Ians‘ "‘
‘0
AR 4

o0,

‘00

L7
00“

On Neumann's Series and Double Layer
Potentials

Wolfgang L. Wendland

Institute for Applied Analysis and Numerical Simulation & SIMTECH, Univ. Stuttgart

NAAT 2018 at the Babes—Bolyai University



Prof. Dr. Dr.h.c. Wolfgang L. Wendland

A X4
1.) The Laplacian: Dirichlet problem: I a n S ¢ ‘:
0‘0

Au=0 inQCR", n=2 or3;ulr=¢ on I'=00Q ,,‘::"
C.F. Gauss 1837:
21—n
u(@) = =—— [ u(y)On, E(z, y)do(y)
r
21771
=- S pdS , dQ, = WU do(y) | 2 € Q
T ,ir P
2t=n | —Injz —y for n = 2,
E(x,y) = | . |
™ |z — vyl for n = 3.

Hk+1 = (%IJrK)ukJrso onl', peX(l)

21771
Ly(z) = gp(r) + Kp(r) = — (u(y) — p()) 2 (y)
T yer\{=z}
21—77, gl-n L
Kpu(z) = — | ondQ+ (B0, - Hu), 2= [ dg,
T r\{z} M\ {z}
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Neumann problem: 9,u|r = d¥ (=do) onT, [d¥ =0.
r

Boundary Flux: (v,¥) = [vd¥ = [v0,u Plemelj 1911, Radon 1919:
r r

u@)= [ B@ydP (= [ B@yely)doy)).

yel’ yel’

Pk+1:(%I—K*)Pk+\IJ onT, Priy €X5, [dPy =0.
I
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- Assumptions on I' =907
- Function space X on I' 7

- Discretization?

- Fredholm theory, spectrum, and convergence of Neumann's series?
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Av=Av+ f  inthe Banach space X, |v|,

| Al pess = irc1f |A—-C|l,, C completely continuous .

Fredholm theory for |A| > ||Al/gess = (Fredholm radius) ",

ro(A) := lim (|[A"]|,)"/" spectral radius .

n— oo
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Q C R2: I" at least a rectifiable Jordan curve ,::’:
00"

C. Neumann 1870,1877,1888: pg4+1 = Ly +¢ , k€N,

I' convex,X =C%T), osc(v) := sup |v(z) —v(y)]|,
z,yel’

080(% i |de|) <6< 3,
M\ {z}

[lv]lo == osc(u) + Bsup|u(z)|, 0<B<1—0:|L|l,<qg<1.
J. Plemelj 1911:
[ arbitrary € C', X =C'(T), |K|lpess =0, [v]lo=sup|u()]
xzel

rp(L) = lim (|L"])" <1, L=3I+K,

Jt—J-

M

JE = [ |Vul]?dx
o+
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J. Radon 1913, 1919 I" bounded rotation, X = C(T'), X
00‘
x(s) = x(s0) + f (cow? t), sinﬁ(t)) dt; [|dd] < oo, e
r
| K[| pess = |27T‘ < (no cusps) = ||L|gess < 1,
Gauss—Green's formula, (ve HY(Q)) and KV =VK* on X* =RM,

AEU(QK)A|A|>‘9‘:A ER, Ao = —1simple |)\\—’J+i‘<1
= '3 ; A0 — ple, Z_J++J7 .

J. Radon 1919: K (\), spectral transformation: A =

ro(L) = lim (|L7)Y" =g < 1.

J. Kral 1987:  lim sup 2(:”) [ dQ(y)| < &,

70 zer 0<|a—y|<r

necessary and sufficient! for admissible I' € R™ forn = 2 or 3.
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Analysis based on KX
Au=(I-Q—-Clu=y¢ soudt

4
>

)
*

where ||Q]] < ¢ < 1 and C completely continuous.
Consequences:

e For the Neumann series exist ¢ > 0 and ¢y < 1,
Ujt1 = Luj + ¢ — v and
lw = sl < eqo(lull + lluoll) » [lull = sup |u(z)]
x
convergence in C°(T) and R(T'), and in RM, respectively.

e Boundary element collocations with piecewise constant or piecewise
linear elements are stable and convergent in ® and in RM,,
respectively; 3t = regulated functions = closure w.r. to sup norm of
{piecewise constant functions}.

H. Brakhage 1960, G. Bruhn + Wd. 1967, P.M. Anselone 1968 and
book 1971, K.E. Atkinson 1967 and book 1997 S. Micula 1997,
radiosity 1997-2006, nonlinear Riemann-Hilbert problems, 2008 —
now.
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(X4
X=CT) C R(T), X* = RM o

C. Neumann 1870, 1877, 1888: T convex (and Lipschitz),

osc(ﬁ [ 1dQg|) <6 < % . |ILllp <g<1
M\ {z}

|. Netuka 1975: |
Fredholm radius of K = {gim sup ﬁ il de(y)}7

—0 zer 0<|z—y|<d

T" Lipschitz or piecewise smooth: V. Maz'ya 1962, 1966; Wd 1965, 1967;
J. Kral 1965

Fredholm radius of K with respect to || - [|sup on C°(T)

~{im sk [ e}

0—=0 zer 0<|z—y|<d
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Weighted supremum norms on X = C°(T") ¢ R(I'):

Fess(A) 1= n1L%(||An\|pess)% = inf | A ess Gohberg-+Markus 1960

= inf{r > 0 where for A € C with [A| > r : (A — AI) is Fredholm}

J. Kral + D. Medkova 2000, 2001:

Ve>0Jdwel*T)AN0<c¢ <w(z)<1;
ellco, = Suplu( Jw(z)|

w

Tess(L) =€ < || L]l coess = hm {Sup L Ik w(@) \dﬂx(y)|}+%

am w(y)
O+ zel\y  0<|z—y|<o
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Tess < 1 if I' piecewise smooth and weighted maximum norm: M

convex C. Neumann 1870/1888, w =1
Lyapounov C1+e J. Plemelj 1911, w=1
edges, no corners T. Carleman 1916, w=1
edges and corners such that ress < 1 with w=1
Yu.D. Burago, V.D. Maz'ya, V.G. Saposhnikova 1962, 1966,
Yu.D. Burago, V.D. Maz'ya 1969, J. Kral 1966, Wd 1965, 1968
“smooth"” conical points N. Grachev+V. Maz'ya 1986
rectangular brigg surfaces J. Kral et al. 1986,1988 w sectorial const.
polyhedral A. Rathsfeld 1992,1995 w =7

O. Hansen 2001 w sectorial const.

R3—diffeomorphic local image of polyhedron I' D. Medkova 1990, 1992 w =?

Consequences:

For w—compatible triangulations of I", collocation with piecewise
constants and continuous piecewise linears are stable and convergent;
J. Kral+Wd. 1988, J. Elschner 1992, A. Rathsfeld 1995.
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X
Olaf Hansen (2001): JRRS
% | 9‘ *e
COos
Qw(A7) = 7[0 1—sin 6 cos(T—¢) dr
-2
x = |z|(sinfcosp , sinfsinp , cosd)
1 | sup{Q.:(4;) |z € Ay} for ¢ # 7,
= — M = i
mej 47 {O otherwise ; ((mm))

Perron—Frobenius: 3 ¢ > 0 and & = (w;) > 0 : M = pw.

If the spectral radius of M is less than % and if

1 8 11 1
f(<1——max {—, }<*,
2 m wy Wj41 2

take w(z) :=w; forz € A;. Thenregs(L) <1.
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X=LyT)=2%" and Q C R?: :‘:,
Shelepov 1969: T piecewise smooth, ||K||ess = 2 sin |2 < 3 oo t®

&
2

« = angular jump of the tangent's direction

Fabes, Sand, Seo 1992: T' Lipschitz and convex:
riy(L) = Tim ([L7]2)Y" <1

Consequences:
e The Neumann series converge in Lo(T")

e Boundary element Galerkin methods in Ly (T") are stable
and convergent

Verchota 1984: T" Lipschitz. Then %I + K and %I + K* are Fredholm
and invertible on Ly(I")( or Ly(g)(I')) but no decomposition.

e Only for least squares methods in Lo(T") stability and convergence is
shown.

Maz'ya 4 Solov'ev 1988, 1997, 1998: I' has cusps, L,~theory
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X=1ILyI) =% andQCR?: 1200

ForT' € C! : E.B. Fabes, M. Jodeit, N.M. Riviere 1978,

B.E.J. Dahlberg 1979, M. Mitrea 2014 geometric conditions: K compact

I' € O™ or T' convex polyhedron: Fabes, Sand, Seo 1992:
ri, (L) = limnﬁoo(HL"HLz)l/” <1,

T" piecewise smooth Lipschitz and singularities at corners and edges
square integrable on I' : V.G. Maz’ya+B.A. Plamenevskii 1975,1977
I" Lipschitz with sufficiently small Lipschitz character: I. Mitrea 1999

Consequences:

e Boundary element Galerkin methods only in these cases are in
Lo (T) stable and convergent.

e The Neumannn series converge in Lo (T").

Prof. Dr. Dr.h.c. Wolfgang L. Wendland On Neumann’s Series and Double Layer Potentials 13/35



1ans-

*

KX

T’ Lipschitz: B.E.J. Dahlberg 1979, G. Verchota 1984: 0‘.:".
(31 £ K) and (31 & K*) are invertible on Ly(q)(T)

and on H(éo) (T') for 0 < s <1 and —1 < s <0, respectively.

e Stability and convergence for Galerkin methods in Ly (I") are not known,
only for least squares methods.

Generalizations:

C°(T") and R(T): More general domains and boundary conditions:

D. Medkova 1999, 2005, 2007

Elasticity and Stokes flows:G.l.Kresin+V.G.Maz'ya 1979+ G.l.Kresin 1995
Lo(T): Elasticity and Stokes flows: B.E.J. Dahlberg + C.E. Kenig +
G.C. Verchota 1988;

I. Mitrea 1999; T.K. Chang, H.J. Choe 2007,

M. Kohr et al. 2010 — now, Lg and Besov spaces, variable viscosity.

Nonsmooth Riemannian manifolds: D.Mitrea,M.Mitrea,M.Taylor 2001
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2.) Boundary integral equations of the first and second kind for N:.:
formally positive elliptic selfadjoint systems of second order with *%

Dirichlet or Neumann conditions on the Lipschitz boundary I':

- Z 0;a;;(x)0u(x) + Z bi(x)0;u(x) + c(x)u(x)

ij=1 =
selfadjoint strongly elliptic,
n

Tou(w) =Y nj(x)as(x)du(@);

(Vw)(z) = !E](ﬂ%y)w(y)dsy forz € QF, Q7. T,
(Wo)(z) = ! (T E(z,y))v(y)ds, forz e QT UQ,
(Ku)(z) = p.z.\{ngyE(x, y))u(y)ds, —hm Wu(z') + fu(x) , o' € QF
(Kw)(e)i= .| (LB ) wludsy =Jm, (V)e!) ¥ bute) w7
(W'w)(x):= _Ff (T, E(z,y))w(y)ds, forz e QtUQ,
Du(z) = —(T, o Ku)(x) forz e Qt,Q,T.
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Mapping properties Ia n S ‘o‘

0

M. Costabel 1988:  V : H 3+5(T) —>H%+S( I); ..,y
D=-T,0K :Hx*() — H*f*S(F) ;
K :H2s(D) —>H2+5( E
K' :H 3t5(T) — H™3t5(T) for|s| < .

Calderon projection: For u solution of Lu =0 in £

u lr-K V U
— (2
(Tmu) a ( D 5+ K') \Tyu on the boundary T, then

KV=VK'  ,DK=KD,VD=1I-K2 DV=21—K"?

Coerciveness:

Let (-, -) == (-, ), duality
Vo, o) > c¥||QH§r%(F) Nedelec—Planchard 1973, Hsiao—Wd. 1976

Dy, py > el

o Ve HY? /4% Costabel 1988, H.Han1988.
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The coerciveness properties provide with the Lax—Milgram lemma 3
the existence of * %'

V-l HY(T) — H-Y*(T) and
D' i H YXI)/yR — HY2 /4R,
R finite dimensional eigenspace of solutions to

Lu=0inQandTu=0onT.

0

Aquivalent norms: Jull %o = (V7 uu) = lullf-y,

||wH§I—1/2(r) ~ (Vw,w) = Hw”%/
Mapping properties and coerciveness finally yield with co = cPcl < 3
1T+ K)ullf— < 161+ K)ullv-1 [[ullv-1 = collull -1,

a® < ab—cob? e (a/b)* —a/b+co <0,

hence,
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Steinbach-+Wd. 2001:

A= llullv-1 < G+ K)ullv- < glluly- forue HY(T),

I+ Kwlly < gllwlly  forw e H-/3();

Iz = Kwly < gllwlly  forwe H7V2(IT) /4R
< (5 = K)ullv-1 < gllwlly-1 foru e HY2(T) /3.

Remark: These results hold as well for strongly elliptic second

order systems, e.g. for the system of linear elasticity and the
Stokes system.
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The Green formula and Poincaré identities together with cerciveness and o:
existence of V=1 and D! on H'/%(T") and oot

*e
HyYA(T) = {p € HY2(T) | {p,vu) = 0 Vu € R}, respectively, imply
further convergent Neumann series:

Theorem (Costabel 2006, Poincaré 1896):

(%I—K)*:E@HK) —2;0(2}() in(HY2(D), |- flv-1),
(31— K7 = (3T + K EZ:QK’ in(H='2(T), |- lIv),
GI+E) = S G- K) =25 @K) in(H/20)/%,|-lv-)
AT+ E) 1= (M- K)f =2 i —2K")in(Hy 2D, ]| Iv).-

£=0

The operators on the left are positive definite and those on the right
are contractions in the corresponding spaces.
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Steinbach + Wd 2001 , M. Costabel 2006

<V (zf<+>K) > <@V ) MGH(O)(F)
<V< Iz )K*) > <@(Voo) . ocHG D),

:%—F@/f—c}/ch <1.

(C.F. Gauss 1837, H. Poincaré 1896)
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(v),

N
Z cz\Pg € X, C X,
hi-n c n T
up(x )_ 27r z‘Pz(:tljg)c (;/‘)n(y )dO
=1 T\{=}
Pk+1 = (%I + K)Mk + .
Zce k+1f‘1’e z)dor ()
1-n We(y)—We(x) ) n(y) (y—=)
N
yel\{=}
+ [ @(x)Vy(x)dor(z), t=1,...,N;k € N.
r
Then lim ¢gp = ¢, and
k—o0
lu —unlgr/2ry < C _inf |lu— || gi/2ry (Cea’s lemma).
up€EXp

U, (x)dor (y)dor ()
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Galerkin methods, Example: Dirichlet problem for the Laplacian:

0



Conclusions: I a n S ’0’

e For equations of the first kind with V', respectively D boundary ‘000:
Galerkin methods are stable and convergent in H~ (F) respectivefl*ss
in H2(T).

e Reduction of Galerkin weights to fully discrete approximation: See
e.g. A.V. Setukha+A.V. Semenova 2017.

e The Neumann series converge in H(%)( ) and H(o) (1),
respectively.

e Discrete version with finite differences: J.T. Beale+W. Ying 2013.

e The Neumann series can be used for a posteriori error estimation.

e Boundary element Petrov Galerkin methods (corresponding to

preconditioning) for equations of the first kind are also stable and
convergent.

e Fast versions, in particular multipole and also wavelet methods are
now available for all these boundary integral equations corresponding
to A, A+ k? the Lamé system, the Stokes problem,

D. Medkova 2011, and the Maxwell system, Costabel 1991.

e Efficient combination with domain decompositions in BETI:
U. Langer + O. Steinbach 2003, G. Of et al. 2004 — now.
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Thank you for your attention!
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