/ \B
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in a category C, let
S S

A\C C/A
B/ \

B

W
7\

T

be a pair of
pullback pushout

squares. Then S,T are uniquely isomorphic over the parent wedge. In other words, there
are unique arrows

S

such that all the triangles

commute. In particular, m and n are an inverse pair of isomorphisms.

Proof. We are given two solutions of the parent problem. Furthermore, each is a
universal solution. Thus the associated mediators are the arrows m and n.
We now apply Lemma 2.24 to the two compounds

nom mon

to show these are
idg idp
respectively. ]
If you found this proof a little hard to follow, try labelling the arrows and re-work the

argument using equational reasoning.
Let’s now look at a couple of examples of these notions.

2.26 EXAMPLES. (a) Let
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be a wedge of functions, arrows in Set. Let

be the product wedge of the two sets A, B. Note that the square

/\
\/

need not commute.
Let

S={z€P|f(p(2) =g(a(2)}

be the set of elements of P which arrive at the same place no matter which route they
take. Let

S;Z,P

be the insertion of S in P. Then the wedge

A

py

S

N

B

is the pullback of the parent wedge.

To see this observe first that, by construction, this wedge on S is a solution to the
problem posed by the parent wedge.

Consider any solution
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to the posed problem. Using the product property we have a commuting diagram

to show that [(x) € S. We may now check that

r - ()

is the required unique mediating arrow.

(b) Let
A
f/’
C
PN
B
be a wedge of functions, arrows in Set. Let
A
N,
P

be the coproduct wedge of the two sets A, B. Note that the square

/\
\/

need not commute.
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Let ~» be the relation on P given by
21~ 29 <= (e € C)]z1 = (io f)(c) and 25 = (j 0 g)(¢)]

for 21,22 € B. Let ~ be the equivalence relation on P generated by ~». Let S = P/~
and let

k
P S
be the canonical quotient.
By construction the square
A
C P
X 4 j
B

commutes, and so we do have a solution to the posed problem. We need to show it is a
universal solution. This follows by a few simple calculations. ]

Did you spot anything about these two constructions?

Exercises

2.7.1 (a) Suppose the category C has all binary products and all equalizers. Show that
C' has all pullbacks.

(b) Suppose the category C has all binary coproducts and all coequalizers. Show that
C' has all pushouts.

2.7.2 Let S be a poset which as a category has all pushouts. What does this mean lattice
theoretically. (There is a lattice theoretic notion which precisely matches the categorical
notion, but is rarely recognized as such.)

2.7.3 Consider the following commuting diagram

of two inner cells and one outer cell.

Show that if each of the two inner cells is a pullback, then so is the outer cell.

Show that if the outer cell and the right inner cell are pullbacks, then the left inner
cell is a pullback.

Sort out the corresponding results for pushouts.
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2.7.4 Show that monics are stable across pullbacks. In other words, show that if

F

y

is a pullback and f is monic, then h is monic.

2.7.5 Show that equalizers are stable across pullbacks. In other words, show that if

K

|

is a pullback and f is is the equalizer of some pair, then A is the equalizer of some other
pair.

2.8 Using the opposite category

In Sections 2.2 to 2.7 we have looked at six pairs of gadgets, a left version and a right
version. By using the opposite category C” we can make precise this left-right symmetry,
and halve the work.

Consider any arrow

of a category C. Then

fis monic in C <= f” is epic in C”
fis epic in C <= f is monic in C*”
to show that one of the notions immediately gives the other one.

Consider any object
K

of a category C. Then

K is final in C <= K is initial in C”"
K is initial in C <= K is final in C*

to show that one of the notions immediately gives the other one.

This duality is a useful little trick. It can help to save work. For instance, we have
seen that each gadget discussed in this chapter is ‘essentially unique’, but in each case we
only did half the proof. This is because the other half is the same argument carried out
in the opposite category.
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Exercises

2.8.1 Check that each of the gadgets of this chapter is the dual of a similar gadget in the
opposite category.

There are 43 ezxercises in this chapter
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Functors and natural transformations

Eilenberg and MacLane invented (discovered) category theory in the early 1940s. They
were working on Cech cohomology and wanted to separate the routine manipulations
from those with more specific content. It turned out that category theory is good at that.
Hence its other name abstract nonsense which is not always used with affection.

Another part of their motivation was to try to explain why certain ‘natural’ construc-
tion are natural, and other constructions are not. Such ‘natural’ constructions are now
called natural transformations, a term that was used informally at the time but now has a
precise definition.

They observed that a natural transformation passes between two gadgets. These had
to be made precise, and are now called functors.

In turn each functor passes between two gadgets, which are now called categories.

In other words, categories were invented to support functors, and these were invented
to support natural transformations.

But why the somewhat curious terminology? This is explained on pages 29 and 30 of

(6]

... the discovery of ideas as general as these is chiefly the willingness to make
a brash or speculative abstraction, in this case supported by the pleasure
of purloining words from philosophers: “Category” from Aristotle and Kant,
“Functor” from Carnap ...

That, of course, is the bowdlerized version.
Most of the basic notions were set up in [4], and that paper is still worth reading.

3.1 Functors defined

The basic tenet of category theory is that whenever we conceive of a collection of ‘objects’
- things we don’t want to take apart - we should, at the same time, decide how these
‘objects’ are to be compared. We then formalize a category. In other words, for any
given category C' we should think of the arrows of C' as those gadgets which compare
the objects. Furthermore, these arrows are just as important as, and sometimes more
important than, the objects.

To stay true to this principle we must now ask a question. We have invented a
collection of things called categories. How should categories be compared? Functors are
the comparison gadgets.

3.1 DEFINITION. (Preliminary) Given a pair of categories
Src Trg

69
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a functor

Src Trg
Ar——FA
f———F(f)

consists of two assignments. One sends objects to objects, and the other sends arrows to
arrows. H

As here it is customary to use the same letter for both assignments. I find it helpful
to use brackets in the arrow assignment but not in the object assignment.

Of course, there is more to a functor than just a pair of assignments. It is suppose to
be a ‘morphism of categories’ in the sense that it must somehow respect the structure of
the two categories.

What can that mean?

The first bit is that a functor F' must preserve identity arrows. For each Sre object
A we must have

’LdA A FA ZdFA

A FA

that is
F(ida) = tdpa

in equational form.
The second bit is that a functor F' must preserve composition of composible arrows.
But here there could be a twist in the tale. Given an arrow

f

A B

in the source category Sre, the arrow F(f) in the target category Trg must pass between
the two objects F'A and F'B of Trg. But there are two ways it might do that. It can
preserve the direction or it can reverse the direction. This leads to two kinds of functors.

Covariant F(f)
At 5 a U)o
Contravariant P
A / B i FB (f) FA

For both kinds the source and target of an arrow are preserved as an unordered pair. For
a covariant functor the direction of the arrow is always preserved, but for a contravariant
functor the direction of the arrow is always reversed.

3.2 DEFINITION. (In full) Given a pair of categories

Src Trg
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a functor

Src Trg
Ab—FA
f——F(f)

consists of two assignments. One sends objects to objects, and the other sends arrows to
arrows.

(Co) For a covariant functor composition is preserved as follows.
B FB
A C FA FC
gof Fgo f)
F(go f) = F(g) o F(f)
(Contra) For a contravariant functor composition is preserved as follows.
B FB
A C FA FC
gof Fgo f)

F(go f)=F(f)o F(g)

For both kinds identity arrows are preserved in the sense that

Covariant

Contravariant

F(ida) = idpa
for each object A. |

Note that it doesn’t make sense to say a functor is sometimes covariant and sometimes
contravariant. A functor is either always covariant or always contravariant.

(There is a notion of a multi-functor with several input positions for objects. Such
multi-functors can be covariant in some input positions and contravariant in the other
input positions. The simplest example of this is the 2-placed hom-functor. We meet this
in the next section.)

In the main we deal with covariant functors and refer to these as functors. Only when
it is important do we specifically mention the variance of a functor.

Exercises

3.1.1 Consider a pair S,T of monoids viewed as categories.
What is a covariant functor from S to T'7
What is a contravariant functor from S to 77

3.1.2 Consider a pair S, T of presets viewed as categories.
What is a covariant functor from S to 1?7
What is a contravariant functor from S to 17
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3.1.3 Show that for each pair Src and Trg of categories, covariant functors

Src? Trqg°?

Trg Src

are just contravariant functors from Srec to Trg.

3.1.4 Define the composite Go F of two functors F and G (perhaps of different variance),
and show that the result is a functor.
How does the variance of G o F relate to that of F' and G?

3.2 Some simple functors

In this section we look at some simple examples of functors. Most of these are chosen
merely to illustrate the notion, but one or two are important in their own right.

Forgetful functors

Let C be any category of structured sets. Thus each object

is a function between the two carrying sets. Arrow composition is just function composi-
tion.
Look at what we have here. We have a covariant functor

C Set

which sends each object to its carrying set, and each arrow to its carrying function. I
know this is not very exciting, but the idea can help to clear up a bit of confusion from
time to time.

This is an example of a forgetful functor. There are a few more given in Table 3.1. In
each case something is forgotten (or ignored) as we pass from the source category to the
to the target category. In the first batch some structure is forgotten. In the second batch
some property is forgotten. In the third batch it is a mixture of structure and property
that is forgotten.

All of these forgetful functors are covariant. Occasionally we meet a contravariant
forgetful functor. Consider the functors

Pos

Pos’ ——+ Pos Pos”

which pick out the left and the right component of each arrow.
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AGrp

Rng Mon
Mod-R —— AGrp
Mod-R —— Set-R

Rng

CMon Mon

AGrp —— Grp
CRng —— Rng

Pos
Pos

Join

Meet

Sup
Inf

73

forget the x -structure
forget the +-structure
forget the action

forget the +-structure

For all three
the commutative property

is forgotten

First forget arbitrary suprema but
retain joins, and then forget these

Table 3.1: Some forgetful functors

Hom functors

The next two examples, one covariant and one contravariant, are very important. We will

meet them many times in several guises.

Let C be an arbitrary category. Let K be an object of C. For each object A we have

an arrow set

LA = C[K, A]

RA = C[A, K]

(unless, of course, this collection is too big to be a set). Thus we have a pair of object

assignments

C Set
Ar—— LA

C Set
A—— RA

to the category of sets. These are the object assignments of a pair of functors where each

arrow

A
of C is sent to
L
CIK, A (/) C|K, B]
r—— for
that is
L(f)(r)=for
respectively.

ciB, K] ) ora, k]
I— ~lof

R(f)(1) =1lof

In this case we should check that we do have a pair of functors, and sort out the

variance of each.
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Consider a pair of arrows

At p 9 ¢
of C. Consider also arrows
K—" A c—' .k
that is
re LA l e RC

respectively. Then

(L(g) o L(f))(r) = L(g) (L(f)(r)) (R(f) o R(9))(I) = R(f)(R(9)(1))
= L(g)(for) =R(f)(log)
=go(for) =(log)of
=(gof)or=L(go f)(r) =lo(gof)=R(go f))

to show that L is a covariant functor and R is a contravariant functor. We should also
show that
L(ids) = idpa R(id4) = idga

but that is more or less trivial.

Exercises

3.2.1 For an arbitrary category C consider the arrow category C' of Example 1.10.
Show there are three functors

S
c! C
T

A

C’l

between the categories. The functor A is often called the diagonal functor.

3.2.2 Let S be a poset viewed as a category. What is a contravariant functor

S Set

to Set? You have seen this notion before.

3.2.3 Let R be a monoid viewed as a category. What is a covariant functor, and what is
a contravariant functor

R Set

to Set? Both these notions occur elsewhere in this book, but are described in a different
way.

3.2.4 In Example 1.7 we looked at the graph I'(f) of a function (between sets). Show
that this is the arrow assignment of a functor, and determine the variance of that functor.
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3.25 In Example 1.9 we saw how to produce the product C x D of two categories. This
enables us to think of 2-placed functors

C xD

Trg
with two input position. In particular, for a given category C we can view

C[_7_]

CxC Set

as a 2-placed functor.
Think about this for a while, and sort out what it should mean.

3.3 Some less simple functors

In this section we look at some examples of functors with a bit more content, although
none of them are very complicated. Some of the examples may look a bit contrived, but
each one is a miniature version of something quite important.

3.3.1 Three power set functors

It may come as a bit of a surprise, but different functors can have the same object
assignment. In this block we look at three endo-functors on Set

Set Set

where the object assignment of each
Ar— PA

sends a set A to its power set. Furthermore, two of these functors are covariant and one
is contravariant.

It is common to use the same letter as the name of both the object assignment and
the arrow assignment. Here we can’t do that. We use

3
Set «——|—— Set
W

as the three names, where the two outer ones are covariant and the central one is con-
travariant.

The stacking of the functors is significant, but that won’t become clear for some time.
Also the use of ‘3’ and ‘v’ may look a bit pretentious, but in a more general setting these
functors really do have something to do with quantification. We will see just a hint of
this shortly.

For each set A we have

JA=PA IA=PA VA="PA

as the three object assignments.
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For the three arrows assignments consider any arrow of Set

A / B
in other words a function between the two sets. We require three functions
= I \
PA&PB PA<LPB PAi>PB

where the central one reverses the direction. We set

ANX) =fIXT (NH) =) V(HEX) = FIXT

for each X € PA and Y € PB. Here f[-] indicates the direct image across f, and f~ ()
indicates the inverse image across f. Notice that V(f) uses the dual complement of the
direct image (for ()’ indicates complementation).

We find that
beIf)X)<= (Fac A)b= f(a) & a € X]

beV(f)(X) <= Vae A)b= f(a) = a € X]
for all X € P and b € B. Notice how the description matches the name. We also have

acl(f)Y) < fla)eY

forall Y € PB and a € A.

It is not immediately clear that these construction do give functors, so we must check
that.

For functions

we must show that

(g o f)=3(g)o3(f) l(go f)=1(f)ollg)  V(gof)=V(g)oV(f)

hold, together with the identity requirements. This is not difficult, provided you take a
bit of care.

Exercises

3.3.1 Consider the three constructions 3,1,V on Set. Show that each passes across
composition in the required manner.

3.3.2 For each set A the power set PA is a poset under inclusion. Show that for each
function

A / B
the three functions
(/)
PA~—I(f)— PB
v(f)

form a double poset adjunction.
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3.3.2 Spaces, presets, and posets

In this block we compare the category Top of topological spaces with the categories Pre
and Pos. We set up four functors.

1 @)
Pre Top Pos
[} =

The two on the left are covariant. They also form an ADJUNCTION, but we won’t explain
that until Chapter 4. The two on the right are contravariant. They are also NATURALLY
ISOMORPHIC, and we explain that later in this chapter.

Before we begin you should remember that a topological space need not be hausdorff.
The separation propertiers 7 and 77 play a minor role here.

We look first at the two covariant functors f} and | on the left.
Consider an arbitrary preset A. An upper section of A is a subset U C A such that

aeU

—becU
agb}

for all a,b € A. Let TA be the family of all upper sections of A. This is a topology on
A, and is sometimes called the Alexandroff topology. (As a topology it is pretty pathetic,
but it does have its uses.)

Let ftA be the preset A viewed as a topological space, that is with T A as the carried
topology. We think of 1A as an upgrading of A. (It’s getting above itself.) This gives the
object assignment of one of the functors. The arrow assignment is more or less trivial.

For a topological space S with topology OS, the specialization order of S is the
comparison on S given by

r<s<= NVUeOS)relU=secl]<=recs

for r;s € S. Here s~ is the closure of {s}. This specialization order is a pre-order on S.
(You might like to check that S is T precisely when < is a partial ordering, and S is Ty
precisely when < is equality.)

Let S be the space S viewed as a preset, that is with its specialization order as its
carried comparison. We think of ||.S as a downgrading of S. (It isn’t making enough of
its talents.) This gives the object assignment of the other functor. The arrow assignment
is more or less trivial.

The Exercises 3.3.3, 3.3.4, and 3.3.5 fill in some of the missing details.

Next we look at the two contravariant functors O and = on the right.
For each space S let OS be its topology viewed as a poset under inclusion. For each
continuous map

between spaces let
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be the inverse image function. Almost trivially, this is monotone.
This gives us one of the functors.
Let
2=1{0,1}

be the 2-element set. Let
02 =10, {1}, 2}

to produce a topology on 2. This is sometimes called Sierpinsky space. (Notice that 02
is just the Alexandroff topology on the poset {0 < 1}.)
For each space S' let
=S = Top[S, 2]

be the set of continuous characters of S. These are partially ordered pointwise, that is
p< g (Vs € 5)[p(s) < q(s)]

for p,q € Z5. For each continuous map

T ¢ S
between space let
zg =@ =
p pog

for p € =5.
This gives us the other functor.

Of course, there are a few things to be checked. These are dealt with by Exercises
3.3.6 and 3.3.7.

Exercises

3.3.3 (a) For a preset A, what is the specialization order of {}A?
(b) For a space S, show that OS C T|.S.

3.3.4 (a) Show that a monotone function

A B

between presets is continuous relative to the two Alexandroff topologies.
Show that 1 is a functor.
(b) Show that a continuous map

¢

S T

between spaces is monotone relative to the two specialization orders.
Show that |} is a functor.
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3.3.5 Let
g: A—— S

be a function from a pre-ordered set to a topological space.
Show that € is monotone (relative to {}.5) precisely when it is continuous (relative to

TA).

Show there is a bijection between
Pre[A,|S]  Topl[fA,S)
for arbitrary A and S.

3.3.6 Show that for each continuous map

¢

T

between spaces, the function O(¢) is monotone.

Show that O(¢) passes across composition, and hence O is a functor.

Show that the function Z(¢) does convert continuous characters into continuous char-
acters, and that =Z(¢) is monotone.

Show that =(¢) passes across composition, and hence = is a functor.

Where have you seen some of these calculations before?

3.3.7 For an arbitrary space S and open set U € OS5, let

Xs(U) S — 2
be the characteristic function of U, that is
lifseU
Xs(U =
s()(s) {0 ifs¢ U

for s € S.
Show that for each U € OS the character Xg(U) is continuous, and hence we have an
assignment

Xs

oS =S

between the two posets.
Show that Xg is an isomorphism of posets. (This is more that showing X is a monotone
bijection.)

3.3.3 Functors from products

In Section 2.5 we defined the notion of a product of two objects A and B in a category
C'. This consists of a wedge
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with certain properties. As we saw in Section 2.5 the object A x B is unique only up
to a certain canonical isomorphism. What happens if we decide to change some of these
selected objects and modify the projections accordingly?

Suppose the category C has all binary products. For each pair A, B of objects suppose
we select, in some way or other, a product wedge for that pair. This choice could be fairly
haphazard, but it still produces a functor.

Let R be some fixed object of C. For each object A let

be a selected product wedge. Let
FA=AXR

so we have an object assignment
Ar———FA

on C. We show there is a corresponding arrow assignment
fr———F(f)

so that the pair of assignments form an endo-functor on C.
Let

A

be an arrow of C. We have a diagram

/ /

FB

\ \

using the selected product wedges. The product property gives an arrow

F(f)

FA FB

with certain properties. With a little bit of works we can check that this gives an endo-
functor on C'.
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Exercises

3.3.8 Using the mediating property for product wedges to complete the details of the
functorial product construction.

Show also that the coproduct construction gives an endo-functor on the parent cate-
gory.

3.3.9 If you are happy with the previous exercise, you can try this generalization.
Let C be a category with all binary products, and consider the assignment

CxC C
(Al,A2> — Al X AQ

which attaches a product object to each pair of objects.
Show that this fills out to a functor.

3.3.4 Comma category

In this block we use two functors to produce a new category from three old categories.
This construction generalizes the two slice constructions of Example 1.11.

We start with three categories and two functors

U L
U C L

where we think of U as the upper component and L as the lower component. Using these
we produce a category

(U 11L)

sometimes called a comma category.
Each new object is a triple (conveniently written vertically)

AU UAU AUG U
|

Q Qo aeC
'

AL LAL ALEL

formed using an upper object Ay from U, a lower object Ay from L, and a connecting
central arrow « from C|, as indicated.

The new arrows

UAy UBy
| |
a f— 0
| !
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are formed using an arrow fy from U and and arrow f7 from L

Ay Ju By
UAy Ulfv) UBy
U
} }
LA, — @A LB,
gl

such that the square commutes.
You should check that this does produce a category and generlizes the two slice con-
structions.
The category used to be written
(U, L)

which, believe it or not, is where the name comma category comes from.

Exercises

3.3.10 Fill in the details of the construction of the comma category.

3.3.11 (a) What is (U | L) when both U and L are the identity endo-functor on C'?
(b) For an object S of C describe the slice categories (C | S) and (S | C) as comma
categories.

3.3.12 For convenience let Com be the comma category (U | L). Construct three
forgetful functors

Com U Com c'! Com L

using the arrow category in the central one.

3.3.5 Other examples

Functors appear all over the place in mathematics. You have seen some before, perhaps
without knowing it. Exercises 3.3.13 to 3.3.18 give a few more examples.

Exercises

3.3.13 For a group A let A be the derived subgroup (generated by the commutators).
In particular, A/0A is an abelian group. Show that each of the two object assignments

Ar——0A Ar— A/0A

is part of a functor.
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3.3.14 Let

¢

S R

be a morphism between monoids. Using restriction of scalars we may view each (right)
R-set A as an S-set. The S-action * is obtained from the R-action - by

a*xs=a-o(s)

for each a € A and s € S.
(a) Show that that this construction does convert the R-set A into an S-set.
(b) Show that the construction produces a functor

P
Set-S ~—— Set-R

which is trivial on objects and arrows.
(c) Try generalizing this construction using rings and modules.

3.3.15 You will have to think clearly to do this exercise.

We form a new large category MON . Each object of MON is a category Set-R for
some monoid R. The arrows of MON are the functors between these categories.

Show that the construction of Exercise 3.3.14 produces a contravariant functor

Mon —— MON
from the small to the large.

3.3.16 In Exercise 1.2.7 you were asked to show that the two categories Set, and Pfn
are ‘essentially the same’ category. Re-do that exercise to show there is an inverse pair of
functors passing between the two categories.

3.3.17 Each preset S can be converted into a poset in a canonical fashion. We consider
the relation ~ on S given by

81 ~ Sy <= 51 < 89 and s9 < 51

for s1,s9 € S. Almost trivially this is an equivalence relation on S, and is equality
precisely when S'is a poset.
Let S/~ be the corresponding set of blocks [s] for s € S, and partially order S/~ by

[s1] < [s2] <= 52 < 89

for s1,s89 € S.
(a) Show that this construction of a poset S/~ is well-defined, and show that the
canonical function

S

S/~

1S monotone.

(b) Show that
SH— 5/~

is the object part of a functor Pre —— Pos.
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3.3.18 This exercise makes precise the notion of ‘freely generated by’ in appropriate
circumstances.

Suppose we have two categories Src and Trg and a forgetful functor between them.
It is customary not to give such a functor a name, but here it will help if it does have
one. Let

Sre

Tr
. g

be the forgetful functor. (Once you get used to the idea you can drop ‘%’.)
Suppose to each object A of Sre we attach a Trg-object F'A and an arrow

AL (Lo F)A

of Src with the following universal property.
For each Src-arrow

f

A LS

where S is a T'rg-object, there is a unique T'rg-arrow

i
FA / S
such that the triangle
A / LS
k 2
(Lo F)A

commutes in Sre.

(a) Show that

Ar—— FA

is the object assignment of a functor Sre —— Trg.
(b) Show that for each Srec-object A and Trg-object S the assignment

fr———1
Src[A, LS| — Trg[FA, S|

is a bijection, and describe its inverse.

(¢) Where have you seen this construction before?

3.4 Natural transformations defined

As we have seen, each arrow of a category compares two objects, and each functor com-
pares two categories. Next we will see how each natural transformation compares two
functors.
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How might we compare two functors F' and G7 Surely we want them to pass between
the same two categories

F
Sre Trg
G

in the same direction. It also seems reasonable to insist that they have the same variance,
either both are covariant or both are contravariant.

Given these condition, how might we compare F and G?

Consider an arbitrary object A of Src. The two functors pass this to two objects F'A
and GA of Trg. We compare these objects in Trg. Thus we look for an arrow

TA

FA GA

of Trg. We do this for each object A of Sre.

3.3 DEFINITION. (Preliminary) Given a parallel pair

F
Src Trg
G

of functors of the same variance, a natural transformation

T

F G

is a family of arrows of Trg

TA

FA GA

indexed by the objects A of Sre. |

Notice that each component arrow 74 passes in the same direction, from F' to G in
this case.

Of course, there is more to a natural transformation than just an indexed family of
arrows. The selected arrow 74 is required to be natural for variation of A. This is where
we have to take note of the common variance of F' and G.

3.4 DEFINITION. (In full) Given a parallel pair

F
Src Trg
G

of functors of the same variance, a natural transformation

T

F G
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is a family of arrows of T'rg

TA

FA GA

indexed by the objects A of Sre, and such that for each arrow
S

A B
of Src the appropriate square in Trg commutes
FA— . GA A FA— ™ GA
F(f)| covariant |G(f) f F(f)| contravariant |G(f)
B GB B B GB
B B
depending on the common variance of F' and G. [ ]

This is quite a short definition, but it has some subtleties. This will become clear as
we look at various examples in the next section.

A natural transformation is a comparison of functors. We refine the notion to make
precise the idea of two functors being ‘essentially the same’.

3.5 DEFINITION. A natural isomorphism between two functors F' and G is a natural
transformation

T

F G

such that for each source arrow A the selected arrow

TA

FA GA

is an isomorphism in the target category. [

Sometimes two functors that are naturally isomorphic are said to be naturally equiva-
lent.

Exercises

3.4.1 (a) Consider the small graph (|) as described in Example 1.10. We may view this
as a very small category with two objects and three arrows. The two identity arrows have
been omitted from the picture.

Show that the objects of C'! are essentially the covariant functors

(1) C

and the arrows of C' are the natural transformations between these functors.
(b) Show that each of the categories of Exercise 1.3.10 is the category of functors

\Y C

and natural transformations for some appropriate template category V.
(c) Can you see a generalization of this idea?



3.5. Examples of natural transformations 87

3.4.2 For an arbitrary poset S consider the category S of presheaves on S, as defined in
Example 1.12.
Describe this as a category of functors and natural transformations.

3.4.3 Let R be a monoid viewed as a category. In Exercise 3.2.3 you located the functors

R Set

of both variance. Now locate the natural transformations between these functors.

3.4.4 Let

F G

be a natural isomorphism between two functors. For each source object A the arrow

TA

FA GA

has an inverse

FA GA

gA

in the target category. Show that the family o of arrows is a natural transformation.

3.5 Examples of natural transformations

In this section we look at several examples of natural transformation. Some of these build
on earlier examples of functors. The exercises give further details and examples.

As a first example let’s have a look at some natural transformations between hom-
functors.

3.6 EXAMPLE. Let C be an arbitrary category, and let K and L be arbitrary objects of
C'. These give hom-functors

from C to Set.

Set

As is customary, here we can omit the name of the parent category on the hom-functors.
Let

¢

L K

be an arbitrary arrow of C'. For each object A of C we have an assignment

K, A] — 2+ (L, A]

I— ~lo¢
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given by composition in C. We show these functions form a natural transformation
between the two functors.
To do that we must consider an arbitrary arrow f of C, as on the left

I lod
A K, Al _T: LA
i fo- fo-
B K, B] _TOB (L,B] fo(lod)
fol (fol)oo

and verify that the inner square commutes. To do that we take an arbitrary member

l

K A

of the top left hand corner of the square and track it both ways to the bottom right hand
corner. We required that both paths give the same member of [L, B]. Thus we require

(fol)op=fo(lo®)
which is immediate. |

You should now work out the corresponding result for the contravariant hom-functors.
Exercises 3.5.1 and 3.5.2 deal with this and a more involved version.

By inspecting the construction of the natural transformation 7 of Example 3.6 we see
that it is completely determined by one particular output

¢ = TK(’idK)
of one particular component of 7. There is more to this.

3.7 EXAMPLE. Let C be an arbitrary category, let

F

C Set

be an arbitrary functor to Set. Let K be an arbitrary object of C. What can a natural
transformations

[K7 _] F

look like? We show that they are in bijective correspondence with the elements of
the set F K.

(a) Consider first any element k € FK. This gives us a family of functions

€A

K, Al FA
[ F()(k)

indexed by the objects A of C. This function €4 is ‘evaluation at k’.
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We check that the family

[K7 _] F

is a natural transformation. To do that we must consider an arbitrary arrow f of C, as
on the left

L F(1)(k)

A (K, Al - FA
/ fo- F(f)
B K, B] ——2——FB  F(f)(F()(F))
fol F(f o 1)(k)

and verify that the inner square commutes. To do that we take an arbitrary member

l

K A

of the top left hand corner of the square and track both ways to the bottom right hand
corner. We required that both paths give the same member of F'B. Thus we require

F(fol)(k) =F(f)(F)(K))

for arbitrary f and [. But F'is a covariant functor. so

F(f)(F()(k) = (F(f) o F()) (k) = F(f o )(k)

to give the required result.

(b) This gives us many examples of natural transformations from [K, —] to F. Are
there any more? In fact, we can show that every such natural transformation is determined
by a unique element of F'K.

Consider an arbitrary natural transformation

T

[K7 _]
look at the K-component

TK

K, K] FK

and set
k = TK(’LdK)

to produce k € FK. We show that 7 is ‘evaluation at k.
Consider an arbitrary object A of C' and an arbitrary member

[

K A
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of [K, A]. We show that

holds.
To do that we remember that the square
K, K] — % . FK
lo —\ F(l)
(K, A FA
TA

commutes. By tracking the member id k of the top left hand corner we obtain the required
result. ]

When the natural transformation

[K7 _] F

induced by k£ € FK is a natural isomorphism, we say the pair (K, k) is a pointwise repre-
sentation of F'. We say F' is representable when it has at least one pointwise representation.
There is, of course, a contravariant version of this example, and in a way that is more
important.
Let C be an arbitrary category. A presheaf on C' is a contravariant Set-valued functor.

F

C Set

Such presheaves F' and GG are compared via natural transformations.

T

G F

These presheaves, as objects, and natural transformations, as arrows, form a category /C\’,
the Yoneda completion of C. That need not concern us here.
Each object A of C gives a presheaf on C

~

A=Cl- 4

the contravariant hom-functor. These are sometimes called the representable presheaves.
Let A be a fixed object of C, and let F' be a fixed presheaf on C. The basic Yoneda
result characterizes the natural transformations

~

A

F

from the representable to the arbitrary. They are essentially the elements of the set F A.
See Exercises 3.5.4 to 3.5.6. You might also want to have another look at Exercises 3.4.2
and 3.4.3.

In Block 3.3.1 we set up three endo-functors
4 1V

on Set. There are several natural transformations associated with these.
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3.8 EXAMPLE. Let Id be the identity endo-functor on Set. Thus
IdA=A Hf)y=r

for each set A and function f. We set up two natural transformations

3 A
il 3 Id — "

Id v

using the two indicated covariant endo-functors on Set. Thus for each set A we require
a pair a functions

3 \
AT pg A A

PA

with appropriate properties. Notice that here we have omitted ‘Id’. This should not
cause too much confusion.
We must produce n? and 7" so that for each function f the two squares

3 v

A L pa X A pa x

f 3(f) / v(f)

B———PB f[X] B———PB fIX
B B

commute. For each a € A each of

must be a certain subset of A. Given the other requirements, there isn’t much choice. B

The two natural transformations n? and 1" of this last example don’t look very inter-
esting. However, in a more general setting they are quite important. We may return to
this in a supplementary chapter.

Let’s now look at the contravariant power set functor. In the next example we set
up a natural isomorphism which again doesn’t look very exiting. However, the idea has
many important refinements.

3.9 EXAMPLE. The inverse image functor | on Set is contravariant, and is really a hom-

functor in disguise.
The set
2={0,1}

induces a hom-functor [—, 2] on Set. Thus we have two endo-functors on Set

[
Set Set
[_7 2]

both of which are contravariant. We show that these two functors are naturally isomor-
phic.
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To do that we recall that for any set A its subsets are in bijective correspondence with
the characteristic functions on A. Thus, for each X € PA we let

Xa(X):A—2

be given by
lifae X

Xa(X)(a) = {0 ifad X

for a € A. The assignment

PA—A A2

X XA(X>

is a bijection. We show this is natural for variation of A. To do that we must show that
the inner square commutes

X p = Xa(X)
A PA Xa [4,2]
f I —of
B PB = [B,2]  pof
ST X)) q

for an arbitrary arrow f, as on the left. Observe the contravariance here.

We track an arbitrary member X € PA of the top left hand corner both ways to the
bottom right hand corner. This gives us two members ¢ and po f of [B,2]. A simple
calculation shows that these are the same function. ]

Any two compatible contravariant functors can be composed to produce a covariant
functor. That often happens when we produce a ‘representation’ of an algebra of some
kind. Let’s look at a miniature version of that.

3.10 EXAMPLE. The inverse image functor | on Set can be composed with itself
M=1lol
to produce a covariant endo-functor on Set. Thus for each set A we have
ITA = P?A

the second power set of A, the family of all collections of subsets of A. To describe the
behaviour of II on functions it is convenient to fix some notation.
Each function f gives us two other functions

A / B
pa =17 py
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where the central one goes in the opposite direction. For the pair of sets
A B

we let
reA ye DB

X e PA Y € PB
X € P2A Y ePB

be typical members of the indicated sets. We have
rel(f)Y) <= flz)eY
for each Y € PB and z € A. This gives
Yell()(X) <= I()Y)eX <= f~(YV)e X

for X € P2A and Y € PB.
For each set A let

AT pa

be the function given by
X en(r)«—=reX

for x, X as above. We show that

Id

is a natural transformation.
We must show that the inner square commutes

x 4 ()
A i P2A
f II(f)
B o P’B () (na(x))
flx) n5(f(x))

for each function f as indicated on the left of the square. To do that, as usual we take an
arbitrary member x of the top left hand component and track it both ways to the bottom
right hand component. Thus

ns(f(x)) =1I(f)(na(x))

is the problem. This can be verified by a simple calculation. |

As final example we look at one of the motivating ‘natural’ constructions and its
‘unnatural’ mate.
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3.11 EXAMPLE. Let K be a (commutative) field, and let Vect be the category of vector
spaces over K, or K-spaces for short.
Each K-space V is an abelian group, written additively, and furnished with an action
K,V V
r,ab———ra

satisfying the usual axioms. This is a left action, but since K is commutative the difference
between left and right hardly matters.
These K-spaces are the objects of Vecty, and the arrows are the corresponding linear
transformations.
The field K is itself a K-space. Thus for an arbitrary K-space V we may form the
hom-set
V* = Vectk|V, K]

in Vecty. It turns out that we can furnish V* as a K-space to produce the dual space of
V. In fact, (-)* is a contravariant endo-functor on Vectg. It is an enriched hom-functor.

We wish to investigate the interaction between a parent K-space V' and its dual space
V*. To do that it helps if we fix some notation and terminology.

We let
r,s,t,... range over scalars, the members of K
a,b,c,... range over vectors, the members of V'
a, 3,7,... range over name , the members of V*
and we let
frg,h,l...

range over linear transformations between K-spaces.
The elements of V* are those functions

a:V—K
such that
a(0) =0
ala+0b) = ala) + a(b)
a(ra) = ra(a)
for all a,b € V and r € K. We add these pointwise and this, with the obvious zero,

furnishes V* as an abelian group.
The action

K, V* %
r, o ———— T

is given by
(ra)(a) = r(a(a))
forr e K,a € V* and a € V. This converts V* into a K-space.
Each finite dimensional K-space V' is uniquely determined up to isomorphism. If V'
has dimension n > 0 then the isomorphisms

K" V

are in bijective correspondence with the bases of V. The crucial fact, which we won’t
prove here but which you should look up sometime, is as follows.
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Let V be a finite dimensional K-space. Then the dual space V* is finite
dimensional with the same dimension. In particular V' = V*.

This suggest a problem.
Let V' be finite dimensional. There is at least one isomorphism

1% v

but is there a canonical one? To set up such an isomorphism we must first select a base
for V, and then the resulting isomorphism is hardly canonical.

Now we come to the puzzling bit. Or what used to be the puzzling bit.

Each K-space V has a dual space V* which itself has a dual space V**. This is the
second dual of V. We know that (-)** is a covariant endo-functor on Vecty (because it
is the composite of two contravariant endo-functors). Furthermore, it is easy to exhibit
members of V**.

For each a € V' let

be the function given by

for a € V*.
We can now check three facts.

(1) For each a € V the functions @~ is a member of V**.

(2) For each K-space V the assignment

SERC Al

is a linear transformation which is injective.
(3) The whole family of assignments ()" is a natural transformation.

From this we see that for each finite dimensional K-space V' the assignment of (2) is a
canonical isomorphism, independent of any choice of base. |

You can see what the puzzle was. Why is it that the second dual seems to have a
‘natural’ behaviour whereas the first dual doesn’t? Category theory helped to explain
that.

We will meet many more functors and natural transformations. Some of these are
quite complicated. The exercises give some hints of what can happen.

Exercises

3.56.1 Consider arbitrary objects K, L of an arbitrary category C'. Show how a natural
transformation

[_7L] - [_’K]

can be induced by an arrow between K and L.
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3.56.2 Let C be an arbitrary category and let

p

Q P

be an arbitrary arrow of C'. Let

R S

be an arbitrary function (between sets). For each object A of C' let
FA = Set|C[A, P|, R] GA = Set|C[A,Q), S|

using hom-sets in the two different categories.

(a) Show that each of
Ar—FA Ar—GA

is the object assignment of a functor

C Set

and determine the variance of each.
(b) Use the arrow p and function s to produce a natural transformation ' — G.

3.56.3 Complete the details of Example 3.7.

3.5.4 Consider the notion of a presheaf as defined just after Example 3.7. Where have
you seen examples of this before?

3.56.5 Consider an arbitrary category C, and arbitrary presheaf F' on C, an arbitrary
object A of C, and an arbitrary element a € F A.
For each set X consider the following assignment.
ax
CX, 4] FX
k+—— F(k)(a)

Check that this is a function. In other words, show that the output does live in F'.X.
Show that the whole family @ is a natural transformation.

3.5.6 Continuing with the notation of Exercise 3.5.5, consider an arbitrary natural trans-
formation

A

and let a = 74(id 4).
Check that a € F'A, and show that 7 = @.

3.5.7 Describe the two natural transformations 7 and 1" of Example 3.8.

3.56.8 Complete the calculation of Example 3.9.
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3.5.9 (a) Do the calculation required to complete Example 3.10.
(b) By Example 3.9 the inverse image functor | is naturally isomorphic to the hom-
functor [—,2]. Thus II is naturally isomorphic to the endo-functor with

Ar——[[4,2],2]

as the object assignment.
Write down the arrow assignment and re-do Example 3.10 for this functor.
(¢) Which version do you think is easier to understand?

3.5.10 Consider Example 3.11.

(a) Write down all the axioms needed to set up Vecty. (The axioms for a field, for
an additive abelian group, for an action, and for a linear transformation.)

It is instructive not to overload the notation. In other words, distinguish between the
various additions, and use a different visible infix for each multiplication.

(b) Verify that the dual space V* of a K-space is itself a K-space. (You may now go
back to the standard, overloaded, notation.)

(c) Show that (-)* is a contravariant endo-functor on Vecty. In particular, you must
decide how (-)* behaves on arrows of Vecty.

3.5.11 Continuing with Example 3.11, verify the three facts (1, 2, 3).
3.5.12 Show that the two functors O and = of Block 3.3.2 are natural isomorphic.

3.5.13 Consider the functors arising from the product construction, as described in Block
3.3.3 and Exercises 3.3.8 and 3.3.9. Show that the projection arrows form a natural
transformations.

3.5.14 Let C be a category with all binary products. Let R, S be two objects and let

to obtain two endo-functors on C.
Show that each arrow

R S
of C induces a natural transformation
F i G

between these functors. This involves some serious diagram chasing.

3.5.15 Let C be a category with all binary products and coproducts, and let A, B, C' be
three arbitrary objects of C. Let

L=AxC+BxC R=(A+B)xC

to form two more objects.

Show that by fixing two of A, B, C', each of L and R is an endo-functor of C, and
there is a natural transformation L — R.

If you are brave you might try the 3-placed version of this, that is do not fix two of
A B,C.
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3.5.16 Recall the difference between a monoid and a semigroup. (A semigroup need not
have a unit.)

Given a semigroup A let
FA=AU{w}

where w 1s a new element not in A. Let

A FA

be the insertion. Let x be the operation on F'A given by
axb=ab axw=a=wxa wWrxw=uw

for all a,b € A.
(a) Show that (F'A,x,w) is a monoid.
(b) Show that ¢ is a semigroup morphism.
(c) Show that for each semigroup morphism

A / B
to a monoid B, there is a commuting triangle
A / B
FA

for some unique monoid morphism f*.
(d) Show that F fills out to a functor. You will have to sort out its source and target.
(e) Show that ¢ is natural for variation of A. You will have to insert a couple of trivial
functors.
(f) What happens if A already has a unit?

3.5.17 For an arbitrary set A think of A as an alphabet. Let F'A be the set of all words
on A, finite lists
a = [al,...,al]

for ay,...,a; € A. The empty word, with [ = 0, is allowed.

(a) Show that F'A is a monoid under concatenation.

(b) Show that F' fills out to a functor. Make sure you write down the source and
target.

(c) Show that the assignment

A FA
a — [a

is a natural transformation. You will have to sort out the two functors it passes between.
(d) Show that F'A is the free monoid on the sets A in a sense that you should make
precise.
(e) What happens if A already carries a monoid structure?
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3.5.18 Consider the two functors

Ar——0A Ar— A/0A

of Exercise 3.3.13 (where here only the object assignments have been given).
(a) Show that both the canonical embedding ¢ and the canonical quotient

sA— " A AT assaA

is natural for variation of A. You must describe explicitly the source and target for each
functor.
(b) Show that for each morphism

A B

from an arbitrary group A to an abelian group B, there is a unique morphism

#
A/5A I g
such that
A / B
\’7\ %
A/5A
commutes.

3.5.19 Consider the ‘freely generated by’ construction of Exercise 3.3.18. Show that the
family n of arrows is a natural transformation.

3.5.20 Let V be an arbitrary category and think of this as a template. Let C be an
arbitrary category. These combine to give another category CV. The objects a of CV
are the covariant functors

\Y C

and the arrows are the natural transformations between these functors.
Show that this does give a category. The problem is to produce an appropriate method
of composing natural transformations.

3.5.21 The composition used in Exercises 3.5.20 is know as the vertical composition of
natural transformations. There is also a horizontal composition. (Don’t ask what is vertical
or horizontal about the two constructions.)
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Consider three categories A, B, C, four functors F, G, K, L, and two natural transfor-
mations A, p, as shown.

A
F|—\—|G
B
K|—p—|L
C

Show that for each object A of A the following square commutes.

PFA

(Ko F)A (LoF)A
K(\a) L(Aa)
(K 0 G)A (LoG)A
PcA
Let
(KoF)A—P*Na 1 eya

be the diagonal of this square. Show that he whole family
VARV

is natural.
This gives the horizontal composite of

A
(KoF)— %

(LoQ@)
of the two natural transformations between the composite functors.

3.5.22 Consider three categories A, B, C, six functors F, G, H, K, L, M, and four natural
transformations A, u, p, o, as shown.
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Using vertical and horizontal composition (as in Exercises 3.5.20 and 3.5.20) show that

(0xp)o(prA)=(oop)*(nod)
holds.

At the moment there are 53 exercises in this chapter.






4
Limits and colimits in general

In Chapter 2, Sections 2.3 — 2.7 we looked at some of the simpler examples of limits and
colimits. These examples are brought together in Table 2.1 which is repeated here for
convenience. In this chapter we generalize the idea.

Before we begin the details it is useful to outline the five steps we go through together
with the associated notions for each step. After that we look at each step in more detail.

Template

This is the shape V that a particular kind of diagram can have. It is a picture consisting
of nodes (blobs) and edges (arrows). The central column of Table 4.1 lists a few of the
simpler templates. Technically, a template is often a directed graph, or more generally a
category.

Diagram

This is an instantiation of a particular template V in a category C. Each node of V
is instantiated with an object of C, and each edge is instantiated with an arrow of C'.
Of course, there are some obvious source and target restrictions that must be met, and
the diagram may require that certain cells commute. This is why we sometimes use a
category as a template.

Posed problem

Each diagram in a category C' poses two problems, the left (blunt end) problem and the
right (sharp end) problem. We never actually say what the problem is (which is perhaps
the reason why it is rarely mentioned) but we do say what a solution is. The idea is to
find a ‘best’ solution.

Solution

A solution for a diagram in C' is a nominated object X of C together with a collection
of arrows. For a left solution all arrows start from X, and such a gadget is often called
a cone. For a right solution all arrows finish at X, and such a gadget is often called a
co-cone. For both kinds of solutions the arrows must make various triangles commute.

Universal solution

A universal solution for a diagram is a particular solution through which each solution
(of that handedness) must pass via a unique mediating arrow. A limit is a universal left
solution. A colimit is a universal right solution.

103
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Limit Template Colimit

(1)  final object initial object

(2) binary product binary coproduct

(3) equalizer ) ) co-equalizer

(4) pullback

() .

pushout

Table 4.1: Some simple limits and colimits — a repeat of Table 2.1

We now begin to look at each these notions in more detail.

4.1 Template and diagram — a first pass

Roughly speaking a template is a collection of nodes, each drawn as a e, and a collection
of edges, each drawn as an arrow. Each edge passes from a particular node (its source)
to a particular node (its target). In other words, a template is a directed graph. There
may also be some commuting conditions on the edges, in which case the template is a
category. It is customary to draw the edges as pointing from left to right.

Eventually we instantiate the template in a category C to produce a diagram in C.
We replace each node by an object of C' and we replace each edge by an arrow of C. Of
course, we respect the source and target conditions and any commuting conditions that
the template requires. We then look for the left solutions (blunt end solutions) or the
right solutions (sharp end solutions). In particular, we look for a universal solution on the
appropriate side, to obtain a limit (universal left solution) or a colimit (universal right
solution).

Table 4.1 gives a few small templates. Let’s look at a few more examples that are not
so simple.

4.1 EXAMPLES. (1) Suppose we have a collection of nodes with no edges. It is convenient
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of think of this collection of nodes

arranged vertically. There may be infinitely many of these, finitely many, or none at all.

A limit for a corresponding diagram is a product and a colimit is a coproduct (some-
times called a sum). We have already seen the case where there are zero, one, or just two
nodes.

(2) Suppose we have a collection of nodes arranged in a line with an edge between
adjacent nodes.

« —_— ) — 0 — 0 — 0 — - - -

If there are only finitely many nodes then the posed problem isn’t interesting (since any
associated diagram has a left-most object and a right-most object). Thus we may as well
suppose there are infinitely many nodes. We use the integers as nodes. This gives us
three (or perhaps four) different templates.

The template may have a left-most node and go off to the right

0—1-—>2—+3—4—.-.

in which case it is the colimit (right universal solution) that is interesting.

The template may have a right-most node and go off to the left

43210

in which case it is the limit (left universal solution) that is interesting. Notice that we
have again used he natural numbers to label the nodes.

The template may go off to the left and the right

...—»—3—»—2—»—1—>O 1 2 3

in which case we may use the integers to label the nodes in one of two ways. Both these
are useful in different circumstances.

For a diagram of this shape both the limit and the colimit will be interesting.
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(3) The template may be a collection of zig-zags

and may be finite or infinite. Even the finite case (with at least four nodes) leads to
interesting solutions.

(4) There are more complicated examples.

o
NS

YAVAVAY
\/

This is a tree growing to the left and keeps growing for ever, but with the edges pointing
to the right. A limit is something that is put out on the far left. What can that be?

(5) Finally, consider the template in Table 4.2. The nodes are arranged in vertical
layers each of which is infinite both ways, and there are infinitely many layers progressing
leftwards. Each edge passes between one layer and the next.

Think of passing through this graph from right to left, moving backwards along the
edges. In some intuitive sense something is being approached out on the far left. The
notion of a limit makes this precise.

In this example the template stops at the vertical layer on the right. We could also
continue the same kind of pattern moving off to the right. This would not change the
limit (to the left) but could have a dramatic impact on the colimit (to the right). [

Let’s now try to make the idea of these examples precise.

4.2 DEFINITION. A template (of the first kind)

V = (I, E)
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o/
;\.(i;

AN

Table 4.2: A more exotic template

is a directed graph consisting of
nodes i, 7, k,...in I edges e, f,g,...in E

where each edge

i J

has a nominated source and target, each of which is a node. ]

Notice that this version says nothing about any commuting conditions in the template.
We are being a bit coy here, but eventually we will look at that condition. However, notice
that all the templates of Table 4.1 and Examples 4.1 match this definition.

4.3 DEFINITION. Let V = (I, E) be a directed graph viewed as a template of the first
kind. Let C be a category. A V-diagram in C is

e An I-indexed family of objects of C A= (A(i)]i €T
e An E-indexed family of arrows of C A= (A(e)|e €E)

where each edge
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pI'OdUCGS al arrow

Ale)

A7) A7)

with indicated source and target restrictions. |

In other words, this is just a ‘functor’ from V = (I, E) but with any commuting
conditions ignored.

There aren’t many exercises concerned solely with templates, but the following con-
struction should be looked at. It and the associated exercises could go elsewhere, but here
it is clearly relevant.

Consider the notion of a directed graph as given in Definition 4.2. Such a gadget
consists of nodes and edges with two source and target assignments. This looks a bit
like the notion of a category. Each category is a directed graph, but not conversely. A
directed graph has no notion of composition of edges, and no notion of identity edges.
However, there is a construction that converts each directed graph into a category.

4.4 DEFINITION. Let V be a directed graph.
For each [ € N a path through V of length [ is a list of [ edges

e(1) e(2)

i(0) i(1)

where the target of each edge is the source of the next one. A path of length 1 is just an
edge. A path of length 0 is just a node.

i(2) ——— e

We create a category Pth(V), the category of paths through V.
The objects of Pth(V) are the nodes of V.

The arrows of Pth(V) are the paths through V.

Given two paths

i(0) —i(1) — - —i())  §(0) —j(1) — - —j(m)
with i(l) = j(0) the composite path is
i(0) —i(1) — - —i(l) = j(0) — j(1) — -+ — j(m)

formed by sticking one path after the other. |

Of course, there is something to be checked here, and in this case it is not entirely
trivial.

Exercises

4.1.1 Show that the construction Pth(-) does produce a category.
Make sure you verify all the required properties. This is one of the few examples where
the required identity properties are not immediately obvious.
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4.1.2 Consider the following four different graphs.

(a) o/ \3
. 0/1\2

In each case describe the generated category of paths.

4.1.3 Suppose the graph you start from is already a category. Do you merely reconstruct
the category?

4.1.4 Let V be a diected graph viewed as a template. Let A be a V-diagram in some
category C.

Show that A extends uniquely to a functor Pth(V) — C.

Show that each functor Pth(V) —— C' is the unique extension of some V-diagram
in C.

4.2 Functor categories

In this section we replace the directed graph (I, E) by a category V. We think of V as
an indexing gadget, and to emphasize this we refer to the objects i, 7, k, ... of V as nodes
and its arrows e, f,g,... as edges.

4.5 DEFINITION. Let V be an arbitrary category viewed as a template. Let C be an
arbitrary category. These combine to produce the category

CV
of V-diagrams in C.
Each object of CV is a functor
A
\Y% C
from the template to C'.
Given two such functors
A
\Y% C
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all arrow

A B

is a natural transformation between the functors.
Given three such functors and two such natural transformations

\Y \Y \Y
J{ I S
C é’ C
the composite
\Y \Y
4 Too o
C C
is given by
Ald) (Toog);=m00; )
for each index 1. [

Of course, there is something to prove here. We must show that the definition of the
composite 7 oo of two natural transformations is a natural transformation. We also need
to show that this composition is associative. However, the proofs are straight forward.

As the terminology of Definition 4.2 suggests, for each category V viewed as a template,
and each category C, a V-diagrams in C is merely a functor A from V to C. In other
words, such a diagram is

a family of objects A(i) of C a family of arrows A(e) of C
indexed by the

nodes edges

of V, respectively. As with a diagram over a directed graph we require that each edge

of V produces an arrow

of C. We now also require that for each pair

e , f
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of composible edges of V|, the induced triangle in C

Ay A2 4
NG
A(j)

commutes. Finally, we now also require that
A(id;) = id ag)

for each index i.!
In many cases of interest we don’t use an arbitrary category as a template. We use a
partially ordered set, or occasonally a pre-ordered set.
Let I be a pre-ordered set, let
0,0, k, ...

range over [ and think of these as nodes. We may view I as a category in one of two ways.
For each pair of nodes 7, j there is at most one edge
(J, 9)

P

from 7 to j. There is such an edge precisely when there is a comparison between ¢ and j.
We orientate these edges in one of two ways.

Upwards Downwards

(4,7)

i<y J o J=t
Depending on which view we take such an arrow always points upwards or always points
downwards in the pre-ordered set.

Why might we want to do that?

4.6 DEFINITION. A pre-ordered set is directed or upwards directed if for each pair 7, j of
nodes there is at least one node k£ with ¢ < k and j < k. [ |

Sometimes we want a pre-ordered diagram that is directed to the right (directed to
the sharp end). In that case we index the diagram by a directed pre-order with its edges
pointing upwards.

Sometimes we want a pre-ordered diagram that is directed to the left (directed to the
blunt end). In that case we index the diagram by a directed pre-order with its edges
pointing downwards. We could achieve the same effect using a downwards directed pre-
order, but that rarely seems to be used.

To conclude this section let’s take a closer look at the way edges in a preset are labelled.
Since there is at most one edge between two indexes we can use these to label the edge.

(4, ¢)

i J

'T have seen an example — in the Topology book by Dugundji, page 427 — where this last condition is
not required. I don’t know if this is a useful idea or merely an aberration on the part of the author.
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At first sight the two components of the edge seem to be the wrong way round. But
consider what happens when we compose two such edges. The common node should
dissapear.

(. 1)

ki) o (j,i) = (k,i
() j ) (K, j)o (4,1) = (k1)

This convention is neater.

Exercises

Throughout these exercises V and C' are an arbitrary pair of categories.

421 Show that the construction of CV does produce a category.
(This construction is also dealt with elsewhere in the Notes. The composition of
natural transformations is sometimes called vertical composition.)

4.2.2 For each C-object X let AX be the V-diagram with X at each node and idx at
each edge.
Show that X —— AX is the object assignment of a functor

cvY C

from C to CV. This is sometimes called the diagonal functor.

4.2.3 Describe typical arrows

AX A A AX

where X is a C-object and A is a V-diagram.

4.3 Problem and solution

Let V be a template, let C be a category, and let A be a V-diagram in C'. This diagram
A is a collection of objects and arrows given by the shape V. This diagram poses two
problems in C, the blunt end problem and the sharp end problem. When we draw the
diagram we usually let the arrows point from left to right, so it is more common to speak
of the left problem and the right problem.

The following definition is two definitions in one given in parallel.

4.7 DEFINITION. Let V be a template, and let A be a V-diagram in a category C. A
left right

solution is a C-object X together with a family of arrows

x O 4 Ay 0y
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indexed by the nodes of V, such that for each edge e of V the induced C-triangle

Al 1 Al
y (4) ( )%
X \ Ale) (JE Ale) / X
“U 40 j A~V
commutes. [ |

Any given diagram may have many different left solutions or it may have none. It
may have many different right solutions or it may have none. In general there is little or
no relationship between left solutions and right solutions.

In due course, the next section, we make precise the notion of a ‘best’ left solution or
a ‘best’ right solution, but we don’t need to worry about that just yet.

4.8 EXAMPLE. Suppose the category C is a poset with its arrows pointing upwards.
One kind of diagram in C' is simply a subset S with the induced comparisons. Then a

left right
solution for S is merely a
lower upper

bound of S in the poset.
Of course, the orientations here have got a bit twisted, but that is just an historical
accident. ]

You may think there is something missing in Definition 4.7. Suppose the template im-
poses some commuting conditions on the diagram. Shouldn’t those conditions be observed
in the corresponding solutions? No!

Suppose the template V has composible edges

e . f

with
= (OGS
i 9=Toc
as the composite edge. For a left solution we certainly require that the three triangles

A1) ‘ A7)
ali

X/ A
S~ {A i
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commute. But the notion of a diagram requires

A(g) = A(f) o Ale)
so that the fact that the two triangles on the left commute ensures that the triangle on

the right also commutes. For this reason sometimes only a ‘generating part’ of a template
is used.

4.9 EXAMPLE. Suppose we use the integers Z
-3 -2 -1 01 2 3
as a poset template with its edges pointing upwards. Thus we have an edge

(m, n)

n———m
for alln <min Z. In fact
(m,n)=(m,m—1)o(m—1,m—2)o---o(n+2,n+1)o(n+1,n)
using the 1-step edges. Any Z-diagram requires
A(m,n) =Am,m—1)oAim—1,m—2)o---0A(n+2,n+1) o A(n+ 1,n)
so0, in practice, we often describe just the 1-step arrows
A(n+1,n)

for n € Z. [ |

On the whole we need not worry too much about the difference between a diagram
indexed by a directed graph and one indexed by a category. In fact, as we have seen
each graph V has an associated path category Pth(V) and these produce ‘equivalent’
diagrams in any category. These two diagrams have the same solutions.

Exercises

4.3.1 Let V be a directed graph and let C' be an arbitrary category. Recall that each V-
diagram in C' extends uniquely to a Pth(V)-diagram, and each Pth(V)-diagram arises
from a to a V-diagram

Show that such a corresponding pair of diagrams have exactly the same left solutions
and exactly the same right solutions.

432 Given a V-diagram A in a category C, describe the notions of a left solution and
a right solution using the diagonal functor.
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4.4 Universal solution

Each diagram in a category poses two problems, the left problem and the right problem.
Each of these problems may have many solutions, and in general there is no relationship
between the left solutions and the right solutions. We now look for a ‘best’ solution on
either side. Of course, on any particular side such a solution need not exists, but if there
is one, then all the ‘best’ solutions are canonically isomorphic.

A universal solution of a diagram is a particular solution that is as economical as
possible, in the sense that it is as ‘near’ to the diagram as possible. Here is the formal
definition. Of course, it is two definitions in one.

4.10 DEFINITION. Let V be a template and let A be a V-diagram in a category C. A
left universal solution right universal solution

or
limit colimit

for A is a particular solution

s 20 40 Ay 29 g

such that for each solution
O A(i) A(i) _od)
there is a unique arrow

1

X S S

such that for each node ¢ the triangle

commutes.
We call p the mediator. ]

Of course, a limit or a co-limit of a diagram need not exists. Also, a diagram can
have one without the other. However, once we have a universal solution (left or right) we
can obtain all other solutions of the same handedness. We simply weaken the universal
solution by an arrow to (for left) or from (for right) the carrying object, the apex of the
universal solution.

Limits and colimits of diagrams (when they exist) are essentially unique. To prove
that for limits we make a preliminary observation.
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411 LEMMA. Let V be a template, let A be a diagram in a category C, and suppose

570 4

1s a limit of that diagram indexed by the nodes i of V. Then this family of arrows s
collection-wise monic. That is, if

1s a parallel pair of arrows with
o(i)of =0c(i)o
for each node v, then 6 = .
Proof. Consider any such parallel pair 6,1 of arrows. Let
X _ o)) | A5)

be the arrow given by
ali) = o(i) 00 = o(i) o ¢

for node 1.
Consider any edge

U J

of V. By passing through S we see that the triangle

commutes, and hence we have a left solution of the diagram.
Since S is the apex of a universal left solution there is a unique arrow

x—r .3
such that
a(i) =o(i)op
for each node 7. Since both 6 and v do this job, we have § = v, as required. |

This result has a simple consequence.
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4.12 COROLLARY. Let V be a template, let A be a diagram in a category C', and suppose

5D 40

1s a limit of that diagram indexed by the nodes i of V. Suppose also that

€

S S

1s an endo-arrow of S such that
o(i)oe=o(i)

for each node i. Then € = idg.
Proof. We apply Lemma 4.11 to the pair § = € and ¢ = idg. |

So far we have been careful to speak of a limit of a diagram. We can now show that
we needn’t be so cautious.

413 THEOREM. Let V be a template, let A be a diagram in a category C, and suppose
each of
o(i)

: (i)

A(i) T A(i)

1s a limit of that diagram indexed by the nodes i of V. Then there is a unique arrow

T

T S

such that
(i) =0(i)oT

for each node i. Furthermore, T is an isomorphism.

Proof. Since the arrows o(-) form a limit, and the arrows 7(-) form a left solution,
there is a unique arrow 7, with indicated type, such that

T(i)=o0(i)oT

for each node ¢. This 7 is just the mediator.
By symmetry, there is a unique arrow

such that

for each node 7.
Now consider the endo-arrow
€e=ToC

of S. For each node ¢ we have

o(i)oe=c(i)oToog =1(i) oo =o(i)
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and hence € = @dg by Corollary 4.12. By symmetry we have
Too =1dg ocoT =1dr

and hence these mediators ¢ and 7 form an inverse pair of isomorphisms. [ |

This shows that if a diagram has a limit then that limit is essentially unique. Thus
we may speak of the limit of a diagram (provided it does exist).

Of course, there is a similar result for colimits with the same proof but where the
arrows point the other way.

In the remaining three sections of this chapter we gather together a random collection
of examples to show how limits and colimits can be calculated in appropriate circum-
stances.

Exercises

4.4.1 State and prove the right hand version of each of the three results of this section.

442 Find some more

4.5 A geometric limit and colimit

In this block we first look at a geometric example involving the circle group and topological
spaces. After that there is an exercise which is similar in nature, but discrete and simpler.

For the template we use the integers Z as a poset. There are two ways to do this,
upwards or downwards. Here is is convenient to use the downward version.

2 1 0 ] 2

We do this because it helps with some of the calculations. Notice that the limit will occur
at the positive end of Z, and the colimit will occur at the negative end.

We look at a rather simple diagram in Top, the caegory of topological spaces. We
put the same space at each node, and the same map at each edge.

Let O be the circle group. We think of O as the circle in the cartesian plane with
radious 1 and centre at the origin. Thus each point on O is determined by its unique
polar co-ordinate 6 with 0 < a < 27. Here addition (mod 27) is important.

Put a copy of @ at each index. For each edge

J

O O

we take the doubling map
d(a) =2a (mod 2m)

for co-ordinate a. This function wraps the source circle twice round the target circle.
What can a left solution be?
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The limit

The limit is some kind of topological space A furnished with a family of functions

P

A ©) m e N

such that
do ¢m+1 = (bm

for each m € N. Thus, for each a € A we have

bm(a) = 2¢mi1(a) (mod 2m)

and hence
bm(a) = 2"¢myr(a) (mod 27)

for each m,r € N.
Since we can divide any real number by 2, we seem to have

61(@) = 5:60(@)

for all @ € A and r € N. This is not quite right, for we have forgotten the 27w aspect.
Suppose we have

¢o(a) =«

for some 0 < o < 27. Then one of

« o a4+ 2T

¢1(a) = < pi(a) =5 +m=

2 2

must hold, and these can arise from
« o+ 4 o+ 271 o+ 6
Pa(a) = 1 P2(a) = 1 Pa(a) = 1 Pa(a) = 1

and so on. These possibilities are conveniently displayed as a tree

a—F87r oz—F47r a+'127r a—FZW a+'107r oz+.67r oz+.147r
8 8 8 8 8 8 8

o o+ 4r o+ 27 o+ 67
4 4 4 4

o+ 2T

o}
8

N2
[\

«

and we see that each element a € A with ¢y(a) = « generates a branch of the tree.
Each point of A corresponds to a certain region of @. At some point in your life you
should find out more about this.
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The colimit

The colimit is easier to understand, in the sense that we can give a full description of it.
We first look at a couple of properties of a general right solution.

J

O O

%
d)m—i—l

S

Thus we consider a space S furnished with a Z indexed family of functions ¢,, such that
each indicated triangle commutes. In other words

20 = B = Ppr1(a) = o (B)

for all coordinates «, # and all m € Z. Here and below
A=p means A =p (mod 27)

with all the usual properties.
Using a trivial induction the equivalence gives

2"a = 0 = dpir(@) = Or(B)

for all coordinates «, 3, all k € Z, and all r € N.
We need a variant of this last result, namely

(*) 2"a =0 = ¢m(@) = ¢o(F)

for all coordinates «, 3 and all m € Z. Notice how this shows that the map ¢y determines
the whole of the structure of the solution. In particular, any function

¢

O S

to a space can be used to generate a solution.
To prove this implication suppose that

2" =3

holds.
If m <0 then, with r = m the previous result gives

Drrm () = Or(B)

for all £ € Z. Thus we take k = 0.
Suppose m < 0, say m = —r for r € N. Then

0<2Ma=2"a <«

so that
27"a =0
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and hence

a=2"43
holds. A version of the previous result now gives

Prr(B) = 1)

for all k € Z. Thus taking k = m gives the required result.
Consider the maps

o—"" .o

given by
pm(a) = 2™«
for all m € Z and coordinates . In particular, note that py is the identity function on
. We check that these maps furnish O as a right solution.
We have
pmy1(a) = 2" a

for all m € Z and coordinates «. Let

0 =2«
so that
2m3 = 2mtly
and hence
(pm 0 6)(a) = pm(B) = 2™0 = ppia(a)
so that

Pm © o= Pm+1

as required.
Finally, we show that O with these furnishings is the colimit of the diagram.
To do that consider an arbitrary right solution, as above. We require a unique map

L

O S

such that
Om = |10 Pm
for each m € Z.
By considering the case m = 0 we see that y = ¢ is the only possible map. We check
that this does mediate.
Consider any m € Z and any coordinate ov. With

6 =2"a
we have
(10 pm)(e) = p(B) = ¢o()
so that
(bm(O‘) = (bO(ﬁ)

is the requirement. This is precisely the result (x).
After reading this you might think this colimit example is a bit of a cheat. You could
be right.
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Exercises

45.1 For the template use Z as a poset. It doesn’t matter which way you order Z, but
you might find it easier to use the upwards version, positives to the right and negatives
to the left.

Consider the following diagram in Set.

At each node place Z (so now Z is playing two different roles). At each edge place the
doubling function.

d
Z Z

Z 2z

Show that the arrows of any left solution have a rather simple behaviour.

Describe the limit of the diagram. You should verify your claims.

Investigate the behaviour of an arbitrary right solution.

Show that when suitably furnished the dyadic rationals are the colimit of the diagram.

452 Find another one.

4.6 How to calculate certain limits

For many categories the objects are structured sets, and the arrows are structure preserv-
ing functions. In other words, each object is a single set, its carrier, furnished with some
predetermined structure, perhaps restricted by certain required properties (axioms). Each
arrow is a function between the carriers which respects the structure in an appropriate
fashion. For instance

Pos Mon Top

are three categories of this kind.
For each such category C there is a forgetful functor

C —— Set

which sends each object to its carrier, and views each arrow as the mere function. Often
this functor is named U, for underlying.

In this section we show how to compute a limit in such a category C. To do that
we first compute the corresponding limit in Set, and then lift back up to C. Thus we
must first show how to calculate limits in Set. The construction we give works for many
categories of structured sets, but not necessarily all.

It is rather strange that it is often easier to calculate limits than colimits. However,
we do look at certain colimits later.

It is convenient to fix a bit of notation, or rather to recall the notation we have used
throughout this chapter.

We assume we have a diagram in the category under investigation given by a template
V. We let i, 7, k... range over the family I of nodes of V, and we let e, f, g, ... range over
the family [E of edges of V. The construction works when V is graph and when V is a
category.
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46.1 Limitsin Set

In this block we show how to compute the limit of a diagram in Set. This then forms
the basis for limits in the other three and similar categories.

We begin with a review of products in Set.

Binary products are easy, we take the cartesian product — the set of ordered pairs —
of the two component sets. Products of finitely many components are just as easy, again
we take the cartesian product of the components.

What about the product of an arbitrary indexed family

A= (AGi)]ie)

of sets?
Let

UA
be the union of the family A. (In practice it is often useful to tag each component A(7)
so we have a disjoint union. But that is not needed here.) We look at certain functions

I UA

from nodes to elements.

4.14 DEFINITION. Let A be an [-indexed family of sets, as above. A choice function for
A is a function
a(): T — JA

such that
a(i) € A(7)

for each node ¢ € I. |
A choice function has the wit to select one member from each component set A(7).
When 1 is finite such a choice function can be coded as a tuple. When I is not finite we
need this more general idea.
While we are here, one version of the Axiom of Choice says that there always is at least

one choice function unless, of course, one component A(7) is empty. Some people seem to
have doubts about the validity of the property. But then, that’s their choice.

4.15 DEFINITION. Let A be an I-indexed family of sets, let J[JA be the set of all choice
functions for A, and for each node 7 € I let

1A __O_‘_(L A(4)

a ——— af(i) a(i)(a) = a(7)
be the ‘evaluation at ¢ function. [ |

Before you continue reading you might try to show that

(1 2% i)
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is a product wedge in Set. We are going to prove something more general.
We have a template V with nodes I and edges E. Suppose also we have a diagram in

Set
A:(A(i)|iE]I) A:(A(e)|e€E)

which instantiates the template. We want to produce a limit of this diagram.
4.16 DEFINITION. Given a V-diagram (A, .A), as above, a thread is a choice function
a(-): IT— JA

such that

for each edge

of V. [ |

A choice function merely selects a member from each component set A(7). A thread has
the decency to ensure that these selections are compatible. If we pass from one component
A(7) to another A(j) using an edge A(e), then we can take the selected element with us
knowing that we will arrive at the selected element at the end. This, of course, is a
sophisticated idea. Something that bus, train, and airline companies find hard to grasp.

If E = () then every choice function is a thread.

4.17 DEFINITION. Given a V-diagram (A,.A), as above, let A be the set of all threads,

and for each node 7 € I let

A0 4
a —— a(7) a(i)(a) = a(i)
be the ‘evaluation at ¢’ function. [ |

This notion, of course, does not conflict with that of Definition 4.15. It merely extends
the idea to a more general context.

4.18 LEMMA. Given a V-diagram (A, A), as above, the evaluation functions furnish the
set of threads as a left solution of the diagram.

Proof. We must show that for each edge e the induced triangle
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commutes. In other words we require
(Ale) 0 a(i)) (a) = a(j)(a)
for each edge e and thread a € A. But since a is a thread we have
(Ale) o a(i)(a) = (A(e) (a(i)(a)) = (A(e)(a(i)) = a(j) = a(j)(a)
as required. u

With this we have the result we want.

4.19 THEOREM. Given a V-diagram (A, A), as above, the evaluation functions furnish
the set of threads as a limit of the diagram.

Proof. By Lemma 4.18 we already know that we have a left solution of the diagram.
Thus it suffices to show that this left solution is universal.
To this end let

Ali 1

P (0
X\ Ale) e
V0 j

such that

for each 7 € I.
To obtain one such function set

for each x € X and ¢ € 1. Since
§(i)(z) € A(z)
we see that u(x) is a choice function. For each edge e, as indicated, we have

Ale) (u(x)(i)) = A(e) (§(1)(x)) = (A(e) 0 £(D)) () = £()(x) = p(x)(5)

to show that p(z) is a thread. Thus we do have a function p of the required type. Finally,
for each node ¢ we have

to show that
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as required.
This deals with the existence of a mediating arrow. Now we must deal with the
uniqueness. To this end suppose we have a function v with

for each node i. Consider any = € X and the corresponding thread a = v(z). For each
node ¢ we have

to show v = p, as required. [ |

In the next three blocks we show how to calculate limits in certain categories C' of
structured sets. The process is the same for these categories. In each case there is a
forgetful functor

C Set

to the category of sets. It merely forgets the structure. Given a diagram in C' this functor
converts it into a diagram in Set. We calculate the limit of that Set-diagram using the
method of this block. The problem then is to furnish that set and collection of arrows so
that they form a limit in C'. This last part need some special properties of C.

Exercises

4.6.1 Let Set(D) be the category of sets with a distinguished subset, as used in Exercise
1.2.2. Thus each object is a pair (A, R) where A is a set and R is a subset R C A. The
arrows are those functions which preserve the selected subset.

Let V = (I, E) be a template, and consider a V-diagram

A(D) = ((AG),RG))|iel)  A(D)=(Ale)|e € E)
in Set(D). By forgetting the distinguished subsets we obtain a V-diagram
A= (A(i)]i ) A= (A(e)|e €E)

in Set.
Consider the limit of the diagram in Set, that is the set of threads with the attached
functions. Show that this can be furnished to produce a limit of the diagram in Set(D).

4.6.2 Limitsin Pos

In this block we consider the category Pos of posets and monotone maps.

We continue with the notation of the previous block. Thus we have a template V
with a collection I of nodes and a collection E of edges. These index objects and arrows
in Pos. In particular, we assume we have an instantiation of V

A= (A(i)|iel) A= (Ale)|e €E)
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to form a diagram in Pos. Thus each A(7) is a poset, and for each edge

the arrow

is a monotone map. Eventually we put these extra facilities to good use.
For the first step we forget the extra facilities and drop down to Set. We look at the
limit of this Set-diagram. Thus we look at the set of all threads

a:T— JA

together with the I-indexed family

A—"D am
a ——— a(i)

of evaluation functions. Recall that a thread satisfies

Ale) (a(i)) = a(j)

for each edge e, as above. This family of equalities rephrases as

Afe) o a(i) = a(j)

using the evaluation function «.

Our job is to furnish A as a poset, and check that each evaluation function is monotone.
In this way we produce a left solution of the Pos-diagram. We then have to show that
this solution is universal, a limit in Pos.

How can we partially order A? In other words, how can we compare threads? In this
kind of situation there is one trick that should always be tried. We use the pointwise
comparison.

We let

a <b<= (Vi eDa(i) < b(7)]

for threads a and b. Notice how this works. For threads a and b we pass to each poset
A(7) in turn and carry out a comparison there. All of these must give a positive answer.

Why does this give a partial order on A? Verifying the three properties is routine.
Let’s look at the antisymmetry.

Consider threads a and b with a < b < a. Then, for each 7 € I, we have

a(i) < b(i) < a(i)

and hence a(i) = b(7), since A(7) is a poset. Thus a = b.

Next we must show that each evaluation function a(7) is monotone, that is

a<b= a(i)(a) < ai)(b)
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for threads a and b. Since

a(i)(e) = a(@)  a(@)(b) = b(i)

this is immediate.

This produces the furnishings. Why does it give us a left solution of the diagram in
Pos?

We require each cell

o A(D) i
A / Ale) e
o
7) J

to be a commuting triangle in Pos, for each edge e, as indicated. This is certainly a
triangle in Pos. We are given that each A(e) is monotone, and we have ensured that «(7)
and «(j) are monotone. This Pos-triangle commutes because it commutes down in Set.

Our next job is to show that this left solution is universal in Pos. To do that we
compare it with an arbitrary left solution of the Pos-diagram. Thus we assume given a
poset X together with an I-indexed family of monotone maps

x 0 g
such that the Pos-triangle
A i
y (4)
X \ Ale) e
V) A(j) j

commutes for each edge e, as indicated.
We require a unique mediator

x_— " 4

which, of course, must be monotone.

Think about this. If there is such a mediator u then, by passing down to Set, it
can only be that function that works for the Set-diagram. If that function turns out
to be monotone, it will certainly make all the required Pos-triangles commute, for they
commute down in Set. Thus we don’t have much choice. The Set-mediator is given by

for each z € X and ¢ € I. We have to show that this function is monotone.
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Why does
z <y = p(x) < puy)
hold for all z,y € X7
Consider such z,y € X with x <y. We are given that each £(¢) is monotone, so that

(i) (x) <€) (y)

and hence

pu(z)(1) < p(y) ()
for each ¢ € I, by definition of p. Finally, remember that each of u(z) and u(y) is a
thread, so that this last universally quantified comparison gives

() < ply)

as required.
The construction of his block is fairly typical. We will use it again with minor varia-
tions to produce limits in two more categories.

Exercises

4.6.2 (a) Let Equ be the category of equivalence relations. Each object is a pair (A, ~)
where A is a set and ~ is an equivalence relation on A.

Make sure you know what the arrows are. To do that a look at Exercises 1.2.3 will be
useful.

(b) Let V = (I, E) be a template, and consider a V-diagram
A(~) = ((A(z), ~i) i€ ]I) A(D) = (A(e) le € E)
in Equ. By forgetting the distinguished subsets we obtain a V-diagram
A= (A(i)|iel) A= (Ale)|e €E)

in Set.
Consider the limit of the diagram in Set, that is the set of threads with the attached
functions. Show that this can be furnished to produce a limit of the diagram in Eqv.

4.6.3 Limitsin Mon

In this block we show how the construction of Block 4.6.1 also produces limits in Mon,
the category of monoids. The general procedure is the same as outlined at the beginning
of Block 4.6.2. Starting from a diagram in Mon, we pass to Set and take the limit of
that Set-diagram. The main problem is to furnish that Set-limit to become a limit of
the original Mon-diagram.

Recall that a monoid is a furnished set

(A, o 1)

where ‘e’ is a binary operation on A, and 1 is a distinguished element. These attributes
must satisfy
(aeb)ec=ae(bec) lea=a=ael
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for all a,b,c € A. In general, we write
ab for aeb

but there is one case when we will explicitly show that operation symbol.
Monoids are the objects of Mon. The arrows are the monoid morphism. Recall that
a monoid morphism

(Ao 1) —f> (B,e,1)

is a function

f:A—B
between the carriers such that
flab) = f(a)f(b)  f(1)=1

for all a,b € A.
As usual we have a template V with a collection I of nodes and a collection E of edges.
We also have an instantiation

A= (A(i)|iel) A= (Ale)|e €E)

to form a Mon-diagram. Thus each A(7) is a monoid and each A(e) is a monoid morphism.
By passing down to Set we obtain the set A of all threads

a:1T— JA

together with the [-indexed family
400 A(i)

of evaluation functions. Our first job is to furnish A as a monoid, and check that each
evaluation function is a monoid morphism.
How can we combine a pair of threads a and b to form

a*b

a third thread? This is the case where we will explicitly indicate the operation.

Let
(axb)(i1) = a(i)b(i)

for each i € I. Notice how we use the operation on A(7). This construction certainly gives
a function

axb:1T— JA

and it is a choice function since a(i)b(z) lives in A(7).
Why is a x b a thread? Consider an arbitrary edge e from i to j. We remember that
A(e) is a monoid morphism. Thus

A(e)((axb)(0)) = Ale) (aDb(i)) = (A(e) (a(D) ) (A(e) (D) ) = al)b(5) = (a*B)(j)
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as required.
Why is this operation associative?
Because

for all a,b,c € A and i € .

We need a distinguished element of A. We set 1(i) = 1; for each ¢ € I. Here 1; is the
distinguished element of A(7). It is easy to check that this function 1 is a thread, and
almost trivially, we have

lxa=a=ax1

for each thread a. Thus we have furnished A as a monoid.
Why is each evaluation function

A= 4
a monoid morphism?

Because
a(i)(axb) = (axb)(i) = a(i)b(i) = (a(i)(a)) (a(i)(b))

for each a,b € A.

This set up the furnishings. Why does it give a left solution of the Mon-diagram?

To be a left solution we require that certain triangles commute in Mon. These
triangles do commutes down in Set, and they are triangles in Mon, so they commute in
Mon.

Our main job is to show that this left solution is universal in Mon. To do that we
compare it with an arbitrary left solution of the Mon-diagram. Thus we assume given a
monoid X together with an I-indexed family of monoid morphisms

x —»6@ A1)

such that the Mon-triangle

L A) i
o
X Ale) e
A7) j
commutes for each edge e, as indicated.
We require a unique mediator
x—r 4

which, of course, must be a monoid morphism.
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By passing down to Set we see there is only one possible function u we can use. That

given by
pu(x) (i) = £(i)(x)
for each x € X and 7 € I. Thus it suffices to show that this function p is a monoid

morphism.
For each =,y € x and i € I, remembering that £(7) is a monoid morphism, we have

play)(i) = (i) (zy) = (£60)(2)) (€()(y)) = (=) (D)) (n)(D)) = (p(x) * u(y)) (i)

so that
w(zy) = p(x) * pu(y)

to show that u passes across the operation. The other requirement

p(l) =1

is even easier.
This kind of construction works in many categories of an algebraic nature.

Exercises

4.6.3 (a) Let CMon be the category of commutative monoids. Show that the construc-
tion of this block produces limits in CMon.

(b) Let Grp be the category of groups. Show that the construction of this block
produces limits in Grp.

(c) Let Rng be the category of unital rings. Show that Rng has limits for V = (I, E)
diagrams.

4.6.4 A partially ordered monoid (a pom) is a structure
(Aa S? " 1)
where (A, <) is a poset and (A, -, 1) is a monoid, and

r<a

y<b}:>:cy§ab

for all a,b,z,y € A. These are the objects of the category Pom. A arrow of Pom is a
function between two poms which is both a monotone map and a monoid morphism.
For an arbitrary template V = (I, E) show that each V-diagram in Pom has a limit.

4.6.4 Limits in Top

In this block we show how the construction of Block 4.6.1 also produces limits in Top,
the category of topological spaces and continuous maps.

Before we get into the details of the construction, it is worth making a few remarks
about the notion as it appears in the literature.

In topological circles a left limit is usually called an inverse limit. More often than
not the template is a partial order or even a pre-order, and the indexing is contravariant.
We won'’t deal with that aspect here.
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As usual we have a template V of nodes I and edges
A:(A(i)|i€]l) A:(A(e)|e€E)

to form a Top-diagram. Thus each A(i) is a topological and each A(e) is a continuous
map.
By passing down to Set we obtain the set A of all threads

a:I— |JA

together with the I-indexed family

A—D i

of evaluation functions.

Our first job is to convert A into a topological space in such a way that each «(7) is
continuous. We do this in a minimalist fashion.

Consider any node ¢ € I and any open U € OA(i) of that component. We certainly
require the inverse image set

i(U) = a(i)~(U) = {a € Ala(i) € U}

to be open. Thus we take the family of all these subsets of A as a subbase of a topology
on A. This ensures that each «(7) is continuous without being too energetic.
In the usual way this gives us a left solution of the diagram. This has nothing much to
do with the topological aspects. It’s merely that certain triangles of function do commute.
Our main job is to show that this left solution is universal in Top. To do that we
compare it with an arbitrary left solution of the Top-diagram. Thus we assume given a
topological space X together with an I-indexed family of continuous maps

&)

A(i)
such that the Top-triangle
A i
y ()
X \ Ale) e
£(5) A7)

J J

commutes for each edge e, as indicated.
We require a unique mediator

1

X A

which, of course, must be a continuous map.
By passing down to Set we see that the only possible mediating function is given by

p(x) (1) = €(i)(x)
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for each x € X and ¢ € I. Thus it suffices to show that this function p is continuous.
To show that p is continuous it suffices to show that for each subbasic open set of A
the inverse image across pu is open. Thus we require

p(i(U)) € OR
for each node i € I and open U € OA(:). For each x € X we have

v ep~(((U)) <= px) € i(U) = a(i)~(U)
(

to show that
p((U)) =€)~ (U)
for each pair ¢ and U. Since each £(i) is continuous this shows that each p=(i(U)) is
open, for the required result.
Notice how this construction and proof works. To ensure that each «(7) is continuous

we need at least all the sets i(U) in the topology on S. To show that a mediator p is
continuous we can’t deal with more than the sets i(U).

Exercises

[Need to sort some out]

4.7 Confluent colimits in Set

So far we have looked at particular examples of limits. In this section we describe how
to calculate a certain kind of colimit. We work in the category Set of sets, but the same
method works for many other categories of structured sets.

For this example we assume the template is a poset.

Thus let T be a poset with nodes

1,7, k, ...
and for each comparison i < j let
- G
| ————

be the corresponding edge.
We assume I satisfies a certain restriction

4.20 DEFINITION. The poset I is directed if for each i,j € I there is some k € I with
i,J < k.

The poset I is confluent if for each ¢, 7,1 € T with | < 7,7, there is some k € [ with
i,j < k. |
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Trivially, each directed poset is confluent, but there are confluent posets that are not
directed. For example each discrete set is confluent but not directed (if it has more than
one node).

Notice that if a poset is directed then (by repeated use of this property) each finite
subset has at least one upper bound.

Similarly, if a poset is confluent, then (by repeated use of this property) each finite
subset which has a lower bound also has an upper bound.

We assume the template poset I is confluent.

Let A be an [-diagram in Set. Thus A is an [-indexed family of sets

A7)
together with connecting functions

L AGY)
A(i) —— A(j)

one for each comparison ¢+ < j in [. These functions must compose in the usual way, that
is

and
Ak, j) o A(j, i) = A(k, 1)
fori <j <k.
To help with the later calculations it is convenient to write

A(i) A(j)
T |j

for the function A(j,7). Thus
x|y = A(g,0)(x)
and we may think of this as the ‘restriction’ of x € A(i) to j. Note that

xli =z x|jlk = x|k

for i < j <k with x € A(i).
To obtain the co-limit of A we first produce what turns out to be the coproduct of A.
Let
IIA

be the disjoint union of the sets A(i). We need to set this up with some care. Thus we
let
A = |J{A®@) x {i}|i e I}
that is we take the set of all pairs
(1)
for i € T and z € A(i). In this way an element z may occur many times, but each

occurrence is tagged with the parent index.
For each ¢ € I there is a function
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and it turns out that these functions structure IIA as the coproduct of A in Set. The
proof of that is the discrete case of the more general proof to follow.

For the more general situation we need to take a quotient of IT1A.

Consider the relation ~ on ITA given by

(z,1) ~ (y,7) <= (3i,j < k)[xlk = ylk]

for (x,7) and y, j) from I1A. Here, of course, the quantifier looks for a node k which is an
upper bound of the two given nodes. Trivially, this relation is reflexive and symmetric.
We prove that it is also transitive, and hence is an equivalence relation on ITA. This is
where we use the confluence of 1.

Consider any situation

(I’i) ~ (y,j) ~ (Za k)

so that (x,7) ~ (z, k) is required.
We are given nodes

such that

The nodes [, m have a lower bound and hence, by confluence, they have some upper bound
n. But now
zln = z|l|n = y|l|n = yln = y|m|n = z|m|n = z|n

to show that
(z,4) ~ (2, k)

as required.
Since ~ is an equivalence relation on ITA we may let

L =14/~

the family of blocks (equivalence classes) of ~ in ITA. Let

(x,1) —— [z, 1]

be the associated quotient function.
For later observe that

[2,i] = [z]], ]
for all nodes i < j.
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We show that the family of composite functions

A(i) ITA L
> (2,1) —— [, 1]

structure L as the co-limit of the I-diagram A.
Our first job is to show that we do have a right solution of the diagram. Consider any
pair of nodes ¢ < 5. We require that the inner triangle commutes.

[z, 1]

7

To prove that we track an element from the top left hand corner to the top right hand
corner by the short trip and the long trip. Thus we require

[z,] = [2]7, 7]

and this is nothing more than the observation made above.
Our second job is to show that we have a universal right solution.
Consider any right solution M where for nodes ¢ < j the commuting triangle

%)

A1) M
A(j)
is a typical part of the structure. Thus we have
a;(z]j) = ai(x)

for each x € A(7). We require a unique function

I H

such that for each node ¢ the triangle

commutes.
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If there is such a function p, then

u(le.i]) = aifa)

for each i € T and x € A(7). This shows that there is at most one such p. To show there
is at least one, it suffices to show that this assignment is well-defined, that is

[2,1] = [y, j] = u(z) = a;(y)

fori,j € land x € A(i),y € A(j).

Assuming
[z, 1] = [y, J]
we have
(1) ~ ([y,7)
to give
x|k = ylk

for some node k with 7, 7 < k. But now

ai(x) = ax(zlk) = ar(ylk) = a;(y)

for the required result.

At the moment there are 15 exercises in this chapter, with more to come.



5
Adjunctions

The isolation of the notion of an adjunction is one of the most important contributions of
category theory. In a sense adjoints form the first ‘non-trivial” part of category theory, at
least it can seem that way now that all the basic stuff has been sorted out. Adjunctions
abound in mathematics, and many examples were known before the categorical notion
was formalized. We have already met several examples, and later I will point you to them.

In this chapter we go through the various aspects of adjunctions quite slowly. We look
at each facet in some detail but, I hope, not in so much detail that you get bogged down
in the mire, and lose the big picture.

There is a lot going on with adjunctions, and you will probably get confused more
than once. You might get things mixed up, forget which way an arrow is suppose to go,
not be able to spell contafurious, and so on. Don’t worry. I've been at it for over 40 years
and I still can’t remember some of the details. In fact, I don’t try to, and neither should
you.

You should get yourself to the position where you can recognize that perhaps there is
an adjunction lurking around, but you may not be quite sure where. You can then look
up the details. That’s exactly what I do. If you ever have to use adjunctions everyday,
then the details will become second nature to you.

It all a bit like learning to ride a bike. Except that sometimes you have to do it
backwards and stand on your head, in a different notation. The good thing is that you
are unlikely to get hurt, unless you stab yourself with your pencil.

5.1 Adjunctions defined

When first seen in their full categorical glory adjunctions can seem a bit daunting. There
is a lot going on; many balls to keep in the air. Don’t worry. In many particular examples
much of this complexity can simply disappear.

In this section we look at all the various components and eventually arrive at the
formal definition. Then in the later section we analyse the content of the notion. Thus
for most of this section we merely run through the various bits of gadgetry that make up
an adjunction. We don’t look at the details of the restrictions imposed on these gadgets.

An adjunction is an interaction between two categories

Src Trg
which we may think of as the
source target

category. This is an entirely conventional distinction, but it can help. The two categories
play similar roles, but some of their attributes are in mirror image.

139
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We have two covariant functors

F
Sre Trg
G

going between the two categories, but in opposite directions. These functors are related
in a certain way. We get to these appropriate details in due course. By convention we
call

F G
the
left right
adjoint of the pair, and we write
FAG

to indicate this relationship. We also write any of

F F

Src . Trg Src 1 Trg Srce 4G Trg
G G

to indicate the relationship. Usually the left functor is placed above the right functor.
There are other bit of notation used with an adjunction. Sometimes we write

F* for F F, for G

where the position of the decoration indicates which is the left and which is the right
component. This can be useful when there is more than one adjunction around and we
don’t want to waste the alphabet. In those circumstances we sometimes write F' for the
pair (F*, F,). For the time being we will stick with F' 4 G, but eventually we will use
some of this other notation.

By convention we think of an adjunction as passing in the direction of its left adjoint.
We write any of

FAG F* 4 F,

Src Trg Src

Trg Src Trg

for the adjunction making use of the harpoon arrow to alert us.

This is merely conventional terminology and notation. Some of the older literature
was written before these conventions were established. You might find that left and right
are called something else, such as right and left. Also, some of the current ignoscenti are
never quite sure what day it is, although they think they do.

The two functors can be composed to give endofunctors

GoF Fod

on
Sre Trg

respectively. These composites are related to the corresponding identity functors by
natural transformations

Idge — !~ GoF FoG—" Idp,
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called the
unit co-unit

of the adjunction. Notice the left/right antisymmetry of these gadgets.
Consider any pair

A S

of objects from
Src Trg

respectively. An adjunction tries to compare these objects. Of course, there isn’t a direct
comparison, for they live in different worlds. To compare them we transport one of the
objects to the other category, and do the comparison there. Thus we use one of the two
arrow sets

Src|A,GS)| Trg[F A, S|
of the indicated category.
Notice that the
left functor F right functor G
occurs in the
left position right position

of the appropriate arrow set. This helps us to remember which functor is doing which
job.

Each of the two arrow sets provides a place where we might compare the two ob-
jects. But which place should we use? It doesn’t matter, for parts of the gadgetry of an
adjunction is an inverse pair of bijections

f f?
Src[A, GS| Trg[FA,S]
9b g

between the two arrows sets.
Furthermore, and this is what makes an adjunction what it is, these two assignment

(-)F Q)

must be natural for variation of both A and S.
There is quite a lot going on here. In the next section we work through this data again
to see exactly what it means. For now let’s give the formal definition of an adjunction.

5.1 DEFINITION. An adjunction
(F7 G7 (')ﬁ> ()b)

consists of a pair of covariant functors

Src Trg

QL

where, for each
Src-object A Trg-object S
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the two transposition assignments

(-)f

(s

form an inverse pair of bijections, where each is natural in A and S. [

Src[A, GS)| Trg[F A, S|

Observe that the data for an adjunction is not just a pair (F, G) of functors. We also
need the nominated transposition assignments ((-), (-),). It is possible for two functors
to be adjoint in two different ways. * Of course, we only need one of (-)* and (-),, for each
is the inverse of the other.

Notice that I seem to have forgotten the unit and co-unit. That is because we can
show that

na = (idra)y es = (idgs)*

do those jobs. We look at this in Section 5.3.
It turns out that various selections of the data

F G () () n e

can be put together in different ways to form an adjunction. We look at these various
combinations in the following sections.

Exercises 5.1.1, 5.1.2, and 5.1.3 are rather straight forwrad. You have seen most of
the gadgetry before. Exercises 5.1.4, 5.1.5, and 5.1.6 are more complicated, and you may
have to return to them more than once.

Exercises

5.1.1 Each poset can be viewed as a category. Show that a poset adjunction is nothing
more than a categorical adjunction.

5.1.2 Each set S can be converted into a preset in two extreme ways. The discrete
version uses equality as the comparison. For the indiscrete version any two elements are
comparable.

Show that the forgetful functor

Set Pre

has both a left and a right adjoint, and these are different.

5.1.3 Show that the forgetful functor

Set

Top

has both a left and a right adjoint, and these are different.

T can’t think of an example where this is necessary.
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5.1.4 For a poset S let LS be the poset of lower sections of S (under inclusion).
(a) Show that each monotone function

S / T
between posets induces a monotone functions
LS —f—— LT

via inverse image.

(b) Show that the monotone function f< has both a left adjoint and a right adjoint,
and in general these are different. One of these is given by direct image, and the other
isn’t.

5.1.5 Let V be a category viewed as a template, let C' be an arbitrary category, and
consider the diagonal functor.

A

cv C

Show that C has a limit for each V-diagram precisely when A has a right adjoint, and
sort out the corresponding result for colimits.

5.1.6 Let

Src Trg

G

be a functor which does have a left adjoint.
Show that each limit cone in T'rqg is transported by G into a limit cone in Sre.

5.2 Adjunctions illustrated

Definition 5.1 says exactly what an adjunction is, but doesn’t tell us very much. There
are several hidden consequences of the definition and these are difficult to see. In the
following sections we take the definition apart, and look at the various components of an
adjunction in some detail. To do that it will help if there are some examples we can get
our teeth into. There are some simple examples. Exercises 5.1.2 and 5.1.3 give a couple
of these, and we will see a few more. In this section we look at two (or perhaps it’s three)
examples with a bit more content. The idea is that as you read the following sections
you can use these examples to illustrate what is going on. Thus you shouldn’t expect to
understand these examples immediately. Keep coming back to them as you are getting
to grips with the various aspects of adjunctions.

The two examples, an algebraic example and a topological example, are miniature
versions of more involved, and quite important, adjunctions. I will say what these larger
versions are, but at this stage we don’t go into any details.

There is also a rather simple set-theoretic example (as a preliminary for the topological
example). This is, perhaps, the best example to start with. However, you should be
careful with it. In some ways it is too simple to bring out all of the different facets that
an adjunction can have.
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5.2.1 An algebraic example

An involution algebra is a structure
(4, ()*)
carried by a set A where (+)® is an involution on this carrier. In other words (-)® is a

1-placed operation on A with
a®® =a

for each a € A. An involution morphism

¢

A B

between involution algebras is a function, as indicated, such that

for each a € A. This gives us the category
Inv

of involution algebra and involution morphisms.
Let

Set ~—U— Inv

be the underlying functor, the forgetful functor that loses the involution. We show that
U has adjoints on both sides

pM
Set ~——U—— Inv
II

and these are quite different.
Before we begin to construct these adjoints let’s see where this example comes from.
There are three levels of generalization each of which is worth analysing in its own right.
For the first level recall the notion of a (right) R-sets for a monoid R. An involution
algebra is nothing more than an R-set for an appropriate monoid R. (Can you see which
one?) The forgetful functor

Set

Set-R

has both a left adjoint and a right adjoint.
For the next level consider an arbitrary morphism

S R
between monoids. This induces a functor

Set-S ~—— Set-R
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called restriction of scalars. This functor has both a left adjoint and a right adjoint. When
S'is the trivial monoid this example reduces to the previous one.
Finally let

S R

be a ring morphism. This induces a restriction of scalars functor
Mod-S ~— Mod-R

between the module categories. Again this has both a left adjoint and a right adjoint. In
this case the left adjoint is given by a tensor product, and the right adjoint is an enriched
hom-functor.

All of these adjunctions are worth looking at sometime.

Here we concentrate on the involutary case. From now on in this block the only
algebras and morphisms we meet are involutary, so we drop the qualifier ‘involution’.

To produce the two adjoints it will help if we let

Set Inv
XY, ... Objects A, B,...
fr9,..., k... Arrows o¢,,... A ...

range over the indicated gadgets.
We describe the initial parts of the two constructions in parallel.
For each set X let
YX=X+X X =X x X

that is
XX ={(z,i)|z € X,i=0,1} X ={(z,y) |z,y € X}

the set of {0, 1}-tagged elements of X and the set of ordered pairs from X. It is not hard
to furnish each of these with an involution. For XX we flip the tag, and for IIX we swap
the components.

We require both ¥ and II to be a functor to Imv. Given a function

k

Y X

what should

oy Z(h) TI(k)

YX Iy X

be? By fiddling around we soon find the answer, but verifying that it does produce
morphisms takes a little bit of work. Think about this before you continue.

This gives us two of the four components of each of the two adjunctions. Next we
require an inverse pair of assignments

fr———f ¢ ¢f
Set[X,UA] Inv[X X, A] Inv[A TIX] Set[UA, X]
Yy Y G ~—yg
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for each set X and each algebra A. Producing these requires a little bit of thought.
For the left hand bijection it helps if we set

ar’ = p .
a ifi=0

for each a € A and tag i. In particular we have

for each a € A, tag i, and morphism ¢.

For the right hand bijection remember that ¢ is given as a morphism.

You should now think about these constructions for a while, and do Exercises 5.2.1
and 5.2.2.

Of course, this doesn’t quite prove that each of

(U5 () (U, ()5 (D)

is an adjunction. We need to show that each (-)¥ and each (-), is natural. However, let’s
leave that until we have a better idea of what that means.

Exercises

5.2.1 Describe the action of ¥ and II on functions, and verify that each result is a
morphism.

5.2.2 Set up the two inverse pair of bijections (-)¥ and (-),. At this stage don’t worry
about the required naturality.

5.2.2 A set-theoretic example

In this block we describe a rather easy example of an adjunctions where the category Set
is both the source and target. We have met most of the components before. The reason
for doing this example here is that in the next block we produce an enriched version with
Set replaced by Top. That has far more content, but much of the gadgetry is the same
as this Set example.

Let I be a fixed set. We know that

—x 1T

is an endo-functor on Set. We show that this functor has a right adjoint.
This right adjoint is another functor that we already know. It is the hom-functor
Set[l,—]. Thus, we attach to each set Y the set of all functions

I Y

from I to Y. To do that we use what at first may seem an odd notation for this function
set. However, in the end you will find that it is better than the more usual notations.
For each set Y let
=Y
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be the set of all functions from [ to Y.
This gives us two endo-functors

—x T
on Set. Recall that each function
k
X, X
1s sent to
X2 x I X1 x I
(z,4) —— (k(x),1)
respectively.

To show that

147

I = —

Y3 Y,

I=Y  —1=Y,
pr——"1lop

—x1 4 I= -

we at least require an inverse pair of bijections.

f

Set[X,] = Y]

fﬁ
Set[X X I,Y]

9

g

for each pair X, Y of sets. If you think about it this is an almost trivial exercise. In many
mathematical situations we wouldn’t even distinguish between f and f*, nor between g

and g,.

We should also prove that each of (-)* and (-), is natural. For this example, that is
not difficult, but let’s leave it until we have more of an understanding of what it entails.
For the record let us state the result we are aiming at.

5.2 THEOREM. For each set I, we have

—x1 4 I=-

an adjunction of endofunctors on Set.

As with any adjunction, this one has a unit and a counit

X77X

I'= (X x1I)

€y %

(I=Y)xI

natural in X and Y, respectively. In this case these are more or less obvious.

Exercises

5.2.3 Write down the definitions of (-)* and (-),. These two assignments are little more

than inserting or omitting brackets.

5.2.4 Write down the unit and counit, and show that each is natural.
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5.2.3 A topological example

In this block we re-do the adjunction of Block 5.2.2 with Set replaced by Top. As we
will see this is not entirely straight forward. We need to impose appropriate conditions
on the pivotal object I.

With this kind of result there are two interacting themes, a general and a particular.
The general theme is that of the categorical constructions and calculations. Here we find
that most of these have been done in Block 5.2.2. That is why we did that simple example
before this one. The particular theme is that of handling the topological restrictions.

It is useful whenever possible to separate the two themes. Category theory is good at
handling the generalities. By separating these from the particularities we are able to see
more clearly the specific content of a result.

As in the Set example, in this Top case there are three players, the central fixed
object I and the two varying objects X and Y. Here all three of X, I,Y are topological
spaces, and any functor we produce must return topological spaces and continuous maps.

So let

X 1 Y

be topological spaces with carried families
00X 74 oY

of open sets, the topologies.
We know that the cartesian product X x [ carries the product topology. This is the
smallest topology for which the two projections

X x1T X X xI I

are continuous. Thus for each U € OX and W € OI the product U x W is open in X x [,
and this set of products forms a subbase of the whole topology. This space X x I with
these two continous projections form a product wedge in Top. (That is why the product
topology is defined in the way it is.) Thus we have an endo-functor

—x 1T

on Top.
Our aim is to find a right adjoint to this functor. And we want this to be an enriched
hom-functor.
For spaces I and Y let
I=Y

be the set of all continuous maps from I to Y. This is smaller than the set of all functions
from I to Y, so perhaps we should use a different notation. But we won’t. However, if
you do become confused then try something like

1Y

for the set of continuous maps.
With I fixed this certainly gives us a functor

I=—

Top Set
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but this isn’t good enough. The functor must output to Top, not just Set. This means
we have to find a way of topologizing [ = Y.
Let
KI

be the family of compact subsets K of I. Before we continue you should make sure you
know what a compact subset is.

5.3 DEFINITION. For K € KI and V € OY let
(K, V)

be the set of continuous maps

such that
O[K|CV

that is 0(:) € V for all i € K.
The compact open topology on I = Y has the family of all (K, V') as a subbase. W

This certainly topologizes I = Y, but we want I = — to be an endofunctor on Top,
so we also need an action on arrows.
Consider any map

v Y

Y,

between two spaces. This induces a function

(I:>Y1)—\D»(I:>Y2)
0ol

between the two functions spaces. We check that ¥ is continuous.
Consider any K € KI and V € OY,. We need

U (K, V)
to be open in I = Y;. But a simple calculation gives
(K, V) = (K, ¢~ (V))

which, since 1 is continuous, is open in I = Y;. (You should do that calculation.)

This gives the arrow assignment for I = —, and the functorial properties are almost
immediate.

We now have a pair of endo-functors on Top, but these don’t necessarily form an
adjoint pair. For that we need I to be a particular kind of space.

Read the following definition carefully. Many texts get it wrong.
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5.4 DEFINITION. A topological space I is locally compact if for each situation
reVeOl

we have
reWCKCV

for some K € KI and W € OI. |
With these preliminaries we are ready to prove the following.
5.5 THEOREM. For each locally compact space I, we have
—xI 4 I=-
an adjunction of endofunctors on Top.

Theorem 5.5 is important in its own right, but it also has an important refinement.
We consider the case where I is the real interval [0, 1], and modify the two spaces

X xI I=Y

to produce the
suspension space of X loop space of Y

respectively.
A loop in the space Y is a continuous map

{1 —Y

with £(0) = £(1). We consider the set of all such loops as a subspace of I = Y.
We modify the product space X x I by pincing together all points

(z,0) forxe X

and all points
(x,1) forxe X

to obtain two pinch points. Technically we take a certain quotient space of X x I.
It can be shown that
Suspension - Loop

by adding to the proof of Theorem 5.2. (There are a couple of technicalities that I have
omitted, but this description is not too far from the truth.)

The proof of Theorem 5.5 will take some time. We will do it in little bits as we get
to know the general categorical notions. The overall method of proof is the same as for
Theorem 5.2 with an extra layer of complexity. We must check that various functions are
continuous.

Throughout we fix I, an arbitrary locally compact space.

The first thing we must do is set up an inverse pair of assignments

¢ ¢
Top(X,I =Y] Top|X x 1,Y]
(e 1)
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for arbitrary spaces X and Y. In fact we use the same trick as for the Set case. Thus we
set

Uo(2) (i) = (x,3)  Fw,i) = o(a)(0)
for each z € X and i € I. Of course, we must show that ¢* and 1), are continuous, but
once we have done that the rest of the proof is trivial (as for the Set case).

We look first at the construction

Y ~—— 1
since this doesn’t make use of the local compactness of I.
We are given a continuous function

Y

X x1I Y

where X X [ carries the product topology. Since v is continuous we see that for each
x € X the function
o) ] — Y

is continuous. Thus we may define a function
vy X — (I =Y)
by
Uy (2)(2) = ¥(x, i)

for each z € X and i € I. Our job is to show that 1, is continuous, where (I = Y') carries
the compact open topology.

5.6  LEMMA. For each pair X and Y of topological spaces, and each continuous map

p

X xI Y

the induced function

X——({I=Y)
as defined above is continuous.
Proof. Consider any subbasic open set
(K, V)

of I =Y, where
K eKI V ey

are the two components. We require
by ((K,V))
to be open in X. To show that consider any member s of this set. We require

seU Cgy ((K,V))
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for some U € OX.

We have
Uy(s) € (K, V)
that is
U(s,i) = (s)(i) €V
for each © € K. We now use the continuity of 1) and the compactness of K. [

Next we look at the construction
¢ — &
and this does make use of the local compactness of .

5.7 LEMMA. Let I be a locally compact topological space. For each pair X and Y of
topological spaces, and for each continuous map

X—¢>(I:>Y)

where I =Y carries the compact open topology, there is a continuous map

f
X xI ¢ Y

given by
¢ (x, i) = o()(i)

for each x € X andi € I.

Proof. Consider any V' € OY and any member

(s,7) € $F(V)

of the inverse image of V across ¢*. Remembering how X x I is topologized, it suffices
to produce open neighbourhoods

selUeO0X reW e Of

such that
Ux W C ¢ (V)

holds. We satisfy the conditions one by one.
We know that
o(s): I —Y

is continuous, and hence

is open on /. But

so that
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and hence the local compactness of I gives
reW CKCo(s)” (V)

for some K € KI and W € OI. This W is one of the open sets that we need.
The pair K and V' give us a subbasic open set

(K, V)
of I = Y. Thus, since ¢ is continuous, we see that
U=¢~ ((K ) V))
is open in X. We may check that this is the other open set that we need. ]

This sets up the inverse pair of bijections for a given pair X,Y. However, we need
these bijections to be natural for variation of X and Y. We can postpone a proof of that
for a while until we have analysed the general notion in more detail. However, I can tell
you that the proof is exactly the same as for the Set case. There is no more work to be
done.

Exercises
5.2.5 Fill in the details required to show that I = — is an endo-functor on Top. Observe

that many of the calculations are the same as for the Set case.

5.2.6 Complete the proof of Lemma 5.6.
As a hint for a fixed s let ¢ range through K to obtain an open covering of K.

5.2.7 Complete the proof of Lemma 5.7.
As a hint observe that for i € I we have

e K =ic¢(s)” (V)= o(s)(i) € V
and hence s € U.

5.2.8 For the Top adjunction write down the unit and the counit, and show that each
is natural.

5.3 Adjunctions uncouple

In this and the next two sections we look at various aspects of Definition 5.1. As we
do this you should keep going back to the examples of Section 5.2. This will help you
understand the general notion. The set-theoretic example is always a good place to start,
but you should also investigate at least one of the other two examples.

To form an adjunction the data

(F’ G7 (')ﬁ7 ()b)

must satisfy two requirements; the bijection requirement, and the naturality requirement.
The bijection requirement is easy to understand. The naturality requirement needs a
good going over.
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(Bij) For all

Src Trg
A objects S
A / GS arrows FA J S
from the indicated categories, both
(f9) = f (9:)f =g
hold.
(Nat) For all
Src Trg
B A objects S T
B b A S l T
arrows
A GS FA S
f g
from the indicated categories, both
() (G)ofok)f=lofioF(k) G(l)og,ok=(logoF(k)), (0)

hold.

Table 5.1: The various requirements for an adjunction

It turns out that the naturality property can be split into several smaller parts. Fur-
thermore, these can be put together in different ways, sometimes in conjunction with unit
or co-unit properties, to determine an adjunction. We begin to look at these combinations
in this section.

The bijection requirement, (Bij), is given in Table 5.1. It merely says that for each
pair of objects A € Src and S € Trg, the two assignments

fi ff
Srec[A, GS)| Trg[FA,S]
9b 19

form an inverse pair of bijections. Of course, each of (-)* and (-), determines the other.
Thus in any particular example it suffices to mention just one of them, and say that it is
a bijection. Its inverse is the other one.

The naturality requirement is more complicated. It says that each of the transposition
assignments (-)* and (-), is natural. But what does that mean?
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Recall that we may form a product category
Src x Trg

whose objects are pairs

(4,5)

of objects A € Src and S € Trg. We won’t say what the arrows are just yet, and you
will see why not in just a moment. The two functors F' and G give functors § and &2

(A,9) IL Trg[F A, S|

Src x Trg Set

to the category of sets. The naturality requirement says that (-)* and (-), provide natural
isomorphisms between § and &.
Now you can see that we have to be a bit careful. Arrows sets have different variance,
namely
[Contra , Co]

in the two positions. Thus technically we are dealing with a pair of functors

§
&

Src® x Trg Set

where we use the opposite of Src.
That’s a slightly flashy way of describing the requirements. Let’s get down to basics.
Consider a pair of arrows

B A S T

from the two categories. Notice how we have anticipated the contravariance on the Sre
component. The pair (k,[) form an arrow in the product category

Src® x Trg

which is the source of both § and &. Using (k,l) we obtain the pair of commuting
diagrams in Set given in Table 5.2. In other words, each arrow

A s FA—9 .5
of
Sre Trg
is sent to
B G(l)ofok o 7B logo F(k) 7

2Set this as an exercise earlier
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Src[B,GS] G(l)o—ok  Src[A GT] Trg|FB,S] lo—oF(k) Trg[FAT)|

G(l) o — —ok lo— — o F'(k)
Src|B,GT)| Trg[FB,T|

Table 5.2: Two commuting diagrams in Set

respectively
Now, for given k and [, consider the two paths
, f
Src[A,GS] B Trg[FA,S]
& §
Src|B, GT] Qi Trg[FB,T] lo f'oF(k)
G(l)o foki (G(I) o f o k)F

from & to §. The assignment (-)* being natural is simply that these two paths agree for
all k.1, f.
In the same way, (-), being natural is that the two paths

9 g
Sre[A, GS) o Trg[F A, 9] |
& §
G()og,ok Src|B,GT] () Trg|FB,T]
(1ogo F(k)), logo F(k)

agree for all k,1, g.
The naturality requirement, (Nat), is given in Table 5.1. It is stated as two identities

@ 0

in the arrows k, [, f,g. You should note the type and naming of these arrows. We invoke
these identities many times, and we don’t (can’t) always use matching letters. And
sometimes we need only some of the arrows.
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In this account we try to stick to the notation used in (Nat). However, sometimes we
have to use different letters for the arrows, and sometimes these seem to appear out of
position.

We know that if each component of a natural transformation is a bijection, then the
inverse is also natural. This leads to a simplification in (Nat).

5.8 LEMMA. In the presence of (Bij), each of the two identities (1), () of (Nat) implies
the other.

Proof. Assuming (#) let’s check (D). For this we need arrows k, 1, g of the indicated
type. Let f = g, to obtain the fourth arrow. From (Bij) we have g = f*.
Using (f}) at the second step we have

(G ogyok) = (G()o fok) =loffoF(k)=1ogoF(k)
so that
G(l)ogyok=(logo F(k)),
by a second use of (Bij). [ |

This shows that in (Nat) only one of the two identities (1) and (D) is needed. So why
did we bother to state both? Because some particular examples are best handled using
one condition rather than the other. In fact, we can go even further. We can decompose
each of (f) and (b) into two bits, and use various combinations of these bits. By taking
cither k or [ to be an identity arrow we obtain four instances of () and (D).

@1 (GUof)=loff 01 gok=(g0F(k)
B (fok)f=floF(k) (b1) Gl)og =(log)

In these each occurring arrow has the type given in (Nat). Also, each condition is quan-
tified. For instance, (f T) says

For each pair of arrows

l
/ GS S

A

we have ...

and requires only two arrows, as indicated.
The following result gathers together many of the combinations you may meet.

5.9 LEMMA. Consider a pair of functors
F

Src Trg

G
and a pair of assignments (-)* and (-), satisfying (Bij). Then

EN=01) GH=01
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and the data forms an adjunction precisely when one of the four pairs of conditions

CRINCRY
@n. @ CRPNCRY
CEONCRY

hold.

Proof. The proof of the top two equivalences is more or less the same as that of Lemma
5.8. We take
k=1d,y [ =1dg

as appropriate. Similarly, each adjunction satisfies the four conditions (ﬁ T,]j b 1.b 1)
It remains to verify that any one of the four pairs ensures that we have an adjunction.
Let’s look at the pair (f 1,8 |). It suffices to show

@180 =®

and then invoke Lemma 5.8.
Consider arrows k, [, f as in (Nat). Using (§ 7) and then (ff |) we have

(G) o f okl =lo(fok) = Lo ffo F(k)
as required. Notice that (ff 1) is applied to the pair

2 I
fok | as S

which is allowed by the quantified condition. |

As you can see, there are several combinations of the structured data

(Fv G7 (')ﬁ> ()b)

which lead to an adjunction. It is best not to try to remember the details, but merely
that there are variants.

Exercises

5.3.1 Definition 5.1 requires that the bijections (-)¥, (-), are natural for variation of both
A and S. In Lemma 5.8 both A and S vary at the same time.

What happens if we fix one of A,S and let the other vary? What conditions arise out
of that kind of naturality?

5.3.2 Consider the two algebraic constructions of Subsection 5.2.1.
For both case show that each of the two assignments (-)* and (-), is natural. In each
case draw the square that must commute.

5.3.3 Consider the set-theoretic construction of Subsection 5.2.2.
Show that each of the two assignments (-)* and (-), is natural. In each case draw the
square that must commute.

5.3.4 Consider the topological construction of Subsection 5.2.3.

Show that each of the two assignments (-)* and (-), is natural. In each case draw the
square that must commute.

Did you notice something about the proof?
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5.4 The unit and the co-unit

In Section 5.1 the unit and the co-unit of an adjunction made a brief appearance, but were
not part of the official gadgetry discussed in Section 5.2. In fact, the unit and co-unit are
important attributes of an adjunction, and can be more important than the transposition
assignments. When appropriately restricted they can determine the adjunction.

5.10 DEFINITION. Given an adjunction, as in Definition 5.1, we set
na = (idra) es = (idgs)*

for each
Src-object A Trg-object S

to obtain arrows

AL (GoR)A  (FoG)S—F .5

the
unit co-unit

of the adjunction. ]

This section is devoted to an analysis of these gadgets. Naturally, we begin with their
most important property.

5.11 LEMMA. The unit and the co-unit of an adjunction are both natural.

Proof. We deal with the unit. The co-unit is dealt with in a symmetric way.
Consider any arrow

k
B A
of Src. We must show that the square
B 18 (GOF)B nNB = (ZdFB)b
k (Go F)(k)
A (GoF)A na = (idra)y
1A

commutes, that is we must check that
(GOF)(]{)OHB :ﬁAOk

holds. To do this we use the identity (D) of (Nat) twice, but in different instantiations.
Thus with

idp F(k) k idpa

B B FB FA B A FA FA

B FB FA

idpp tdpa

FA
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we have
G(F(k)) o (idpp)y, = (F(k) 0 idpp), = (idpa o F(k)), = (idpa) o k
as required. The central equality is a trivial property of the identity arrows. ]

Once we know the unit or co-unit of an adjunction, we can retrieve the transposition
assignments.

5.12 LEMMA. Given an adjunction, as in Definition 5.1, we have
ff=esoF(f) g =G(g)ona
for all arrows f and g as in (Nat).

Proof. We verify the left hand equality.
Given an arrow

GS

we apply (f |) with

GS
GS

(f) GS

1dgs
as the component arrows. Thus
ff = (idgs o f)F = (idas)* o F(f) = es o F(f)
as required. |
By setting

f=mna g =E€s
and remembering Definition 5.10 we obtain an important particular case of this result.

5.13 COROLLARY. Given an adjunction, as in Definition 5.1, we have
€ra© F(na) = idpa G(es) ongs = idgs
for each Src-object A and Trg-object S.

These are important identities, for in the appropriate circumstances they determine
the adjunction.

5.14 THEOREM. Let

Src Trg

be a pair of functors, and let

n €

Idg,. GoF FodQd

Id g,

be a pair of natural transformations satisfying the identities of Corollary 5.13. Then 7
and € are the unit and co-unit of a unique adjunction F' 4 G.
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Proof. By Lemma 5.12 we know that if this data does arise from an adjunction then

ff=esoF(f) 9 =G(g)ona

for all arrows

A GS FA

of Src and Trg, respectively.

Thus it is sufficient to show that these two assignments (-)*, (-), form an inverse pair
of bijections which satisfy (Nat).

Remember that the given naturality of n ensures that

A (GoF)A

f lG(F(f))

GS — (Go Fo@G)S
Nas

commutes. With this and one of the given conditions we have

(f*)y = (es o F(f))y by the definition of (-)*
=G(eso F(f))ona by the definition of (+),
= G(es)oG(F(f))ona by the functorality of G
= G(es)ongso f by the above naturality
=idgso f by the given right hand identity
=f by the neutral property of idgg

to give one half of the bijection property. The other half (g,)* = g is proved in the same
way.

The required naturality can be verified in several ways, but let’s go straight for (f).
To this end consider arrows k, [, f as in (Nat). The given naturality of e ensures that

(FoG)S -2 5

commutes. Using this we have

loffoF(k)=1loeso F(f)oF(k) by the definition of (-)*
=loego F(fok) by the functorality of F'
=epo F(G(l))o F(fok) by the naturality given above
=ero F(G(l)o fok) by the functorality of F'
= (G(l) o f o k) by the definition of (-)*

to give (). The identity (b) can be verified in the same way. [
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For any particular adjunction only some of the data

<F> G7 (')ﬁa (')b; 7, E)

is needed. However, given an adjunction you should get into the habit of working out
which each component is. Sometimes you find a simpler way of looking at the whole set

up.

Exercises

5.4.1 Show that the counit of an adjunction is natural.
5.4.2 Show how to retrieve the transpostion (-), from the unit 7 of an adjunction.
5.4.3 Do the other half of the proof of Theorem 5.14.

5.4.4 Consider the two algebraic constructions of Subsection 5.2.1.
Show that for each set X and algebra A there are assignments

Nx 04

X UoS)X  (Sol)A A

Ca

€x

(Uoll)X X A

(IToU)A

where 64 and (4 are morphisms.

Show that each of the families 7, €, d, ¢ is a natural transformation.

(These assignments have to do a particular job, so you might not hit on the correct
ones at first go. The required naturality and the following exercise should help.)

5.4.5 For the two algebraic constructions of Subsection 5.2.1, verify directly the identities
of Lemma 5.12 and Corollary 5.13. In each case draw the composite arrow that is dealt
with.

5.4.6 For the set-theoretic and topological constructions of Subsection 5.2.2 and 5.2.3,
verify directly the identities of Lemma 5.12 and Corollary 5.13. In each case draw the
composite arrow that is dealt with.

Did you notice anything about the calculations?

5.5 Free and co-free constructions

Adjunctions can arise in several different guises, and some of these don’t look at all like
the official notion. These differences are probably the reason why the full blown notion
wasn’t recognized earlier.

In this section we look at two such guises (almost disguises). You will recognize the
notions from earlier. They are the idea of the universal

free co-free

solution across a functor which now need not be forgetful.
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I am going to describe the two notions in parallel. I suggest that you read just one
side first, and perhaps the free side is easier. Once you are almost happy with that, go
through the other side. You should note the symmetry between the two sides.

At the first reading do not try to connect the ideas with that of an adjunction, even
though some of the notation is the same. We will sort that out later.

For both notions we again have a pair

Src Trg
of categories. But now we have just one functor
free co-free
F
Src Trg Src Trg

depending on which side we are considering, as indicated. Often in particular examples
this is a forgetful functor, but need not be.
The idea is that we want to convert each

Src-object A Trg-object S

into an object of the other category. Furthermore, we want to do this in the most eco-
nomical fashion, whatever that means. Thus we pose two problems the

free problem co-free problem
respectively.
For the problem a solution is an arrow
A / GS FA gS

comparing a

Src-object A Trg-object S
with a transposed

Trg-object S Src-object A

respectively. Note the direction of the comparison. It is from Srec to T'rg in both problems.
The difference between the two problems is the object that is transported.
We look for a universal solution to the problem which applies to each

Src-object A Trg-object S
respectively.
Thus we look for an object assignment
Src Trg Src Trg
Ar—— FA GS ~——S

together with a selected arrow

€
M (GoF)A  (FoG)S—=. 3
for each object. Observe that, as yet, part of the solution is just an object assignment,
not a functor.
So far these gadgets merely select a solution to the problem. We want a universal
solution, a solution through which each other solution must factor.
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Free

Let

Src

be a functor and let
Ar— FA

be an object assignment in the opposite
direction. A Src-indexed family

A (Gor)A

of Sre-arrows form a
G-free

solution if for each Sre-arrow

f

A GS

with S € Trg, there is a unique
Trg-arrow

l
FA / S
such that
A ! GS
k G(f)
(GoF)A
commutes.

5. Adjunctions

Cofree

Let

Src

Trg
be a functor and let
GS +~—— S

be an object assignment in the opposite
direction. A Trg-indexed family

(Fo@)s —= .5
of Trg-arrows form a
F-co-free

solution if for each Trg-arrow

rA—9 g

with A € Sre, there is a unique
Src-arrow

A—P L qs
such that
FA J S
F(g) /
(Fo@G)S
commutes.

Table 5.3: Free and Cofree solutions

5.15 DEFINITION. The notions of a

free

co-free

solution are defined in unison as in Table 5.3. You should read each column separately,
perhaps starting with the free (left hand) column. |

Where might we find such universal solutions? If you can’t guess the answer, then

you should give up now.



5.5. Free and co-free constructions 165

5.16 THEOREM. Let
F
Src - Trg
G

be an adjunction with associated gadgets in standard notation.

The object assignment F', the unit 1, and the transposition (-)* provide the data for a
G-free solution.

The object assignment G, the co-unit €, and the transposition (), provide the data for
a F-co-free solution.

Proof. We look at the free result.
Consider any arrow

A / GS
of Sre.
We first check that
A / GS
k G(r7)
(GoF)A

does commute (and then consider the required uniqueness).
We use the selection of arrows

td g ik

A A FA

FA

S
FA

tdpa
and then apply (p) of (Nat). Thus
G(f*) ona = G(f*) o (idpa)s 0 ida = (f* 0 idpa o F(ida)), = (f*), = f

as required.
For the uniqueness we consider any arrow

g

FA S
for which
f= G(Q) oMNA
and show that, in fact, g = f%.
We use the selection of arrows
vd
A4 Ly FA—Y9 . g
FA FA

idpa
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and then apply (9) of (Nat). Thus
f=G(g)ona=Glg) o (idra), = G(g) o (idpa), 0 ida = (g o idpa o F(ida)), = g,

and hence
g=(g)"=f*
by a use of (Bij). [

This shows that each adjunction gives us universal solutions of both parities. The
more important result is that every universal solution must arise from an adjunction.

5.17 THEOREM. Let

Sre Trg

be a functor, and suppose
Fon ()
s the data that provides a G-free solution. Then the object assignment F fills out to a

functor for which

FAG

with (-)* as the transposition assignment and 1 as the unit.

Proof. The proof is quite long, but not very deep. There are many small parts each
of which is straight forward.
Remember that the G-free solution says

For each arrow f (of a certain kind), there is
a unique arrow f* (to do a certain job).

and it is this uniqueness that is important. We use it some 8 or 9 times.
Our first job is to produce an arrow assignment to create the functor F'.
Consider any arrow

k
B A
of Src. Let f be the composite
k
B A (GoR)A
and consider the commuting square
k
B A
"B (©) 14
(GoF)B (GoF)A




5.5. Free and co-free constructions 167

provided by the G-free solution. Here we have

fﬁ

FB FA

and we take this to be F'(k). Thus, we set
F(k) = (nok)

for each Src-arrow k, as above.

This gives us an arrow assignment, but we need to show that F'is a functor. We must
check that F' passes across composition, and preserves identity arrows.

Consider a composite

with
m==Fkol

in Src. We require
F(m)=F(k)o F(l)

in T'rqg.
Remember what F(m) is. It is the unique arrow
FC FA
such that
C - A
Usel na
(Go F)C W G(oF)A

commutes. But, by construction of F'(k) and F(l), both of the squares

[ k
C B A
|

ne Uf nA

(Go F)C (Go F)B (GoF)A
commute, and hence

C o A

770\ na
(GoF)C G(oF)A

G(F(k) o F(1)) = G(F(k)) o G(F(I))
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commutes (for we know that G is a functor). The uniqueness now gives

which is what we want.
We mustn’t forget to check that F' preserves identity arrows, that is

F(ida) = idpa

for each object A of Sre. But F(id,) is the unique arrow

FA g FA
such that
A id 4 A
UA\ \7714
GoF)A GoF)A
(@0 F)A —grse (GoF)

commutes. Since
G(idpa) = id(Gor)a
we see that
g=1dpa

does make this latest square commute, and hence
F(ZdA) =g = ’idFA

by yet another appeal to the uniqueness.
This gives us a functor F', and the commuting square ([(J) shops that 7 is natural. We

now check that
FAHG

using the assignment (-)*.
We look first at (Bij).
Fix A € Src and s € Trg. We certainly have an assignment

Src[A,GS| Trg[FA,S]
[ ff
between the indicated arrow sets.We show that this is a bijection (and then (-), is its
inverse).
By definition of G-free, for each arrow

A / GS

the arrow
— ft
Fa =g
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must ensure that

A / GS
E\(v) Gl
(GoF)A

commutes, and be the unique arrow to do this.
To show that (-)? is injective, suppose

=1

for two arrows taken from Src[A, GS]. Then

fi= G(ff) = G(ff) = /2

as required.

To show that (-)* is surjective, consider any arrow g taken from Trg[F A, S]. Let

f=Gl(g)ona
so that (V) commutes. But now, by the uniqueness we have
fi=yg

to give the required result.

Next we verify (Nat). Because we already have (Bij), it suffices to check (f).

To this end consider arrows

B b A S : T
GS
f
and let
h=(G(l)o fok)
so that
h=1o f*oF(k)
is our problem.
By construction, h is the unique arrow
FB h T
such that
l
B A / GS Gl GT

169
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commutes. Now consider the diagram

e

and observe that the left hand square and central triangle do commute. Since G is a
functor, this gives a commuting triangle

\ /fﬁOF

GOF

B

(GoF)B

and hence once again the uniqueness is the answer to our problem.
Don’t go away just yet, for we haven’t quite finished. Read the statement of the result
again. This says that under the given circumstances we have

FAHG

with (-)* as the transposition assignment and with 7 as the unit. We still have this last
clause to verify.
We require
na = (idpa)p

for each object A of Src.
With §' = F'A, consider the arrow

A—"M . qas
of Src. What is the job done by 7. It is the unique arrow

9

FA IS
such that
A na GS
>4\ G(g)
(GoF)A

commute. But clearly, since
G(idra) = tdgs

we see that
g=1dpa
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does this job, and hence
nh = idpa
by a final appeal to uniqueness. Since (-), is the inverse of (-)f, we have
na = (1y)s = (idpa)s
as required. [ |

Now you can have a drink. But mind you, not too many. You still have to come back
and do the co-free proof.

Exercises

5.5.1 Complete the proof of Theorem 5.16. That is, deal with the co-free part.
5.5.2 Do the co-free analogue of Theorem 5.17.

5.5.3 In this exercise the forgetful functor has been omitted. You should insert it where
necessary.

Consider the algebraic construction ¥ of Subsection 5.2.1.

Show that for each function

X A

from a set to an algebra, there is a unique morphism

il
X / A
such that
X / A
>>\ /4(
¥ X

commutes in Set. (This shows that XX is the free algebra generated by X, via nx.)

5.5.4 In this exercise the forgetful functor has been omitted. You should insert it where
necessary.

Consider the algebraic construction Il of Subsection 5.2.1.

Show that for each function

A X

from an algebra to a set, there is a unique morphism

f

A 11X
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such that
/

PNz

X

A X

commutes in Set. (This shows that I1X is the co-free algebra co-generated by X, via ex.
However, this is not a notion that occurs often in most parts of mathematics.)

5.56.5 Verify the free and co-free properties for the constructions of Blocks 5.2.2 and 5.2.3.

5.6 Contravariant adjunctions

So far we have been looking at adjoint pairs of covariant functors. There is a similar
notion for contravariant functors. In some ways this is easier because the notions are
completely symmetric between the two component functors.

5.18 DEFINITION. Let

S A

Alg Spc Alg

Spc

be a pair of contravariant functors between a pair of categories These form a contravariant
adjunction if for each
Alg-object A Spc-object S

there is a bijective correspondence
Alg[A,2AS5] Spc|S, GA|
1
P ————— ¢
between the two arrow sets. Furthermore, this correspondence must be natural for vari-

ation of A and S. [ |

The notation here is chosen to be suggestive.
The two categories

Alg Spc
are often of an
algebraic spatial
nature. Each of the two functors
A S

is named after its target.
As with a covariant adjunction, each identity arrow

tdys tdsa

2AS 2AS GA GA
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can be transferred to the other side to produce arrows

N

h
A—— A0 BG)A S (GoA)S

the analogues of the unit. Often one or both of these form a representation of the parent
object in terms of a gadget of the other kind. At the heart of many representation result
there is a contravariant adjunction. We may look at an example of this later.

The required naturality is worth looking at.

Consider any pair of arrows

[ A
B A T S
from the two categories. These induce square
f Alg[A,AS] Spc[S, G A] ¢
r Alg[B, 215 Spe[T, & B v

between the arrow sets, which must commute. Here, for arrows f and ¢ as indicated, we
have

fe=2AN) o fol ¢*=6()opoA
and we require
oo — foo G = %7
to hold.

Exercises

5.6.1 This exercise is about a contravariant adjunction. At a first go it might get you
kiated, but when looked at in the right way it a fairly straight forward.
We set out two contravariant functors

Pos

Top Pos Top

between the category of posets and monotone functions and the category of topological
spaces and continuous maps.

For each space S its topology OS'is a poset under inclusion. The action of O on maps
is via inverse images. You should check that this is a functor.

For each poset A we convert its family T A of upper sections into a space. Note that
we view each p € TA as a point of the constructed space. We topologize T A by setting
down a base. For each finite subset a from A we use

peEfay<=aCp
to extract a subset (a) of TA. Since

(@) N(b) = (aUb)
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for finite subsets a, b of A, we see that these extracted subsets of TA do form a base for

a topology.
(a) Show that for each monotone function
B / A
between poset, the inverse image map
Ta / TB

is continuous (relative to the carried topologies), and hence T is a contravariant functor,
as claimed.

(b) Show that the two functors form a contravariant adjunction.

(c) Can you see a neater way of setting up this adjunction?

’Need to sort out several more ‘

At the moment there are 30 exercises in this chapter



6

There may be another chapter
mainly of examples of warious adjunction

and this will alter the page numbers
of the following solutions
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Solutions






A

Categories

A.1 Categories defined

1.1.1 Not needed?

1.1.2 These examples are dealt with in Section 1.5.

A.2 Categories of structured sets

1.2.1 (c) Consider the function
f(r)=a'(a)
which sends each r € N to the r*" iterate of a applied to a. A routine calculation show

that this is a Pno-arrow. A simple proof by induction shows that it is the only possible
arrow. ]

1.2.2 Consider a pair

(4.x) 1

(B,Y)

(€, %)

of such morphisms. We show that the function composite g o f is also a morphism, that
is
reX = g(f(x) ez

for each element x of A. But the morphism property of first f and then g gives
reX=—=y=[f(r)eY = g(f(z) =gy €2

for the required result.
This doesn’t quite prove that we have a category, but the other requirements — that
arrow composition is associative, and there are identity arrows — are just as easy. ]

1.2.3 The approriate notion of arrow

4R (B

is a function between the carrying sets such that

(z,y) € R= (f(z), f(y) €S

for all x,y € A. This generalizes the idea used in Pre and Pos. |

1.2.4 Consider a pair of continuous maps

Y

R

179
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between topological spaces. A simple calculation gives

(poy))” =y o™
which is the required property. |

1.2.5 Let R = C[A, A]. We have a binary operation o on R, namely arrow composition.
This operation is associative (by one of the axioms of being a category). We also have a
distinguished element 1, of R, namely the identity arrow on A. This is the required unit
to show that R is a monoid.

(Strictly speaking, this do not show that R is a monoid, for we don’t know that R is a
set. There are some categories for which C[A, A] is so large it is not a set. This is rather
weired but it shouldn’t frighten us too much (unless you suffer from one of the several
forms of a constructive bent). [

1.2.6 To show that Pfn is a category we must at least show that composition of arrows
is associative.
Consider three composible partial functions

A B C D
X Y 7
as indicated. We must describe
ho(gof) (hog)of
and show that they are the same.
We need
h
A A / B °9 .p
L / / L /f/ L /ho_/
U gof X e 9
where

acU+=aecXand fa)eY beV<=beY andg)eZ
for a € A and b € B. We also need
ho go

e

aELﬁaEUand(EOT‘U)(a)EZ a€R<=ac X and f(a) €V

where

for a € A.
We show that L = R and that the two function composites are equal.
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For a € L we have a € U, so that 7|U(a) = f(a). Thus, remembering the definition of

U we have B _
a€Ll<+=acXand f(a) €Y and (go f;)(a) € Z

for a € A. Remembering the definition of V' we have
fla) €V < f(a) €Y and g(f(a)) € Z

and hence B _
a€R<=a€Xand f(a) €Y and (go f;)(a) € Z
for a € A. This shows that L = R.
Consider any a € L = R. We have

aclU  fla)eV

so that B _ _
(go f|U>|L(a) (go f\U) (a) =7(f(a))
to give
fo (o F) (@) = h3(F(a)))
and
((ho gv) o ?|R) (a)(ho ?\v)(?(a)) = h(g(f(a)))
that is

ho(go fiu) (@) =h(g((a) = ((hogy) o fir)(a)

to show that the two function composites are the same.

What about identity arrows?

Every total function is also a partial function. Each set A carries an identity function
2d 4 which is

A

id y

:3>r||—>:'>

when viewed as a partial function.
Consider the composites

id 4

B A f B B
!
f 1 id g
X B

where f is an arbitrary partial function. To compute these composites we first use

:BC—H—’:B
&

b
—
\

a€L<+=acAandida(a) € X a€R<=ac X and f(a) € B
(for a € A) to extract L, R C A. Notice that, in fact

L=X=R
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but for different reasons. The arrow composites are

foida

B

><C—':3>

A
fomp( |J ’idBO?p(
X

and these function composites are

to show

as required. [

1.2.7 We set up a pair of translations

L
Pfn Set |
M

between the two categories, and then show that each 2-step trip takes us back to where
we started.
We set
LA=AU{l} MS=S5-{1}

for each object A of Pfn and each object S of Set,. In other words, L adjoints the
distinguished point, and M removes the distinguished point. Almost trivially we have

(MoL)A=A (LoM)S =S5
for each such A and S.

The way we deal with arrows is more intricate.
For each arrow of Pfn

f

A B
|+
X
we let
L
LA ) LB
a ———— f(a) forae X
atr——— L forae A—X

lr—1

to obtain an arrow of Set . In other words we set

fla)ifae X
1 ifagX
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for each a € A. By the lower clause, this is an arrow of Set, .
Consider any arrow

of Set|. We extract
XCMS=S-{1}

by
X=8-¢7(T)

that is
seX <<= ¢(s)# L

for s € S. In particular, L ¢ X. Thus we have a partial function

M
s MOy
L %
X
controlled by the restriction of ¢ to X.
These constructions give
L(M
o LME@H
S | o(s) forse X
5 1 forse MS — X
L 1
so that
L(M(¢) = ¢

which is what we want.
For the other way round each partial function

P

as above gives a pointed arrow

¢ = L(f)

LA LB

which we convert back into a partial function. To do that we set
W =LA=¢" (1)

so that
aeW<=¢la)# L <= acX

for each a € A. Thus
W =X

183
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with
and hence

as required.
Do you think that this really shows that Pfn and Set, are ‘essentially the same’? B

1.2.8 Showing that each of
R-Set Set-R

is a category is easy.
For both categories an object is a structured set

(A (o |7 € R))

a set A furnished with an R-indexed family of 1-placed operations on A. This family
must satisfy
Q5 O Oy = Qlpg Qs O Oy = Qlgp

for r,s € R. Note the
COVARIANCE CONTRAVARIANCE

here.
For both categories an arrow

(A (o |7 € R)) f

(B (8|7 € R))
is a function f between the carriers such that
f oy = ﬁr o f

for each r € R. [ |

A.3 An arrow need not be a function

1.3.1 Let R™ be the vector space of column vectors with m real components. Each m x n
matrix A gives a linear transformation

A
R" R™

r—— Ax

and every linear transformation from R™ to R™ arises in this way from a unique m x n
matrix A. The composite

B ., A
R" R R™
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of two linear transformations is linear, and corresponds to the matrix product AB. W

1.3.2 The main problem is to define the composition of graph morphisms, and to show
that this composition is associative.
Consider a pair of graph morphisms.

(N B) —L (v, ) e (L)

(Sorry about the ‘backward’ notation, but it is always better not to have too many
subscripts, dashes, or bits of flapping notation.) In more detail we have

E Ji Ia 231 G
|
PE Pf«“ PG
N M L
Jo 90

where all the relevant Set-squares commute, that is

Joope =profi 90O PFr = PG O G

where p is o or 7 throughout.
We observe that by composing both components

gio fi

E G

PE PG

9o © fo
we have
goo foope=goopro fi=pgogiofi

and hence we obtain a graph morphism.
We take this as the composition of two graph morphisms.
A trivial exercise shows that this composition is associative. |

1.3.3 Consider a composible pair of arrows of this category.

ar LD g e 0
In other words we have two pair of composible functions.
a1t g9 ¢ R—2 s Y .7
The pair
(A R) (go f o) (©.7)
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is the composite

(f,¢) o (9,¢)

(A, R) (C,T)

in the category. Verifying the axioms is more of less trivial.
This is essentially the same as Example 1.9. The category S has been replaced by its
opposite §”. See Example 1.16. [ |

1.3.4 Consider a pair of arrows in this category

P

R

B

S
¢ (G
where we have separated the two components. We must show that the pair

g _of000)

(C,T)

is an arrow, that is
(90 Nlal@o)(t)) = (g0 f)(a)t
foreacha € Aand t € T.
Consider such a pair a,t and let

b= fla)  s=v()

to produce b € B and s € S. Then

(90 f)al¢ov)(t) = g(f(ad(s))
= g(f(a)s)
=g(by(t))
= g(b)t = (9o f)(a)t
for the required result. n

1.3.5 To show that the composition is associative consider three relations

A F B ¢ C H D

between sets. For a € A and d € D we have
d(H o (GoF))a<+= (3c € O)[dHc(G o F)a] <= (3c € C,b € B)[dHcGbFa]
d((HoG)o F)a <= (3b€ B)[d(H o G)bFa] <= (3b € B,c € C)[dHcGbFa

so that a flip of quantifiers gives the required result.

Consider a pair of functions
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with associated graphs. For a € A and ¢ € C' we have
e(P(9) 0 T(f))a <= (3b € B)[T (g)bI(f)a
— (3 € B)lc=g(b) & b= f(a)
> c=g(f(a)) > cl(go fa
for the required result. |
1.3.6 (a) Suppose first that f - g, that is
fla) <b<=a<g(b)

fora € S and b € T. Since

fla) < f(a)  g(b) <b(b)

a use of this equivalence one way or the other gives

a < (go f)(a) (fog)b) <b

for the first required result.
Conversely, suppose the two comparisons hold (for all a € S and b € T'), and suppose

fla)<bn  a<g(b)
(for some a € S and b € T'). Since both f and g are monotone we have

a<(gof)la) <glb)  fla)<(fog)b)<b

to verify the equivalence.
(b) For each a € S we have
a<(gof)(a)
and hence

fla) < (fogo[f)la)

since f is monotone. For each b € T we have

(fog)(b) <b

and hence
(fego f)la) < fla)
as a particular case. This gives
fogof=Ff
and the other equality follows in a similar fashion. [ ]

1.3.7 Let’s use the ‘decorated’ notation.
We are given a couple of projection pairs

[ 4 fs B 9" = g«
feof*=1dy g+ 0g* =1dp

A C
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a couple of adjunctions with the indicated equalities. These certainly gives a composite
adjunction

h* = h,
A——C

where
h* =g of” hie = fi 0 g.
are the two components. But now
hyoh*=f,og,og o f"=fiotdgo ff=f.of =1id,
to show that h* - h, is a projection pair. |

1.3.8 For ecach x € R let

the integer

floor ceiling
of x. |
1.3.9 For a given monotone map
T ¢ S

we require monotone maps

It

LT ~—¢p™— LS
o

with
FY)CX =Y Co(X)

P (X)CY = X C fi(Y)

foreach X e LS and Y € LT.
For Y € LT let

YY) = [o]Y]

the lower section of S generated by the direct image of Y across ¢. For X € LS and
Y € LT we have

FAY) S X = glY]C X
= VteT)teY = ¢(t) € X|
= MelteY =tec¢ (X)] <Y Co (X)

as required.
For Y € LT let

/

L) = (19[Y7])
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the complement of the upper section of S generated by the direct image of the complement
of Y across ¢. For X € LS and Y € LT we have
X ChHY) = 1oy ] C X
= o[Y]C X'
= MteT)teY = ¢(t) € X'
— MteT)pt)e X =teY]
= WMel)teg (X)=teY] <—=o¢o " (X)CY

as required. [

1.3.10 You will find it instructive to go through the following solution of a more general
exercise.
Let
V=(N,E)

be a graph (in the sense of Exercise 1.3.2). We let
1,7, k,...range over N e, f,g,...range over K

and think of these as stocks of indexes. As with any graph there is some source and target
data, namely

o(e) ———7(e)

for each e € F.

We view V as a template. For an arbitrary category C' we produce a new category
CV, the category of V-diagrams on C.

An object of CV is a pair

A= (AG@)|ieN) A= (A(e)|e€E)

an
N-indexed family of objects FE-indexed family of arrows

of C, respectively. These families must satisfy

Ale)
A(o(e)) A(7(e))
for each e € F.
An arrow of CV
¢

(A, A) (B, B)
is an N-indexed family of arrows of C

() —2 - B()
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such that the C-square

¢’7’(8)
commutes for each e € E.

Composition of arrows is done componentwise.
Given arrows

¢

(A, A) (B, B) (C,C)
in CV, we have components
A(i) b B(i) 2 C(i)

for each i € N. We take this composite as the i*" component of 1) o ¢.

(Vo) =10

A7) C(7)
Of course, we need to show that this does produce an arrow of CV, in other words that
(l/J © qb)a(e)
Alo(e)) Clo(e))
Ale) C(e)
A(7(e)) C(r(e))
("p © ¢)T(e)
commutes for each e € E. This square can be decomposed as
Poe) Vo (e)
A(o(e)) B(a(e)) C(o(e))
Ale) B je) C(e)
A(7(e)) B(7(e)) C(r(e))
QbT(e) 7707’(@)
and hence the required result is immediate.
The same kind of argument shows that this composition is associative. |

1.3.11 We have
(Set | 1) is essentially Set

(1 | Set) is essentially Set
(Set | 2) is essentially Sets with a distinguished subset
but with a restricted family of arrows

(2 | Set) is essentially Sets with two distinguished points
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where the third uses the correspondence between subsets and characteristic functions.
Let’s look at this third example.

Let
2=1{0,1}
where here it is useful to think of 1 as ‘true’ and 0 as ‘false’. An object of Set | 2
A—2% .2

is a set A with a carried characteristic function «. This function « gives a subset X C A
where
a€X <= afa)=1

for each a € A. Furthermore this set X determines « since

(a) = lifae X
A= 0itag X

for each a € A. There is a bijective correspondence between characteristic functions
carried by A and subsets of A. (If you have never seen this trick before, then take note.
This and various generalizations are used throughout mathematics.)
This shows that the objects of Set | 2 are precisely the sets with distinguished subset.
What is an arrow of Set | 27?

At p )Ly
2
On the left we have the official version. It is a function f for which
a=pof

holds. On the right we have the unofficial version. It is a function f such that
a€X <<= ala)=1<= [((f(a)) =1<= f(a) €Y
that is
a€X << fla)eY
for each a € A. An arrow of the category of sets is a function f such that
a€X = fla) €Y
for each a € A. Thus the two categories have the same objects but Set | 2 has a more

restrictive kind of arrow. |

1.3.12 (a) Consider a composible pair of arrows of (S | C | T') as on the left. This is a
commuting diagram.
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Let
h=gof
be the function composite of f and g. To show that is an arrow of (S | C | T) we

must check that the diagram on the right commutes. This is a simple exercise in diagram
chasing (which we look at in more detail in Section 2.1).

(b) An object I of a category is initial if for each object A there is a unique arrow
I —— A. Not every category has such an object, but many do. (The category Set has
an initial object, and you might worry a bit about what it is.) If I is an initial object of
C then
(l1ClT) (C1T)

are essentially the same category.

An object F of a category is final if for each object A there is a unique arrow A — F.
Not every category has such an object, but many do. (The category Set has a final object,
and it is pretty obvious what it is.) If F' is a final object of C then

(SLCclLF)  (5]1C)

are essentially the same category.
We look at initial and final objects in Section 2.4. |

A.4  More complicated categories

1.4.1 Let’s look at the composition of arrows.
Consider a pair of arrows

Al g9 ¢

of S. How might we produce the composite arrow

B —

a =90t
in §7?
For each index ¢ € S we have a pair of functions
Al — s By —I . o)

between sets, and we can certainly form the function composite

hi = gi o f; .

o) 90t o

at the index. We show this gives an arrow in S.
Consider any pair j < ¢ of comparable indexes. We have a pair of commuting squares,
as on the left

AG) —T e By —9 . o) AG) —D e o)
|
A(7,19) B%J) \CUJ) AUJW \CUU
A(j) B(j) () A(j) C(J)
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and we require a commuting square, as on the right. This is a simple exercise in diagram
chasing.

There are several more little bits to be done, but all are just as easy.

This is a nice example of how convenient arrow-theoretic mathods can be. If we always
had to expose the inner details of these objects and arrows then some calculations could
become a mess. By hiding these innards be begin to get a clearer picture of what is going
on. Of course, there are times when we have to get inside a presheaf, but that doesn’t
mean we should do it all the time. |

1.4.2 Observe that a chain complex is a special kind of presheaf with Z as the indexing
poset. The conecting arrows are module morphisms with the extra requirement is that if
m + 2 < n then the conection morphism

Ay A
is zero.
Category theory can bring out similarities that arec not so obvious when we have to
carry around lots of details. |

A.5 Two simple categories and a bonus

1.5.1 (a) The product as categories is the cartesian product as algebras.
(b) The product as categories is the cartesian product as presets. [

1.5.2 The category (S | s) is the principal upper section of S above s.

The category (s | S) is the principal lower section of S below s.

The category (s | S | t) is the convex section of S between s and ¢t. This could is
empty if s # ¢. ]

1.5.3 The category S is the poset S turned upsidedown.
The category R” is the same set with a new operation * given by

TXS=S8%T
for r,s € R. Here x is the old operation.

1.5.4 It is the category A x 8.






B
Basic gadgetry

B.1 Diagram chasing

2.1.1 For the equational reasoning we need to label more arrows.

/\/\
T~

The calculation on the left gives the equational version
f/’ h
[ ] \ [ ]
f [ J [ J h
/’ D q/'
[ \ [ ] \ [ ]

hogof=hoqgopof=sor=Ilok

and the diagram chase on the right give the same result.

2.1.2 We label the arrows as follows

AR
RS

with ¢ for the unlabelled arrow. Then

gof=ropof=rog=h

195
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gives the required result. |

2.1.3 The sequence of corners
1234512345

is a trip twice round the pentagram. Because the various triangles we see that

12345123451
1345123451
135123451
13523451
1352451
135241

gives the result. At each step the underline indicates the triangle that is collapsed. W

B.2 Monics and epics

2.2.1 (a) For instance, consider a section s which is also epic. Since s is a section we have
a composite

B A B ros=1dg

which is an identity. This also shows that the parallel pair of arrows

r s
B
B s— A A
id »
agree, and hence
sor=1dy
since s is epic. This show that r is the inverse of s. ]

2.2.2 (a) In a preset there is no more than one arrow
P

between a given pair of elements. Thus for any parallel pair

i J

the two arrows are equal. This shows that every arrow is monic and epic.
(b) A preset is balanced precisely when it is a poset. [ |

2.2.3 An element is monic or epic if it is cancellable on the appropriate side.
An element is a retraction or a section if it has a one sided inverse on the appropriate
side.
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An element is an isomorphism if it has a two sided inverse
A monoid is balanced precisely when it is embeddable in a group. ]

2.2.4 Consider a pair of arrows

to A.
Assuming both m,n are monic we have

nomok=nomol=mok=mol=—=k=1

which more or less shows that n o m is monic.
Assuming n o m is monic we have

mok=mol—nomok=nomol—= k=1
which more or less shows that m is monic. |
2.2.5 It will help if we get a bit of notation sorted out. Let
(4,-,0)

be an arbitrary monoid written multiplicatively. For once we will display the operation
symbol.
Consider any monoid morphism

(Z,+,0) I (A1)

from the additively written monoid Z. Thus
fO)=v  flm+n)=f(m)- fn)

for all m,n € Z.
Consider any situation

e f
Ne— 7 A
g
where
foe=goe
that is
f(m) = g(m)

for all m € N. We require f = g, that is
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for all m € N. But, taking it slowly, for m € N we have

g(=m) = g(=m) - ¢
=g(=m) - f(0)
= g(=m)- f(m+ (-m)
=g(=m) - f(m)- f(=m))
=g(=m) - g(m) - f(—=m))
=g(=m+m)- f(—=m))
=9(0) - f(=m))
= f(=m)) = f(=m)
as required. Of course, the central equality is the crucial step. |

2.2.6 The format for this solution is like that of Solution 2.2.5, but now we have a few
more algebraic identities we can use, and we don’t need to mix the notation.
Consider any situation in Rng

e f
7 —Q A
g
where
foe=goe
that is
f(m) = g(m)

for all m € Z. We require f = g, that is
m m
1) =)
for all m,n € Z with n # 0.

Consider any non-zero n € Z. We have

o(3) =0 (G) -1 () =oG) o1 (5) =1 (5)

and hence

as required. (]
2.2.7 Suppose the category C of structured sets has a selector (S, ). Consider any monic

m

A B

in C. Consider ay,as € A with m(a;) = m(ay). We show a; = ay, and hence show that
m is injective.
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Consider the parallel pair

aq

S A

B — e

Qo
with aq(*) = a1 and as(*) = ag. Each of the two composites

™m O Qi

S B

mo o
is uniquely determined by its value at x. But
(moay)(x) =m(a;) =m(ay) = (mo ag)(x)

so that
Mmooy = 1Mo G

to give
a1 = Q9

(since m is monic), and hence
ap = Ozl(*) = O{Q(*) = Q9

as required.

(b) It suffices to exhibit a selector for each of the categories.

For Set, Pos, Top the 1-element structure will do.

For Mon we use the monoid (N, +,0) with x = 0.

For Grp we use the group (Z, +,0) with x = 1.

For Rng we use the ring of polynomials Z[X| with x = X.

For Set-R we use R itself with x = 1. |

2.2.8 An isomorphism in Top is usually called a homeomorphism.

See Exercise 2.2.7.

Consider any topological space S and let S? be the set S viewed as a discrete space.
The identity function on the set S is a bijective continuous map

sS4 S

but is not a homeomorphism (unless S is discrete).

(b) Let’s go straight to the more general result.
Consider any situation in Top,

¢ ¢
(8

T

where
poe=1oe€
and where €[7T] is dense in S. We require ¢ = 1.
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By way of contradiction suppose ¢ # ¥. We have ¢(s) # ¢(s) for some s € S. Since
R is T, this gives
o(s) €U P(s) eV unv =1

for some pair U,V of open sets of S. We have
s€ ¢ (U)ny=(V)

and both these sets are open in S. This intersection is non-empty, and so must meet €[7’]
(since this set is dense in S). We thus have some ¢t € T' with

€(t) € o= (U) Ny~ (V)

that is
(poe)(t) e U (Yoe)(t) eV
which is the contradiction since poe =1 oecand UNV = . |

2.2.9 (e) Since e is epic an equality
jofoe=moloe
will suffice. But we easily produce a sequence of equalities
jofoe=jogob=---=moloe

by passing across each of the faces in turn.
(m) A dual version of (e). |

2.2.10 We label the arrows and variois cells

as shown. We are given that cells (1, 2, 3, 4) commute.
(a) Here we are also given that (5) commutes. A use of (2, 1, 5, 4, 3) in that order
gives
gof=mobopof=mocodof=mocogqok=hok
to show that the outer cell commutes. You should also look at this in the form of a
diagram chase

(b) We have

moboaoe=mobopof=gof mocodoe=mocoqok=hok
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using (1, 2) on the left hand side and (4, 3) on the right hand side. Assuming the outer
square commutes this gives

moboaoe=gof=hok=mocodoe

and hence

boa=cod

by the assumed cancellative properties of m and e. |

B.3 Simple limits and colimits

2.3.1 For an arbitrary subset X of a poset the

limit colimit
is denoted
A X VX
and called
the greatest lower bound or infimum the least upper bound or supremum

of X, provided these exists, of course.
When X is empty we have

A0 =T (top) V0 = L (bottom)

of the poset.
When X is a singleton we have

ANX ={s}=VX

where s is the unique member of X.

When X = {a,b} we have
AX=anbd VX=aVbd
the
meet join

of the pair.
When S is a preset each of these notions may not determine a unique element, only a
family of equivalent elements. |
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B.4 Initial and final objects

2.4.1 Consider any initial object I in a category. Since I is initial there is a unique
endo-arrow

[ ——— 1

on I. We already know one example of such an arrow, namely the identity arrow zd;.
Thus this is the only endo-arrow on I.
Consider any pair I, J of initial objects. There are unique arrows

.y Jg—9 .7
since
[ is initial J is initial
respectively. The composite
gof fog
is an endo-arrow on
1 J
respectively. By the previous observation we have
gof=r1d; fog=1id,

and hence f, g are an inverse pair of isomorphisms.

If F,G are two final objects, then there is a unique arrow I —— J, and this is an
isomorphism.

This is proved in exactly the same way, we simply think of the arrows as pinting in
the other direction. Equivalently, we apply the ‘initial’ result to the opposite category. B

2.4.2 By the uniqueness of mediators the only endo-arrow of [ is id;.
Consider any arrow

A

and let

A I

be the unique arrow given by the initial property of I. Then r o s is an endo-arrow of I,
and hence
ros=a1d;

be the above remark.
By duality, each arrow

from a final object is a section.
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Consider any arrow
F—f—1

passing from a final object to an initial object. From above we know there are arrows

r
F 1
s
with
fOS:id[ ’T‘Of:idp
and hence the usual argument gives s = r, to show that f is an isomorphism. ]

2.4.3 Exercise 1.2.3 shows that (N,succ,0) is the initial object of Pno. This fact is
equivalent to the Peano axioms (first discovered by Dedekind).
The trivial object, with just one element, is final. ]

2.4.4 The trivial group is both initial and final in Grp.

The ring Z of integers is initial in Rng. The trivial ring, with 1 = 0, is final.

The ring Z of integers is initial in Idm. There is no final object (assuming that 1 # 0
must hold in an integral domain).

There is neither an initial object not a final object in Fld. However, if we fix the
characteristic then there is an initial object. ]

2.45 In Set the final object 1 is the singleton set. It doesn’t matter what its unique

element is, so let
1 ={x}

here.
Each function

1

is uniquely determined by its only value
a(x)

which is an element of A, and every element is the unique value of some such function.
Thus we have a bijection between

Set[1, A] A

as required.
Now consider any composite

o f

1 A B

where « corresponds to the element a € A, that is a(x) = a. The composite f o «
corresponds to the element

(foa)(x) e B
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and this is just

as required. ]

2.4.6 (a) The presheaf with a singleton for each component set is the final object 1.
(b) A global element

1 A

of a presheaf A = (A, A) selects an element
a(i) € A(i)
from each component set. This choice function a(-) must satisfy

A(5,1) (a(i)) = a(j)

for each 7 < 1. ]

B.5 Products and coproducts

2.5.1 The ‘algebraic’ categories are straight forward. In each case we take the cartesian
product of the two carrying sets and then furnish this in a fairly obvious way.

You may not have seen products in Pos before but they are constructed in the obvious
way using cartersian products.

You will have seen products on Top before, and you have probably been puzzled by
the strange construction of the product topology. The categorical description explains
this.

Let S and T be a pair of topological spaces. We require a space S x T" and a pair

SxT
R
S T

of continuous maps where this Top-wedge has a certain universal property.

We take the cartesian product S x T of the two sets. For the topological furnishings
let’s try the smallest topology on S x T' for which both projections are continuous. Thus
we take the smallest topology on S x T for which each inverse image

p~(U) forU e OS g (V) forVeOT

is open. This gives a subbase of the usual product topology.
Why does this give a product wedge in Top?

Consider any wedge
7N

S T
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in Top. Forget the topology for a moment. We have a wedge inh Set and a product
wedge in Set. Thus there is a unique function € such that

SN

S<—S><T—»T

commutes. It suffices to show that this function € is continuous, for then we have a
product wedge in Top. To do that it suffices to show that (W) is open in R for each
subbasic open set W of S x T

There are two kinds of such sets, both are dealt with by the same argument. For
instance consider W = p=(U) for some U € OS. For each point r € R we have

refd - (W)<=0(r)e W=p (U) < (pof)(r) eU <= ¢(r) eU <—=re o~ (U)
so that
0= (W) = o~ (U)

which is open in R. [ ]

2.5.2 For
Set, Pos, Set-R, Top

each coproduct can be obtained as a furnished disjoint union with the obvious insertions.
For
CMon, AGrp, Mod-R

each coproduct can be obtained as a furnished cartesian product with the obvious inser-

tions.
For
Mon, Grp, CRng, Rng

a coproduct is formed by a more complicated construction.
We may look at this later. |

2.5.3 For two elements a, b of a poset (with arrows pointing upwards) the
meet a A b join a Vb

is the
product coproduct

of the pair. ]

2.5.4 For Set,-objects A and B the product in Set, is given by the cartesian product
A x B with the obvious projections. The distinguished element of A x B is (L, L).
The proof of this is easier than, for instance, the Mon case.

The coproduct is more interesting. Let

AUB = (A= {1} +(B-{L})u{L}
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the disjoint union of the two point depleted sets with a point attached. This set has three
kinds of elements

(a,0) fora e A—{L} (b,1) forbe B—{L} 1

and, of course, L is the distinguished point.
The function
A—" .~ AUB
a — (a,0) forae A—{L}
1l 1

is an arrow of Set |, and there is a similar arrow

B—J . AUB

from B. These furnish ALl B as the coproduct. The proof is similar to that for Set. W

2.5.5 For convenience let SetD be the category of sets each with a distinguished subset.

The product is constructed in routine way using cartesian products. However, it is
worth looking at some of the details.
This is one of the places where it is useful to distinguish between a structure and its
carrying set. Thus let
A=(AX) B = (B,Y)

be a pair of objects of SetD. Let
AxB=(AxB,XxY)

so this is certainly an object of SetD. Let
A

e
Ax B

y\

B

be the two projection functions. This is a wedge in Set. In fact, it is a product wedge in
Set. We easily check that p and ¢ are arrows of SetD, so we have a wedge in SetD.

A
7
AxB
\<\
B
We show this is a product wedge in SetD.
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Consider any object C = (C, Z) of SetD and wedge of SetD arrows, as on the left.

A A A

3
3
3

o
b
X

(s
Q
b
X

Sy

/
/
/

“h>-AxB

B B B

By forgetting the carried structure we obtain a wedge of Set arrows, as in the middle.
But (p,q) are a product wedge in Set, so we obtain a unique mediating Set-arrow, a
function h, as on the right. It suffices to show that A is a SetD arrow. That is a routine
calculation.

The construction of the coproduct is not so obvious, but once we have seen the product
construction we can dualize.
Let
A= (A X) B=(BY)

be a pair of objects of SetD. Recall in Set the coproduct
A+ B=(Ax{0})uU(Bx{1})

is the union of A and B where these sets have been tagged to make them disjoint. The
union

X+Y = (X x{0})u (Y x{1})
is a subset of A+ B, and so
A+B=(A+B,X+Y)

is an object of SetD. Let
A

N

A+ B
s

be the two insertions. This is a coproduct wedge in Set. It is easy to check that ¢ and j
are arrow of SetD, so we have a wedge

A

N

A+ B

4

B

B
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in SetD. By mimicking the proof for the product wedge with the arrows reversed, we see
that we have a coproduct wedge in SetD. ]

2.5.6 This is a teaser which almost everyone gets wrong the first time they see it.
For sets A and B the product and coproduct in RelA are both carried by the same
set, but this is not the cartesian product A x B. It is the disjoint union

A+ B

of the sets.
Recall that the members of A 4+ B are tagged members of A and B. Thus A + B has
two kinds of elements
(a,0) foraec A (b,1) for be B

where the tag records where the element came from. We set up four relations
P Q
A A+ B B
I J

and show that P, () form a product wedge, and I, J form a coproduct wedge.
With z ranging over A + B we let

aPz < z = (a,0) <= zla
bQz <= z=(b,1) <= zJb

fora e Aand b € B.
To show that P, form a product wedge consider any wedge

A
e
X
EN
B
from an arbitrary set X. We require a pair of commuting triangles

A

X —M-A+B

S

B

for some unique relation M.
Remembering that z € A + B can have only two forms, we see that

(Ja € A)[z = (a,0) & aFx]
Mz = or
(3be€ B)[z = (b,1) & bGx]
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gives a relation M of the correct type.
For a € A and x € X we have

a(PoM)r < (32)[aPzMz| <= (a,0)Mz <= aFx
to show that
PoM=F

and hence the top triangle commutes. A similar argument shows that the bottom triangle
commutes.
To show the uniqueness of this mediating relation consider any relation

X—N—A+B

where both
PoN=F QoN=G

hold. For a € A and x € X we have
(a,0)Nx <= aP(a,0)Nz <= (3z)[aPzNzx] <= a(P o N)x <= aFx

and for b € B we have
(b,1)Nz <= bGx

by a similar argument. This gives
N=M

for the required uniqueness.
The verification that I, J form a coproduct wedge follows by a similar argument. W

2.5.7 Let
L=(AxB)xC R=Ax(Bx(C)

and consider the following diagram.

AXx B A
)\[5\\ o
L B R
o N
C BxC

v

where each arrow is one of the structuring projections of one of the product wedges. There
are no commuting cells in this diagram.

We insert four mediating arrows.

Firstly we obtain

L BxC Ax B

R

with
(1) dop=pBoX  (3) Bol=dop
(2) yon=up (4) aol=0
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respectively. Notice that (1, 2) uniquely determine 7, and (3, 4) uniquely determine (.
Secondly we obtain

L R L R

with
() cogp=aoX  (7) poyp=nop
(6) poo=n (8) Aot =¢
respectively. Notice that (5,6) uniquely determine ¢, and (7, 8) uniquely determine ).

We show that ¢ and 1) are an inverse pair of isomorphisms.
For the diagram

L A X
o
the unique mediator
L Ax B
must be A. But with
E=1voo

we have
aof=ao)loypop=ao(op=00¢p =aol
BoXot=Folood=LFolop=00pod=5on=[o

using (8, 4, 5) on the top line, and (8, 3, 6, 1) on the bottom line. This shows that
Ao =X

since we have just verified that \ o ¢ has the required mediating property.
For the diagram

S

the unique mediator must be 2d;. But

B
A

~—X

1

-~

Q

pol=popop=~yopop=yon=pu
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using (7, 6, 2). This with the previous equality gives

Yop=¢§=1dy
which is half of what we want.
The other required equality
potp=1dp
follows by a similar argument.
2.5.8 Let
Ll =Ax(C Rl =A+B
LQ =Bx(C RQ =C
so that
L:L1+L2 R:R1XR2
are the two component objects.
Let
L1 « A La
L
L, g 8. B
Loy g B
L,— 2 .¢C
A
R P1 R, L 1
A
P2 Ry L, 2
be the
projections insertions
which structure the various objects as
products coproducts

respectively.

We can fit these arrows together in two ways.

parallel.
We have arrows

511:LA004

Ly Ry
091 =
L 21 = V1 R
which give commuting triangles
Ly
)
M| N
L —p;— R,
A \ /
2 510
Lo

Ry

d12 =1tpof3

Ly

L,

do2 = V2

5li

Ry

P

Li —UV;— R

521’

\ \m

Ry

Ry

Ry

211

Let’s look at both possibilities in
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for i,7 € {1,2}. In other words

We use the coproduct properties of We use the product properties of R
L to produce a unique mediator p; to produce a unique mediator v;

for the various cases. Observe that
,ujo)\i:(SjZ-:pjoVi

(for 4,5 € {1,2}) uniquely determined p; and v; in terms of the d;;, and these in turn are
determined by the given structuring arrows.
Next we interchange the roles of L and R to obtain commuting triangles

Ry Ly
1%
/ ['01 AIJ \
L—pu— R L—v——R
\ \,02 )\2‘ /
j25) )
Ry L,

for unique mediators p and v. These are determined by

Wi = pj O [ Vi =V o\
respectively. Either p of v does the required job.
In fact
H=V
as we now show.

We have
PjopoN =pjoN =70

for each ¢ and 7, so that
Vi = 10\
for each ¢, and hence p = v.
For the counterexample consider the lantern poset
T

2N

a C

N

L

viewed as a category (with arrows pointing upwards). Then
aNc=1=0bAc avVb=T

to give
l=(anc)V(bAc)=1 r=(aVbANc=c

and hence r ﬁ l.

259 Need to sort out with some decent non-commutative examples.
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B.6 Equalizers and coequalizers

2.6.1 The two parts of Lemma 2.17 are proved in the same way. Let’s show that each
equalizer is monic.
Let

be the equalizer of the parallel pair

so that
pom:qom

with the appropriate universal property. To show that m is monic consider any parallel
pair

with
mof=h=mog

where h is the common composite. We require f = g.

f m p

9 q

From the diagram above we have
poh=pomof=qgomof=qgomog=gqoh
so that the universal property of m gives
h=mok

for some unique arrow k. This uniqueness ensure that f = g.

The proof of the equalizer version of Lemma 2.18 is the mirror image of the coequalizer
version. The proof can be obtained from the coequalizer version by changing one or two
words and remembering that arrows now point the other way.

The arrow [ makes equal f and g. The arrow k is the equalizer of f and g. Thus there
is a unique mediator m satisfying (1).

By reversing the roles of [ and k& we see there is a unique mediator n satisfying (2).

From (1, 2) we have

komon=lon=k=%Fkoidr

and hence
mon = tdr
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since k is monic. Similarly
nom = tdg

to show that m and n are an inverse pair of isomorphisms. |

2.6.2 We have a particular insertion

which automatically staisfies

for each s € S. For the given function

h
X A
we have set up a triangle, as on the left
S ;Z, A S ;Z, A
m(z) =h(z) m / n /
X X

so the triangle does commute.
Conversely, suppose we have some function n to make the triangle commute, as on
the right. Then for each z € X we have

to show that n = m, and hence m has the required uniqueness. ]

2.6.3 (a) Making use of Example 2.19 we have

. . 7
Ec Y g A B
g

where 707 is the equalizer of the pair f, g in Set, where ¢ is an injection and hence monic,
and where 7 is a group morphism.
Consider any group morphism

which does make equal f and g.
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Working first in Set we have a commuting triangle

ped gt .4
" h
X
for some unique function n. Let
m=j30on
to obtain
ped gt 4
h
X

where by construction the left hand triangle commutes in Set, and
h=io0jon=iom

so the right hand triangle commutes, again in Set. We show that m is a group morphism,
so that the right hand triangle commutes in Grp.
Consider any =,y € X. We require

~—

m(zy) = m(z)m(y

in A. But, 7 and h are group morphisms so that

i(m(zy)) = h(zy) = h(z)h(y) = i(m(z))i(m(y)) = i(m(z)m(y))

and 7 is an injection (monic in Grp), to give the required result.
This shows that h does factorize through ¢ via some group morphism m. We must
show that this is the only possible factorization. Thus suppose

h=10k
for some group morphism k. Then
iok=h=iojon=iom

so that
k=m
since ¢ is monic in Grp.

(b) We have a diagram
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where k is the canonical quotient. For each a € A we have

k(f(a)g(a)™) = k(1) =1
which leads to
k(f(a)) = k(g(a))
and hence k does make equal f and g. We show that k is the coequalizer of f and g.
Consider any group morphism

B X

which does make equal f and g. For each a € A we have

h(f(a)) = h(g(a))

so that
h(f(a)g(a)™) =h(1) =1
and hence
fa)g(a)™ € ker(h)

to show

F C ker(h)
and hence

K C ker(h)

by the construction of K.
This shows there is a unique morphism m for which the triangle

h

WA

B/K

commutes, and this is precisely the mediating property we require. |

2.6.4 Since the function o is surjective there can be at most one one function h* to make
the duagram commute.
For sq1,s5 € S we have

[81] = [82] —> S1 Y SS9 — h(Sl) = h(SQ)
to show that the suggested function h* is well defined.
For s € S we have
(h* o o)(s) = h*([s]) = h(s)
to show that the triangle commutes. ]

2.6.5 Let

B B/~
br— [0]
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be the constucted quotient.
Consider any a € A and let

bi=fla)  br=g(a)
to obtain to elements of b with b; ~» by. In particlar we have
b1 ~ b2

so that
(B0 f)a) = B(br) = [b1] = [ba] = B(b2) = (B o g)(a)

to show that § does make equal f and g.

Consider any function A which does make equal f and g. We must show tha h factorizes
unquely through (. Since 3 is surjective, there can be at most one such factorizaton, so
it suffices to show that one does exist.

We use Example 2.20 and Exercise 2.6.4. Suppose

bl'\"%bg

for by,by € B. Then

for some a € A. This gives

h(by) = h(f(a)) = h(g(a)) = h(bs)
and hence Example 2.20 gives us a function hf for the required factorization. |

2.6.6 For the given continuous maps

we let

T A

be the coequalizer of the two functions ¢ and ¢ in Set. Recall that « is surjective. We
furnish A with the smallest topology OA for which « is continuous. This is precisely
the set of all W C A for which a= (W) € OT. (You should check this. The topology is
sometimes called the final topology or the quotient topology on A.)

We show that this continuous map « is the coequalizer of the two maps ¢ and ¢ in
Top.

Trivially, o does make equal ¢ and .

Consider any continuous map
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which makes equal ¢ and . At the Set level there is a unique function p such that the
triangle

R

commutes. It suffices to show that p is continuous.
Consider any U € OR. We require

u—(U) € OA

that is

(by the definition of OA). But
and 0 (U) € OT since 0 is continuous. [

2.6.7 (a) Since the comparison < is refexive, the defied relation ~ is relexive.
By rephrasinng the definition as

a~b<—=a<band b<a

we see that ~ is symmetric.

If
a~b~c
then
a<b<candc<b<a
so that
a<candc<a
to give

an~ cC

to show that ~ is transitive.
The preset S is a poset precisely when

a<b<a=a=09b

that is
a~b=—=a=2»b

and the converse implication always holds.
(b) To show that the comparison on S/~ is well-defined suppose

] =las]  [ba] = [be)]
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for elements ay, as, by, by € S. We require
a; < b1 a9 < bg

and clearly, by symmetry, a proof of one of the implications will do.
From the two assumed equalities we have

a1 ~ a2 by ~ by

and hence
a1 <bp=a<a; <b <by = ay <b

as required.
This shows that

U

S S/~
a— [a]

is well-defined and, trivially, it is monotone.
(c) Consider a monotone map

from the preset S to a poset 7'
For a,b € S we have

a~b=a<b<a= f(a) < f(b) < f(a) = f(a) = f(b)

where the last step holds since T is a poset.
Since 7 is surjective there is at most one monotone map f* such that

S / T
X %
S/

commutes.
Thus it suffices to show that

(for a € S) gives a well-defined monotone function.

The previous sequence of implications shows that f* is well-defined, and a similar
argument shows that f is monotone.

This universal property induces the required functor. For the general argument see
Solution 3.3.18. [

2.6.8 We are given that e does make equal f and g. Consider any other arrow h which
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makes equal f and g, as on the left. We must show that h factorizes unquely through e.

) )
e + f e |
g \ |
e f
J

g

Let
m=poh

and consier the right had diagram. We have

eom=eopoh=qgofoh=qgogoh=h

to show that h does factorize through e.
Conversely, suppose
h=eon

for some arrow n. Then
n=poeon=poh=m

to show the required unqueness.

B.7 Pullbacks and pushouts

2.7.1 (a) Consider any wedge in C.

Let

P a
7N
P C
b
which, of course, need not commute. Let
s— % .p
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be the equalizer of the parallel pair

A
N
S C
jore b
is a pullback square.
Consider any commuting square
foAa
N
X C
0 p7b

f=poh  g=gqoh
for some unique arrow h. But now

aopoh=aof=bog=boqgoh
to show that h makes equal the parallel pair, and hence
h=eom
for some unique arrow

X m

S

by the equalizing property. In particular, we have a commuting diagram

A
e

\

X—m—-S—e—P

/

|

q
!
B
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to show that the arbitrary square from X does factorize via m through the constructed
square from S. We must show that this is the only possible factorization.
Suppose
f=poeon g=gqoeon

for some arrow

in place of m. Then
by he uniqueness of h, and hence
by the uniqueness of m.

(b) This follows by a dual argument to that of (a). |

2.7.2 Assuming the arrows point up he poset, it has all pushouts precisely when it has
joins of those pairs of elements which have a lower bound. |

2.7.3 For the first part we are given a pair of pullbacks

with the indicating commuting properties. Using the right hand pullback there is a unique
arrow h for which

[
1% f=aoh dog=gqoh
[ ]
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commutes, as indicated. This gives us a commuting diagram

dog=qoh

g=rom

commutes, as indicated.
From equalities we have

f=aoh=aocom g=rom

to show that we have produced a factorization o f and g through a common arrow m. It
remains to show that m is the only arrow that does this job.
Consider any arrow n for which

f=aocon g=ron
holds. Then
f=aocon dog=doron=gqocon
and hence
con=~nh

by the uniqueness of h. but now
con=nh ron=g

to give

by the uniqueness of m. ]

2.7.4 Consider any parallel pair p, q of arrows that h makes equal

hop=hoqg=1
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say. We must show that p = ¢.

Pl |4q
.—k>.
| b
0—9».

By traipsing round the square we find that
fokop=fokog
and hence, since f is monic, we have
kop=kog=r

say. This show that both p and ¢ make

7

@ +—IT—— @
o<+~ o

g—>

commutes, and hence p = ¢ since the given square is a pullback.

B. Basic gadgetry

2.7.5 Suppose that f is the equalizer of the paralel pair p, ¢ as indicated.

k

@@ +— 0
~

hl

Since the given square does commute, we see that h makes equal the parallel pair

boyg

a°og

and we show that h actualy equalizes this pair.
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Consider any other arrow [ which does make equal this pair.

l o —k—~o
7]
l l
e —g— e
Pl |4

Since f is the equalizer of p, g there is a unique arrow r which makes the following diagram
commute.

°
r
l ° k— o
}‘l ]‘” gol=for
| l
[ J g—>.
bl 1q
°

Since the given square is a pullback there is a unique arrow m which makes the following
diagram commute
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and in particlar
l=hom

holds. It suffices to show that this is the only possible factorization of [ through h.
Consider any arrow n for which

l=hon

holds. It suffices to show
r=%kon

for then n = m by the uniqueness of m. Since the given square commutes we have
fokon=gohon=gol

and hence the uniqueness of r gives the required result. a [ |

B.8 Using the opposite category

2.8.1 No solution needed? [ |
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Functors and natural tansformations

C.1 Functors defined

3.1.1 A covariant functor from S to T is simply a monoid morphism from S to 7'
A contravariant functor f from S to T is monoid ‘morphism’ that flips the elements,
that is

f(rs) = f(s)f(r)
forr,s € S. [ |

3.1.2 A covariant functor from S to T is simply a monotone map.
A contravariant functor f from S to T is an antitone map, that is

r<s= f(s) < f(r)
forr,s € S. [ |

3.1.3 Consider a covariant functor

Src?

Trg

using the opposite on the source. Consider any arrow

A / B
of Src. This is an arrow
B / A
of Src®, and the functor F' sends it to an arrow
F
FB (/) FA

of Trg. Thus F has flipped the direction of f. The other required properties (preservation
of composition and identity arrows) are immediate, to show that

F
Src

Trg

is a contravariant functor.
The other part is just as easy. ]

3.1.4 The composite of two functors of the same variance produces a covariant functor.
The composite of two functors of opposite variance produces a contravariant functor.

227
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C.2 Some simple functors

3.2.1 The functors S and T select the source and target of the arrow, respectively. The

diagonal functor A send each object A to the identity arrow id 4. ]
3.2.2 The Set-valued contravariant functors on the poset S are precisely the presheaves
on S. u
3.2.3 The

covariant contravariant

Set-valued functors from R are precisely the
left right

R-sets. It is worth looking at the details of this, and the contravariant case is potentially
more interesting.

Consider such a contravariant functor. This must send each object of R to some set.
But since R (when viewed as a category) has just one object, this object assignment
produces a set, A say.

The functor must send each arrow of R (element of R) to a function from A to A.

r QU

R R P A A

Let «, be the 1-placed operation on A assigned to r € R. The contravariance

R A
R R A A
sr gy
gives
Qgr = Olg O Q1 a; = tdy

for each r, s € R, where the right hand equality is the identity requirement.
We now write each operation a as a right action

a
A A
a —— ar
to get
a(sr) = (as)r al =a
and so produce a right R-set. [
3.2.4 This is more or less proved by Exercise 1.3.5. ]
3.2.5 Remember that C|—, —] is contravariant in the left argument and covariant in the

right argument. So what we have here is really a covariant functor

C?xC Set
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from the ‘twisted product’ category. In detail, for arrows

B—1 .4 s—J .7
of C we have
H(f,g)=go—of
for the arrow behaviour of H. |
C.3 Some less simple functors
C.3.1 Three power set functors
3.3.1 Only V(-) is liable to cause trouble.
Given monotone maps
R A S e
between sets, for each X € PA we have
(V(9) o V() (X) = Y(9) (V(F)(X))
=V(g)(fIX])
= glfIX"
= glf[X]
= (o NIXT  =V(go /)X)
as required. A similar proof can be carried using the quantifier characterization. |

3.3.2 This is a simpler case of the result of Exercise 1.3.9. Each set is a discrete poset. B

C.3.2 Spaces, presets, and posets
3.3.3 For a preset A the specialization order of {} A is the given comparison on A. |

3.3.4 (a) Consider a monotone map

f

A B

between two presets, and an upper section V' € TB of the target. We require f~(V) €
TA. To this end consider any x <y in A with x € f~ (V). Then

fl@) < fly)  fle)eV

so that f(y) € V and hence y € f— (V).
We have an object and an arrow assignment

Pre

Top
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which is trivial on arrows, so we do have a functor.

(b) Consider a continuous map

¢

S T

between spaces, and consider a comparison x < y in S. we require ¢(z) < ¢(y) in T,
Consider V' € OT with ¢(z) € V. We required ¢(y) € V. But

rep—(V)eOS r<y

so that y € ¢~ (V(, as required.
We have an object and an arrow assignment

Pre

Top
which is trivial on arrows, so we do have a functor. [ |

3.3.5 Suppose first that 6 is monotone and consider any U € OS. We require 0~ (U) € vA.
Consider elements z,y of A with

z e (U) r <y
so that y € 6 (U) is required. We have
O(z)eU  0(z) <0(y)

(since 6 is monotone), and hence

y €0(U)

since each open set of S is an upper section of S.
Secondly, suppose that 6 is continuous and consider elements x < y of A. We require
0(z) < 0(y). For each U € OS we have

O(z) eU =2l (U)=yechd (U)=0y) eU

where the central implication holds since 6 is continuous and hence 6 (U) € TA.
These two implications show that the hom-sets

Pre[A, 5] Top[tA, S]

contain exactly the same functions. Thus there is a trivial bijection between the two sets.
|

3.3.6 For U,V € OS with U C V we require O(¢)(U) C O(¢)(V). But for t € T we have
teO0@)U)=0(t) cUCV = 9¢(t) € V=1 O(p)(V)

for the required result.
For each pair of continuous maps

r_ 9
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we require
Ot o) = O(¢) 0 O(¢)
that is
(Y od)(U)=(¢7 09p™)(U)
for U € OR. But for t € T we have

te (o) (U) = (Yoo)(t)eU
= Y(o(t) €U
= ¢(t) € 9~ (U)
=t (¢7(U)) = (97 o97)(U)

for the required result. n

Observe that a character
is continuous precisely when

is open in S. This is because

and these are open in S.
For each continuous map ¢ an continuous character p on the target we have

=(¢)(p) =po ¢

and this is continuous (since continuous maps are closed under composition).
To show that =(¢) is monotone consider continuous characters p, ¢ of S with p < q.
Then for each t € T we have

to show

(1]

(@)(p) < Z(6)(q)

as required.
Finally, for each pair of continuous maps

¢

T S

we require
E(Y o) =E(¢) o E(Y)
that is
E(W o d)(r) = (E(¢) 0 Z(4))(r)

for each continuous character r of R. But for such an » we have

E@Wog)(r)=ro(og)=(roy)os=E)(r)od==2(¢)(EW)(r) = (E(¢) 0 =(v))(r)
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as required. [

3.3.7 To show Xg(U) is continuous (for U € OS) we require
Xs(U)~ (W) e OS
for each W € O2. Trivially we have
Xs(U)=0) =0 xs(U)"(2) =S5

so it suffices to deal with W = {1}.
For each s € S we have

s € Xs(U)"({1}) «= Xs(U)(s) € ({1}) «= Xs(U)(s) =1 &= s €U

to give the required result.
For p € =S with
U=p~({1}) € OS

we have
p=Xs(U)

and hence

Xs

os =S

is a bijection. To show it is a poset isomorphism we require
UCV «— Xs(U) < Xs(v>
for U,V € OS. But we have

Xs(U) < Xs(V) <= (Vs € 5)[Xs(U)(s) < Xs(V)(s)]
— (Vs € 9)[Xs(U)(s) =1 = Xs5(V)(s) = 1]
— (Vs S)[se (U= seV] —UCV

as required. [

C.3.3 Functors from products

3.3.8 Let F=— x R.
By construction, for each arrow

the arrow




C.3.3. Functors from products 233

is the unique arrow for which

A / B
vd o
PB
FA FB
PN N
a4
R R
commutes.
For arrows
a—d g9 ¢
we require
F(go f) = F(g)o F(f)
(together with a trivial observation to give F(id) = id).
We have several commuting cells
A / B g C A9l ¢
FC FA—F(go f)— FC
and the uniqueness properties of the central arrow give the required result. ]

3.3.9 We have an object assignment
CxC C
Al, AQ p— Al X A2

SO We now require a companion arrow assignment. Consider any arrow of C x C, in other
words a pair

a4 —h B
R
of arrows of C'. We have a diagram
A Ji B,
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where p1, p2, q1, g2 are the structuring projections. The product property of the right hand
wedge gives a commuting diagram

A i B
q
Ay X Ay — f1 X fo— By X By
d2
T N
Ay B,

f2

for some unique central arrow. This is often written f; X fs, as shown, and then

<f17f2) — fl X f2

is the arrow assignment.
To verify that we have a functor we need to show that the arrow construction passes

across composition. As usual, it is the uniqueness that gives this.
Consider a composible pair

A, i By a1 C,

A B C!
? fa ? g2 ?

of arrows of C' x C. The commuting diagram

/ / P

1 X AQ fl X f2—> Bl X B g1 X go—— Ol CQ

\

ensures that

giofi

\ \
Aq X A/M o(f1 X fo)— C} X C/

g2 0 fo

commutes, and hence
(91 % g2) o (f1 X f2) = (g1 0 f1) X (g2 0 f2)

by the uniqueness of the mediators. ]
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C.3.4 Comma category

3.3.10 Let’s check that arrows of (U | L) do compose in an associative manner.
consider two arrows of (U | L)

UAy UBy UCy
| | |
o f % g gl
} } }
LAj LBy, LCY,
which ought to compose. In more detail we have
Ay Ju By gu Cy
U U
UAy (for) UBy (9v) UCy
| | |
o B gl
} } }
LA, ———— LB, ——— L(C},
L(fz) L(gr)
AL BL CYL
fr gL
where the two squares commute. Now consider composite arrows
h p—
Ay v=4gro fu cy U
A C L
" hi=grofn "

in the indicated categories. From above and using the functorial properties of U and L
we see that the square

h
Ay v Cy
U(h
vay L)y,
| |
« v
} }
LA, ——— LC
L7 () L
A C
L I L
commutes, and so we have an arrow
UAy UCy
| |
« h—— v
} }
LA; LCYy,

of (U | L). We take this as the composite

gof
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of the two given arrows. Routine diagram chasing now shows the category axioms do

hold. m
3311 (a) (Id¢ | Id¢) = C*
(b) Using
I K K I
c 1 ¢ C C c. 1 ¢

where K is the constant functor with
KA=S
for each C-object A, we have
(ClS)=(Idc¢ | K) (51C)=(K|Idc)
respectively. [ |

3.3.12 For the three cases the object

Ay
o
Af
of Com is sent to the object
U c! L
UAy
|
UAU Ol-’ LAL
LA;
of the indicated category. The arrow
UAy U By
| |
o f— 0
} }
LAj LBy,
of Com is sent to the arrow
U c! L
U
vay 2y,
| |
Ay —fv— By o B A —fL— By

¢ ¢
Ay —
b=y Mo

of the indicated category. The various composition requirements are easy to verify. W
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C.3.5 Other examples

3.3.13 Consider an arbitrary group A. We assume it is written multiplicatively. A
commutator of A is an element

[z, y] = zya~y™!
for arbitrary x,y € A. Thus A is abelian precisely when the unit 1 is the only commutator.
Observe that
[z, y]™" = [y, 2]
so the set of products of commutators is a subgroup A of A. In particular, A is abelian
precisely when 0 A is the trivial subgroup.

To show that the object assignment
Ar—— 0A

fills out to a functor we do a little bit more. We show there is a unique commuting square
L
sA—2+ A

o(f) f

0B— B
LB

for each group morphism f. Here 14 and tp are the two embeddings.
If there is such a morphism &(f) then it can only be

flsa
the restriction of f to dA. We remember that
f@™h) = f(x)~

for each x € A, and hence

Sz y]) = [f (@), f(y)]
for each x,y € A, so that
a€dA = f(a) € 0B

which is what we want.
The uniqueness in the construction of §(-) ensures that it passes across composition
of morphisms. For each pair of morphisms

a1 p 9 ¢
we have a commuting diagram, as on the left
JA A A oA— 4
o(f) f
5B —1p~ B 3(g)od(f) gof
3(9) g
0C ——C oC C

lc lc
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to give a commuting square as on the right. Thus

6(g) o d(f)=10d(go f)

by the uniqueness of §(g o f).
For the second part we show there is a unique commuting square

AL 54
f \f/(S

B—»B/(SB
nB

for each group morphism f. Here n4 and ng are the two canonical quotient morphisms.
The notation

f/o

is not to be taken seriously.
Since 14 is surjective (epic in Grp) there can be at most one such morphism f/d.
There is such a morphism precisely when

Ker(n4) € Ker(np o f)

that is
dA C Ker(ng o f)

that is
[z,y] € Ker(np o f)

for each x,y € A. But we know

f(lz,9]) = [f (@), Fy)] € 6B

which gives the required result.
The uniqueness in the diagram ensures that we have a functor. ]

3.3.14 (a) Given an R-set A we require
(axs)xt=ax(st)
for s,¢ € 5. But ¢ is a monoid morphism, so that
$(s)o(t) = (st)
and hence
(axs)xt=(a-d(s)) o(t) =a-(d(s)d(t)) = a- d(st) = axst

as required.

(b) We must show that for each R-morphism
f

A B
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the function f is also an S-morphism, that is

Flaxs) = fla)xs

for each a € A and s € S. But

flaxs)=fla-¢(s)) = fla) &(s) = fla) x s
for the required result. n

3.3.15 We have an object assignment and an arrow assignment

Mon MON
R+—— Set-R
pr———— P

so it suffices to check that the arrow assignment passes across composition. But for each
Mon-arrow ¢ the resulting functor ® is trivial on objects and arrows, so the requirement
is satisfied. ]

3.3.16 In Solution 1.2.7 we set up an inverse pair of translations

L
Pfn Set |
M

on both objects and arrows. We now check these each of these is a functor.

We deal first with L, and it is only the passage across composition that requires much
thought.

Consider a composible pair of arrows

f

A B

in Pfn. Thus
L(go f) = L(g) o L(f)

is required.
The arrow composite g o f is determined by

where X and Y are the respective domains of definition of f and g, and
U=7(¥)

that is _
aclU<=a€ Xand f(a) €Y
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for a € A.
We adjoin a bottom L to each of A, B,C, and then set

fla)ifae X

L(f)(a):{ 1 ifa¢ X

for each a € A. There are similar descriptions of L(g) and L(g o f) which we write down
in a moment. In all cases L is sent to L.
Observe that

L(f)(a) €Y <=ac€ X and f(a) €Y <= acU

for each a € A.

We have
gb)ifbeY

L{g)(®) :{ L ifbegy

for each b € B. In particular, we have

§07|U(a) if a € U} _ {g(?(a)) ifaeU

L(gof)(a>:{ L ifag¢U L ifag¢U

for each a € A.
Finally, for each a € A we have

g(L(f)(a)) if L(f)(a) €Y
st (et - (TP <

_ {5(7(61)) if a € X and f(a) € Y} :{g(f(a)) ifaeU
1L if not 1 ifagU

where the second equality follows by the observation above.
This shows that L passes across composition in the required fashion.

To show that M passes across composition consider a pair of arrows

Y ¢

R S T

in Set,. We remove the bottom from each of R, S, T to obtain sets MR, MS, M'T and
we let

M) =dw  M(9) = ¢x

where these domains of definition are given by
reW<=y(r)#L1 seX <= ¢(s) # L
for r € R and s € S. Similarly we have
M(¢pop) = (pod)u

where U is given by
rel < o((r) # L= y(r)eX
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for each r € R.
These constructions give us two arrows in Pfn.

VR M () o M(¢) T ap M@oY) o
MR MS MT MR MT

The left hand one is a composite in Pfn, whereas the right hand one is the image of a
composite in Set | .
The domain of definition V' is given by

reV<recWand w(r)eX
for r € R. Since ¢(L) = L, for each r € R we have
U(r) = L= ¢(¥(r)) = L

and hence
Y(rye X =reWw

to show that V = U. Thus the two arrows are

MR/MT ]\/[LR/MT
I P1x oY I (o)
which, since U C X, show that they are equal. [ |

3.3.17 Of course, this exercise extends the earlier Exercise 2.6.7.
(a) To show that the comparison on S/~ is well-defined suppose

[si) =[s1]  [s2] = [s5)]
for elements sy, s, s2, 55 € S. We require
51 < 89 < s, < 5,

and clearly, by symmetry, a proof of one of the implications will do.
From the two assumed equalities we have

51~ 8 Sg ~ Sy

and hence
51 < 59 = 5] <51 <5y < 55, = 5] < 5
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as required.
This shows that

s Tls S/~
s —— 5]
is well-defined and, trivially, it is monotone.
(b) Consider a monotone map

S

S T

from a preset S to a poset T. We check there is a commuting triangle

N A

S/~

for some unique monotone map f*.
Since 7g is surjective there is at most one such map f#. Thus it suffices to show that

F(ls)) = f(s)

(for s € S) gives a well-defined monotone function.
For s1,s9 € 9, since f is monotone, we have

[51] = [s2] = 51 < 59 <51 = f(s51) < f(s52) < f(s51) = f(51) = f(52)

where the last step holds since T is a poset. This shows that f is well-defined. A similar
argument shows that f is monotone.

This universal property induces the required functor. For the general argument see
Solution 3.3.18. [

3.3.18 (a) Consider an arbitrary arrow

A

of Src. We must produce an arrow

F(f)

FA FB

and then check that the two assignments form a functor.
Consider the composite arrow

/ B

A B (Lo F)B
of Src. Applying the universal property to this arrow gives a commuting square
A ! B
nA nB
(Lo F)A (Lo F)B

()
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for some unique arrow

FA—!— FB
of Trg. We take this arrow for F'(f). Thus

F(f) = (5o f)

in terms of the given notation.
To show that F' passes across composition consider a pair of arrows

At g9 ¢
of Src together with the three commuting squares
A / B J C A 9o/ C
|
A ULB Ul A Ulel
(Lo F)A - (Lo F)B ———— (Lo F)C (Lo F)A - (Lo F)C
LE(S)) L(F(g)) “(F(go f))

which determine F(f), F(g) and F(g o f). From the two left hand squares we see that

gof

| |
A 77¢B
o F)A , O
O Fge Ry

commutes, and hence
F(go f) = F(g)o F(f)
by the given uniqueness in the original construction.
The required identity property is almost trivial.

(b) For each arrow

FA

of Trg let

be the composite

A" oA 9 g

of Sre.
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Trivially, the triangle

A i LS

k &(g)

(Lo F)A

commutes, to show that
9% =g
by the uniqueness property of the (-)* construction.
Similarly, for each arrow

of Sre we have

by the given commuting triangle.
This sets up an inverse pair

fr———
SrclA, LS| Trg|FA,S]
G ~~—14

of bijections, and it is not too hard to show that each is natural for variations of A and
S. |

C.4 Natural transformations defined

3.4.1 (a) Consider the category

0

O
1

where the two identity arrows have been omitted from the picture. Let C be an arbitrary
category. A covariant functor

(1) C

must select two objects Ag, A; of C' and an arrow

Ao
|

(0%

/
A

between them. (It also selects the identity arrows on these two objects, but that is not
going to cause a problem.) Notice that there are no non-trivial composition properties to
worry about here. Thus such a functor is precisely an object of C*.
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Consider two such functors

AO BQ
| |
a B
! !

Al B1

that is, two objects of C''. There are just two source objects, namely 0 and 1, so a natural
transformation between these functors must select two arrows

4,12 B,
Ay T By
of C. The naturality requires that the square
4,12 B,
| |
o 5
} }
Ay —>f1 By

commutes. In other words, a natural transformation is just an arrow of C''.

(b) If you re-read Solution 1.3.10 you will find that the objects of CV are esentially the
‘functors’ from the graph V = (N, E), and the arrows of CV are essentially the ‘natural
transformations’ between these ‘functors’. The only problem is that V is not a category
and there are no composition requirements. Don’t worry about that. Compsition can be
dealt with later. |

3.4.2 A presheaf on S is a contravariant functor

S Set

and an arrow between presheaves is a natural transformation between these functors. W

3.4.3 We look at the contravariant case.
Let A and B be a pair of (right) R-sets viewed as functors from the 1-object category
R. Since R has just one object a natural transformation will be a single function

f

A B

subject to certain conditions. For each arrow r of R (element of R) the square
A4 g

B

o,

A——B
f
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must commute. Here o, and (3, are the 1-placed operations on A and B selected by r.
Thus

f o Qy = ﬁr o f
is the required condition. In terms of elements and actions this is
flar) = flon(a)) = (f o ar)(a) = (B, o f)(a) = 5:(f(a)) = fla)r
so that f is just an arrow of Set-R. |

3.4.4 We must show that for each Src-arrow

the induced T'rg-square

GB —— Fb

OB

commutes. To do that consider the following diagram.

FAA ga 24 Fa
F(f) G(f) F(f)
FB GB FB
B 0B

The left hand square does commute, since we are given that 7, is natural.
The outer cell commutes since we are given

O O Te = 1d

and hence both trips from F'A to F'B are equal to F(f).
But now

F(f)oopaoTa=o0poTpo F(f)=0p0G(f)oTa

and hence since
Te O 0¢ = 1d,

we have
F(f)ooa=F(f)oosoTs00a=0p0G(f)oTa0ccs=0poG(f)

for the required result. n



C.5. Examples of natural transformations 247

C.5 Examples of natural transformations

3.5.1 Given an arrow

we certainly have a function

A L) ko—

A, K]

for each object A. For this to be natural we require the square

ko—
A [A, L] [4, K]
S —of \ \— of
B (B, L] (B, K]
ko—
to commute for each arrow f. This is trivially satisfied. ]

3.5.2 Each of F and GG is a composite of contravariant functors, and hence each is a
covariant functor.

We need an explicit description of the behaviour on arrows.

Consider an arrow

A

of C. This must produce a function

F(f)

Set[C[A, P), R| Set[C[B, P], R]

mapping functions to functions. In other words, for each input function

l
R

C[A, P|

an output function

C|B, P R

is required. Thus we set
F(f))(b) = L(bo f)

for each arrow

of C.
There is a similar description of G.
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For the natural transformation we require a function

Set[C[A, P|,R] — . Set|C[A,Q, 9]

for each object A of C. In other words, for each input function

l

CIA, P R
an output function
C[A, Q] S
is required. Thus we set
Ta(l)(a) = (sol)(poa)
for each arrow
A—2 . Q
of C.
Finally, we show that the square
A FA—2 . g4
f F(f) G(f)
B FB GB
B

commutes for each arrow f of C'. In other words we require

(50 F()) (1) = (G(f) o )A) (1)

for each member

C|A, P] R

of FFA. Thus we require
(75 0 F(f)) (1)) = (G(f) o 7)A) (1) (D)

for each arrow

of C.
But we have

(5 0 F(£)) (D(b) = 75(F(£)(1)) (b)
)
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and
(G(f)oma)(D)(b) = G(f)(Ta(D)) (b) = Ta(l)(bo f) = (sol)(pobo f)

to give the required result. ]

3.5.3 It remains to check the last bit of part (b), namely that

holds. To do that we track ¢dx round both sides of the given commuting square

idg | Tr(idi) = k
(K, K] FK
TK
lo— F(l)
K, B ——=——FA  F()(k)
for the required result. ]

3.5.4 The particular case where the category C' is a poset is dealt with in Example 1.12.
|

3.56.5 This is the contravariant version of the first part of Example 3.7.
3.5.6 This is the contravariant version of the second part of Example 3.7.

3.5.7 For each set A we set

ma(e) = {a}  ni(a) = {a}’
for each a € A. [ |

3.5.8 We require
q=pof

but since each of these functions has target 2 is suffices to show they output 1 at the
same inputs. For each b € B we have

q(b) = 1 <= Xp(f'a(X))(b) =1
< be f7(X)
— f(b)e X
= Xa(X)(f)(b) =1 <= (pof)(b) =1

for the required result. [ |

3.5.9 (a) From the diagram in Example 3.10 we require

ns(f(a)) = 1(f)(na(a))
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for each a € A. Each side of this equality is a member of aP?B. Thus, for Y € PB, we
have
Y e lI(f)(na(a)) <= f~(Y) € na(a)
= ae€ f(Y)
> fla) €Y =Y €np(f(a))
to give the required equation.

(b) As in the question let | be the inverse power set endofunctor on Set, and also let
J be Set[—, 2], the endo-hom-functor on Set.
We know that the arrow behaviour of J is by composition. Thus we have

1‘4 Jf go f J2‘A 7

[ J(f) J(f)

| | |

B JB q 1B moJ(f)

for each arrow f of Set, each ¢ : B —— 2, and each 7 : [A, 2] —— 2. In particular, we
have

P(f)(7)(q) = 7(go f)
for each such f,m,q.
For each set A consider the ‘evaluation’ function

Pa

A J2A

given by

¢a(a)(p) = p(a)
for each p : A —— 2 and a € A. We show this is a natural transformation. In other
words we show that the square

Pa

A SA
fl ) oser =R oo
B ’B
B

commutes. For each a € A and ¢ : B —— 2 we have

(95 0 f)(a)(q) = d5(f(a))(q) = a(f(a)) = (g0 f)(a)
and
(F(f) 0 0a)(@)(@) = () (¢a(a)) (@) = Pala)(go f) = (q0 f)(a)
to give the required result.

(¢) On the whole the use of characters rather than subsets does lead to neater results.

The statement in part (b) of the question that ‘I? is naturally isomorphic to J*’ is a bit
glib. It is true, but not entirely obvious. It can be justified using horizontal and vertical
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composition of natural transformations. This is not something we can go into here, but
we can give a hint of what it is about.
We know we have an inverse pair of natural transformations

Xeo

&
given by
Na(X)(@) = 1= aeX  aclp) < pla) =1
Xa(X)(a) =0<=a¢ X  agalp) = pla)=0

for each set A, X € PA, p: A —— 2, and a € A. We modify these in several ways.
For each set A we may hit each of the arrows

Xa §a

A JA |A JA

with each of the two contravariant functors | and J, and take particular instances (by
replacing the set A).

a4 Jona &)y
PA— N (jona LY L (Jol)A
(lod)A 4, py (loJ)A 8 py

We can combine these in various ways. In particular, we may form

I'a = J(€4) 0 Xia
12 )2
Axg=1(Xa)0&a
going via (Jol)A for I" and (loJ)A for A. We show that these are natural transformations,

and are inverses.
For an arbitrary arrow

A B
consider the following two commuting squares.
P4 (Jo1)A At 4
(f) JACH)) 1) J(f)
’B—— (JoI)B |B JB
XiB Uelh B

The right hand square is an instance of the naturality of & across the arrow f. The left
hand square is an instance of the naturality of X, across the arrow I(f).
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After hitting the right hand square with J we obtain a commuting diagram

Xia J(€a)

IPA—"~ (JohA J2A
|
2(f) (JO£)(f) J(f)
1°B - (Jo)B &) B

to show that I'y is natural.
A similar argument shows that A, is natural.
To show that

|2 AAOFA |2

is the identity consider any
XeclPA=P?’A XclA=PA
and let
Y = X4(X)
to use in the calculation. We have
X e (AaoTa)(X) <= X € (I(Xa)0&aoT4)(X)

— X el(x )<(§JAOFA)(X)>
<:>X€XA<§JAOTA ))
=Y =Xa(X) € (GaoTa)(X
— Y € §JA(FA(X))
= (Ta(X)(Y) =1
= (J(a) 0 Xua) (X)(Y) =1
— J(fA)(XJA( ) (V) =

<~ (XJA )Y):
= Xya(X )(ﬁA( ) =1
= Y)ex = (aoX4)(X)EX

and now we remember that
(EaoXa)(X)=X

to give
(AAOFA)<X) =X

as required.
A similar argument deals with 'y o A 4.
In the same way we can show how n, and ¢, are related.
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Consider the following composite.

4 Ay

A J2A 1A

For each a € A and X € |A we have
X e (Apgopa)(a) = X € (I(XA) o§JAo¢A)(a)
= X €1(Xa)((£14 0 ¢a)(a))
(§3a004)(a)

<:>XA<X)
< Xa(X) € _]( (a))
(:>¢A )(XA ) 1
= Xa(X)(a) =
—acX < X € nala)
and hence
AAoch:nA

to show how ¢, determines 7,. A similar argument gives
Lyona=¢a

and hence ¢, and 7, are equivalent.

3.5.10 To be done

3.5.11 To be done

3.56.12 By Exercises 3.3.7 we have a bijection
Xs

oS =S

for each space S. It suffices to show that Xg is natural for variation of S.
To this end consider the square

S 0s X5 =g
o) o —0¢
T OT =T
X1

induced by a continuous map ¢, as on the left. We must show that the square commutes.
Thus we required

Xr(¢™(U)) =Xs(U) o ¢
for each U € OS. These two functions can return only 0 and 1 as a value. For each s € S
we have

Xr(¢™(U))(s) =1 <= sen (U) <= ¢(s) e U <= Xs5(o(U)) = 1
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which gives the required equality. [

3.5.13 Let’s consider the more complicated version, that dealt with by Exercise 3.3.8.
For a category C we have two functors

F
CxC C
G

where

F(A17A2) :Al XAQ F(A17A2) :Al

are the two object assignments. (One thing you should be wary of here is the two different
uses of ‘x’. The first use gives the cartesian product of the category C' with itself, and
the second gives the internal product object in C'.)

For each pair (A;, Ay) of objects we have an arrow

P(A1,A)

F(AlaAQ) G(AlaAQ)

namely the projection arrow. We must show this is natural for variation of (A;, As).
Consider an arrow of C x C|, that is a pair of arrows of C' as indicated on the left of
the following diagram.

P(A1,47)

Al AQ F(A17A2> G(A17 A2)

i fo fi X fo i

B, By F(By, By) G(By, Bs)
P(By,B>)

We must show that the square on the right commutes. But this is just one of the com-
muting squares that determines the projection, as in Solution 3.3.8 (in a slightly different
notation). |

3.5.14 We must first set up ¢4 for an arbitrary object A of C. To do that consider the
diagram on the left.

R ¢ S R ¢ S
A 54 A (1) SA
AXR Ax S AXR—¢ps~AXxS
PA qa PA (2) qa

A i A A i A

This consists of two product wedges with the associated projections r4.pa, sa,qa. The
generating arrow ¢ has also been inserted. Using the product property of A x S we see
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there is a unique arrow ¢4 to produce a pair of commuting squares as on the right. This
is just ¢d 4 X ¢ in product notation. We have labelled the two squares for later use.
We must show that ¢, is natural for variation of the object. Let’s set up that problem.
Consider an arbitrary arrow f as on the left. We must show that the square on the
right commutes.

A AxRﬂ,AxS
f fxidg (?) lfxz'dg
B BxR— BxS

OB

How are we going to do this? Consider the diagram on the left.

R ¢ S R ¢ S
rA Sp A (rs) sp
AxR B xS AXR—y)—~BxS
pa qB pa (pg) |45

A B A B

f f

This is not the same as the first diagram. We have now varied the object A along the
arrow f. However, in the same way the product property of B x S ensures there is a
unique arrow v that makes both squares commute, that is

(rs) spoth=cgory
(pq) gpot =fopa

for some unique arrow . In the square (?) we show that both trips from A x R to B x S
(f xidg)opa op X (f x idR)

satisfy (rs) and (pg), and hence must be equal.
We need a property of the product construction, namely that projections are natural.

R idp R g idg g
TA (3) rB sa, (5) sB
AxXxR—fxidr—~ BXxXR AxXxR—fxids—~ B xS
pa (4) PB qa (6) a5

A B A B

f f

Thus all four of these squares commute.
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We are now ready to do the several small calculations.
With

V= (fxidg)oda

a use of (6,2) and then a use of (5,1) gives

(rs) spotp=spo(fxids)ods= sa0ds =c¢ory

(pg) gov =qpo(f xids)ops=foasopa=fopa

to show that this v satisfies the two required conditions.
With

¥ =¢po(fxidg)

a use of (1,3) and then a use of (2,4), with (3) and (2) in the B version, gives

(rs) spot = spoppo(fxidr)=¢orpo(fxidr)=g¢ora
(pq) qpoy =qpodpo(fxidr) = ppo(fxidr) = fopa

to show that this ¢ satisfies the two required conditions.
This completes the proof.

This and the next solution are a nice illustration of why reading and writing proofs
in category theory can be a bit tricky. Often many small diagrams have to be looked at,
and there is a tendency to combine these into one big diagram, and so make it incompre-
hensible. ]

3.5.15 If we fix two of the three inputs then each L and each R is a composite of various
known functors. However, let’s see if we can make sense of the 3-placed version.

Let

Ao By o
| | |
a 3 0l
| } '

Al Bl Ol

be a triple of arrows in C'. What are the resulting arrows

L(AO,B(),C()) R(AO;BmCO)

L(a, 3,7) R(a, 3,7)
L(Ay, By, CY) R(Ay, By, CY)

in C.
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We look at L first. Consider the cells

Ay x C By x Cy
Ao Co
I I I
oY ¥ ﬁ Y
Y Y I
Ay C
A1 X Cl Bl X Cl

where the unnamed arrows are the projections. The product property provides two unique
arrows

Ay x C By x Cy
AO CO BO CYO
I I | I
a a Xy Y g B Xy Y
I b ' i
&\\\\ ///C1 &\\\\ /// |

A1><C'1 Bl><C'1

to makes the diagrams commute. This is just the functorial property of the binary prod-
uct.

Now consider the cell

AOaBU7CO

N

AOXCO BOXCO

oz><7 ﬂxv
A1><C’1 lecl

L

AlaBbCl

where the unnamed arrows are the insertions. The coproduct property provides a unique
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arrow
L(A07 BO7 CO)
Ay x C By x Cy
| |
axy  Lla,f,7) ﬂ>f7
Al X 01 Bl X CVl
L(Ah Bl7 Cl)
for which the diagram commutes.
Here is the full diagram.
L(A07 B07 CO)
Ao X C() B() X C()
AO C() BO CO
| | | |
@ axy 7 L(a, 8,7) ? B xxy 7
1 Ch By 1
Al X Cl Bl X Cl
L(Alv B1> Cl)

This shows how the arrow L(«, 3,7) is obtained. The functorial property is induced
by the uniqueness of a x 3,3 x v, and L(a, 3, 7).

The behaviour of R on arrows is obtained in a similar way. Starting from three arrows
a, 3,7, as above, we use the cell on the left

AO -+ BO AO + BO
| | |
Q@ I} Q «
' ' '
Al Bl Al

A1+B1 A1+B1
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to obtain the unique arrow a+ 3 and commuting diagram on the right. Here the unnamed
arrows are the insertions. We now introduce the arrow ~ to obtain a unique arrow
R(a, 3,7) and commuting diagram

R(A()) BO; CO)
Ao+ By Co
AO BO
| |
@ a+ 3 ? R(a,B,7) v
Al Bl
Al ' Bl\ Cl
R(Ab Bla Cl)

where the new unnamed arrows are projections. The various uniquenesses ensure that R
passes across composition in the appropriate manner to be a functor.

For the next part let
L=L(AB,C) R=R(A,B,C)
for some arbitrary objects A, B, C'. We produce an arrow

L R

which, in due course, we show is natural for variation of the three objects.
So far we have managed without naming the various projections and insertion, but
now we have to. Thus let

l U T

AxC A A+ B AxC C
Bxc—" .p_—" .ayB BxC—2 ¢
AxC—" o1 R—Y Ay
Bxc—J .1 r—1 .¢

be these various arrows.
The

coproduct property of L product property of R
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produce unique arrows a, b, ¢, d such that

AxC A+ B
wuol U
zJ\ / P
L—a— A+ B AxC —c— R
J\//// \\\\‘q

vom
B x C
AxC A+ B
? p
L—b—C Bx(C—d— R
j\ / \Jq
BxC C

commute. With these the
product property of R coproduct property of L

produce unique arrows u, v such that

A+ B AxC
] | S
D 7
L—u—R L—v—R
C BxC

commute. We first show that u = v.
Using the characterizing properties of u of v it suffices to show that either

(ua) pov=a (ve) poi=c
or

(ub) qov=>b  (vd) poj=d
for then
v=yp or u=v

respectively. For these, using characterizing properties of a and b or ¢ and d it suffices to
show

(pai) povoi =wuol (vep) popoi =uol
(paj) povoj=vom (veq) qopoi =r

or
(ubi) qovoi=r (vdp) popoj=vom
(ubj) gqovoj=s (vdg) qopoj=s

respectively. All of these follows by the previous six diagrams. For instance

povoit=poc=uol
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gives (pai).
Let us write p for this arrow. It remains to show that p is natural for variation of
A B, C.

To do that consider three arrows «, (3,7, as above. Let

/\:L(O[,ﬁ,’}/) p:R(a7ﬁ77)

so that we must show that the square

L(Ao, BQ, Co) Ho R(A()) Bo, CO)
A p
L(Ay, By, C)) . R(Aq, By, CY)
1

commutes. Here g and p; are the two version of pu for the triple of objects indicated by
the index. We also use the various projections and insertions for the two triples with a
indexed version of the notation above.

To show

p1 0 A= poug
we invoke the coproduct property of L(0) to observe that the pair of equalities

p1 oA oig = po o ig
p1 o Ao Jo=po oo jo

will suffice. To prove these we invoke the product property of R(1) to observe that the
four equalities

P1O 1 OAO Iy = P10 PO O i
q1 0 1 oA 0 ig = g1 0po g O ig
P1 o fi10 A0 jo=p10pofipo jo
q1 0 H1 0N 0 Jog= G109 pO O Jo
will suffice. All four of these are proved in the same way. Let’s look at the proof of the

first.
Using various commuting cells and remembering that p; = v; we have

proppodoig=piopoigo(axy)=poco(axy)=uoljo(axr)
propopgoig=(a+pB)opyopoiy= (a+f)oagoig=(a+p)ougoly

and hence it suffices to show that the diagram

X l
AO X C() a 7 Al X Cl ! Al
lo Uy
AO A() + BO Al + Bl

Uo
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commutes. To do this simply observe that the arrow «, as an upwards diagonal, makes
the two resulting cells commute. ]

3.5.16 If you are a bit confused it’s probably because you have forgotten the forgetful
functor.

Let Sgp and Mon be the the categories of semigroups and monoids. We are concerned
with two functors

F
Sgp Mon
8

where & is the given forgetful functor and F is the functor we are trying to produce.
(Technically, F' is a left adjoint to ¢, but that’s for later.) Let’s insert ¢ where it should
appear.

(c) For each Sgp arrow

LB

A

where B is monoid, there is a commuting triangle

A / LB B
)A FA

(lLoF

for some unique Mon arrow f*, as indicated. There is only one possibility for f*.
fﬁ‘A = f  fYw) = unit of B

The rest is now standard category theory where semigroups and monoids need not be
mentioned.

(d) For each Sgp arrow

A / B
there is a unique Mon arrow
FA F(/) FB
such that
A / B
LA B
(Lo F)A (Lo F)B
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commutes. This follows from part (c¢) by setting

F(f)=(tpo f)f
for the given arrow f. a By consider a composite

f

A B C

in Sgp with the induced commuting squares and remembering the uniqueness of F'(-), we
see that

F(g)o F(f)=F(gof)
which more or less shows that F'is a functor.
(e) The commuting square above shows the naturality of «.

(f) If A already has a unit then this is forgotten and a new unit is adjoined. The two
are not coalesced. |

3.5.17 (a) Concatenation is associative, but not commutative. The unit is the empty
word.

(b) The functor

Set Mon

goes from the category of sets to the category of monoids.
We need to describe the action

S F(f)

A B L FA FB

on arrows. Given a Set arrow f, a function between sets, as above let
F(f): FA—— GB

be the function given by
F(f)(a) = [f(ar), ..., f(a)]
for each list
a=lay,...,q)
in F’A. Almost trivially this is a monoid morphism, and the required functorial properties
are just as easy. Thus we do have a functor, as above.

(c) We have a forgetful functor

Set Mon

which sends each monoid to its carrying set. We show that the insertion

A (o)A

a — [a
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is natural for variation on A. In other words, for each function f, as on the left,

LA

A A (Lo F)A
f f \(&oF)(f)
B B——— (ioF)B

the Set square on the right commutes. This is a trivial calculation. Both trips round the
square send each element a € A to [f(a)] € (¢ o F)B.

(d) We show that for each function

A B

from a set to a monoid, there is a unique monoid morphism

#
FA / B
such that the triangle commutes.
A / B B A / B B
(Lo F)A FA FA FA

On the left we have the official version, and on the right we have the way it is usually
written with the forgetful functor forgotten.
Given a function f we have to show two things: there is at most one fill-in morphism
f*, and there is at least one fill-in morphism f*. Almost always with this kind of problem
these two parts are dealt with separately. Here is a useful way to handle the first part.
We show that ¢4 is ‘as epic as it can be’. We show that for each parallel pair of monoid
morphism

FA C

we have
goty=hoty=—=g=nh

and hence there is at most one fill-in morphism.
Consider any element a € F'A. With

a:[al,...,al]

we have
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where - —~ - is the operation on F'A, that is concatenation. a Consider any pair of
morphism g, h, as above. We have

9(@)=g(ralar) ~ -~ vala))=(gora)(ar) * -+ % (gora)(a)
h(a):h(LA(al) A~ LA(al)):(h ota)(ay) x-- Kk (howy)(a)

where x is the operation of C'. Thus if
gota=hoty

then

and so g = h.
It remains to show that there is at least one morphism f* that make the triangle
commute. To do that we simple set

f(a) = flar) % - f(a)

for each a € F'A (as above) where * is the operation on B.

(e) If A is already a monoid then this structure is forgotten and a much bigger monoid

is produced. Even when A is the 1-element monoid, the constructed monoid F'A is infinite.
|

3.5.18 (a) Solution 3.3.13 show that we have two functors

G
Grp AGrp
F

given by
GA=0A FA=A/6A

for each group A. The diagrams in that solution show that ¢ and n are natural.

(b) When B is abelian the subgroup 6B is trivial. Thus the construction of f* is a
particular case of the construction of f/d given in the latter part of Solution 3.3.13. W

3.5.19 As in Solution 3.3.18, the construction of the arrow assignment ensures that

A / B
A B
Lo F)A Lo F)B
o BN A oA o f)
commutes for each arrow
a1 .p
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of Src. This show that 7 is a natural transformation from the identity endo-functor on
Src to Lo F. |

3.5.20 Consider three objects of CV and two arrows which ought to be composible.

o T

F G H

Thus we have three functors and two natural transformations. We require an appropriate
composite

TOO

of the two transformations.
For each object 7 of V we have a composible pair of arrows

ri—2 o Gi— " H

of arrows of C. We set
(Too)i=T00;

to obtain a V-indexed family of arrows of C'. We show this family is natural for variation
of i.

Consider any arrow e of V and suppose this starts at ¢ and finishes at j. We know
that the two squares on the left do commute.

Fi—% g — Ty Fi T g
F(e) Gie) H(e) F(e) H(e)
Fj Gj Hj Fj Hj

0 Tj (To U)J

Hence so does the square on the right, to show the required naturality.
A similar argument shows that this composition is associative. ]

Warning: Sometimes the symbol ‘o’ is not used for the composition of natural transfor-
mations described in the previous solution, but it is used for the composition x described
in the next solution.

3.5.21 The naturality of p ensures that the B-square

Po

By KBy, LB, FA
g K(g) L(g) A
By K B, LB, GA
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commutes for each B-arrow g, as on the left. Each object A of A gives us an arrow Ay
of B, as on the right. Taking this for g gives the required commuting C-square. |

3.5.22 For an arbitrary A-object A consider the following diagram.

(KoF)A " (Lo T L (Mo F)A
K(Aa) L(Aa) M(Aa)
(KoG)A —pga— (Lo G)A —oga— (Mo G)A

K(pa) L(pea) M (pa)

(MoH)A

(Ko H)A (LoH)A

PHA OHA

Each of the four small squares commutes. This is four instances of the result of Exercise
3.5.21. The diagonals of the top let and bottom right squares are

(pxA)a  (oxp)a

respectively, and hence
((0xp)o(pxN),

is the composite diagonal.
The outside square commutes, and this is just

(Ko F)A—\T°PEA (1o pyg

K((,uo)\)A) M((,uo/\)A)

(KoH)A (MoH)A

(00p)ua

using the construction of the vertical composition. The diagonal of this square is
((0op)*(oX))a

by the definition of horizontal composition.
Comparing the two descriptions of the full diagonal gives the required result. ]

| Solutions 3.5.10 and 3.5.11 still to be done \







D

Limits and colimits in general

D.1 Template and diagram — a first pass

4.1.1 Sticking paths end to end is associative, so composition in Pth(V) is associative.

The only problem is to ensure that each object (node of V) has an identity arrow on
Pth(V). Each node has an associated path of length zero, and sticking such a path on
the end of some other path doesn’t change that second path. Thus the required identity
arrows are the paths of length zero. |

4.1.2 (a) Let us label the four edges as follows.

(1,0) . 1__ (3,1)

There are just 10 possible paths.
Paths of length Number of such paths
0 The four nodes 4
0,1,2,3
1 The four edges 4
(1,0),(2,0),(3,1),(3,2)
2 The two formal composites 2

(3,1)0(1,0) (3,2)0(2,1)

This graph generates a category of four objects and 10 arrows. This category is not a
poset since there are two distinct arrows

(3,1)0(1,0) (3,2)0(2,1)

from 0 to 3.

The graph is

(1,0) 1 (2,1)

/\
\f

(3,0) 3 (3,2)

269
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with the edges labelled. This generates a category

Paths of length Number of such paths

0 The four nodes 4
0,1,2,3

1 The four edges 4
(1,0),(2,1),(3,2),(3,0)

2 The two formal composites 2
(2,1)0(1,0) (3,2)0(2,1)

3 The formal composite 1

(3,2) 0 (2,1) 0 (1,0)
of four nodes an 11 arrows.
(c) The labelled graph is

/\
%4

and this generates a category of four objects and infinitely many arrows.

Paths of length Number of such paths
0 The four nodes 4
0,1,2,3
1 The four edges 4
(1,0),(2,1),(3,2),(0,3)
2 The four formal composites 4

(2,1)0(1,0) (3,2)0(2,1)
(0,3)0(3,2) (1,0)0(0,3)

3 The formal composites 4
(3,2)0(2,1) 0 (1,0)
(0,3)2(3,2) 0 (2,1)
(1,0)2(0,3) 0 (3,2)
(2,1) 2 (1,0) 2 (0,3)

4 The formal composites 4
(0,3)2(3,2) 0 (2,1) 0 (1,0)
(1,0)2(0,3) 0 (3,2) 0 (2,1)
(2,1)0(1,0)0(0,3) 0 (3,2)
(3,2)0(2,1)0(1,0)0(0,3)

4 The formal composites 4

(1,00 (0,3) 0 (3,2) 0 (2,1) o (1,0)
(2,1) 0 (1,0) 0 (0,3) 0 (3,2) o (2,1)

We can cycle round the four given edges for ever. |

4.1.3 No! The generated category is bigger.
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For example consider the category

(2,0)

(1,0) (2,1)
1

of three objects, there identity arrows (not shown), and three oher arrows where
(2,1) 0 (1,0) = (2,0)
in the category. In the graph there are (at least) two paths from 0 to 2, namely
(2,0) and (1,0) followed by (2,1)

and these are not the same path.
In general, the parent category is a quotent of the generated path category. ]

4.1.4 Let V be the graph with nodes ¢ and edges e. A V-diagram in the category C
consists of

objects arrows
Ali) Ae)
indexed by the
nodes edges
respectively. For each edge
e

we require an arrow

A7)
but there are no requirements that certain triangles must commute.
Now consider a functor Pth(V) —— C from the path category. This certainly gives

a famly of objects of C
A(7)

indexed by the objects of Pth(V), the nodes of V. It also gives an arrow of C
A(r)

for each arrow of Pth(V), each path of through V. In particlar, we have an arrow in C
Ale)

for each edge of V, each path in Pth(V) of length 1. Thus there is a V-diagram embedded
in the functor.
Each path 7 has a unique decomposition

e(1) e(2)

i(0) i(1)
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as a sequence of edges through V. The functorial ensure that
A(m) = Ale(l)) o - -~ 0 A(e(1))

to show that the functor is uniquely determined by the embedded V-diagram.
Observe that more or less the same proof shows that each V-diagram extendd to a
functor. |

D.2 Functor categories

421 To be done [ |

4.2.2 We must show that each arrow

X / Y
induces a natural transformation
AX Alf) AY
such that
ax)60) —2 s avy) j
(AX)(e) (AY)(e) T
(AX)G) 577 (A0 j

commutes for each edge e of V, as on the right.
When we insert the values of AX and AY we see that a commuting square

A(f)i
A
id x idy
X Y

A(f);

is required. Thus we set
A(f)i=f
for each node 7. [ |
4.2.3 We do both solutions in parallel.
A typical arrow in CV
AX A A AX
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is a natural transformation, a family of arrows of C

ax)) < a0 ) = (ax))
indexed by the nodes and such that
ax)@) 2 A j a6 = ax))
(AX) () e A (AX)(0)

(AX) () —7=~ AGU) J A(j) ——~ (AX)(j)

£(J5)

commutes for each edge e. When we insert the values of AX we see that we require a
commuting triangle

A1) i A7)
§(4) §(4)
X A(e) e A(e) X
£(4) £(4)
A(J) J A7)
for each edge e. In other words such an arrow is just a
left right
solution for the diagram A. |

D.3 Problem and solution

4.3.1 Consider any V-diagram and the corresponding Pth(V)-diagram. These have the
same family

A7)
of objects indexed by the nodes 7 of V. Each edge
i—
of V gives an arrow
Ay~ ag)

of the V-diagram, and this is also an arrow of the Pth(V)-diagram. However, there are
many more arrows in the Pth(V)-diagram. Each path

b

ij



274 D. Limits and colimits in general

in Pth(V) gives an arrow

in the Pth(V)-diagram.

In the V-diagram there are no requiements that certain triangles commute (for there
is no notion of composition in the graph V).

In the Pth(V)-diagram each composite path requires that cerain triangles commute.
For example let ™ be the composite path

i) — iy 2@ ey D g
of [ edges. Then then the two arrows
AG0)) 2 g0y AR 9y o ACD)

AG(0)) e
must agree. The V-diagram completely determines the Pth(V)-diagram. (You should
also think of how the conditions on identity arrows are handled in the Pth(V)-diagram.)
At this point we have to decide whether we look at left solutions or right solutions.
The two discussions are entirely symmerical, so let’s look at left solutions.
Consider a solution of each diagram with the same apex X. Each is a family of arrows

§(7)

X A1)
indexed by the nodes of V. There are certain commuting conditions. All the triangles
\Y Pth(V)
A7) i A1) i
&(2) &(2)
X Ale) e X A(m) T
&(2) §(i)
A(J) J A())

for each edge e of V and each path 7 of Pth(V).

D.4 Universal solution

441 Let
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be a colimit of a diagram indexed by the nodes ¢ of a template.
If

is a parallel pair of arrows with

for each node 7, then 6 = .
If

is an endo-arrow of S such that
coo(i) =o(i)

for each node 7, then € = idg.
If

is also a limit of the diagram then there is a unique arrow

such that
7(i) = 7(i) 0 0 (1)

for each node i. Furthermore, 7 is an isomorphism.

These are prove simply by reversing the arrows of the limit proofs.

D.5 A geometric limit and colimit

4.5.1 Consider any left solution of the diagram.

Jm

A V/

This is a Z-indexed family of arrows, as indicated, such that

275
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for each a € A and m € Z. By a trivial induction this gives

fm-l—r(a) = 2Tfm(a)

for each a € A,m € Z,r € N.
Each value f,,(a) of f,, is in Z. The above equality shows that the value is divisible
by 2" for arbitrarily large r € N. Thus

fm(a> =0

for each a € A and m € Z.
This shows that each left soloution has a rather simple structure.
Consider the singleton
L ={x}

funished with the constant functions

Am
L Z

0

for each m € Z. Since
A1 (%) = 0= 2 X 0 = 2, (%)

this certainly gives a left solution of the diagram.
To show that this is the limit consider any left solution, as above. We require a unique
function

A

such that
fm=Anoh

for each m € Z. In fact, there is only one possible function A of the indicated type, namely
that given by

for each ¢ € A. But now

to show that A is the required mediator.

Consider any right solution of the diagram.

fm

Z A

This is a Z-indexed family of arrows, as indicated, such that

d

Z Z

%
fm

A
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commutes for each m € Z. Thus

fn(2) = fm41(22)

for all m, z € Z. By a trivial induction this gives

fm(z) = fm+r(2TZ)

for all m,z € Z and r € N. For later we need a refined version of this. We require

() 27" =2""y = fum(z) = fuly)

for all m,n,z,y € Z.
To prove this suppose
27y =2""y

so that
2" = 2™y

holds. By symmetry we may suppose m < n, so that n = m + r for some r € N. Thus
y=2"x

and hence
fm(x) = fm-i—r(QTz) = fn(y)

as required.
The dyadic rationals D consists of those rationals of the form

27 My

for m,z € Z. Of course, this representation is not unique (which is why we proved (*)).
For each m € Z consider the function

P

Z D

given by
pm(z) =2""x

for each x € Z. This gives a right soloution since
Pms1(22) = 27" x 20 = 272 = p,(2)

for each m,x € Z. We show that this is the colimit of the diagram.
Consider any right solution, as above. We require a unique function

h

D A

such that
fm =ho Pm

for each m € N.
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If there is such a function h then it must satisfy

h(2"x) = (ho pm)(x) = fm(z)

for each m,x € Z. Thus there is only one possible function .
Consider and d € . We may have

27Mr=d=2""y
for m,n,x,y € Z. The result (x) gives

fm(2) = fu(y)

and hence we may set
h(27"x) = fin(2)

to obtain a well-defined function of the required type.
Finally, for each m, x € Z, we have

(hopm)(x) = n(2™"x) = fm(z)

so that h does the required mediating job. |

D.6 How to calculate certain limits
D.6.1 Limitsin Set

4.6.1 Let A be the set of threads. We furnish A with a distinguished subset R to obtain
an object (A, R) of Set(D). We let

a € R<= (Vi e D[a(i) € R(7)]

for each thread a.
We need to check various conditions.
For an arbitrary index ¢ consider the conecting function

a0 A()
in Set. We check that this function is an arrow
a(i) , ,
(Aa R) - (A(Z)7 R(Z))
of Set(D). In other words that
a € R= a(i)(a) € R(7)

holds. But
a(i)(a) = af(i)

so this is an immediate consequence of the definition of R.
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Next we observe that we have a solution of the diagram in Set(D). This requires that
certain triangles in Set(D) commute. But we know that these triangles commute in Set,
so there is nothing to prove.

We check that this solution is a universal solution in Set(D).

Consider any solution

x.w) 2L (a0, ra)

in Set(D). This is a Set(D)-object (X, W) and an I-indexed family of Set(D)-arrows
£(i). We are given that certain triangles in Set(D) commute. We must show that there
is a unique mediator

(X, W) — (4, R)

in Set(D).

The trick is to forget the furnishings for a moment and drop down to Set. We have a
V-diagram in Set, a solution of the diagram based on X, and a universal solution based
on A. Thus if the Set(D)-situation has a mediator, then it can only be the Set-mediator,

given by
pu(x) (i) = £(i)(x)
for each x € X and 7 € I. In oher words, it suffices to show that this function p is a

Set(D)-arrow, that is
reW = pu(r) € R

for each z € X.
Consider any € W. For arbitrary ¢ € I, we are given that (i) is a Set(D)-arrow.
Thus

p(x)(i) = £(i)(x) € R(i)

which, since 7 is arbitrary, gives u(x) € R, as required. [

D.6.2 Limits in Pos

4.6.2 (a) An arrow

is a function f from A to B for which

ay ~ ay = f(a1) =~ f(az)

for all ay,as € A. Observe that this is aonly an implication, not an equivalence.

(b) Let A be the set of threads. We furnish A with an equivalence relation ~ to obtain
an object (A, ~) of Equ. We let

a~ b= (Vi eD)a(i) ~; b(i)]

for each pair of thread a,b. Trivially, this is reflexive an symmetic, and a few moment’s
thought shows that it is transitive. Thus we do have an equivalence relation.
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We need to check various conditions.
For an arbitrary index 7 consider the connecting function

A0 0
in Set. We check that this function is an arrow
a(i) ,
(A, ~) — (A(i), ~:)
of Equ. In other words that
a~b= a(i)(a) ~; a(i)(b)

for all a,b € A. But
a(i)(a) =a(i)  a(i)(b) =b(i)
so this is an immediate consequence of the definition of ~.

Next we observe that we have a solution of the diagram in Equ. This requires that
certain triangles in Set(D) commute. But we know that these triangles commute in Set,
so there is nothing to prove.

We check that this solution is a universal solution in Equ.

Consider any solution

in Equ. This is a Equ-object (X,~) and an I-indexed family of Equ-arrows £(i). We
are given that certain triangles in Equ commute. We must show that there is a unique
mediator

in Fqu.

The trick is to forget the furnishings for a moment and drop down to Set. We have a
V-diagram in Set, a solution of the diagram based on X, and a universal solution based
on A. Thus if the Equ-situation has a mediator, then it can only be the Set-mediator,

given by
pulx) (i) = £(i)(x)

for each x € X and ¢ € I. In oher words, it suffices to show that this function u is a
Equv-arrow, that is

xR~y = pu(r) ~ uy)

for each z,y € X.
For each z,y € X we have

vy = (Vi € E(E)(x) ~i £(4)(y)]
= (Vi € D)[u(x) (@) ~i p(y)(@)] = p(z) ~ ply)

to give the required result. ]
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D.6.3 Limits in Mon

4.6.3 (a) Each commutative monoid is a monoid with an extra property. The crucial
observation is that any Mon-arrow between commutative monoids is automatically a
CMon-arrow. (Technically this says that CMomn is a full subcategory of Mon.)

For a template V consider a V-diagram

A= (A(i)|iel) A= (A(e)|e €E)

in CMon. Thus each A(7) is a commutative monoid, and each A(e) is a monoid mor-
phism. By forgetting the commutative property we have a diagram in Mon. We know
this has a limit

carried by the set of threads. We show that A is commutative, and then it is automatically
a limit in CMon.
The operation x on A is given by

(axb)(i) = a(i)b(i)

for each a,b € A and i € I. Since A(7) is commutative we have

(axb)(i) = a(i)b(i) = b(i)a(i) = (b a)(7)

which, since ¢ is arbitrary, gives
axb=bxa

to show that x is commutative.

(b) Each group is a monoid with some extra structure. The crucial observation,
which takes a few moment’s thought to justify, is that any Mon-arrow between groups
is automatically a Grp-arrow. (Technically this says that Grp is a full subcategory of
Mon.)

For a template V consider a V-diagram

A=(A()]iel) A= (Ale)|e€E)

in Grp. Thus each A(7) is a group, and each A(e) is a group. By forgetting the existence
of inverses we have a diagram in Mon. We know this has a limit

A—D 40

carried by the set of threads. We show that A is a group, and then it is automatically a
limit in Grp.
Consider any element a € A. We produce an inverse of a in A, a thread b € A such
that
axb=bxa

that is

(axb)(i) = (b*a)(i)



282 D. Limits and colimits in general

for each index 1.
For each index 7 we have

a(i)b(i) = 1(i) = b(i)a(i)
for a unique element b(i) € A(7). In other words, b(7) is the unique inverse of a(i) in A(3).
This certainly gives us a choice function

b(-): I — JA
but we need to show that b is a thread, that is with

Ae) (b(2)) = b(j)
for each edge

e

P

of V.
We remember that a is a thread and A(e) is a group morphism. Thus

a(j) (A(e)(b(i))) = (A(e)(a(i))) (Ale)(b(2)) = Ale)(a(i)b(i) = A(e)(1(i)) = 1(j)
with
(Ale)(b(i)))al(j) = 1(j)
by a similar argument. But a(j) has a unique inverse in A(j), namely b(j), and hence
(Ale)(b(i))) = b(j)
as required.
This shows that b € A, and for each index 7 we have

(a*b)(i) = a(i)b(i) = 1(i) = b(t)a(i) = (b* a)(i)
and hence b is the inverse of ¢ in A.

This shows that A is a group. The required arrow-theoretic properties to show that
A is the limit of the diagram are immediate, since they hold in Mon.

(c) To be done |
4.6.4 Given a V-diagram in Pom in the usual notation, let A be the set of threads. We
know that A can be furnished as a poset and a monoid by

r < a<= (Vi)z(i) < a(i)] (ab) (i) = a(i)b(7)

for all a,b,x € A and index i. (We can now drop the use of x for the operation on A.)
We show this is a pom.
Consider a,b, x,y € A with x < a and y < b. Then

(Vi)[(zy) (i) = =()y (i) < a(i)b(z) = (ab)(7)]
to verify the required comparison property.
By now you should find the required arrow-theoretic properties routine. |

D.6.4 Limitsin Top - to be done

D.7 Confluent colimits in Set No exzs yet



E

Adjunctions

E.1 Adjunctions defined
5.1.1 To be done. [
5.1.2 Let

Set «—U— Pre

be the forgetfully functor. We produce a left adjoint and a right adjoint to this functor.

D
Set «—U—— Pre
I

Each set X can be converted into a preset in two extreme ways.
DX = (X,=) IX =(X,])

On the left we use equality as the comparison. This gives a poset. On the right any two
elements are comparable This is not a poset if X at least two elements. We call these the

discrete indiscrete

presets, respectively.
This gives us the object assignments of two functors.
Consider any function.

X Y

We observe that f is monotone relative to both the discrete and the indiscrete compar-
isons, that is

r=y= f(z) = f(y) f@) |l f(y)

for all z,y € X.

This gives us the arrow assignments of two functors. We use the same function but
view it as a monotone map in one of two ways.

We now check the two adjunctions

DAU U1

separately.

283
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For the adjunction D 4 U we require an inverse pair of assignments

fr—
Set[X, US| Pre[DX, S|
Gy 19

for each set X and each preset S. In fact both (-)* and (-), return the same function, so
do form an inverse pair. The only thing we have to check is that
fti

DX S

is monotone for each function f, as above. This is trivial.

Finally, for D 4 U, we must check that the two assignments are natural. However,
nothing much is happening as we pass across a functor or an assignment, so the naturality
is immediate.

For the adjunction U - I we require an inverse pair of assignments

¢ ¢
Pre[S, [X] Set[US, X]
oo/

for each preset S and each set X. In fact both (-)* and (-), return the same function, so
do form an inverse pair. The only thing we have to check is that

[

S X

is monotone. But since X is indiscrete, this is trivial.

Finally, for U 4 I, we must check that the two assignments are natural. However,
nothing much is happening as we pass across a functor or an assignment, so the naturality
is immediate. |

5.1.3 This is more or less the same as Solution 5.1.2 except we now use topologies rather

than pre-orders.
Let

Set «—U— Top

be the forgetfully functor. We produce a left adjoint and a right adjoint to this functor.
D

Set «—U—— Top
1

Each set X can be converted into a topological space in two extreme ways.
DX = (X,PX) IX = (X, {0, X})

On the left we use discrete topology in which each subset is open. On the right we use
the indiscrete topology in which only the two extreme subsets are open. Naturally, we
call these the

discrete indiscrete
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spaced, respectively.
This gives us the object assignments of two functors.
Consider any function.

S

X Y

We observe that f is continuous relative to both the discrete and the indiscrete topologies.
This gives us the arrow assignments of two functors. We use the same function but view
it as a continuous map in one of two ways.

We now check the two adjunctions

DAU UA1

separately.

For the adjunction D 4 U we require an inverse pair of assignments

fr———
Set| X, US| Top|DX, S|
Py ¢
for each set X and each space S. In fact both (-)* and (-), return the same function, so
do form an inverse pair. The only thing we have to check is that

fti

DX S

is continuous for each function f, as above. This is trivial.

Finally, for D 4 U, we must check that the two assignments are natural. However,
nothing much is happening as we pass across a functor or an assignment, so the naturality
is immediate.

For the adjunction U - I we require an inverse pair of assignments

¢ ———
Top|S, [ X] Set|US, X]
foe——Ff

for each space S and each set X. In fact both (-)* and (-), return the same function, so
do form an inverse pair. The only thing we have to check is that

b

S IX

is continuous. But since /X is indiscrete, this is trivial.

Finally, for U - I, we must check that the two assignments are natural. However,
nothing much is happening as we pass across a functor or an assignment, so the naturality
is immediate. ]

5.1.4 This is dealt with in Posets, completions, and related notions’, specifically by
Lemma 15 and Exercise 4.2. ]

5.1.5 As in Chapter 5 we let 7, j,... range over the objects of the template category V
and refer to these as nodes. We use
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as a typical arrow of V and refer to this as an edge.
An object of CV, a V-diagram in C is a functor

F

\Y C

so consists of a family of objects of C
F(i)
indexed by the nodes and a collection of arrows of C'

F(i) Fle)

F(j)

indexed by the edges. Various triangles in C' are required to commute.
An arrow of CV

F—"m" .qg

is just a natural transformation between the two functors. These are composed in the
obvious way.
For each object A of C' we set

(AA)(@)=A  (AA)(e) = id4

for each node i and each edge e. This gives a constant diagram.
Each arrow of C

A

gives a ‘constant’ natural transformation

AA—T . AB

in the obvious way.
This sets up a functor

A

() cv

and we are interested in the existence or not of a right adjoint to A.
Consider first an object A of C and an object I of CV. What does a member of

CY[AA, F|

look like?
It is a family of arrows
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indexed by the nodes of V such that

id

LKL — (D) — .

a(j)
commutes for each edge e, as indicated on the right.

In other words, this is nothing more than a left solution to the diagram F'.
Suppose now that we fix a particular solution

ool

F(i)
and try to compare S with an arbitrary object A of C. How are the two hom-sets
CI[A, S| CV[AA,F]

related?
There is an obvious assignment

s yif
C[A,S]  CV[AA, F]

in one direction. Given a C-arrow

A ILL

for each node i we let zf(i) be the composite

A" g

to produce a left solution of F.
This gives us a family of assignments

Cl-, 5] (—)ﬁ» CV[A—, F)

as we let the object A vary through C. Notice that we have a pair of contravariant

functors
C —— Set

and it is not to hard to show that (-)* is a natural transformation between the two.
When is this natural transformation a natural equivalence? Precisely when each solu-
tion

aq—®)

arises from a unique arrow
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as pf. This is simply saying that (S, o) is a universal left solution, a limit of F.
Every V-diagram F' in C has a limit precisely when there is an object assignment

S F

picking out the object which carries the limit. The required functorial and adjunction
properties follow by similar arguments. ]

5.1.6 We use various aspects of the gadgetry of the adjunction.
(-)f
(+)o

Here F'is the left adjoint of the given functor G.
Consider some diagram

Src|—,G—] Trg[F—, —]

TD  T()  Tle)

in T'rg. Here ¢ ranges over the nodes of the template and e ranges over the edges. In this
diagram there will be certain triangles that are required to commute.
We use the functor G to transport these objects and arrows to Sre.

SD  GT(i)  GT(e)

Since G is a functor this is a diagram of the same template in Sre.
Suppose
T(2
T #, T(1)
is a limit of the diagram T'D in Trg. Thus T is a fixed object and there is an arrow 7(1)
for each node 7 of the template. Various triangles are required to commute, those indexed
by the edges e of the template. We use GG to transport this to Sre

G(7(i)

GT GT (i)

and since G is a functor we certainly obtain a left solution of the diagram SD in Srec.
Consider any left solution

_ £0)

GT(1)
of the diagram S D in Src. We must somehow produce a unique mediator

,u

X GT

for which
GT
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commutes for each node 3.
We use the transpositions

(-)°

Sre[X, GT(i)] Trg[FX,T(i)]

to obtain a family of arrows

AL
Fx —0
in Trg. Since (-)* is natural, this is a left solution of the diagram TD in Trg. Thus,
since we have a limit of this diagram, here is a unique arrow v such that each triangle

T
/
FX 7(1)
X
&(2) )
commutes.
Since the transposition
i
Sre[X, GT] 0 Trg|FX,T)|
is a bijection we have
v =t
for some unique arrow
x—r .ar

of Src. It suffices to show that each triangle (<) commutes. But this follows by the
naturality of (-)* (or strictly speaking, by the naturality of the inverse (-), of (-)*. |

E.2 Adjunctions illustrated
E.2.1 An algebraic example

5.2.1 We deal with ¥ first.
We are given
YX=X4+X=A{(x,i) |z e X, i=0,1}

for each set X. The carried involution fips the tag, that is
(,0)* = (x,1 —1)
for each x € X and tag i € {0,1}. Since

(x,9)** = (x,1 —14)* = (x,1)
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this does produce an involution algebra.
For each function

k
Y X
the only sensible asignment
% (k)
Y ————3¥X

(y,1) —— (k(y), 1)

is to leave the tag alone. Since

S(k) (1)) = 2(k) (5,1 = 1)) = (k(y), 1 — i) = (k(y), 1) = (S(k)(y,7))°*

we see that 3(k) is a morphism.
The functorial requirments are immediate.

Next we deal with II.
We are given
X =X x X ={(z,y) |2,y € X}

for each set X. The carried involution swaps the components, that is
(z,9)°" = (z,y)

for each x,y € X. Trivially, this does produce an involution algebra.
For each function

the only sensible asignment

IT
104 (k) X

(y, 2) —— (k(y), k(2))

is to apply the function to bothy components. Since

11(k) ((y. 2)*) = 1(k) ((2,9)) = (k(2), k(y)) = (k(y), k(2))* = (LL(k)(y,4))*

we see that II(k) is a morphism.
The functorial requirments are immediate. [ ]

5.2.2 We deal with ¥ first.

We require an inverse pair of assignments

fr————
Set[X,UA| Inv[¥X, A
Py Y

for each set X and each algebra A. We set

F(,0) = f@)P ay(z) =(x,0)
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for each x € X and tag ¢. There are some requirements we must check.
We need to show that f* is a morphism, that is

Fi(@0)*) = (ff(2,0)*
for each x € X and tag i. To do that we remember that

a®* — o(1-1) — 4*0)
for each a € A. With this we have

Fi((,0) = fila, 1= i) = f(2)"7) = f(@)* = (ff(2,9))°

as required.
For each x € X and tag i we have

@) = f1(2,0) = f(@)O = f(z)  BHa,) = Y(2)? =1p(z,0) = p(x,1)

to show that the two assignments form an inverse pair. The last step on the right hand
side follows since 1) is a morphism.

Next we deal with II.

We require an inverse pair of assignments

¢ ———— ¢f
Inv[A TIX] Set[UA, X]
G ~—14

for each set X and each algebra A. We set

#(a) = g(a)y  gola) = (g(a), g(a*))

for each a € A. In ¢* the (+)y indicates that we select the left and component.
We need to show that g, is a morpisms, that is

95(a®) = g,(a)

for each a € A. But, remembering how I1.X is structured, we have

g(a®) = (g(a®), g(a®*)) = (9(a®),9(a)) = (9(a),g(a®))* = g,(a)*

as required
To show that these two assignments form an inverse pair consider any a € A.
Let

¢(a) = (2,y)
where x,y € X. Then, since ¢ is a morphism, we have

¢(a*) = o(a)® = (y, )

so that
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to give
¢ (a) = (¢*(a), *(a*)) = (z,y) = ¢(a)
for one of the required conditions.
For the other, since

we have

as required.

E.2.2 A set-theoretic example

E. Adjunction

5.2.3 For this and the next solution let us write L and R for the two endofunctors on

Set. Thus
LX=Xx1 RY=I=Y

for all sets X and Y. The arrow assignments are given in the subsection.

We require an inverse pair of bijections

fi 1
Set[X, RY] Set[LX,Y]
9 g

for arbitrary X,Y.

Each member f of Set[X, RY] is a 2-step function which first consumes an element

x € X and then an index i € I to return an eventual value f(x)(i) in Y.

Each member g of Set[LX,Y] is a function which consumes a pair (z,7) where x € X

and ¢ € I to return a value g(z,7) in Y.
The two transpositions merely shuffle brackets around. We have

fila,i) = f(2)(0) g (2)(d) = g(x,1)

forze X andiel.

Normally in Mathematics we would hardly distinguish between f and f* nor between

g and g,.

5.2.4 We continue with the notation of Solution 5.2.3.
We require a pair of assignments

X L (RoL)X (LoRY — Y.y

where

(RoL)X =1= (X x 1) (LoR)Y =(I=Y)xI
for sets X and Y.

For each x € X the value nx(z) must be a function which consumes some i € I and

returns a pair in X x I. Thus
nx(2)(i) = (z,14)
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is the only sensible suggestion.
The function €y must consume a pair (p,i) where p : I — Y and i € I to return a
member of Y. Thus

eY(pa Z) = p(Z)
is the only sensible suggestion.

We show that each of these is natural.
Recall that the arrow assignments of L and R are given by

XQ X2 x I (ZIZ’,Z) }/1 I = }/1 P

k| ———  L(k) I —— R(l)

X3 Xy x T (k‘(l’),l) Y, I=Y, lOp
respectively.

To deal with n, we must show that

Xo X2 (Ro L)X,
k (Ro L)(k)

X4

(Ro L)X,

X,

commutes for an arbitrary function k, as on the left. Thus we require
Nx, © k= (R © L)(k) 01X,

equivalently
X, (I{J(ZL')) = R(L(k)) (an(x))

for each x € X,. Each side of this equality is a function
I — (X x I )

so we evaluate both at an arbitrary ¢ € I.
We have

nx, (k(2)) (@) = (k(x), 1)

be the definition of 7,.
The behaviour of R gives

R(L(k)) (nx,(x)) = L(k) 0 nx, ()

so that

R(L(k)) (nx,(2)) (i) = L(k) (nx, () (i) = L(k)(z, 1) = (k(z), 1)

by the behaviour of L, to give the required result.
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To deal with ¢, we must show that

Eyl

(Lo R)Yq Y
(Lo R)(I) z
(LoR)Y, ——Y,

commutes for an arbitrary function [, as on the right. Thus
€y, © ((L o R)(l)) =lo vy

is the required equality.
A typical member of (L o R)Y; is a pair (p,i) where p: I — Y] and ¢ € I. We have

(l © EYl)(p7 2) = Z(EYl (p7 Z)) = l(p(l)) = (l Op)(i)

for each such pair.
We also have

(Lo R)()(p.i) = L(RD) (p.3) = (RO®). 1) = (o p.1)
for each such pair. This gives
(ev2 0 (Lo B)D)) (0,3) = i (Lo R)D(p,) = evi (Lo p,i) = (Lo p)(0)

as required. ]

E.2.3 A topological example

5.2.5 As in the subsection, it suffices to show that for a continuous map

Y

Yy Ys

between two spaces, the induced assignment

(1= V) e (1= V)
O od

is continuous where each of the two functions spaces carries the compact open topology.
To do that we consider an arbitrary subbasic open set (K, V) of (I = Y3) where K € KI
and VOY;, and show

U (K, V) = (K9 (V)

which is a subbasic open set of (I = Y})
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For each function 6 : I — Y; we have
0V ((K,V)) < vobe(KV)
— Viel)lie K=v9(0)) e V]
— (Viel)ie K=00i) ey (V)] < 0¢c (K, (V))
for the required result. n

5.2.6 As suggested in the partial proof of Lemma 5.6, we consider a typical subbasic open
set
(K, V)

of I =Y, and show that
Uy (K, V)

is open in X. Here

K ekl V ey

are the two components of the consider subbasic.
We consider an arbitrary

s € z/zf((K, V))

and show that
s €U Cuy ((KV))

for some open U € OX.
For the considered point s we have

%(S) € <K7 V>

that is
P(s,i) = P(s)(i) € V

for each i € K.
For each i € K we have

(s,1) € v~ (V)

so that, since ¢ is continuous, we have
(S,i) ceU, xW,; C ?ﬂH(V)

for some U; € OX and W; € OI. As i ranges through K the sets W; produce an open
covering of K. Since K is compact this refines to a finite covering

W=W,u---Uw,
of K indexed by some i(1),...,i(m) € K. Let
U=U,nN---N0U,
using the same indexes. We have

seU KCWw
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with
UxW Cy=(V)

by construction. Also, for each x € X we have
relU = (Vie K)Y(z,i) € V] = ¢,(2)[K] CV = h(z) € (K, V) = ¢y ((K,V))
to give

U Cy ((K,V))
for the required result. n
5.2.7 We continue with the partial proof of Lemma 5.7.

We start from any
(s,7) € 6F (V)

where V' € OY ,and produce
Ux W C ¢ (V)

such that both
selUeO0X reWeOI

hold. We already have
reW CKCos) (V)

for some K € KI and W € OI.
Observe that for ¢ € I we have
e K =1i€¢(s)” (V)= o(s)(i) € V
for each ¢ € I. This gives
P(s)[K]CV

so that
o(s) € (K, V)

and hence
s€U where U=¢~ ((K,V))

with U open in X.
From the construction of U and W, for each x € Xand i € I we have

(2,0) €U x W = (2,4) € U x K = ¢*(z,i) = ¢(x)(i) € V

and hence
UxW C ¢ (V)

for the final requirement. |
5.2.8 For spaces X,Y we require continuous maps

XL = (xxDn) (I=Y)xI)—2Lsy

to do a certain job. We use the idea of the set-theoretic example of Subsection 5.2.2.
Thus we set

nx(x)(i) = (x,1) ey (p, 1) = p(i)
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foreachx e X,2o€l,andp: I —Y.
It now looks as though we have quite a bit of work to do, but this is an illusion.
Why are

Nx €y

continuous? Observe that
nx =1, where = idxy; ey = ¢ where ¢ =id;_y

and hence Lemmas 5.6 and 5.7 give the required continuity.
Why are
Tle €e
natural? We require that certain squares commute. But these are squares in Set, and we
have already verified that they do commute for the set-theoretic example. |

E.3 Adjunctions uncoupled

5.3.1 We use the notation of this section as in Table 5.1.

Letting only A vary is equivalent to taking S = T with | = idg. For this case (f) and
(b) become (1) and (b |), and these are equivalent as in Lemma 5.9.

Letting only S vary is equivalent to taking A = B with k = id 4. For this case (f)
and (p) become (f |) and (b 1), and these are equivalent as in Lemma 5.9. |

5.3.2 As explained in Solutions 5.2.1 and 5.2.2, the three functors D, U, I and the four
transpositions all return the consumed function (but perhaps viewed in a different way).
Thus the various squares commute trivially, since they commute down in Set. |

5.3.3 Let us use the notation
L=—-—x1 R—=1=—

of Solutions 5.2.3 and 5.2.4.
To show that (-)* we must check that the square

(-)f

Xl [XbR}/l] [LXla}/l] 1/1
k R(l)o—ok lo—o L(k) l
X2 [X27R}/2] [LX27}/2] }/2

(-)f

commutes for each pair of functions k and [. Here we need not indicate Set since it is
the only category involved. In terms of equations we must show that

(R(l) ofo /{:)ti = (l offo L(/{:))

for each function
f:Xi—({I—Y)



298

in the top left hand corner of the diagram. To do that the abbreviation
g=/fok

will be useful.
Each side of this equation is a function that consumes a pair

(.I’,Z) EXQ XI:LXQ

to return a value in Y5.
We have

which evaluates the left hand side.
We also have

which evaluates the right hand side, and verifies the equality.

The diagram for the naturality of (-), is similar but with two

()

pointing the other way. We have to show that
(R(l)o g, 0k) = (Logo L(k))

for each function
g: XixI —Y;

in the top right hand corner. To prove the equality the abbreviation
f=loyg

will be useful.

E. Adjunctions

Each side of this equation is a 2-step function which first consumes x € X5 and then

i € I to return a value in Y5.

We have
(R(1) 0 gy 0 k) () (1) = R(I) (g5 (k())) (5)

which evaluates the left hand side.
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We also have

(Logo L(k))s(x)(i) = (f o L(k))s(2)(7)
= (£ o L(K))(x, )
= f(L(k)(z,i)) = f(k(z),7))
which evaluates the right hand side, and verifies the equality. |

5.3.4 At the function level the two assignment (-)* and (-), are just the same as those
used in the Set-theoretic example of Subsection 5.2.2. The naturality of these topological
versions requires that certain squares in Set must commute. These are just the same as
the Set-theoretic squares, and are dealt with in Solution 5.3.3. [

E.4 The unit and the co-unit

5.4.1 We must show that the square commutes

€s

es = (ides)' (FoG)S S
(FoG)(1) l
er = (idar)’ (FoQ)T — T

for an arbitrary arrow [ as on the right. In equational terms we must show that
ero(FoG)(l)=loeg

holds. To do that we use () twice.
We have ﬁ
ero (FoG)(l) = (ider) o F(G(1))

=1idro (idGT)ti o F(G(l))
= (G(idr) 0 idar 0 G(1))* = G(1)*

where the penultimate step is the first use of ().
We also have

loes=1lo (idas)’ =lo (idgs)’ o F(idas) = (G(I) 0 idgs o idas)’ = G(1)*
where the penultimate step is the second use of (#). |

5.4.2 For each arrow

FA

we show that
9= G(g)na
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and to to that we use (b |). Thus

G(g) o)A =G(g) o (idpa), = (90 idra), = g
where the penultimate step uses (b |). |
5.4.3 We must first show that for an arbitrary arrow

g

FA S

the second transpose g,* is just g. To do that we use an instance of the naturality of e,
as given in Solution 5.4.1. We use the case [ = g. Thus

gbu = (G(Q)OUA)ﬁZESOF(G(g)OUA) =€50 (FOG)(Q)OF(UA) :gOEFAOF(nA) =g

where the penultimate step uses the naturality of € and the ultimate step uses one of the
given conditions on 7 and e.

It remains to verify (b). Using the notation of Table 5.1, a use of the definition of (-),
gives

(logoF(/{))b :G(logoF(k)) onB:G(log) o (GoF)(k)) onB:G(log) ongok
where this last step use the naturality of 7. Continuing we have

(logoF(k))b:G(log)onAok:zG(l)oG(g)onAok:zG(l)ogbok

using the definition of g,. [ |
5.4.4 These are dealt with in using a slightly different notation in the Notes Free and
Cofree monoid sets.'. [ |
5.4.5 These are dealt with in the Notes Free and Cofree monoid sets.?. |

5.4.6 We use the notation of Solution 5.2.3. Thus we have
LX=XxI RY=I=Y

for sets or spaces X, Y.
For the first part we must show that for functions

x—1 gy x —7% .y
both
ff=eroL(f) g =R(g)onx
hold. Thus we must evaluate the composites
L R
x D popy Ly X (ponx B9, gy

! Available as MonSets.pdf. Eventually this will be part of Chapter 6.
2 Available as MonSets.pdf
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and remember that (-)* and (-), merely shuffle brackets about.
For (z,i) € LX we have

(ev o L(f)) (2.9) = ey (L(f)(@,9)) = ey (f(2),7) = f(2)(7)

as required.
For x € X we have

(R(Q) © 77X) (z) = R(Q)(nx(x)) =gonx(x)
and then for ¢ € I we have
(R(g) o nx)(2)(5) = (g 0 nx(2)) (i) = g(nx(2) (i) = g(x, )

as required.

For the second part we must show that
€rLx © L(TIX) = 1dyxxs R(GY) ongry = tdi~y

for arbitrary sets X and Y.
For (z,i) € LX we have

(erx o L(nx))(z,4) = erx (L(nx)(x, 1)) = erx (nx(2),1) = nx (z)(i) = (z,7)

as required.
For each function p : I — Y we have

(R(ey) o nry)(p) = R(ey) (nry (p)) = v © (nay (p))

and this composite is a function I — Y. For each 7 € Y we have

(R(ey) o nry) (p)(i) = ey (nay (p)(i)) = ey (p, i) = p(i)

to give the required result. ]

E.5 Free and co-free constructions —to be imserted

E.6 Contravariant adjunctions—to be inserted



